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Introduction.

This is exactly a continuation of Part (IV) ([14]) with the same title written
by the present author. We shall use the same notation in it.

The period- T of any non-constant solution x(t) of the non-linear differential
equation of order 2:

(E) nx(l—xz)%—{-(—i%)z—{—(l—x?)(nxz—l):o

with a constant n>1 such that x*4x’2<1 is given by the integral:

(= dx
0.1 - g S
©.1) T=+nc zo xV(n—x){x(n—x)*"1—c} ’
where 0<x,<1<x;<n and c=x¢(n—x0)" 1=x,(n—x,)" %
We proved in the last 10th section of Part (IV) that the following conjecture

is true for n=84 and shall show that it is also true for 16<n<84 in the pre-
sent paper.

ConNJECTURE C. The period function T as a function of r=(x,—1)/(n—1)
and n is monotone decreasing with respect to n(>2) for any fixed = (0<z<1).

The section numbers of this paper will start from 11 for convenience sake
and so the section numbers from 1 to 10 mean the ones in Part (IV).

§11. The fundamental principle to attain the purpose.
Setting T=92(z, n), we have the two formulas

(11'1) iQ”(T;__n) _ \/C— Sl (lﬂx)W(x; xl)dx

o 2p/n )z x(n—x)Wx(n—x)""—c

where b=+/B—c, B=(n—1)""! and
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Wi, m:—f“/ n=x fol%) (0x)—a(x)).

—1)%
XV'n— Xfo(X) X\/mfo(x) n (x1—1)
+ (X—1y (x—1 52 b S CORV e
_[,, XX xx) ]¢<x> Pxs)
(1—=X)¥v/n—X (1—x)v/n—x ng(x)

where X=X(x), ¢(x)=x(n—x)*"! (Lemma 3.1 in (III)) and

02z, n) _ Ac/n [t (1—x)Vx(n—x) X" = ¢
(11.2) o 2b2n§ e Vx, xdx
((7.4) and Proposition 3 in (III) and (1.1)).

In order to prove 29%’;12<0’ we have tried to prove V(x, x,)>0 for X(x)

<x;<n and succeeded in it in the case n=84.
Using the notation

2n+10
— p— -1 S
(6.1) a=an):=X2),  a=am):=X( ),
we have the following.
LEMMA 11.1. When n=6, we have
(11.3) Vix, x)>0 for 0<x=a, and X(x)=x,<n.

Proof. Since V(x; x) is increasing with respect to x; by Lemma 8.1 in
(III) for 0<x<1 and

(11.2) Vix, X())=Uo(x)—=U(x)+Us(x)+U(x)+Us(x)—Us(x),

where U(x), =0, 1, 2, 4, 5, 6, are all positive for 0<x<1, by Proposition 1 in
(II), Lemma 2.1 in (II) and Lemma 7.1 in (III), it is sufficient to prove that

Vix, X(x))>0 for 0<x=Za,.
When n>2, we have by means of Lemma 2.5

(11.4)  —Uix)+Ux)+U(x)+Us(x)—Ug(x)

nX
(n DX—1)PvVn—X

and when n=6, we have by means of Lemma 3.1

{Go(X)+3(X—=D)fo(X)} for 0<x<1,

Go(x)+3(x—1)fo(x)>0 for 2=Zx<n.
Thus, we obtain the inequality (11.3). Q.E.D.
LEMMA 11.2. When n>13, we have
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(11.5) Vix, x1)>0 for ay<x=a, and X(x)=x;<n.
Proof. We obtain this from (11.2), (11.4) and Proposition 3 in (IV).

Q.E.D.

LEMMA 11.3. When n=12, we have E%LQB, where B 1s the root of the
quadratic equation: (n—1)x*+2x—2n=0, which is given by
—14-+v2n*—2n+1
n—1 )

(11.6) Bi=

Proof. Since we have

4n—1)(n+5)7 | 4n+5)
— 2 —_— n = o

2

— % (213—18n%—
= Gn i1 2n®*—18n*—51n+40),

it is sufficient to prove
2n*—18n*—51n+40>0  for n=12.
Now, setting n=m-+11, we have easily
2n*—18n*—51n+-40
=2m*+-48m*+-279m—37>0  for m=1. Q.E.D.
Remark. We know the fact on § as follows: When n>1, we have
%r"—rqa«/ 2
by Lemma 3.6 in (III). Since we have
and [2m*+48m?+279m—37 ] m—0.15=0.085594 >0
[2m3-+48m?+279m —37 oo 1e= —2.825344 <0 ,

we can insist the inequality in the above lemma for n=11.13 and not do it
when n=11.12.

LEMMA 114. When n=11, we have

082(z, n)
R ;n <0 for 1<x,=B.

Proof. By means of Proposition 1 in (II[) we have

W(x, x)>0 for X"'(f)=x<1 and X(x)=x,<n

when n=11. Hence, we obtain this lemma from (11.1). Q.E.D.
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X1

n

=

1=X(x)

2

2n+10 B P

2n+1 1

O Oy [2 41 1 X

By virtue of Lemma 11.1~Lemma 11.4 and the property of V(x, x;) that it
is increasing with respect to x;, we can obtain the inequality:

02(z, n)
on

when n=13, if we can prove the inequality:

<0 for B=x,<n,

(11.7) Vix, p)=0 for a;=<x<1.

Finally, we express the function V(x, B) in a convenient form for our pur-
pose. From (1.2)~(1.8) we have

x*N(x, x1) XEN(X, x1)

Vi 2= =z T (X=1vn—X
_ 2V n—x F0){Ax)—=2(x)}  3xfo(x) 2nx*{B—¢(x)}
- (1—x)® (x—13vn—x (1—x)32vn—x
Xo/n=X F(X) A X)=2x} | 3Xo(X) _ 2nX*{B—g(X)}
T (X—1y X—Dvn—X  (X—1pv/n—X

and by the definitions of U,(x), (1.9)~(1.13), we obtain

22V n—x Fy(x)
(I—x)y

X2/n—X Fy(X)
(X—1)y°

=Uo(x)=Ui(x)+Ux(x)+ - {AX)—A(x )}

+U(x)+Us(x)—Us(x)+ {20 —2(x0)},

hence
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(11.8) Vix, p)=V(x, X(x))
_I_{x Vn—x Fy(x)  X:/n—X FZ(X)}{Z(X)—Z(,B)}.

(I—x) (X—=1y°

§12. Some evaluations related with i(x) and Fy(x).

Regarding V(x, X(x)), we have the following evaluation: when n=10,

sBv/n—1

100 (9.0651n—379.1388 X 2)

(10.18) Vix, X(x)>
for a;(n)=<x<1,
where s=X(x)—1.
LEMMA 12.1. When n=12, we have
A X)—A(B)

X—1
(2n*+2n°—38n2+83n—40)—n(2n®+4n*+43n—40)
182n+1) {n(n*—n+2)—2(n*—~n-+1)8}
2n-+10
2n+1 °

(12.1) >

for 1<X=

Proof. Since we have

(x=D{n+(n—1)x}
(n—1Dx%*(n—x)

T (x)=—

by Lemma 7.1 in (III), we obtain

- 5o (X5, 1 8 t—D{n+n—x}dt
z(X)—x(ﬁ)—Sﬁl == =1 SX t*(n—t) '
n+(n—1t

#(n—1) is decreasing with respect to ¢ for

Now, we show that the function
1=t<2. In fact, we have

d nt(n=Dr __ -1 o

and
2n+n(n—4)t—2(n—1)12>0 for 0<tZ2
hence
_gf_n—l—(n—l)t
a1 <0 for 1=t=2.
Thus we obtain
sy 5 n+(n—1)8 B,
R ] [ e—ar.
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Next, by Lemma 11.3 we obtain for 1<X= 2271 —:_lf
1 _ (B— l) _
- 1S (t—1)dt= { (X b}
1pB=12
> 2{ i—1 (t_l)}‘*zz%}

_ (@n+1)¥B—12—81
T I8@2n+1)

and

@n+10(3—17—81=@n-+ 17 2Bl _g(n 1+ 2n 1781

_ 71%1* {6n°+4n*—41n+40—n(2n+1)*8),

from which we get the inequality

1 _ 6n3+41?i—;41n+40—n(2n+1)2,8
X—1 Sx(t Ddt> Nn—D2n+1) :

Therefore we have
AX)—A(B) n+(m—1)8 6n*+4n’—41n+40—n(2n+1)*8

X—1 C2n—B) IHn—1)2n+1)
On the other hand, using (n—1)5*=2(n—p), we obtain
(n—1)(n—B)l=n¥n—1)—2n(n—1)8+2(n—p)
=n(n*—n+2)—2(n*—n+1)8

and
{n+(n—1)B} {6n°+4n*—41n4-40—n(2n+1)*8}

=n(6n*+4n*—41n+40)
+ {(n—1)(6n°+4n*—41n+40)—n*2n+1)* f—2n(2n+1)*(n—B)
=(2n*+2n*—38n°+83n—40)f—n(2n*+4n*4-43n—40) .

Thus, combining these with the above inequality we obtain easily (12.1).
Q.E.D.
Next, we study the first factor of the second term of the right hand side

of (11.8).
LEMMA 12.2. When n=10, we have

2V n—x Fyx)  XvVn—XFy(X)
(I—x) + (X—-1y

(12.2)
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S 1 J_3_2.n(n—1)"*2(71—4)2(722—n+1)x/2n2—n+8
X—113 V2n+1 8n®+18n+1)2

n-2 —5)n-2
L 4" 2n=5"" o s o4n®—18n-+61)

9% (n—10*2n+1)"
X (8n*—12n°—28n*4-27n-+5)} for a(n)=x<1.

Proof. By means of (7.6) and the inequality continued to it in the proof of
Lemma 7.1, we obtain

x*Vn—x Fy(x) _ 1 4n—4)°vV2n*—n+8

(1—x)° T (2n+1)2
(12.3) 8Bn(n—1)%n*—n+1)2n-+1)%*
' 3(8n*+18n—+1)
32 n(n—D"n—4(n*—n+1)vV2n'—n+8 1 -
=3 V2n 1 8n L 18n L1y g for alm=x<l,

where t=1—x, when n=10.

. — . 4 2n+10 4
2 — _ = i
Since x2+/n—x is increasing for 0<x< 5N and ontl < 5

n for n=10,

we obtain analogously from (7.8) appeared in the proof of Lemma 7.2

X=X F(X) 1, nlnt2)-*(2n 57
(X—1y s 96(n—17@2n+1)"

(12.4) 5 (87— 24n*— 181 +61)(8n*—12n7—8n°-+ 270 +5)s*
n-2 — n-2
L AP0 g g 18n+61)

796 (n—1PfRC2n+1)"

X(@n'—12m—2Bn 270 45) ~  for 1<X< rl0
S 2n+1

where s=X—1, when n=10.
By Lemma 6.2, we have
S N N §
t 1—x 7 X(x)—1 s’

Therefore, we obtain immediately (12.2) from the above inequalities (12.3) and
(12.4). Q.E.D.

Finally, from Lemma 12.1 and Lemma 12.2 we obtain the following
LEMMA 12.3. When n=12, we have the inequality

az5 {F ‘/(’1’:;‘){ o0 X “/(’;(__)f)fg—(&}- {1(X)—2(B)} >nv/n—1 B
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S — +_ -

x[gs'<n_—_1_)5/2(n—4)25rf:n+1>@ﬁz'—7i18’ 1 (n+2)"%2n—5)
3 2n-1)¥*8n*+-18nF 1)? 192" (n—1)"**2n- )"+

X (8n*—24n*—18n4-61)(8n*—12n*—28n*+27n —{—5)]

><‘:_(2~n“—I—271“‘—35‘37;2—1—8371—40),8——11(2113—|—4712—i~4?>rz—40) ]
9{n(n*—n+2)—2(n*—n-+1)8}
for ay(n)=x<1.

§13. Some evaluations related with Lemma 12.3.

LEMMA 13.1. We have the following inequalities

(2n*+2n°—38n*+83n—40)f—n(2n*+4n®+43n—40)
(n—1){n(n*—n+2)—2(n*—n+1)8}

_ 2(101038—13524)

4(163535—19728)
(13.2) 15(936—2a1p) /o =10
and
133 06795123246 o

17(2772—3078)

Proof. Setting uz—}z—, the left hand side of the above inequalities can be

expressed as

. (24+2u—38u’+-83u’—40u") f—(2+4u +43u*—40u°)
(13.4) D) := A—w){1—u+2u"—2u(l—u+u)p} :

For the moment, we consider in this expression that 8 is a constant such that
%<,B<x/g2_ and compute its logarithmic derivative with respect to u, we

obtain
(2—76u+249u°—160u°)f—4—86u +120u" n 1
(2+2u—38u*4-83u*—40u*) f—(2+4u+43u*—40u®  1—u
1—du+@2—4dut6u®)p
1—u+2u*—2u(l—u+u?p
_ (2—76u+249u*—160u*)B—4—86u +120u*
- (2+2u—38u*+83ut—40u*)f—(2-+4u-+43u*—40u?)

2—6u+6u®+(2—8u+12u°—8u®)f
Q—=uw){l—u+2u*—2u(l—u+u®p} ’

+

+
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for which, making the common denominator of the right hand side, we obtain
its numarator as follows:

— {4-+86u—120u*—(2—76u-+249u*—160u°) B} (1 —u) {1 —u+2u*—2u(l—u-+u*)p}
4+ {(2—2u—38u?4-83u®—40u*) f— (2+4u+43u*—40u®)}
X {2—6u~+6u*+(2—8u+12u*—8u®)f} = — Qo(u)+Q(u) B+ Q:(u) 52,
where we set
Qo(u) :=8+74u—206u%+176u°—34u*,
(13.5) Q:(u) :=2—72u+4409u*—660u°425u*—68u°,
Qa(u) :=4—16u+92u*—332u°4-408u*—160u°—6u° .
We can easily show that Q,(u) is increasing and Q,(u) and Q,(u) are decreas-
ing for O§u§11—2, because

412 136
PN PTA 2__ 3 Bttt
Qo(u)=74—412u+528u>—136u*>74 12 1o
Q1(u)=—72+818u—1980%>+1700u°—340u*
818 1980 = 1700

>0,

<—72+~12—‘—71:22*+ 1ng<—724—68.17——13.75+0.99<0,
since 1%(1)8@:{%&%>11_2’ and
Q3(u)=—16-+184u—996u*+1632u°*—800u*—36u°
<—16+ —l—fg— %%? —]—}162332 <—16415.34—6.914-0.95<0,
since »95%72-:;4%>Ilé. Hence we see that —Qo(u)-+Q.(u)B-+Q:(u)p* is de-

. . 1 . .
creasing with respect to u for 0§u§ﬁ, regarding as 8 is a constant. On the

other hand we have

B —Qo(0)+Q1(0) 8+ Q:(0)5*=—8+28+45>>0
since f—;< B<+/2, and

~Qu( )+ 0:(35) B+ Q)8

74 206 176 34)

== (512t

128 12¢
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72 409 660 425 68
e 1)

16, 92 332, 408 160 6)52

VARC BRU AR RNt at

74 206 176 34 ) +(2 72,409 660 425) 8

+(2
+(4
2oz 212 T T T 1

16, 92 332 408
VARV RSV ABTS

<—(8+

1 2
(s )B*= . -(—266174—315433-+649685%) <0 .

I'herefore, we can say that the original function @(u) is firstly increasing and
. . . 1
then change to become decreasing at a point of the interval 0<”<IQ°
1 d 1

Finally we shall compute the values of @(u) at U=T5 16 and -, and com-

pare them with the one at ¥=0. Since we have
2-1244-2.12°—38-1224-83-12—40=40412=4-10103,
2-16*4-2-16°—38-16°+83-16—40=130824=8-16353 ,
2-18*+-2-18°—38-18°+83-18—40=210758=2-105379

and
2-12°4-4-12%+43-12—40=4508,,
2-16°4-4-16+43-16—40=9864 ,
2-18%-4-4.18°1-43-18—40=13694,
we obtain

(L) 410103 12:4508_ 2010103515524
12 11(12-134—2-1338) ~  11(804—1338) ’

o 1 )- 8-163536—16-9864  4(163533—19728)
16/~

15(16-242—2-2418) ~  15(1936—2418) ’
Q)( 1 )_ 2-1053798—18-13694 _ 1053793—123246
18

T 17(18-308—2-3078)  17(2772—307B)

We see easily @(11—8)<<D(0):2({3——1), because
1053798 —123246 < 34(8—1)(2772—3073) ,

which is equivalent to
10438532 4-6933—28998 <0.
In fact we have
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10438326938 —28998 < 10438-2+693- 4/ 2 —28998=—8122+4-693-4/ 2 <0

for \/%<ﬁ<\/’2v. Thus, we see that

1 1 1
0(0)> ‘D(E)> @(1—6)> <p(1—2) .
From these things we obtain easily (13.1), (13.2) and (13.3). Q.E.D.

LEMMA 13.2. We have the following inequalities
16 (n—1)"2(n—4)*(n*—n+1)v/2n*—n+8 -

3 n(2n-+1)*28n®+18n-+1)% =
2°-(11)"2.(71)"/2-133

(13.6) 3257 (14041)¢ for nz=12,
211/2.32.57/2.71/2. 941

(13.7) D (11019)° for n=16,

and

21272 (17)712-307- (319)7*
(13.8) 35.(37)"- (46981)¢ for nzl18.

Proof. Setting u:—}f’ the left hand side of the above inequalities can be

expressed as
16 (1—u)"2(1—4u)*(1—u+u*)v2—u+8u®

3 (2+u)**(84-18u+u?®)*

First, we show that (1—4u)*(2—u-+8u?) is decreasing for O§u§1l2, because

{1—4u)*2—u+8u®)} ' =—(1—4u)*(33—36u+192u*) <0.

Hence, putting n=12, 16 and 18 in the expression above of n, we obtain these
inequalities. Q.E.D.

LEMMA 13.3. Setting u:%, we have

1 (n+2)r@en—5)"
192" n(n—1)**2n-1)*+

1 V2—5u __e(n—1)(e(n/2))

T 203 (= w1+ 2u)2+u) Ve(Zn)(e(2n—5)/5))*
X (8—24u—18u%+611%)(8—12u —28u?+27u+5u*).

(13.9) - (8n°—24n*—18n+61)(8n*'—12n*—28n2+27n+5)

Proof. The left hand side of (13.9) can be written as
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1 (A+2u)**(2—5u)"*
2.3 (=)™ 2+u)**!

-(8—24u—18u*+61u?)(8—12u—28u?+27u+5ut).
. . 1\~ . .
Using the notation e(n)=0n=(1+—n—> introduced in § 10, we have

A—w)rt'=1—u)*/e(n—1), C+u)"*'=2"-2+u)ve(2n),

1 e 2n—>5 \\%/2
n-2__ . 2 _ n-2_9n-5/2, i
(42 = grs s e/ D), 2—Bu) =220 /25 /(e )N
Putting these into the above expression, we can obtain easily the right hand
side of (13.9). Q.E.D.

LEMMA 13.4. The function e(n—1)(e(n/2))%/~/e@2n) (e((2n—5)/5))%'% of n 1s
decreasing for n>5/2.

Proof. From the definition of e(n), we obtain
d 1 2 1
W{(n—l) log (H——nj>+n log (1-}*7—)——7’1 log (1‘{-%)

—(n—-g—) log (1+—2n‘r’T5 }zlog(1+~ﬁi—l)+10g(1+~i—)—1og(1+-21n—)

5 1/(n—1y 2/n? 1/2n?
—log (1445”5 )“(""D1+(1/<n—1))‘”'1+(2/n) Tz
o 5y 10/@n—5¢ _  (n+2@n—5) 1 2 1 s

) TR G/ an—5) %8 n—Dentl) n n+2 2ntl 2n
2n*—n—10 3(5n+2)

2nt—n—1 2n(n+2)2n+1)°

=log

. 1 . .
Setting u=_, the above expression can be written as

i. u?(5+2u) 1o 2—u—10u?
2 (12wt 8T e

which becomes 0 at #=0. Its derivative with respect to u is

3u(20+37u+20u*+4u®)  14-20u 1+2u
2(14+2u)*(2+u)? 2—u—10u®  2—u—ut
_ 3u(20-+37u+20u®+4u?) o Yud—u)
- 2(142u)*(2+u)? 2—u—10u®)(2—u—u?

_ 3u(16+-388u+1160u°+903u®—195u* —530u°—244u°—40u")
- 2(04+2u)? 2+ u)*(2—u—10u®)(2—u—u?)

for 0<u<2/5 and hence we see that

<0
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2n*—n—10 3(bn-+2) 5
log = i w1 T antntenty <0 or n>5
which implies the statement of this lemma. Q.E.D.

LEMMA 13.5. We have the following inequalities

n=2(0,, __ E\n-2
& é’gntzi)ﬁfgn _I_si)“;-(8n3—24n2—18n+61)(8n“—12n3—28n2—|—27n+5)z

+/19-167-1459 215 (es)’
—_ e <
(13.10) DI2.372.5 /o (5.0 for 12=n<16,

2933-10409  ey-(e)
311 PFEEAL Ve (a1 OFPSIS

and
+/31-38617- 761243

215.36.52.172.37 for nz=18.

(13.12)

Proof. Regarding the right hand side of (13.9), we see that the function

‘(17_’1/7);({%*2(2’;32)’ is decreasing for 0<u §—12, because
4 g V25w 5 2 4 1
du B A—wr 2wt 20—5w) " 1-u  1+2u  2+u

5 1 2-4w
T 22—5u)  24+u  (1—w)(14+2u)

and both of 8—241—18u2+61u® and 8—12u—28u®+27u*+5ut are clearly de-

-<0,

creasing for 0<u= L

12°
. 1 . .
Now, putting U=15 167 18 0 the expression
1 v/2—5u

——— e — — 2 3 —_ — 2 3 4
12,3 (1= (1202 ) (8—24u—18u*+61u*)(8—12u —28u®+27u+4-5u*),
we obtain respectively:

1 (12°2.4/19  8-(12)*—24-(12)*—18-12+61

12,3 T (11)%-(14)2-25 (12)°
o 8:(12)—12(12)—28-(12)*+27-12+5
(12)*
+/19-10213-141449  +/19-167-1459

- ’

T3 (IDE-(142-25-(12)2 T 20/E.35
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1 (16)°/2-4/27  8-(16)°—24-(16)*—18-16-+61

2172.3 " (15)2-(18)%-33 162
« 8-(16)¢—12-(16)*—28-(16)2+27-16+5
(16)*
. 32.26397-468405 2933-10409
T 217/2.3.(15)2-(18)2-33- (16)%/  2¢1/2.3%/2.5.11
and
1 (18)2.4/31  8-(18)"—24-(18)*—18-18-+61
211/2.3 (17)2-(20)%-37 (18)°
« 8-(18)'—12-(18)*—28-(18)*+27-18+5
(18)¢
+/31-38617-761243 _ /31-38617-761243

T QMR 3L(17)8-(20)8-37-(18)%7F | 916.30.5¢.(17)8.37
From these values and Lemma 13.4, we obtain easily (13.10), (13.11) and (13.12).
Q.E.D.

§14. Fine evaluations of V(x, X(x)).

For the present purpose, we shall do more fine evaluations of the function
V(x, X(x)) for a;(n)<x<1 than the ones in §9 and § 10.

LEMMA 14.1. We have the following inequalities
112 (n—1)"*(n—4)*(n*—n+1)2n+1)"*2n*—n+8)"'

27 Bn*+18n 1 1)*
1 An*+9n—10
il @n*—n+8)7 ’4(7?:1)(71+’5>2(2;{2ih’:105"] ~
2°-(11)*-(71)v2-133 | 2°-3°-7-(11)°-(71)"/-193 <
(14.) 37404 T (17)-(14041)? for 12=n<l6,
(14.2) 2°.31/.5%E. TR (37)°2- 241 [y 205 (37)- 181 - 241
: (319)*-(11019)? 320727472 (110192
for 16=n<18
and
19/2, 94,73, 3/2, . 1/2
143 915/2.34.75.(17)%/2.307-(319) PR

5-(23)%-31-(46981)*
Proof. Setting u=711—, the left hand side can be written as in Lemma 10.1:

287 (1—u)**(1—4u)*(1—u+u®(2+u)**(2—u+8u?)/?
3* (8+18u%+us)?
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@C—u+8u®* ' 41—u)1+5u)22—u—10u?)

X[ u 44-9u—10%u* ]

We see that (1—4u)*(2—u-+8u?*'? is decreasing for O<u<l, because its

logarithmic derivative is

8 1-16u  _ 33—36u+192u°
1—du  2@2—u+8u’)  2(1—4u)2—u-+8u?)

<0

and -@Tu%&;)y is increasing for 0<u <—-, because its logarithmic derivative

is

i] 2(1—16u)  2+wu—24u® <0
u | 2—u+8u®  u(2—u-+8ud ’

44-9u—10u® is also increasing for 0<u<—1—, We showed in the proof of Lemma

10.1 that (1—u)(1+5u)*(2—u—10u?) is increasing for 0<u_£_—1— Making use of

10°
these facts, we can do the following evaluations.

1 1
When 12=n<16 (z<u=r;
(the left hand side of (10.1))>
207 (11/12)5/2-(2/3)2-133/(12)2-(33/16)%/2-(284)1/2/12-(12)°
3 (14041)?

1/16-(16) . 1158/(16)- (12)°
X[ B0ay T 4-11.(17)2-266]
_22-7-(11)4~(71)1/2-133.[_26 P U ]
= 3e.(140417 3070 T 1117133
2(LDS(TDY2133 | 2%-3%T-(11)-(71)"-193
=37 (140417 (17)%- (14041

), we have

When 16<n<18 (1—18<u§l—16), we have

(the left hand side of (10.1))>
2.7 (15/16)°%-(3/4)*-241/(16)-(37/18)*'*- (504)/2/16 - (16)°
3 (33057)2

[_1/18~(18)4 n 1448/(18)2-(16)5]

(638)° 4-15-(21)%-486
_ 22-BRR.TR.(37)2. 241 [ 2-3° I 21%.181 ]
N 38/2.(11019)® (319)* © 312.5-7*
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_ 2.3U.5URTUR.(37)%02.241 | 2%0.5%2.(37)%/2. 181241

(319)2-(11019)2 - 329/2.71/2.(11019)®

When 18<n (O<u§1—18), we have

(the left hand side of (10.1))>
287 (17/18)°%-(7/9)?-307/(18)?- 2°/*-(638)"/* /18- (18)°

33 (46981)?
4-(18y° ] 203470 (17)°72- 307+ (319)

5.030.31-(deosly - SED

[0+T17 (23)%-620

LEMMA 14.2. We have the following inequalities

n-2 __E\n-2
L A" H2In=0"" g s gne18n+61)8n— 1207 —28n°- 2Tn+5)>

9% (n—1)""2n+1)"
(19)72-10213- 141449 ;- (e
282,382 72.(11)° \/832 -(es. 4)5/2

(14.5) 2933-10409 | en-(esf o j6<nc18

223/2 39/2 54 \/935 (96 2)5/2

(14.4) for 12=n<16,

and
7-38617-761243

“omp.gn.g  Jor n=l8.

(14.6)

Proof. Setting u:—%, the left hand side can be written as (10.3):

1 VB e(n—1)e(n/2)?

209237 (1—w)(1+2u)* Ve(2n)(e((2n—5)/5))""*
X (8—24u—18u?+61u*)(8—12u —28u®+27u+5u?).

v2—5u 41-+1161_ 1
A= t2u) is decreasing for 0<u < - 9.130° 3753

and increasing for 41v\{1161<u<41—*“\{717120 L and its value at u=
41— ~/TT6T 2-130 2-130 3. 46- -

o130 is 1.4095---(>7/5), and that the both funct1ons 8—24u—18u*+61u®
and 8—12u—28u®+27u*+5u* are decreasing for 0<u=(1/10). By means of
these facts and Lemma 13.4 we can do the following evaluations.

We showed that

When 12=<n<16 ( <us ) we have

16 =712/
(the left hand side of (10.2))>
1 +/19-(12)1/2 @15 (@)’ 1

ot5/2.3 (11)°-(14)? \/232 ’(e;;sglz . ‘(12)7 10213141449
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_(19)72-10213-141449  ey5+(ey)’?
221/2 33/2 72 (11)5 '\/332 (es 4)6/2 .
When 16<n<18 ( <u=s 1) we have
18 °7716
(the left hand side of (10.2))>

1 VIReR ey
25/2.3 " (15)%-(18) v ey (g.0)"2
1 2933-10409 217+ (ey)*

X1y 03T ABBI0S= s BT Vg (e )t

When 18<n (0<u§118> we have

(the left hand side of (10.2))>

17 1 7.38617-761243
gy L gy 38LT-T6123= LS

LEMMA 14.3. The function e((n—1)/3)/e((2n—5)/6) of n is decreasing for

n>5/2
Proof. From the definition of e(n), we have

e(n*l):(i+2 )<n~1)/a and e(é’ff ) (.2,&:{11« (2n-5)/6

3 n—1 6 2n—>5
and hence
d [ n—1 n-+2 2n—>5 2n+1
dn [3 logo =1 =6 1085, 5 ]
n—|-2 2n+1 n—1 -3
=g (los 150 o M T
_2n—5 o —l2
6 (2n+1)(2n—5)
:ilog 2n*—n—10 . 3

3 2nt—n—1 (n+2)2n+1)
Setting u=1/n, the above expression can be written as

3u,,4w+ g ou—1ow
(14+2u)(2+u) —u—ut

which becomes 0 at ©=0. Its derivative with respect to u is

3u(4+5u) 3u(d—u)

(L+2uP@+u)  C—u—10u®)2—u—u?)
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2 3_Q.4
27u(8+24u+12u ll}fﬂ_ﬁl{_)mn#<0 for 0<u<—2—

:"'(1—]—2u)(2+u)2(2——u——10u2)(2—u—u2) 5
and hence we see that
1 2nt—n—10 3 5
T8y T ey <0 for n> g
which implies the statement of this lemma. Q.E.D.

LEMMA 144. We have the following inequalities

n 1
2n—1)"%2 " 2n41)" 3 (n+2)*2(2n—5)  (An*—2n+-T7)

X[4n(n—1)*"*n+5)2n-+1)*"*(4n*—2n-+7)*(48n*—52n°+342n*
—198n+4-616)—3(n—4)(n+2)""%(2n—5)""*(2561°—992n°+-80n*
+4120n°—3592n°—5474n+4-3010] <

21/.3.17-1489 2%=-(11)*-13836023 ¢ ¢; \»
A47) gy oy~ Frmm L Car) for 122n<IS,
219/%.7.4657  31/%-5U-TABIAT - ( erys \?
(48) g g it~ g pinqisy (ayy) S 165n<18
and
.33.93. . 1/2,
149) 2323121081 70733122239

BUR(17)0/2.(31)%2.(37)%r T 212.36.55/2.31.37
Proof. Setting u=1/n, the left hand side can be written as (10.7):
(1+5u)(48—52u_—|—342u2—198u3+616u4)

31+ 2u) 2 —5uy A(I— w22+ u) s

(1—4w)vV1—u 1 -1 2n—5 \\3
“ iz soeiw ©ziner s )/ T)

X (256—992u +80u?+4120u°—3592u* —5474u°-+30104°) .

We showed in the proof of Lemma 10.3 that the functions of u:

(14+-5u)(48—52u+342u*—198u*+-616u") increasing,
A4+2u)*2—5u)*(1—u)*2+u)® decreasing,
1—4w)v1—u decreasing,
(142u)®*(2—5u)(2+u) increasing,
256—992u 4801244120 —3592u* —5474u°+3010u° decreasing

for 0<#=(1/10). By means of these facts and Lemma 14.3 we can do the fol-
lowing evaluations.
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When 12<n<16 (116

(the left hand side of (10.6))<
17-952960-(12)"
3-(12)°-(14)2/2-(19)%/2- (11)%/2- (25)/2
L 8VILa2 (6, 525768874
4-(12)%/2.(14)5/2.19.25  (999)z %/ °*°

(12)°
219/2.3.17-1489 21972 (11)/#- 13836023

= G gy sy /o)

<us 12), we have

When 16<n<18 (18<u__.116> we have

(the left hand side of (10.6))<
B 21-3017736-(16)"
3-(16)°-(18)%/2-(27)3/2.(15)%/2.(33)*/2
L 2VIBQeE s 3275894178
4-(16)%2.(18)%/2.27-33  (1267)* 1/alCatls (16)®
219/2.7. 4657 315/2.51/2. 748947

:_gk/z'ss/—é:(ll—)s/z 219/2-—;7-2---11 (181)2 (817/3/931/6)3.
When n=18 <O<u_<_18) we have
(the left hand side of (10.6))<
23-4843444-(18)°
3-(18)°-(20)/2- (31)%/2- (17)%/2-(37)*/%
_ WVIZ-08) 1 6863844478
T 4-(18)¥2-(20)°/2.31-37 42 (18)°
2-3%-23-1210861 7-(17)4/2.3431922239

=BT GBI BT T 2. 30.59%.31.37 Q.E.D.

§15. Proof of Theorem C for n=18.

In this section, we shall prove that Conjecture C is true for n=18. We
suppose n=18 in this section. By means of (12.5), (13.3), (13.8) and (13.12), we
obtain the following inequality

{Zvn —% Fy(x) | X*vn—X F(X)
(I—=x) (X=1)°

[_2‘»”2~72-(17)7’2-307-(319)”2 /31-38617-761243 ]

b ICO—2B) > Bntv/n—T

© O 33.(37)¥2.(46981)2 | 215.35.5%.(17)2-37
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1 1053798 —123246

T T 271123078

for a,(n)=<x<1.

Now, we do some numerical computation as follows.

212,72 (17)2.307 - (319) /2
3°-(37)°/*-(46981)°
_ 2.7.(17)2-307 _ /2-17-319  32-49-289-307

= T3.37.(46981° Y37 243.37-(46981)

7.0101896 1. 2002278
O 17, 1211806 1 2NE
iy YOLSSITTOIM3 1 38617761243
5953550 (17-37  10° < 8192-6561-4913-37
1 3.0088003 1. 67522908
i x 200 5. 677643 10T
iil;—/g§=1.3975786~~~>1.3975786 by (1L6)).
Gy 105ST9B—1236 147275 4352804123246
9712—307 2772—429. 0566302

_ 24029. 4352804
~ 2342.9433698

By means of the above evaluations, we obtain
{xzx/n—x F(x) X:vn—X F(X)

e Ay R CEOB(5)

(i)
\/2-'1731_9’
37

X /31

>

(iif) B(n)=B(18)=

=10. 25608881 --- >10. 2560888 .

2 /m—1
> Pﬁ%{)—ZL-l- [1.2002278+1. 675229087 % 10. 2560888
Bn*v/n—1
10*

Thus, we have proved the following

% 29.4909411 .

LEMMA 15.1. When n=18, we have the inequality
{an—x Fg(x)+X2\/n~X Fy(X)
(1—x) (X—=1y

29. 4909411
10

(15.1)

Hao0-28)

>Bniv/n—1 X for a(n)<x<1,

where X=X(x).

473

Next we shall do analogous evaluations for the function V(x, X(x)), which
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is more fine than the ones done in §10. By means of (9.5), (14.3), (14.6) and
(14.9), we obtain the following inequality
Vix, X(x)) [ 219/2.34.78.(17)%/2.307 - (319)/2 7-38617-761243 ]n
sBvn—1 5-(23)%-31-(46981)2 2%9/2.315.5

s+t [ 2-3%.23-1210861 _ 7-(17)'2-3431922239 ]
s

58/2.(17)5/2.(31)3/2.(37)/2 212.36.55/2.31.37
for a(n)=x<1

Now, we do some numerical computations as follows.
(i) 219/2.34.778.(17)%/2.307 - (319)*/2
5-(23)%-31-(46981)?

_lx 1024-81-343-17-307
10 529-31-(46981)*

X +/2-17-319

1 4.1020836 427. 2079314
10X or X104 1441309> ST
.. 7-38617-761243 1  7-38617-761243 —
i Cpemes 10 Tease- 14318007 V2
1 _ 8.75308456 1237. 8730876
STpX oy XL 41421866 > ST,
i) 2.3°.23.1210861
1 53/2.(17)5/2,(31)3/2.(37)3/2

_ 1 827-23-1210861
T 10° 49139611369

—1%)7 X mfo&mz X 312. 2418935 < 2. 905985563 .

() 7-(17)'72-3431922239 —»—Lx 7-3431922239
v 212.39.5°2.31.37  10° ~ 512-729-31-37
1

108

Making use of the above evaluations, we obtain
Vix, X(x)) 1

sBv/n—1 7 10¢
s+t
S

_1665.081019  23886.36063 st
- 0+ " 10¢ s

x+/5-17-31-37

x/5-17

> X 56. 11443206 X 9. 21954445 >0. 517349500 .

X [427.2079314-+1237. 8730876 1n

[2. 905985563 —0. 517349500]
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Thus, we have proved the following
LEMMA 15.2. When n=18, we have the inequality

152 Vix, Xoy> S8 ‘1/0’?, —Lx x (1665. 081019 —23886. 36063 9* 2)

for a;(n)=x<1.

Proof of Theorem C for n=18. By means of (11.8), Lemma 15.1 and Lemma
15.2, we have the inequality

153)  V(x, §)> §B)l,/£ =

[29 4909411 " ® 11665. 0810197 —23886. 36063 - S“—]

for a;(n)=x<1.
Since we have the following inequality for a;(n)<x<1

11 1 _tl ot 1-x
s X(x)—1 = @2n+10)/Cn+1)—1 9 s X(x)—1

)y means of Lemma 6.2 and (6.1), we obtain

29. 4909411 ——|—1665 0810197 —23886. 36063 S—H

> 29. 4%% ¥(2n+-1)-+1665. 0810190 —47772. 72126

>3.27677n*(2n+-1)+4-1665. 08101n—47772. 72126
=3. 27677 X (18)* X 37-+1665. 08101 X 18—47772. 72126
=239281. 91876+29971. 45818 —47772. 72126 >0 .

[hus, when n=18, we obtain the inequality (11.7)
Vix, )>0 for ax(m)<x<1,

vhich implies Theorem C for n=18 by the reason stated in §11.

§16. Proof of Theorem C for 16<n<18.

In this section, we shall prove that Conjecture C is true for 16<n<18 by
he same way as in §15. We suppose 16=n<18 through this section. By
neans of (12.5), (13.2), (13.7) and (13.11), we obtain the following inequality

2%/ n—x Fy(x) X2/n—X Fy(X) .
e S }{z (X)—A(®)} > Bn2v/n—1
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([REESTAL BEAMD | erle) )
(11)*/2-(11019)2 2112.352.5. 11 A/ ey (6.0)°'?

J —
2 16353519728 L y=x<l.

3%.5 1936—241p3
Now, we do some numerical computations as follows.

215/2 ,55/2,71/2 941 B 10%-32-241

(D e qrotey = 3-121-atongp < V2T
>100x L TATOL ) 57 74gg738> 48953594
10° 10¢
Gy 2EI009 1 osmiow9
gwe.giue 5]~ 100 131072-729-11
1 2.9046307 7.1148629
> ﬁlaé—x - 77—1()—2“—-— ><2. 4494897> WA_WI‘—‘.
iy (e’ (8/ITM(L0/9% 264241436, 6624633
Vew-(ens)® — (37/36)%-(72/62)% ~ 1.6375178x 10. 1527224
17.6049882
6 eomsga 1 05892986 -+ >1.0589298.
Gv) %—?@x 1. 0589298>L57313%41i193f .
(v) ﬁ(n);‘ze(lﬁ):—:«lfig/—“&v:l.3954474.-~ >1.3954474 (by (11.6)).
(viy 16353510728 _ 22810.751332—10728 _ 3001753322
19362418 1036—336.3028234  1599. 6971766

=1.932710376 --- >1.93271037 .

By means of the above evaluations, we obtain

WVn—x Fy(x) | X>Vn—X F(X)\ ;5,33
;e R ALl

> fﬁ’il‘gf: L 14.8553504+7. 5341403] x 1. 93271037

o gﬁfg_z@_:k X 23. 9453145 .

Thus, we have proved the following

LEMMA 16.1. When 16=n<18, we have the inequality
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PV n—x Fyx) | XVn—=XFX) \ 55\ _3
(16.1) { o A Haco -1y
>Bn*vn—1 X _23.9453145 for a(n)<x<1,

10¢
where X=X(x).
Next, by means of (9.5), (14.2), (14.5) and (14.8) we obtain the following
inequality

V(x, X(x) [ 2031520 (7). 241 220.5Y/2.(37)2-181-241
sBv/n—1 (319)-(11019)* 3727472 (11019)2
2933-10409 ey (ey)
G e )T

s+t [; | 2192.7.4657 310/2.512. 748947 (e )]
S

e B (1) 2iere.7e 11 (181)F

@31/6
for a;(n)=x<1.
Now, we do some numerical computations as follows.

23.37/2.55/2.73/2,(37)3/2,241 . 2 zz 773772471 S
GloF-iotey 0 gigqiiotey VTS

—~—2'7?g?029 X 62. 3297681>—1]——Of§45788

20.50.(37)0 181241 524288-37-181-241 .
37 (110197 0% 14348907 7-(11019y < V30 TS

6. 9§%§97O~><62 3297681 >—4—33i‘;g§5322

... 2933-10409 1 293310409 S—
) gm0 = 107 % gsgagy X V2D

(i)

(ii)

>0 o < 490. 7664127 < 2. 4494897 > - 12. 012 0122727

and

12033-10409 ey-(en? 120212727 1272.9683895
TS5 X Ve a3 1r X 1.0580208> T ,

_ 2074657 1 4096-7-4657
B (11 T 10° T 6561-121

<—£@8 11?):33489 % 18. 1659022 < 3. 055383927 .

(iv) X +/2:3:5-11
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315/2. 51/2. 748947 2187-748947 N
(v) 2m/2.72.11.(181)  1024-49-11-(181)° X/2:3:5
>~9'05f$ X 5. 47722557>0. 496151859 .
(e \_( 20 N1t g 37 ywz  15.8444899
i () =(17)/(5r) " > 15 saag01s =1 020605287

>1. 020605237 .

| 319/2.51/2.748047 (_917_/3_
21/2.72.11.(181)2

Making use of the above evaluations, we obtain

Vix, X(x)) 1
SBvn—1 >—104 X [17.0035788+-432. 4755322+ 1272. 9683895 ]n

— 13, 0553830270, 506375185 = 1722‘fé75005 e 25492'098742 fsi.

(vii)

)3 >0.496151895x 1. 020605237 >0. 506375185 .

@31/6

Thus, we have proved the following

LEMMA 16.2. When 16=n<18, we have the inequality

(16.2)  V(x, X(x)> rs&«l%r}:l,,, X (1722. 4475n—25490. 08742

s+t)

s
for a,(n)=x<1.
Proof of Theorem C for 16<n<18. By means of (11.8), Lemma 16.1 and

Lemma 16.2, we have the inequality
(16.3) Vix, B

T 2
s sBVn=l [23. 9453145 1722, 4475 —25490. 08742

s—i—t]
10¢

s
for a(n)=x<1.
By the same reason as in § 15, we have

s+t
S

2
23. 9453145—72— +1722. 4475n—25490. 08742

> —23—9%@55 n*(2n+1)+1722. 44751 —25490. 08742 X 2

>2.66059n%(2n+1)+41722. 44751 —50980. 17484 .
Now, for the last cubic polynome of n we have

[2.66059n2(2n+1)-+1722. 44751 —50980. 174841 ,- 16
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=22476. 66432+ 27559. 16 —50980. 17484 =—944. 35052 <0
and

[2.66059n%(2n +-1)4-1722. 44757 —50980. 17484 ] - 15.1

=22896.43093+27731. 40475—50980. 17484=—352. 33916 <0
and then

[2.66059n2(2n+1)41722. 447510 —50980. 1748415 15.2
>23321. 39100+-27903. 6495—50980. 17484 =244. 86566 >0 .
Hence we see that when n=16.2 we obtain the inequality (11.7)
Vix, )>0  for ay(n)=x<1,

which implies Theorem C for 16.2<n<18.
Now, in order to prove (11.7) for 16=<n<16.2 we put

2n-+9
. ]
(16.3) ag(n)aXn< oni1 )
For a,(n)=x<1, we have
}_z ggﬂ,, ﬁ_i<2
s 8 s

and so

2
23. 9453145is~ +1722. 4475n—25490. 08742 e

> 23;%852&712(211 +1)+1722. 4475n—25490. 08742 < 2

>2.99316n%(2n+1)4-1722. 44752 —50980. 17484
=2.99316 X (16)* X 33+1722. 4475 16 —50980. 17484

=25286. 21586-+27559. 16 —50980. 17484 =1865. 20084 >0 .

Then, for a;(n)<x<as(n), we evaluate S? By Proposition 4 in (IV), §9,
Xeo—=1 is decreasing with respect to x for 0<x<1, hence we have

1—x
1< sti <[~s~_—i_£] for a,(n)<x<ay(n)
S Tr=ag(n)
and
st gy e o 2ntl
[ s ]Mz(m“ T Rj@n+1) T g Umem),

i.e.
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s+t < 2n+9  2n+1

(16.4) S 8 g

ay(n) .

By means of Proposition 1 in (IV), §2, we have

2n+9
— — 1/(n-1) .
hence
2n°—n—9 \n-1
16:5) awine1) <o)

From (16.4) and (16.5), we obtain

s+t 2n4+9 2n+1 7 2n*—n—9 \»-1
< - ( )

(16.6) s 8 8 2nt—n—1

9 . . . .
—5 -7 s monotone increasing with respect to n, and hence from (16.6) we
obtain for 16<n<16.2

s+t 2%16.249 2x16+1 2% (16)2—16—9 \16-2-1
BT _ 2o (gl
S 8 8

9% (167 —16—1
2“418' 't 3;7 : (—ﬁ%)”’?s. 175—4. 125 0. 7806227

=5.175—3.2200686375=1. 9549313625<1. 96 .

Making use of this evaluation, for a;(n)<x<as(n) we have

s+t
S

2
23. 9453145%— +1722. 4475n—25490. 08742

23.9453145
9

>2.66059n%(2n-+1)-+1722. 4475n—49960. 5713432

>

n*(2n-+1)-+1722. 44751 —25490. 08742 < 1. 96

=2.66059X (16)* X 33-+1722. 4475 X 16 —49960. 5713432

=22476. 66432+ 27559. 16—49960. 5713432="75. 2529768 >0 .
Thus, we have proved that when 16<n<16.2 the inequality (11.7) is also true
for a;(n)=x<1. This fact implies that Conjecture C is ture for 16=n<16.2.
From the observations in § 15 and § 16, we obtain the main theorem.

THEOREM. C. The period function T as a function of t and n is monotone
decreasing with respect to n=16 for any fixed = (0<z<1).

Remark. In fact, Conjecture C is natural for small values of n (2<n<30)
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from the numerical data obtained by M. Urabe (see Fig. 9 in [6]). From the
arguments in § 16, it seems to the author that in order to prove Theorem C for
2<n<16 we have to develope another and more fine way than the ones in this
paper.
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