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BY TOMINOSUKE OTSUKI

Introduction.

This is exactly a continuation of Part (IV) ([14]) with the same title written
by the present author. We shall use the same notation in it.

The period T of any non-constant solution x(t) of the non-linear differential
equation of order 2:

with a constant n>l such that x2+x'2<l is given by the integral:

(0.1) T=

where 0 < i o < K i i < n and c=xo(n — xo)
n~1=Xi(n—Xi)71'1.

We proved in the last 10th section of Part (IV) that the following conjecture
is true for n^84 and shall show that it is also true for l β ^ n < 8 4 in the pre-
sent paper.

CONJECTURE C. The period function T as a function of r=(*i—l)/(n—1)
and n is monotone decreasing with respect to n(>2) for any fixed r (0<τ<l) .

The section numbers of this paper will start from 11 for convenience sake
and so the section numbers from 1 to 10 mean the ones in Part (IV).

§ 11. The fundamental principle to attain the purpose.

Setting T=Ω(τ, n), we have the two formulas

dΩ(τ9 n) ^__ _Vc2[1 a
1 ' ; Tn~ ' ~2bWn ) * 0 xin-

where b=V~B~c, B^in-l)71-1 and
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XVn-XUX) xVn-x fo(x)-]i n Ui-1)

r
L

φ(χ)-ψ(χ1)_[ ]
(l-X)Wn-X (1-xjWh-xl nψ(x)

where X=X(x), ψW^xin-x)71-1 (Lemma 3.1 in (III)) and

((7.4) and Proposition 3 in (III) and (1.1)).

In order to prove -1 <0, we have tried to prove V(x, xλ)>0 for X(x)
on

<x1<n and succeeded in it in the case n^84.
Using the notation

(6.1) ao=ao(n) : = XήK2), a^a^n) - ^ ^

we have the following.

LEMMA 11.1. When n ^ β , we have

(11.3) V(xfXl)>0 for 0<x^a0 and X{x)^xλ<n.

Proof, Since V(x x) is increasing with respect to xx by Lemma 8.1 in
(III) for 0 < x < l and

(11.2) V(x, X(x))=Uo(x)-Ul(x)+UΛ(x)+Ui(x)+Ub(x)--U1i(x),

where Ui(x), t—0, 1, 2, 4, 5, 6, are all positive for 0 < x < l , by Proposition 1 in
(II), Lemma 2.1 in (II) and Lemma 7.1 in (III), it is sufficient to prove that

V(x,X(x))>0 for

When n>2, we have by means of Lemma 2.5

(11.4) -UiW+UtW+UM+UeW-UeW

!f for

and when n ^ β , we have by means of Lemma 3.1

G 2(x)+3(x-l)/ 0(x)>0 for 2^

Thus, we obtain the inequality (11.3). Q. E. D.

LEMMA 11.2. When n>13, we have
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(11.5) V(x, *i)>0 for α o < x ^ « i and X

. We obtain this from (11.2), (11.4) and Proposition 3 in (IV).
Q. E. D.

LEMMA 11.3. When n ^ l 2 , we have ~^~τ~ < β, where β ts the root of thi

quadratic equation'. (n — l)x2~\-2x—2n=0, which is given by

(11.6)

Proof. Since we have

4(n-l)(n+5)2 , 4(n+5)
+ ϊ — 2 n

2 •(2rc3-18n2-51n+40),

it is sufficient to prove

2n3-18n2-51?2+40>0 for n ^ l 2 .

Now, setting w = m + l l , we have easily

2n 3 -18n 2 -51n+40

=2?7x3+48?722+279??ί-37>0 for m^ί. Q.E.D.

Remark. We know the fact on β as follows: When n > l , we have

by Lemma 3.6 in (III). Since we have

[2m3+48m2+279rn-37]m=0.i3=0.085594>0
and

[2m3+48m2+279m-37]m=0.i2=-2.825344<0,

we can insist the inequality in the above lemma for n ^ 11.13 and not do it
when n = 11.12.

LEMMA 11.4. When n ^ l l , we have

- ^ - » l < 0 for l<Xί<β.
dn ^

Proof. By means of Proposition 1 in (III) we have

W(x, x0>0 for χ-\β)^x<l and X{x)^x,<n

when 72^ 11. Hence, we obtain this lemma from (11.1). Q.E.D.
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<Xι

By virtue of Lemma ll. l^Lemma 11.4 and the property of V(x, xj that it
is increasing with respect to xlt we can obtain the inequality:

<0 for β^Xi<n,
dn

when n ^ l 3 , if we can prove the inequality:

(11.7) V(x, β)^0 for α ^

Finally, we express the function V(x, β) in a convenient form for our pur-
pose. From (1.2)~(1.8) we have

V \X, X\)—
X2N(X,xx)

(l-i)Vn-i ' (J-l)Vίi-I

2nxi{B-ψ{x)}

"T*

' (x-l)Vn-x

_
(I-l)Vn-I

and by the definitions of Ut(x), (I.9)~(l.l3), we obtain

=U0(x)-U1(x)+U2(x)+ x Wn^ F2(x)

+Ui(x)+U5(x)-Ue{x)+

hence
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(11.8) V(x, β)=V(x, X{x))

XWn-XFAX)\ - -
{ λ { X ) - λ ( β ) } •

% 12. Some evaluations related with λ(x) and F2(x).

Regarding V(x, X{x))f we have the following evaluation: when

(10.18) V(x, X(x))> 5 g ^ 1 (9.0651n-379,1388x2)

for α i ( n ) ^ x < l ,
where s—Z(x)—1.

LEMMA 12.1. When n ^ l 2 , κ;

(2tt4+2n3-38n2+83tt-40)/3-tt(2n3+4n2+43tt-40)
{ } > 18(2n + l ) {n(n 2 -n+2)-2(n f -n+l) j8}

- 1 v . 2n+10
for 1 < X < —=———.

"" 2 n + l
Proof. Since we have

^ (x-l){n+(n-l)x}
(n—l)x2(n — x)

by Lemma 7.1 in (III), we obtain

Now, we show that the function — — is decreasing with respect to t for

1 ^ ^ 2 . In fact, we have

and
2n2+n(n-4)ί-2(n-l)ί2>0 for

hence

d n + ( n -
dt t\n-t)

Thus we obtain

λ{X)-λ{β)>

<0 for l g ί ^ 2 .
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2rc+10
Next, by Lemma 11.3 we obtain for K B

2n+l

X-l

(/3-l)2-81
~ 18(2n+l)

and

—2(2n+l)2/3+(2n + l ) 2 -

from which we get the inequality

Therefore we have

λ(X)-λ(β) n + ( n l ) j 3 6 n + 4 n 4 1
2{βf " ' 9(X-l 2{n-βf " 9(n-l)(2n + l)

On the other hand, using (n—l)β2=2(n—β), we obtain

(n-l)(n-β)2=n2(n-l)-2n(n-l)β+2(n~β)

= n(n2-
and

= (2n4+2n3-38n2+83n-40)/3-n(2n3+4n2+43n-40).

Thus, combining these with the above inequality we obtain easily (12.1).
Q. E. D.

Next, we study the first factor of the second term of the right hand side
of (11.8).

LEMMA 12.2. When n^lO, we have

(X-lf
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32
X-l 13

4
X(8n4-12n3-28n2+27n+5)}

Proof. By means of (7.6) and the inequality continued to it in the proof of
Lemma 7.1, we obtain

x2Vn-xF2(x) 1

(2n+l>

(12.3) x
3(8?z3+18?2+l)ί

3 V2n + l(8n3+18n + l)2 t

where t=l — x, when n ^

•— for

2n+10 ^ 4
Since x2Vn — x is increasing for 0 < x < — n and -^——— < — n for 72^10,

b Zn-f-L D

we obtain analogously from (7.8) appeared in the proof of Lemma 7.2

V n l
(X-l)5 sδ

(12.4) X(8n3-24n2-18n+61)(8n4-12n3-28n2+27n+5)s4

1 n(n+2)n-2(2n-5)n-
(n-l)5/2(2n + l)n •(8n3-24?i2-18n+61)

X(8tt4-12rc3-28tt2+27τ2+5) — for
o

where s=X—l, when n^lO.
By Lemma 6.2, we have

1 = 1 1 _ 1
ί "" 1-x X(x)-1 ~ s *

Therefore, we obtain immediately (12.2) from the above inequalities (12.3) and
(12.4). Q.E.D.

Finally, from Lemma 12.1 and Lemma 12.2 we obtain the following

LEMMA 12.3. When n^l2, we have the inequality

\xW^^xF2{x) X*VΪ[=XF2(X)) ,~,γλ -.... . T n
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Γ16 ( n - l ) 5 / 2 ( n - 4 ) 2 ( n 2 - n + l ) V 2 n 2 - n + 8 1 (n+2)n~ 2(2n-5)n

L3* " (2n + l) 3 / 2(8n 3+18n+D 2 192 "~(n —

X(8n 3-24n 2-18n+61)(8n 4-12π 3-28n 2+27n+5)l

Γ (2n4+2rc3-38n2+83tt-40)/3-n(2n3+4n2+43n-40)

for

% 13. Some evaluations related with Lemma 12.3.

LEMMA 13.1. We have the following inequalities

(2n4+2n3-38tt2+83n-40)/3-ft(2n3+4n2+43n-40)

(tt-l){n(tt 2-n+2)-2(n 2-n

, 1 Q n ^ 2(10103/9-13524)
(13.1) ^ — — Z — . . - / . r

ΠQON 4(16353/3-19728) r ^
(13 2) -md^ϊβΓ for n -
and

. , _ . , 1Q5379/3-123246 ,
( 1 3 3 ) -Ί7WΪ2=WβΓ for

Proof. Setting u——, the left hand side of the above inequalities can be

expressed as

Φ(

For the moment, we consider in this expression that β is a constant such that

Jy<<β<V2 and compute its logarithmic derivative with respect to u, we

obtain

l-4u+(2-4u+6u2)β
-u+2u2-2u(l-u + u2)β

(2-76w+249w2-160w3)/3-4-86w+120w2

(l-u){l-u+2u2-2u(l-
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for which, making the common denominator of the right hand side, we obtain
its numarator as follows:

-{4+S6u-120u2-(2~76u+249u2-160us)β}(l-u){l-u+2u2-2u(l-

+ {(2-2u-38u2+83us-40ui)β-(2+4:U+43u2-40u3)}

X {2-6u-\-6u2+(2-8u+12u2-8us)β} ^-

where we set

(13.5) Q1(u) :=2-72u+409u2-β60w3+425u4-68u5,

Q2(u) :=4-16w+92w2-332w3+408w4-160w5-βw6.

We can easily show that Q0(u) is increasing and Qx{u) and Q2(u) are decreas-

ing for O^ut^yj, because

Q'1(u)=-72+818u-1980u2+1700u*-340ui

818 409
s m c e Ί980^2 =Ί980Γ

184 23 1

since ggg^y^"249">Ϊ2" H e n c e w e s e e t h a t ''QoW+QMβ+QMβ2 is de-

creasing with respect to u for 0^u^—y regarding as β is a constant. On the

other hand we have

/24
since Λ/-r</3<V2, and

Z4_206,176_M\
12 l Z 2 ^ ^ 3 12V
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408_160_ 6 x
124 125 126/p

_ ^ + Z 4 _ 2 0 6 176_ 34 x / TO 409_660 425N
V 12 Ϊ22 Ϊ28 12V V 12 Ϊ22 123 12v p

Therefore, we can say that the original function Φ(u) is firstly increasing and

then change to become decreasing at a point of the interval 0 < M < — .
1 1 1

Finally we shall compute the values of Φ{u) at u^γ^, -^ and —, and com-
lz lb lo

pare them with the one at u—§. Since we have

2 124+2 123-38 122+83 12-40=40412=4 10103,

2 164+2 163-38 162+83 16-40=130824-8 16353,

2 184+2 183-38 182+83 18-40=210758-2-105379

and

2 123+4 122+43 12-40=4508,

2 163+4 162+43 16—40=9864,

2 183+4 182-f43 18-40=13694,

we obtain

φ(l_\ ^10103/3--12-4508 _ 2(10103/3-13524)
\12/ 11(12-134-2; T33/3Γ~ 11(804—133^3) '

/ 1 \ 8-16353/3-16-9864 _ 4(16353/3-19728)
\16/ 15(16 242-2-241^) ~ 15(1936-241/3) "'

/_1\ _ 2-105379^-18-13694 __ 105379/3-123246
\18/ 17(18-308—2-307/3) " 17(2772-307^)"*

We see easily φQΛ<φ(0)== 2(^-1), because

105379/3-123246<34(0-1)(2772-307/3),

which is equivalent to

10438/32-f693/3-28998<0.

In fact we have
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10438i8
2+693i8-28998<10438-2+693-V2"28998--8122+693-V2~<0

124
for *J-z<β<V2 . Thus, we see that

From these things we obtain easily (13.1), (13.2) and (13.3). Q. E. D.

LEMMA 13.2. We have the following inequalities

16 (n-l)V2(n-4)2(n2-n+lW2n2-n+8
3

29 (11)7/2 (71)1/2 133
— 3 2 > 5 3 . ( 1 4 0 4 1 ) 2 / "

011/2O2.C7/2. 7I/2. 94.1

and

2»» 7* (17)ί/» 307 (319)1/'
.8)

3'-(37)'/'-(46981)*

Proof. Setting u——, the left hand side of the above inequalities can be

expressed as

16 (1—z/)7/2(l—
3 " "

First, we show that (l—4uY(2—uJr8u2) is decreasing for O^u^— because

Hence, putting n — YL, 16 and 18 in the expression above of n, we obtain these
inequalities. Q. E. D.

LEMMA 13.3. Setting u=—, we have

1 (γ ()„
(13 9) rknt^^+W

5zΓ e(n-l)(e(n/2))2

Proof. The left hand side of (13.9) can be written as
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1 C\4-?iAn~2(9 ^u)n~2

~9^Γ n {n+uo, sLi—(8-24M-18M2+61M3)(8-12M-28M2+27M3+5M4).

( 1 \n

H — ) introduced in § 10, we have

Putting these into the above expression, we can obtain easily the right hand
side of (13.9). Q. E. D.

LEMMA 13.4. The function e(n-l)(e(n/2))2/Ve(2n~j O((2n-5)/5))5/2 of n is
decreasing for n>5/2.

Proof. From the definition of e(n), we obtain

(n-1) log ( l + ^ + n log ( l + - f ) - n log (l+^ )

l 0 f f Λ , 5 x l / ( n l ) 2/n2 l/2n2

2n-5 Γ{nl)TMΪnr^))nΪT^

5\ 10/(2?2—5)2 (n+2)(2n-5) 1 2 1 5
72 2 / l+(5/(2w-5)) g (n-l)(2τi+l) n n+2 + 2n+l 2n

2n2~n-10 , 3(5n+2)
—log-

2 n 2 - n - l 2n(n+2)(2n + l) "

Setting u——, the above expression can be written as

°g
2 (1+2M)(2+M)

which becomes 0 at w—0. Its derivative with respect to u is

l-\-2u
2(1+2W) 2 (2+M) 2 2-w-lOw2 2

9M(4-M)

2(l+2w)2(2+u)2 ( 2 _ M _ 1 0 Z / 2 ) ( 2 - W - M 2 )

for 0<w<2/5 and hence we see that
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, 2n 2 -n-10 . 3(5w+2) 5
to8+ < 0 f°Γ n > T 'to82^=^Γ+ 2n(n+2)(2n + l)

which implies the statement of this lemma. Q. E. D.

LEMMA 13.5. We have the following inequalities

, 1 Q i n , VI9- 167 -1459 ei5 (e8)
2

(13.10)

2933-10409 e
17
'_W_ ,

 lfi

αnrf

, 1 0 1 0 , VSΓ 38617-761243
(13.12) ^ ^ ^ ^ - ^ / f l r ^ 1 8 .

Proof. Regarding the right hand side of (13.9), we see that the function

^ M is d e c r e a s i n s f o r 0<u^Γ2'because

5 2 4 1

dw 6 (l-w)2(l+2w)2(2+w) 2(2-5M) 1-M

_ 5 1 2(1—4u)

~~~ 2(2—5M) 2+M (1—M)(1+2M)

and both of 8-24w-18u2+βlw3 and 8-12w-28w2+27w3+5w4 are clearly de-

1
creasing for 0<u^.

1 1 1 .
Now, putting w=77i, T7̂? To i n the expression

1Δ 1Ό lo

2+^T

we obtain respectively:

1 (12)9/2 VΪ9~ 8 (12)3—24 (12)2—18-12+61
217/2.3 (11)2.(14)2.25 (12)3

8 (12)4—12(12)3—28 (12)2+27 12+5
X

(12)
4

VT9^10213 141449 VΪ9^ 167 1459

217/2 3 (11)2 (14)2 25 (12)5/2 231/2 37/2 52 '
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(16)9/2 V2Γ 8 (16)3-24 (lβ) 2-18 l β + β l
217/2.3

8 (16)4-12 (16)3-28 (16)2-f 27-16+5
X-

(lβ)4

33 / 2 26397 468405 2933 10409
217/2 3 (15)2 (18)2 33 (16)5/2 24 1 / 2.35 / 2.5 l l

and

_ _ 1 _ _ (18) 9 / 2V3Γ 8 (18)3-24 (18)2-18 18+61

2i7/2.3 (17)2.(2O)2.37 ' (18)3

8 (18)4-12 (18)3-28 (18)2+27 18+5
x- (18)4

VSΓ38617 761243 VST 38617 761243
217/2 3 (17)2 (20)2 37 (18)5/2 2 lδ 36 52 (17)^37 '

From these values and Lemma 13.4, we obtain easily (13.10), (13.11) and (13.12).
Q. E. D.

§14. Fine evaluations of V(x, Z(x)).

For the present purpose, we shall do more fine evaluations of the function
V(x, X(x)) for a : i (n)^x<l than the ones in § 9 and §10.

LEMMA 14.1. We have the following inequalities

112 ( n - l ) 5 / 2 ( n - 4 ) 2 ( n 2 -
27

(14 1 ^

(14.2)

and

^L(2n!

28 (1
37

2 1 9 /2.

(8n3+18n + D2

n - 1 0
2 - n + 8 ) 2 ' 4(tt- l)(n+5) 2 (2n 2 -ft-10) J "

1)4 (71)1/2 133 22 33 7 (11)3 (71)1/2 193
7 (14041)2 ' (17)2

7/2 .Γ5/2 .73/2 . /O7W2 . 941 r

(319)2

34 73 (:
5 (23)2

•(11019)2 ^

[7)3/2 . 3Q7 . (319)!/2

31 (46981)2

•(14041)2

wo. 58/2. (37)8/2. 1 8 1

329/2.71/2.( l l θ i9

for n =

1 2 <f o r U=

for 16^

Proof. Setting M = — , the left hand side can be written as in Lemma 10.1:
n

24 7 (l-ι/) 5 / 2 (l-4ι/) 2 (l
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Γ u 4+9u-10u2 Ί
l(2-u+Su2)2 + 4(l-u)(l+5u)2(2-u-10u2) Γ

We see that (1—4w)2(2—w+8w2)1/2 is decreasing for 0<u<—, because its

logarithmic derivative is

8 1-lβu 33-36W+192M2

< 0
1-iu 2(2-U+8U2) 2(1

and -- — is increasing for 0<u<—, because its logarithmic derivative

1 2 ( l 1 6 κ ) _ 2 + ^ 2 4 a
u 2-u+Su2 ~ w(2w+8w 2)

is

—10w2 is also increasing for 0<w<—, We showed in the proof of Lemma

10.1 that (1 — u)(l+5u)2(2—u — 10u2) is increasing for 0<w^—. Making use of

these facts, we can do the following evaluations.

When 12^n<16 (^<u^\ we have
\lo 11/

(the left hand side of (10.1)) >

-(2/3)2 133/(12)2-(33/16)3/2-(284)1/2/12-(12)6

(14041)2

Λ -i -i M T \ 9 r»r»r» I

22 7 (ll)4 (71)1/2 l33 Γ 26 36 l93

1/16-(16)4 1158/(16)2 (12)5

. (504)2 + 4 11 (17)2 266

36493 1
•(17)2 133J33 (14041)2 L34 72 ' 11 (17)

28 (11)4 (71)1/2 133 22 33 7 (11)3 (71)1/2 193

37 7 (14041)2 (17)2 (14041)2

When 16^n< 18 Qo<u^Je)> w e h a v e

(the left hand side of (10.1)) >

^ 2 (15/16)5/2 - (3/4)2 241/(16)2 (37/18)3/2 - (504)1/2/16 - (16)6

(33057)2

Γ 1/18 -(18)4 1448/(18)2-(16)5Ί

2 2 -5 5 / 2 '7 3 / 2 ' (37) 3 / 2 -241 Γ 2»

'L3 5 / 2 (11019)2 L(319)2
8^ψ]
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_ 23 3 7 / 2 55 / 2 73 / 2 (37)3/2 241 220 53 / 2 (37)3/2 181 241
fQIC^2 ΠiniCh 2 Q29/2 71/2.Π1Π1Q\2
\\JA-Z/J \A-l-\Jj-Z/J O I \JL1.\JΛ.Ό)

When 1 8 ^ n (θ<u^j^)y we have

(the left hand side of (10.1)) >

24 7 (17/18)5/2 • (7/9)2 307/(18)2 • 23 / 2 - (638)1/2/18 (18)6

33 " (46981)2

X L ° + l 7 ]L7 T23)i:620 J = 5^(23? -31~(46981)2 * Q* E* D*

LEMMA 14.2. We have the following inequalities

2/OM Π\n-2
\ώΎl D) /O..3 ΠΛ..9.

(W • 10213 141449_ g l 5 l(g 8)
\±<±.<±j 2 2 1 / 2 . 3 3 / 2 7 2 . ( H ) 5 y/c~'- λ 5 / 2

n / | .. 2933-10409 e17 (e9)
2

n λ a λ 7-38617-761243 f

(14.6) 2 ^ ^ 3 ^ 5 " ~ " ^ Γ n -

Proof. Setting M = — , the left hand side can be written as (10.3):

1 V2^5u~~ e(n-l)(e(n/2))2
215/2 3 (l-u)5(l+2u)2 Ve(2n)(e((2n-5)/5)Y/2

X(8-24u-18u2+61u3X8-l2u-28ιι2+27u*Jr5ui).

w u A ,u , V2=5ϊΓ . , . f n^ /41-V1Ϊ61 1
We showed that {1~uy(i^2uγ * decreasing for 0<u< - ^ ^ - = ^ - 5 3 -

, . f 41-VΪT6Ϊ 41+V1160 1 , .
and increasing for —--Γ-- — <u<—o-1OA— = o------ and its value at u =
41-VΠ6Ϊ 2 '1 3° 2 '1 3° 3 4 6 '" '

is 1.4095 (>7/5), and that the both functions 8-24w-18w2+61u3

and 8-12w-28w2+27w3+5zz4 are decreasing for 0 < M ^ ( 1 / 1 0 ) . By means of
these facts and Lemma 13.4 we can do the following evaluations.

When 12^n<16 ( 4 < w ^ 7 o ) > w e h a v e

(the left hand side of (10.2)) >

(12)ί!ί!_ . _ i - ^ s Z L . .10213-141449
5 (14) 2 V 7 ( ) 5 / 2 (12)7

. i
21 5 / 2 3 (11)5 (14)2 V^327(^.4)5/2 (12)7
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__ (19)
1/2
 10213-141449 e

15
'(e^

When 16^ ft < 18 {τϊ<u^τz)> w e h a v e

(the left hand side of (10.2)) >

_ L

21 5 / 2 Y ' (15)5 (18)2" ' VT^-

x ( 1 6 ) 7 aάw 4b«4Ub

When 18^n ( θ < w ^ ^ ) , we have

(the left hand side of (10.2)) >

-\- 1 1 _ ί ^ 1 7 7fli9iLq 7»38617>761243
2 l δ 7 2 3 ' 5 ( 1 8 ) ^bi//biZ452 l δ 7 2 3 ' 5 ( 1 8 ) 7 - ^ b i / /biZ4c5- 2 2 9 / 2 3 1 5 5

LEMMA 14.3. TAe function e((n — l)/3)/e((2n—5)/6) o/ n is decreasing for
n>5/2

Proof. From the definition of #(n), we have

?2—5

and hence

d Γ n-l , n + 2 2 n - 5Γ n — 1 . n + 2 2n—5 t 2n + l Ί
— ό " log ^ — l o g y — —

L c5 n 1 o Δn o J

Ύ)— 1 — ^

2n-5 _ -12
~ 6 (2n + D(2n-5)

, 2n2-n-10 ,
— —j_ _3 6 2 n 2 - n - l ' (n+2)(2n+l) *

Setting u — l/n, the above expression can be written as

3u2 1 2—u—10u2

7lT2wX2+wί T g ~2^M ; = : M Γ ~'

which becomes 0 at w=0. Its derivative with respect to u is

3w(4+5w)
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= 1 2 M 1 1 U -_6U') 2

(l+2u)(2+uy(2-u-10u2)(2-u-uη 5

and hence we see that

l θ β + < 0 f 0 Γ >

which implies the statement of this lemma. Q. E. D.

LEMMA 14.4. We have the following inequaliUes

n, 1
ϊjn-*lT' (2n+l) r i-3 / 2(n+2)3 / 2(2n-5)3 / 2(4n2-2n+7)2

-198n+βlβ)-3(n-4)(n+2)n-2(2n-5)7 l"2(25βn6-992n5+80n4

+4120n3-3592n2-5474n+3010]<

219/2.3.17.1489 _ 2^-_(II)1'8 13836023 / e5 y

"52-73/2 (ll)5 / 2 (19)3/2 " 37 52 7572 (llΊj2
y

5/
, Q . 2 7 4 β 5 7 3 ^ 2 5^-748947
4.8) _ - - - - _ _ - - - - 2 W ; ^ - π ^ ώ i -

and

_213^2311210861 _ _ 7-(17)1/2 3431922239
U4y; - v ζ " 2 i 2 ."3« 55/2 3Ϊ 37"

Proof, Setting u — l/n, the left hand side can be written as (10.7):

(l±5u)(^-52u -f342zΛ-198w3+61_6M4)
3(1+2M) 8 / 2(2-~5M) 8 / 2(1-M)" 6 / 2(2+M) 3 / 2 '"~

2n-5
) ) •

X(25β-992w+80w2+4120z/3-3592u4-5474wδ+3010w6).

We showed in the proof of Lemma 10.3 that the functions of u :

(l+5ιθ(48-52w+342u2-198u3+61βw4) increasing,

(l+2w)3(2-5w)3(l-w)5(2+zθ3 decreasing,

(1—4M)VI— U decreasing,

(l+2w)5/2(2-5w)(2+w) increasing,

25β-992w+80z/2+4120w3-3592w4-5474w5+3010w6 decreasing

for 0<tt^Ξ(l/10). By means of these facts and Lemma 14.3 we can do the fol-
lowing evaluations.
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When 12^n< 16 (^<wg~\ we have
Mb IΔ'

(the left hand side of (10.6))<

17-952960-(12)7

3 (12)5 (14)3/2 (19)3/2 (11)5/2 (25)3/2

8 VII-(12) 9 / 2 (16)4 525768874
4 (12)3/2 (Ϊ47 7 M9^25^' ~(999)2 ^e*/e**> "~ (\2γ

2 1 9 / 2 3 17 1489 2 1 9 / 2 ( l l ) 1 / 2 13836023 , . N3

52.73/2.(11)5/2.(19)3/2 37 . 52 . ?5/2 . ( U 1 ) 2

When 16rgn<18 \To<u=7p)> w e have

(the left hand side of (10.6))<

21-3017736-(16)7

~3 (16)5 (18)3/2 (27)3/Ml577M33)3/2

UWΊJy-aβ)
9
^ _ _ (18/_

 )3
 3275894178

4 (ϊ^ s 7 2^8y 7 2~27" 33~'7Ϊ267) r ' ^ 1 7 / 3 / ^ 3 1 / 6 } ' (16)6

219/2 7 4657 315/2 51/2 748947 . .
ϊTo- * (017/8/081/6)315/2.55/2.(^)8/2 2 1 9 / 2 72 11 (181)

When n^l8 ( ( K M ^ Y we have
\ lo/

(the left hand side of (10.6))<

23-4843444-(18)7

3 (18)5 (20) 3 / 2 (31)3 / 2 (17)5 / 2 (37)3 / 2

1 , 6863844478
4 (18)3/2 (20)5/2 31 37 42 (18)6

2 33 23 1210861 7 (17)1/2 3431922239
53/2. ( 1 7 ) 5/2. ( 3 1 ) 3 / 2 . (3 7 )8/2 2 1 2 3 6 5 5 / 2 -31-37 Q * E * D *

§15. Proof of Theorem C for n^l8.

In this section, we shall prove that Conjecture C is true for ?2^18. We
suppose n ^ l 8 in this section. By means of (12.5), (13.3), (13.8) and (13.12), we
obtain the following inequality

\ R 2 nr->BnWn-

r-2ii/2.72.(17)7/2,307.(3i9)i/2 V3b38617^761243 ]

L 3 3 (37) 3 / 2 (469"8T)2 215 36 52 (17)2 37 J
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v 1 105379/3-123246 ,
X ^ M 7 2772-307/3 f ° Γ

Now, we do some numerical computation as follows.

2 n / 2 . 7 2 . (17)6/2.307. (319)1/2
( i ) 35. (37)3/2. ( 4 6 9 8 1 ) 2

_ 25 72-(Γ7)2-307 /247J3Ϊ9_ 32-^9^9^307
X V 37 " ~ 243 37 (46981 )2 X35 37 (46981)2 X V 37 ~ 243- 37- (46981 )2 X V 37

V31 38617-761243 _ 1 38617-761243 , w
0 0 21 5 3 8 52 (17)3 37 ~ 102 X 8192-6561 -4913-37

(iii) ^ ( n ) ^ ^ ( 1 8 ) = : : : 1 ~ ^ - 1 . 3 9 7 5 7 8 6 > l . 3975786 (by (11.6)).

105379/3-123246 147275.4352894-123246
( 1 V ) 2772-307/3 2772-429.0566302

2 4 0 2 9 4 3 5 2 8 9 A . l 0 . 2 5 6 0 8 8 8 1 . . >10.2560888.
2342.9433698

By means of the above evaluations, we obtain

f~-1- [1.2002278+1.67522908] x 10.2560888

Thus, we have proved the following

LEMMA 15.1. When n^ l8 , we have the inequality

y f o r ai

where X=X{x).

Next we shall do analogous evaluations for the function V(x, X(x)), which
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is more fine than the ones done in § 10. By means of (9.5), (14.3), (14.6) and
(14.9), we obtain the following inequality

Vi^_X{x)) r219/2-34-73-(17)3/2-307-(319)1/2 7-38617-761243 1
sBVh~Γ L 5 (23)2 31 (46981)2 + 229/2 315 5 Γ

_ s+t Γ 2 33 23 -1210861 7-(17)1/2 3431922239 1
s L 53/2 (17)5/2 (31)3/2 (37)3/2 212 36 55/2 31 37 J

for

Now, we do some numerical computations as follows.

219/2,34.73. (17)3/2. 3 Q 7 . ( 3 1 9 ) i/2
{ 1 ) 5 (23)2 31 (46981)2

1 1024-81-343-17-307
X

1 4.1020836 1 Λ , 1 > M 1 O Λ n 427.2079314

> ϊδ x —W— x 1 0 4 1 4 4 1 3 0 9 > — ί o 4 — *
61243^ _]_ 7^8617-761243 /Ί>

lJ5~ ~ 1 0 X 16384Ϊ4348907 X2 2 9 / 2 3lJ 5 ~ 1 0 X 16384 Ϊ4348907

1 8.75308456 Λ . t . o 1 _ 1237.8730876

> ϊo x ~ ~ T ^ x L 4 1 4 2 1 3 5 β > —w
_ ^ 3 ^ 2 3 4 2 1 0 8 6 1

5v/2" (17)5/a (31)3/2 (37)3/2

1 w 8-27-23-1210861 „
~ TO2 X ^ Ϊ ^ Γ Ϊ " X V 5 ' 1 7 ' 3 1 ' 3 7

F X ^ ^ ^ ? - X312. 2418935 < 2. 905985563.

7-(17)1/2-3431922239 1 7-3431922239 /<--
X X212 36 55/2 3Ϊ 37 " Ί θ 3 X 512-729-31-37

> -T r̂- X56.11443206x9. 21954445>0. 517349500 .
103

Making use of the above evaluations, we obtain

> 1 χ [ 4 2 7 > 2079314+1237.8730876]n
1 W

s
[2. 905985563-0. 517349500]

1665.081019 23886.36063 s+t
— 72

10 4 10 4
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Thus, we have proved the following

LEMMA 15.2. When n ^ l 8 , we have the inequality

;15.2) V(x, X(x))> ~^j^- X (l665.081019n-23886. 36063

for

Proof of Theorem C for n ^ l 8 . By means of (11.8), Lemma 15.1 and Lemma

L5.2,

15.3)

we have the

V(x, β\

inequality

SBVTL^T

104

Γ_ n2

X Γ29.4909411 - - +1665.081019n-23886. 3 6 0 6 3 - ^ ^ - 1
I s si

for

Since we have the following inequality for a1(n)^x<l

J 1 1 2n + l_ t___ l-x _
s X ( ) 1 ( 2 + 1 0 ) / ( 2 + l ) ~ l ~ ~ 9 ' "" X { ) l

)y means of Lemma 6.2 and (6.1), we obtain

29.4909411 — + 1665.081019n-23886. 3 6 0 6 3 - ^ -
s s

29.4909411
7z(2τ2 + l)+1665. 081019n -47772. 72126

>3. 27677n2(2n + l)+1665.08101n-47772.72126

^3.27677X (18)2X37+1665. 08101X18-47772.72126

-39281.91876+29971.45818-47772.72126>0 .

Γhus, when n ^ l 8 , we obtain the inequality (11.7)

V(x, β)>0 for axM^xKl,

vhich implies Theorem C for nΞ>18 by the reason stated in §11.

§16. Proof of Theorem C for 1 6 ^ n < 1 8 .

In this section, we shall prove that Conjecture C is true for 16^rc<18 by
he same way as in §15. We suppose 1 6 ^ n < 1 8 through this section. By
αeans of (12.5), (13.2), (13.7) and (13.11), we obtain the following inequality

J
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211/2.32.57/2.71/2.241 2933-10409 eir(e,)2

. (ll)3/2-(11019)2 ' 241/2 35/2 5 l l

2̂  16353/3-19728

X

Now, we do some numerical computations as follows.

2^.5^.71/2.24! 10^.32-241
v ;

3 ( l l ) 3 / 2 (11019)2 3 121 (11019)2

>102x A 7 ^ 0 1 _ x 2 7 . 7 4 8 8 7 38> -i

^933^0409 ___ 1 293340409 ,--
"237/2 311/~2 52 l l ~ Ί θ 2 X 131072-729-11 X 6

2.6424143x6.6624633
Γ > 1.6375178x10.1527224

17. (

(iv) - ~

(v) ^ ( n ) ^ / S ( 1 6 ) - - ^ - " : t ^ ί 8 - = 1.3954474 >1.3954474 (by (11.6))
±0

16353^-19728^ 22819.7513322-19728 _ 3091.7513322
( V 1 ) 1936—"241/S > 1936-336.3028234 " 1599.6971766

= 1.932710376 >1.93271037.

By means of the above evaluations, we obtain

ol
ί:zl- XW.8553594+7.5341403]X1.93271037

^ T X 23.9453145.

Thus, we have proved the following

LEMMA 16.1. When 16^n<18, we have the inequality
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n 2 / — 1 - 23.9453145 ,
>BnWn-l X for

where X=X(x).

Next, by means of (9.5), (14.2), (14.5) and (14.8) we obtain the following
inequality

V(x9 X(x)) r 23 37/2-55/2-73/2 (37)3/2 241 22 0 '53 / 2-(37)3 / 2 181-241
SBVTI^Ϊ I (319)2 (110T9)2 ' 3 i i ί 7 8 71 / 2 (11019)2

2933-10409 e17-(e9)
2

s+t Γ 2 ^ 7 ^ 4 6 5 ^ _ 315/2^51/2 748947_ / _ ^
s L 3~15/2 55 7 2 (11) 3 / Γ 21972 72 Ϊ1 (181)2 ' U 3 1 /

for

Now, we do some numerical computations as follows.

, . N 23 3 7 / 2 55 / 2 73 / 2 (37)3/2 241 _ 2127 7 37 241 w / o -

(319)2 (11019)2 (319)2 (11019)2

> A 7 | 0 0 2 9 _ x 6 2 _ 3 2 9 7 6 8 1 > i 7 l ^ 7 8 8 _ _

22o .53/2. ( 3 7 )s/2.1 8 1.24! 524288 37 181 241
— 1U X

3 2 9 / 2 71 / 2 (Π019)2 " 14348907'7 (11019)2

2933-10409 _ 1 J9J33J.0409 / 9 -
4 ~ 104 X 256-243" X

1 io

~ X 490.7664127 x 2.4494897> _fii

v ' 22 3 / 2 3 9 / 2 54 104 256-243

_1
> Ί θ '

and

2933-10409 ^ r ^ ) 2 ^ 12.0212727 ^,, ^^..^^^^ . 1272. 9683895

219/2 7^657 _ = = J L _ 4096-7-4657
/9 / - I 1 N Q / 9 1 Λ 9 ^3 1 5 / 2 55 / 2 ( l l ) 3 / 2 ~ 103 X 6561-121 XΛ/Z'ό

9_ x i 8 > 1659O22<3.055383927 .
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2187-748947 /o-
219/2 72 ί l (181)2 ~~ 1024 49 l l (181)

>—™φ"" X5.47722557>0.496151859.

20 \π // 37

> 1.020605237.

OI5/2.CI/2.74OQ47 / p χ 3

(vii) -4/2 72 Λ\?ΛOΛL x ( - — ) >0.496151895xl.020605237>0.506375185.

Making use of the above evaluations, we obtain

V(x, | M ) _ > __1__ χ [ 1 7 > 0035788+432.4755322+1272.9683895]n

S + ί [3.055383927-0.506375185]= 1722.4475005,w_.25490.08742

Thus, we have proved the following

LEMMA 16.2. When 16^n<18, we have the inequality

(16.2) V(x, X(x))>-^^j^"1 X(l722.4475^-25490.08742-^-)

for

Proof of Theorem C for 16gn<18. By means of (11.8), Lemma 16.1 and
Lemma 16.2, we have the inequality
(16.3) V(x,β)

sB^/n-\__ Γ23> 9453X45 Jl!_+i722.4475n-25490.08742^-1
104 L s s J

for

By the same reason as in § 15, we have

23.9453145—- +1722.4475n-25490.08742
s s

2.4475w-25490.08742x2

>2.66059n2(2n + l)+1722.4475n-50980.17484.

Now, for the last cubic polynome of n we have

[2.66059n2(2n + l)+1722.4475n-50980.17484]n=16
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=22476.66432+27559.16-50980.17484--944.35052<0
and

[2.66059n2(2n+l)+1722.4475^-50980.17484]ns=16.1

= 22896.43093+27731.40475-50980.17484--352.33916 <0

and then

[2.66059n2(2n + l)+1722.4475n-50980.17484]n=lβ.2

>23321.39100+27903.6495-50980.17484-244.86566>0 .

Hence we see that when n^l6.2 we obtain the inequality (11.7)

V(x, β)>0 for aM^xKl,

which implies Theorem C for 16.2^n< 18.

Now, in order to prove (11.7) for 16rgn< 16.2 we put

(16.3) M = X

For a2(n)^x<l, we have

and so

23.9453145-^-+1722.4475n-25490.08742^^-
s s

.4475^-25490.08742x2

>2.99316n2(2n + l)+1722.4475n-50980.17484

^2.99316 X(16)2X 33+1722.4475x16-50980.17484

-25286.21586+27559.16-50980.17484-1865.20084>0 .

Then, for a1(n)^x<a2(n), we evaluate . By Proposition 4 in (IV), §9,
Ύ( \ 1

—z is decreasing with respect to x for 0 < # < l , hence we have
j. x

K < _ for .

and

i.e.

~ ' " i 1-1- 1—^(n) 2n + l
— 5 — I = 1+Q-/7o^~ΓίN = 1 + — O - — ( ί - ^ C n ) ) ,
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ΠRA\ S + ί / 2 n + 9 2 n + 1

(16.4) < —
S o o

By means of Proposition 1 in (IV), § 2, we have

hence

( *?7)^"—Ύ)—Q \n~l
~y~l 7-) <a2{n).

From (16.4) and (16.5), we obtain

s+t ^ 2n+9 2n + l / 2n2-n-9 \»-i
(16.6)

8

~9~2ZΓ~~Γ ^s m o n o t o n e increasing with respect to n, and hence from (16.6) we
&n n J-

obtain for 16^ n< 16.2

^+ί 2x16.2+9 2x16+1 / 2x(16)2-16-9 y6-2"1

s 8 8 V 2x(16) 2 -16-l

41 4 33 / 487 \ 16.2
= - ^ ^ - - " 8 (-4I0 <5.175-4.125X0.7806227

=5.175-3.2200686375=1.9549313625<1.96.

Making use of this evaluation, for aλ{n)^x<a2{n) we have

23.9453145—+1722.4475n-25490.08742^^-

.4475^-25490.08742x1.96

>2.66059n2(2n+l)+1722.4475n-49960.5713432

^2.66059 X (16)2X 33+1722.4475 X16-49960.5713432

=22476.66432+27559.16-49960.5713432=75.2529768>0 .

Thus, we have proved that when 16^ n< 16.2 the inequality (11.7) is also true
for ai(n)^x<l. This fact implies that Conjecture C is ture for 16^n< 16.2.

From the observations in § 15 and § 16, we obtain the main theorem.

THEOREM. C. The period function T as a function of τ and n is monotone
decreasing with respect to n^lβ for any fixed τ ( 0 < r < l ) .

Remark. In fact, Conjecture C is natural for small values of n (2<n<30)
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from the numerical data obtained by M. Urabe (see Fig. 9 in [6]). From the
arguments in § 16, it seems to the author that in order to prove Theorem C for
2<n<16 we have to develope another and more fine way than the ones in this
paper.
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