T. OTSUKI
KODAI MATH. J.
5 (1982), 160—199
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FAMILY OF RIEMANNIAN MANIFOLDS O; (IV)

By TOMINOSUKE OTSUKI

§0. Introduction.

This is exactly a continuation of Part (III) ([13]) with the same title written
by the present author. We shall use the same notation in it.

The period T of any non-constant solution of x(f) of the non-linear differ-
ential equation of order 2:

d*x dx \?
— g2 . 42 2___ —
(E) nx(l—x)~ =+ (55) +1—x)(nxt—1)=0
with a constant n>1 such that x®*+x"*<1 is given by the integral:
— (%1 dx
0.1 T—-'\/TICSIO xvV(n—x){x(n—x)*1—¢}’

where 0< x,<1<x;<n and c=x¢(n—x,)" '=x,(n—x)"" %
We shall show in the present work that the following conjecture is true

for n=84.
CoNJECTURE C. The period function 7T as a function of t=(x,—1)/(n—1)
and 7 is monotone decreasing with respect to n(=2) for any fixed r (0<z<1).

§1. Fundamental formulas.

Denoting T by £2(z, n), we have by (7.4) and Proposition 3 in [13] the fol-
lowing formula:

00(z, n) :_M@SI 1=V x(n—x)""*—c Vix, xdx

on 20%n Jzo x¥(n—x)®

(1.1
where b=+/B—c¢, B=(n—1)""! and V(x, x,) is defined as follows: By (2.10),
(4.2), (14), (1.5), (7.1), (7.7) and (7.10) in [13], respectively,
(1.2) fo2): =@n—1—2)B—(n—2)""{n—z+(n—1)z%,
1.3) Fy(z): =—{2n+1)z*—2(2n*+5n—4)z+16n*—16n+3} B

+(n—2z)" H{—(n—1)z2*+2n*—Tn+8)z+(n—3)4n—1)z+3n2n—1)},
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(1.4) A(z): =log (n—z)—l—% ,  P@)i=zn—2)""",
(1.5) @ =20——" Z(‘(Zn__lf) zlog(n—Z)wL(Zi——l)lz,
(1.6) Nz, x1): =(n—2)Fy(2) {A(2)—A(x)} +3(z—1)%fo(2)
—2n(z—1*{B—z(n—z)""},
o xEN(x, xy) XN(X, x1)
@0 R R e &) Ve

where X=X,(x), 0<x<1<X<n, defined by

(1.8) P(x)=¢(X) .
We know the following facts about V(x, x;) by Lemma 8.1 in [13].
(i) limoV(x, x)=-+cc for 0<x<1;
T1-n-—

(ii) V(x, x,) is increasing with respect to x; for each x (0<x<1);
(iii) When n>2, lim V(x, X(x))=0 and furthermore when n>(5-++/13)/4=
T=40

2.15, V(x, X(x)) >0 near x=0;
(iv) When n>2, lilm V(x, X(x))=0 and furthermore when n>(1+4/13)/2=
Z-1-0
2,30, V(x, X(x))>0 near x=1.

From these facts, we obtain V(x, x,)>0 for 0<x<1, X(x)<x,<n if we
can prove
Vix, X(x))=0 for 0<x<1.

By (8.2) and (8.3) in [13], setting for 0<x<n, x+1

Lo Bx(x)
1.9 Ux): = CEV e

. 2nx*{B—¢(x)}
(1.10) Uyx): = GOV el

— nxly(x) ,
(1.11) O ) A
and for 0<x<1
(1.12) U(x): :ic(ifinx;s’{‘Fz(x){2(X>—Z(X(x))},

(1.13) Uix): =Us(X(x)), Us(x): =Us(X(x)), Udx): =Us(X(x)),

we have from (8.1) in [13] the expression of V(x, X(x)) as follows:
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(1.14) V(x, X(x)=Uo(x)—U(x)+Us(x)FU(x)+Us(x)—Uq(x),
in which U,(x), =0, 1, 2, 4, 5, 6, are all positive for 0<x<1.

§2. Certain auxiliary inequalities (I).
PROPOSITION 1. When n>2, we have n—(n—1)xY D < X(x) for 0<x<1.
Proof. Setting Y=Y (x): =n—(n—1x¥™D we have
Y(H)=1=X(1), Y0)=n=X(0).
Setting x=1—¢ near x=1, we have
YA1—-t)=n—(n—-1QA—-pt "

t (=2 (n=2)2n—-3)
-1 2(n—1y 6(n—1)° :

=n—(n—1>{1— .

(n—2)t? L (n—2)(2n—23)#*
2(n—1) 6(n—1)

=141+ + o

and (8.12) in [13]

2(n—2)t?
= E
XA—-t)=1+t+ 3(n—1)

which implies X(1—#)>Y (1 —1t) for sufficiently small t.
Now, we suppose that the above inequality is not true for the interval 0<
x<1 and let & be the maximum value of x such that X(x)=Y(x), i.e.

X©=Y(¢) and X(x)>Y(x) for £<x<1.

_|_,.,’

Then, we must have

dX dYy
>_" - =
0> dx — dx at x=¢.
Since we have
dX  1—x . X("_‘?Q_ ay = xlUm-D-1
dx ~ x(n—=x) 1-X 7’ dx ’

we obtain at x=¢&

dX _ 1= YOn-YE) __ (1-8YE) (n—Dge-»

dx  Em—8 = 1-Y(® E(n—&) (n—D(1—&Vm-b)

_ (1=9Y® ay
S (n—=EA—=EVD) dx

Hence it must be
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A= {n—(n—Deem} _

(n=5€)(A—=vem-) =
On the other hand, we shall show that

1—x) {n—(n_l)xll(n—n}
(n—x)(1—x¥-D)

which contradicts to (2.1). (2.2) is equivalent to

2.1)

>1 for 0<x<1,

(2.2)

(n—=1x® /- ]+ (n—2)x for 0<x<1.
Since we have
n—2

(n—D)x DIy =(n=2)x /=D >(), (n—1)xP-D/-D) = P xTMeD L0,
the above inequality is clear. Q.E.D.
Proposition 1 implies immediately the following
LEMMA 2.1. When n>2, we have
2.3) X=X > (1= f) for 1<X<n.
LEMMA 2.2. When n>2, we have
x VB(n—Xy:""b Jor 0<x<1.

A—0n—x = (B=(n— X)" 12/ nB—(n—X)"1
Proof. Since we have for 0<x<n, x#1
d x? x(x*+3x—4n)

dx (x—1/n—x  2(x—13%n—=x)*?

and x*4+3x—4n<0 for 0<x<1, the function x%/(x—1)?+/n—x is increasing in
the interval 0<x<1. Therefore, by Lemma 2.1 we obtain

x? 12
(1—x2vn—x >[ (l—f)z'\/f:{j}h(n—]{/n—l)”‘l

v B(n—X)zm-n
{B (71 X)"' 1}2\/nB (n X)n 1 Q E.D.

LEMMA 2.3. When n>2, we have

X x* X {1-u(X))
(X—‘].)Z'\/n—X - (]—x)z\/ﬁ? (X 1)27;7" fOI' 0<X<1,
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where

2.4) W(X): = VBX 1P (n—Xynor for 1<X<n.

Proof. From Lemma 2.2 we obtain immediately
X2 x?
(X=12vVn—X  (1—xvn—x

< X e — v/ B(n—X)¥n-b
(X‘I)Z'\/H—X {B_(n—X)n—l}ZN/nB—(n—X)n—l

_ X VB (n—X)m-or
T (X—-1)Vn—X {1 X{(B—(n—X)" 12/ nB—(n—X)" 1 } . QED.

LEMMA 2.4. When n>2, we have

3nXfo(X)

Uy(x)—Uy(x)> DX —1)vn—X for 0<x<1.
Proof. From (1.9) and (1.13) we obtain
X0 3ku(n)
U =U)= 5 jsyn—x ~ (r=Din/n—x
3X°fo(X) _ 3x  xvn—x folx)

T =DV n—-X  n—x (x—1)*
and by means of Proposition 2 in [12]

3X*fo(X) 3x X=X f(X).

SHCDVn—X  n—x (X—1y

ZBXJE)ZJ(LX)..( X x )_ 3InXvVn—X fo(X) ( 11 )
n—X n

(X—1)° n—X n—x (X—1) —x

BnXvn=Xf(X) 1 1 \_ 3nX/(X)
> (X—1y (n—X n—1>_ (n—DX—D*v/n—X for 0<x<1.
Q.E.D.
LEMMA 2.5. When n>2, we have
(2.5) —U () 4+ Up(x)+U () +FU(x)—Us(x)
nX

> D —Tinex (CLOFIX D@} for 0<x <L,

where
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(2.6) Go(x): =Fy(x)—2(n—1D)x(x—1){B—(x)} {1—v(x)},

and when n> (13++/153)/2=12.685, Gy(x)+3(x—1)fo(x) is positive for x>1 suf-
ficiently near x=1.

Proof. From (1.9), (1.10), (1.11) and (1.13) and by Lemma 2.3 and Lemma
2.4, we obtain

—U()+Ux(x)+U(x)+Ux(x)—Ugx)
=Uy(x)—{Uex)—Ux(x)} + {Us(x)—Uy(x)}

 nXREX) x: x*
= oD —DvA=E 2B IO ey T sy )

nXFy(X) X {l— v(X>}
HUD =} > v vy 2 B0 5 oo

+ 3nXfo(X) . nX B
(n=DX—1PVn=X _ (n—DE—1Vn—X

ARX)—2(n—DX(X—1)- {B—¢(X)} {I—v(X)} +-3(X—1)fo(X)}

_ nX
T (n—=DX—-1vn—X

Now, setting x=1+4¢, we obtain from (8.14) in [13]

@7 Ayl +t):t4{ﬁ(”6—(;ﬁ)l—)3 +0w}.

AGA(X)+3X—Df (XD}

Since we have

dx)=x(n—x)"t, P(x)=—nlx—Dn—x)""2,
(2.8) " (x)=nn—1(x—=2)(n—x)""2,
P"(x)=—nn—D(n—-2)0(x—3)(n—x)""*,

we obtain immediately

nB ., , n(n—=2)B ,
2.9) QUAD=B— st T

Next, since we have easily
(n—2)B

(n—1—ty*'=B—Bt+ , 0

£t o

and
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n-8/2__ n- __§_ __1\en-5/
(n—1—t)2n=32=(y 1) 3’2—(271 2)(71 1yen-sreg -

+ Lon— 2)(2n— D)o

:(n—l)Zn—s/z{l__ 4n—3 - (4n—3)(4n—>5)

2n—1) 8u—1p T

we obtain from (2.4)

— B2 -2, an-8/2f1__ 4n—3 (4n—3)(4n—5) 2.
ML= VB ) (e g ot = }

XB-zt—z{l_ 2(7:1:21) t+ ...}'z

~1/2,, _ n—2_ -1z
X B {n 1+t 2(n—1)t+ }

3n—1
=1- n—1

t

Thus, we obtain

G(1+)=F(1+)—2n—1)1+)t{B—J(1+} {1—u(1+1)}

) n(nP—n41)

=Bt gy 00}
o CnBE g 2n=2)  Ga=Dt,
2Dt o {1 it e (L )

_pul n(n*—19n+7)

=Br 6(n—1) +o0}

and by (8.17) in [13]
G2(1+t)+3tfo(l+t)=Bt4{—ﬁn62—(—;~l_—?§-—7)—+0(t)}
o n@n—1) ) n(n?—13n-+4)

+Bt{2<n—1)_+0(t)}“3"{—“‘—’6<n_1) +00)}.

Since n:—13n+4>0 for n>(13+4/153)/2=12.685, we obtain G(x)+3(x—1)fs(x)
is positive for x>1 sufficiently near x=1. Q.E.D.
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§3. Certain auxiliary inequalities (II).

In this section, we shall investigate the sign of the function Gu(x)+
3(x—1)f«(x) for the interval 2= x<n.

LEMMA 3.1. When n=6, Gy(x)+3(x—1)fo(x) 1s positive for 2=x<n.

Proof. By (2.6) we see that Gu(x)+3(x—1)fo(x) is positive for 1<x<n if
and only if

3.1 2(n—Dx(x—1){B—¢(x)} v(x)>2(n—Dx(x—1){B—¢(x)}
—Fy(x)—=3(x—1)fo(x)  for 1<x<n.
Now, we rewrite the right hand side of (3.1) as follows.

2(n—Dx(x—1){B—@(x)} — Fo(x)—3(x—1)fo(x)

=2(n—Dx(x—D){B—x(n—x)"""}
+{2n+1)x*—22n*+5n—4)x+16n°*—16n-+3} B
—(n—x)*""H{—=(n—1)x*+C2n*—=Tn+8)x*+{“4n*—13n-+3)x +3n@2n—1)}
—3(x—1D@2n—1—x)B+3(n—x)""Yx—1 {n—x+(n—1)x?%

=—=2(n—x){2n+1x—@Bn—5)} B—2(n—x)" {(n—1)x*+(2n—5)x+3n}.

Hence, (3.1) is equivalent to

300 A\2R=5/2 . {B—x(n_x)t}\/g
©.2) (= D= = B = x5 v/ A B—(n— %)™

>—{2n+Dx—@8n—5)} B—(n—x)" H{(n—1x*+@2n—5)x+3n}
for 1<x<n.

We see easily that the left hand side is positive for 1<x<n and tends to zero
as x—1-+0 and the right hand side becomes zero at x=1.
On the right hand side we see that
8n—5 9
—(8n—5)= > 00 Y g7
@n+1)x—@8n—5)=0 for x= ol 4 TN
and
(n—1Dx*+@2n—5)x+3n>0 for —oc<x<+oc,

when n>2. Hence, the right hand side is negative for x=(8n—5)/(2n-+1). There-
fore (3.2) holds for (8n—5)/2n+1)<x<n.
Next, we investigate (3.2) for 1< x<(8n—5)/(2n+1). The condition that the
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right hand side of (3.2) is non positive is equivalent to

. (=) {(n—1x*+(@2n—5)x+3n} 8n—5
(3.3) p(x): = 8n—5—(n+ D)x =B for 1<x < il

We see easily that p(1)=B and have

d _ n(n—Dx=D*n—x)""?{2n+1)x—2(n+5)}
S dx P {Bn—5—@n-+1)x}* :

Hence, we see that p(x) is increasing in the interval

2(n+5) 8n—>5
2n+1 <x< 2n+1 "’
when n>5/2. Furthermore, we have 2(n+5)/(2n+1)=<2 if and only if n=4 and
we have (8n—5)/(2n-+1)=2 if and only if n=7/4.
In the following we suppose n=4, then p(x) is increasing in the interval
2<x<(8n—5)/2n+1).
Finally we estimate the value p(2). From the definition of p(x) we have

(n—2)""(11n—14)

o= 4n—7
and
p2) _(n=2\mt 1ln—14 -
(3.5) B —( — ) i,—7 1 for nz6,
which will be proved in the next lemma. Then, we obtain
) 8n—>5
= <
p(x)zp@2)>B  for 2=x< ontl
and we see that the present lemma is true. Q.E.D.

LEMMA 3.2. We have

>1 for n=6.

(n——Z n-l'_lln—lél
n—l1 4n—7

Proof. TFirst of all, we show that the left hand side of the above inequality
is increasing for n>2 as a function of n. We have

d n—2\r-t 1lln—14 | n—2 1 21
dn Og{(_n—-l ) "Tdn—7 }_IOg =1 T n—2  Aln—14@n—7) °

Setting t=1/(n—1), the last expression of n can be written as

log <l—l‘)+—li—t—-% 'fz/(l—%)(l-i_t) )
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Since 0<t<1, the above function of ¢ can be written in a power series of ¢ as

1 3 1 m “ee
SOt )

1
—(t+5+
R D)

S Fe (e ()

oG +(3)e -}

—_1_2 _2_3 _3_4 m+1 m+2 2_12 m+z
(g gt ) gt et
where
m 1 1 1— - vee
an=3(gn + grrgr gt s)r 0L
It the following we shall prove (m+1)/(m+2)>(21/44) ap, m=0,1, 2, -, In

fact, we have

1 21 1 21 1
77 g uo
2 21 —2 21 3.15 3872—2835 1037

TTHYTI TG M T 34444~ 34daa 0O

and for m=2

m+1 21 m+1 1 m+1 1_(3)M(1+l+_”+_1~)

mrz 4T oy T2 e T2 \7 on

> e () = (DG

e @ =@ s

> 4

3 m+1)T
Thus we have proved
t 3t 3t

log (1—t)+ 7—— t2/( )( Z>>O for 0<t<1

and so (n—2)/(n—1)""1-(11n—14)/(4n—7) is increasing with respect n for n>2.
Finally we have

n—2\n-1 1ln—14 4\s 52 53248
[< n—1> " 4n—7 Le‘(? 17 53125 L
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and
n—2 \n-t 1lln—14 /3yt 41 3321
[( n—1 ) ' 47’1—-7—]7»:5—(4) 137 33 <1
From these we see that this lemma is true. Q.E.D.

§4. A property of the auxiliary function o(x).

Using the arguments in the proof of Lemma 3.1, when n>2, the condition
Go(x)+3(x—1)fo(x)>0 for 1<x=2 is equivalent to

4.1) a(x)>B—p(x) for 1<x=2,
where

(n=DVB(x—=1)"(n—x)""*"*{B—x(n—x)"""}
x{8n—5—Cn+1)x} {B—(n—x)" 2/ nB—(n—x)*"* °

4.2) g(x):=

In this section, we shall prove that ¢(x) is monotone increasing in the interval
1<x=2, when n=6.

LEMMA 4.1. The function (x—1)(n—x)""%/x{8n—5—02n+1)x} is monotone
increasing i the interval 1=x=2, when n=3.
Proof. We have

4 (=Dn—x)"? (n—x)"*
dx x{8n—5—@2n+1)x} =~ x*{8n—5—2n-+1)x}?

X An@n—5)+@n®*—31n+15)x —B8n2—29n+6)x2+(n—3)2n+1)x%},

the last factor of which is positive for 1<x<2. In fact, its derivative with
respect to x is the quadratic polynomial of x :

4n®—31n+15—28n*—29n+6)x+3(n—3)2n+1)x*%,

whose values at x=1 and x=2 are —6(n—1)2<0 and —4n?+25n—45<0, respec-
tively, and so whose value is negative for 1=x=<2. Therefore, the above cubic
function of x is decreasing in the interval 1=x=2. Since, its value at x=2 is
9(n—2)>0, it must be positive for 1=<x=2. Thus, we have proved that the

given function in this lemma is increasing in the interval 1=x=2, when n=3.
Q.E.D.

LEMMA 4.2. The function (n—x)*"Y*{B—x(n—x)*"'} is monotone increasing
n the interval 1=x=2, when n=6.

Proof. For 0<x<n, the derivative of this function is



A CERTAIN PROPERTY OF GEODESICS 171

%(n—x)”'a/z[{(éln—l)x—Zn} (n—x)"'—@2n—1)B],

the expression in the brackets of which is positive for 1<x=2 as is shown in
the following. Since we have

Fd? {4n—Dx—2n}(n—x)"'=n{n—x)"2{32n—1)—(4n—1)x}

and

32n—1)

1< <,

{dn—1)x—2n}(n—x)""! takes its minimum in the interval 1=<x=<2 at x=1 or

x=2. And its value at x=1 and x=2 are (2n—1)B and 2B3n—1)(n—2)""1, re-
spectively. Furthermore, we have

2(3n—1) n—1 \n-1

_ __9\n-1__ _ — _ _o\n-1) 2\t L) L

23n—1)(n—2" = @n—DB=@n—n—2r {2 (2"

and we can prove the function ((n—1)/(n—2))""! of n is decreasing for n>2.

In fact, we have

aros ) ey e (- )

1 1

=—log (1—7_T)+1—1/(1——n~:1~)

1 1 1 1 | 1
s =10 T 3n—17 ot =12 T =1 * ~}<0.

Using this fact, we have for n=7

B () (8- 2

T°7 15625 15625
and for 6=n<7

2(3n—1) (L >n-1>4_<)_(g)s_z_1g_glgf1_ 335
2n—1 —2 137\4/ 7137 1024 T 13312

>0,

and

B e R O

Thus, we have proved that
{Un—1Dx—2n}(n—x)"*>2n—1)B for 1<x<2,

when n=6, which implies this lemma. Q.E.D.
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LEMMA 4.3. The function (B—(n—x)""1)/(x—1) is monotone decreasing in
the interval 1<x<n, when n>2.
Proof. For 1<x<n, the derivative of this function is

(n—x)"*{(n—2)x+1}—B
(x—1) ’

Since we have
—C-Z%C—(n—x)”'2 {n—2x+1}=—n—1n—2)(n—x)""2*<0
for 1<x<n, we obtain
(n—x)"{(n—2)x+1} —B<(n—1)""'—B=0 for 1<x<n,
which implies this lemma. Q.E.D.

LEMMA 44. The function {(B—(n—x)""1)/(x—1)}-{nB—(n—x)""*} s mono-
tone decreasing in the interval 1<x<n, when n=4.

Proof. For 1<x<n, the derivative of this function is p(x)/(x—1)?, where
p(x): ={(n—x)""*(n—2)x+1)—B} {nB—(n—x)"""}

+(n—1)(x—1)(n—x)"*{B—(n—x)""*}.
Since we have

p'()=n—D(x—Dn—x)""*{2@2n—-3)(n—x)""*—(n—2)(n+1)B}
and for 1<x<n
2@2n—=3)(n—x)"'—(n—2)(n+1)B<2@2n—3)(n—x)""'—(n—2)(n+1)B],=
=—(n?*—bn+4)B=—(n—1)(n—4)B=0,

when n=4, we obtain p’(x)<0 for 1<x<n, which implies this lemma. Q.E.D.

PROPOSITION 2. The function o(x) defined by (4.2) is monotone wncreasing in
the interval 1<x<2, when n=6.

Proof. First we factorize o(x) as

(x—1)(n—x)""2
x{8n—5—2n+1)}

x{ B_(:__lx)n—l }_mx{ B—(;:lx)n_l . {nB—(n——x)"‘l}}_llz.

a(x)=(n—1)vBX X(n—x)""12{B—x(n—x)""}
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By means of Lemma 4.1-Lemma 4.4, we see that o(x) is increasing in the
interval 1<x<2, when n=6. Q.E.D.

§5. The inequality o(x)>B—p(x).

In this section we shall prove that G,(x)+3(x—1)f,(x) is positive for
2n+10)/Cn-1H=x<2.

LEMMA 5.1. We have

nn+2)B(x—1*{2n+13—2n-+1)x}

_2n+10
36(n—1)(2n+1)2n—5)

(5.1) o(x)—B>— for 1<x= PR

when n=3.
Proof. When n=3, from (3.3) and (3.4) we have
p(x)—B:p(x)—p(l)zgfp’(z‘)dt

. l)ﬂx (t—D2n—0)""22n+10—C2n+1)t} dt
=—mn— 31 {8n—5—02n+1)t}2

z n—t
1 8n—5—02n+1)t}?

for 1< x<(@2n-+10)/(2n+1). In this interval the function (n—x)/ {8n—5—2n-+1)x}?
is increasing, because

>—n(n——1)"‘zg (=12 {2n4-10—@n+1)t} di

L n—x _ 4n*—6n+5—02n+1)x
dx {8n—5—Qn+Dx}*  {8n—5—2n-+1x}?
and
2n+10
2__ _— 2___ _— i . —_
dn?—on+5—0Cn+1)x=4n*—6n+5—02n+1) ol
=2n+1)2n—5>0.
Therefore, we obtain
_ 2n+10
n—t < S IES _ 2n*—n—10
8n—5—02n-+1)* 8n—5—02n+10)}* ~ 92n+1)2n—5)
__n+2 ﬂ<__2i+f104
T 9@ntDn—p) orI<i<xEo g

Using this inequality, we obtain

nn+2)(n—1)""2 (= .
R S (t—10 2n-+10—@n-+1)t} dt

1

o(x)—B >—
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_ n(n+2)B (%15 g

= D@ L D=5y Y O @nt D dt

__ n(n+2)B(x—1)*{2n+13—(2n+1)x} 2n--10

= 36(n—1)2n+1)2n—>5) for 1<x=— =7
Q.E.D.

LEMMA 5.2. We have

n—1 2 N (2n—5) y2n-13/2
nggg“‘ b Zis"{ (n+2,3(+7; )} (x—1)*Bn—1-2x)

for 1<x=2n+10)/2n-+1), when n=25/4.

(5.2) a(x)>

Proof. As in the proof of Proposition 2, we represent ¢(x) as a product:

a(x) _ (x—=1)(n—x)""* __\r-1/2 (R __ 2 \n-1
Vn=1B = x@n—b-@ntDx (T HTEm T

B—(n—x)**\-%/2_ [ B—(n—x)"? men V2
X{ x—1 } X{ x—1 {nB—(n—1x) }} '
First of all, we estimate the first factor. We see easily

2n+10 - 8n—>5 when nZZ—S.

2n+1 = 2@2n+1) 4
Therefore, assuming n=25/4, we have
e 2n4+10 o o 6(n-+5)(2n—>5)
6(n—1)<x{8n—5—02n+1)x} < TN (6n 15)—*—h——2n_{_1

for 1<x<(@2n+10)/(2n+1) and hence

(x—1)(n—x)""? 2n-+10 \»-2 6(n+5)2n—5)
X {8n—5—Cn+1)x} ( T Ton+1 ) G=D/—— 1

i.e.
(x—1)(n—x)""? (n+2)"%2n—5)""* _ 2n+10
TBn—5—CniDx] 6Bt ¥ for I<x<sim
when n=25/4.
Second, we estimate the second factor as follows. Assuming n=3, we have
for 1<x<@2n+10)/2n-+1)

(5.3)

B—x(n— 2= g(D)—g0)= | ¢'®)dt

= ngf(l‘-—l)(n——t)n-zdt: ngj(n_t)n—a(t_l)(n_t)dt
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2n+10 \r-3(=
_ n{(n+2)2n—5) \n-3 .
_ 6‘{‘“—““2714—1 } (x—1?(3n—1—2x).

Hence, we obtain
2n-7/2

G4 (n—x)"V{B—x(n—x)" Y > = (x—1)23n—1—2x)

6

for 1<x<(@2n+10)/2n-+1), when n=3.
Third, we estimate the third and fourth factors by Lemma 4.3 and Lemma
4.4 as follows:

{ (n+2)(2n—>5)
2n+1

B—(n—x)r"t -3z n-1y -3/2_ R-3/2
(s BN o B
and
e | B

for 1<x<n, when n=4.
Thus, by means of (5.3), (5.4) and the above two inequalities we obtain

(n+2)"22n—5)""*(x—1)
6(n-+5)(2n-+1)""3

[ (+2@n—5)
” 6{ 2n+1
_ nv/n—1 n+2 [ (n+2)2n—5)
T 3682 n+5 \ 2n+1
for 1<x<(2n+10)/2n-+1), when n=25/4. Q.E.D.

o(x)>+v/n—1+B X

b - 10Gn— 1-20)% B (n—1) 2B

}3n_13/2(x—1)3(3n—1—2x)

LEMMA 53. When n=13, we have a(x)>B—p(x) for 2n+10)/2n+1)=x<2.

Proof. o(x) is positive for 1<x<2 by Proposition 2, when n=6. And
o(x)—B is negative for 1<x<(2n+10)/(2n-+1) by (3.4), when n=5/2.

Assuming n=25/4 in the following, by means of Lemma 5.1 and Lemma 5.2
we have

B—p(x) [ n(n+2)B(x—1?2{2n+13—2n+1)x} }
o(x) 36(n—1)2n—+1)(2n—>5)

e

B3(n+5) 2n+1 3n-13/2 En;!—lS—(ZrH—l)x

:(n—1)3/2(2n+1)(2n—5)"{(‘n%_z")"(ﬁ—T)} T gp—1—2x
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i.e.

(5.5 B—p(x)< (n+5)(n— 1)2 {(n l)(2n+l) }3" /2 2n+13—C2n+1)x
) a(x) @2n+1)2n—5) |\ (n+2)2n—5) 3n—1—2x

for 1<x =< (2n+10)/2n-+1). Since we have 2n-+13—@2n+1)x)/Bn—1—2x) =
2n+1)/@2n*—n—7T) at x=(2n+10)/(2n-+1), we obtain from (5.5)

(5.6) B— p( 22nn—:-110 )/0< 227171_:—110 )<b"C"

where

4(n+5)(n—1) g (n—l)(2n-l—1)_}3"—13/2
@n+1)@2n—5) U (n+2)(2n—5) ’

N ot ot S S S
(5.8) R TG PP S R 4<1+ 2n*—n— 7>

We see easily that

6.7 bp:=

cn>% for n> 1+4‘/57 1”4549 —2.13725

and ¢, | 1/4 as n—oc, We shall prove in the next lemma that for n=8 b,|1
as n—oc., Here, supposing this fact, we have

b —ilﬂl.<_&?5_)”'5 1 275
1260779519 "\ 14-19 17969
_17-11- 11 _275 20.5 2057 .
T 19.269 <'269") TR X (1.0338345)
—0. 4024652 % 2. 66874 =1, 074075 > 1
and
b _ﬂ&l%_.(_lﬁ_‘?l )% 1 324
wee="o701 '\15-21 131
= 8—1§ 3—6 e 1_44 32.5
T 753 X(35> = gpp X(1.0285714)

=0. 3881401 % 2. 49816=0. 969636 <1 .
Therefore, it must be
(5.9 baca<1 for n=13.

Hence, we obtain from (5.6) and (5.9)

(22nn—:—110 > B— (22”71":_13 )

On the other hand, we see that B—p(x) is decreasing in the interval

(5.10) when n=13.
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(2n+10)/2n+1)<x =<2, when n=4, by (34) and ¢(x) is increasing in the interval
1<x<2, when n=6, by Proposition 2. Hence, we obtain from these facts and
(5.10)

2n+10

< > .
TN <x<2, when n=13. Q.E.D

o(x)>B—p(x) for

LEMMA 54. b, defined by (5.7) is monotone decreasing with respect to n for
n=8 and tends to 1 as n—ecx,

Proof. We have from (5.7)
(n+5)(n-+2)"(2n—5)° ]1/2.[{ (n—1)(@2n+1) }n-l]3
(n—1)*2n-+1)° (n+2)(2n—>5) )

In the following, we shall show that the both functions of »n in the above
pairs of brackets are decreasing for n=8.
First, we have
_d (n+5(n+2)'2n—5)°  (n+5)(n+2)2n—5)*
dn (n—1)*Zn-+1)° B (n—1)°2n+1)*°

X (48n*—2161*—1197n-+555)

bn=4~[

and
48n*—216n*—1197n+555>0 for n=8.

(n+5*(n+2)"(2n—5)°

(n—1F@n+ 17 is decreasing for n=8 and

Therefore, we see that

. (n+5)¥n+2@2n—5¢ _ 1
G.1D T et 16

Second, setting 1/(n—1)=t, we have

{(n—l)(Zn—l—l) }n~1_{ 243t }1“
(n+2)2n—5) —L(1+302—31)

We show that the function of ¢ of the right hand side is increasing with respect
to t for 0<t<2/3.

NI T R I P T
dt\7 8 T 3ne—3n ) 8 1+3n2—3)
30 1 1 1
+7{ o3 13 o)
1 e 9(4-+30)
= log (1 713 )+ AE8nerane—3 °

For >0, the condition 9¢2/(243t)<1 is equivalent to 9t*—3t—2=(3t—2)(3t+1)<0,
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i.e. t<2/3, which is equivalent to n>5/2. Then, we have

1 92 © 1/ 9fF \m

log (1 2+3t> e 1m(2~1—3t>

o 9 8 w( o )mﬂ_ 9 8
23t 20231 A\ 243t/ T 243t 224317

o 9 81
x{1/(1- 2J:3t )= 5130 204302+ 3—98)

_ 9(4+6t—9¢%)
2(14-36)(2+-31)(2—31)

and hence
1 9 9(4-+31)
s log (1— 9431 )+ 11302 +30@—3D)
9(4-+91%)

> >0.

2(14+3t)2+3t)2—3t)

243t 1/t
Therefore, { Ar302— 30} is increasing with respect to ¢ for 0<t<2/3 and
. 243t 1/t n—1 2n+1 yn-1
lzlao { (1+3)2— St)} nm{ n+2  2n—5 }
. 1 n-1 6 Cn-9)/e16n-n/2n-5) ] s
=lim( 1+3/<n—1)> tim| (145, 5) =g o=l

Thus, we have proved that {E%%}nq is decreasing for n>5/2 and

tends to 1 as n—oc, Q.E.D.

PROPOSITION 3. When n=13, we have

2n410
2n+1

Proof. By Lemma 3.1, this inequality is true for 2=<x<n and it is also
true for (2n+10)/2n+1)<x<2 by (4.1) and Lemma 5.3. Q.E.D.

Gy(x)+3(x—1D)fo(x)>0  for =x<n.

§ 6. Evaluations of some constants.

Setting

6.1 a=an): =X,712), a=a(n): =X, 2n+10)

2n41
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we shall evaluate «, and «, in this section.
LEMMA 6.1. When n=6, we have

1 5 :
(6.2) -3—<a0(n)< E—0416 .

Proof. In order to prove the inequality a <ao(n) for 0<a<1, it is sufficient
to prove a(n—a)" 1<2(n—2)""", i.e.

n—a\r-1 2
©.3) ( n——24> < a’
For the constant a, the function of n of the left hand side of (6.3) is decreasing,
because
d n—a \»-1! n—a l1—a 1
R — — i .
dn {log( n—2 ) } log n—2 (n—a ) )

l1—a 1 1
= —ul:"l—_aT—}- 1‘_2‘&~ — Zt‘ {log (l—au)——log (I—Zzt)}] ,

where u=1/n, and

l1—a 1 1 1

- m my M=l .
_m2=1{<1_ m-+1 a)a + m-+1 2 }u >0.

Hence, if ((6—a)/4)°<2/a, then (6.3) holds for n=6. Now, ((6—a)/4)°<2/a is

equivalent to a(6—a)°<2048 and for a=1/3 we have

175 1419857

—raa— =1947.678 .

a6=a)=37=""9

Hence it must be ay(n)>1/3.
Next, in order to prove the inequality a.(n)<b for 0<b<1, it is sufficient

to prove
n—>b \r-1_ 2
o (@2ysL.

Since we have

lim( n-—lz) )n_lzlim

n—co n— -0

(1—!— z_g—y—l:e”

n—

(6.4) holds for n>2, provided ¢>-°=2/b, i.e.

2
6.5) e < %b )
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Now, for b=5/12 we have

b_- _ef ._E 22
e’=1517, 5 b—24e —1.539,

Hence (6.4) holds for n>2 and b=5/12, and it must be ay(n)<5/12. Q.E.D.

Remark. (6.5) does not hold for b=2/5=0.4. In fact, 2°=0¢2/°=1.492, (e?/2)b
=(2/10)e?*=1.479.

LEMMA 6.2. When n>2, we have

6.6) x>2—Xa(x) for 0<x<1.

Proof. By virtue of Lemma 2.1, it is sufficient to prove

n—X
n—1

©.7) ( ) >2-X  for 1<x<n.

Since we have

G0 x>0

we obtain easily (6.7). Q.E.D.

LEMMA 6.3. When n=10, we have

2n—8

6.8 2n+1

2n+10 2n—6

J— -1

<atm=X."(Z 1) ontl
Proof. The left side inequality is evident by Lemma 6.2.
The right side inequality is equivalent to

2n—=6 ( 2n—6 )n-l 2n+10 ( _ 2n+10 )n-l,

2n+1 \"7 2n+1 2n+1 2n+1
that is
2n*—n+6 \n»-1__ n+5>
©.9) (an—n—lo) > n—3 °
Now, since we have
2n*—n+6 \r-1_ 16 n~1
<—2n2——n—10 ) _(1+2_712—n—10 )
S1 16(n—1) 8:16-(n—1)(n—2) n 8:16%* (n—1)(n—2)(n—3)
2nt—n—10 @2n?—n—10)% 3@2n*—n—10)° ’

(6.9) is implied from the following inequality :
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2(n—1) 16(n—1)(n—2) 162(n—1)(n—2)(n—3)> 1
2n?—n—10 2n2—n—10)? 3(2n®*—n—10)3 =~ n—3"

which is equivalent to

(6.10) 12n5—92n*—813n°+6908n2—16116n+12288=0 .
First, we show that (6.10) holds for n=13. In fact, we have for n=13

12n2—92n—813=12-132—92.13—813=19
and
1972 +69081n%—161167n+122838>0 .

Second, for 12=<n<13, we have

12n%2—92n—813=12-122—92-12—813=—189
and
—189n%+6908n2—16116n 412288

=n(—189-1224-6908-12—16116)+12288=395641n+12288>0,

which implies (6.10) for 12=n<13.
Third, for 11=n<12, we have

12n2—92n—813=12-112—92-11—813=—373
and
—373n%+6908n2—16116n 112288

>n(—373-12*4-6908- 12—16116)-+12288=13068n +12288 >0,

since 6908/2x373=9.260<11. Therefore (6.10) holds also for 11=n<12.
Fourth, for 10.2=n<11, we have

12n2—92n—813=12-10.22—92-10.2—813=—502.92
and
—502.921n3+6908n2—161167 112288

>n(—502.92-1124-6908- 11 —16116)-12288=—981.32n 12288 >0

since 6908/2x502.92=6.868<10.2. Therefore (6.10) holds also for 10.2=<n<11.
Last, for 10=n<10.2, we have

12n2—92n—813=—533
and
—533n2+6908n2—16116-+12288

>n(—533:10.224-6908-10.2—16116)+ 12288
=—1107.72n+-12283>0
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since 6908/2%533=6.480<10. Therefore (6.10) holds also for 10<n<10.2.
Thus, we have proved that (6.10) is true for n=10. Hence (6.9) holds for
n=10. Q.E.D.

Remark. We check (6.9) for n=09.

2n°—n+6 \n-1_ 159\s . n+5 14 .
(gnimnmig) —(igg) =236, T3 =5=233,

which shows that (6.9) may be true for 9<n<10. But the method taken in
Lemma 6.3 does not go well. Next, for n=8 we have

2nt—n+6 \r1_(126y7 nt5 _13_
(gnimni0) =(i1g) 72887 S =5-=5 =260,

which shows (6.9) is not true for n=8.

§ 7. Evaluations of Uyx) and U, (x) for a,(n)<x<1.

In the following two sections, we shall evaluate the functions U,(x), :=0, 1,
2,4,5, 6, defined in §1 and appeared in V(x, X,(x)), for the interval a,(n)<x<1,
considering an effect of Proposition 3.

In the following, we set for simplicity

t=1—x, s=X,(x)—1 for 0<x<1
(7.1

L _2n410 .9

h=l=afn),  s= 2n-+1 1= 2n+1

and we obtain by Lemma 6.2 and Lemma 6.3 the inequalities

(7.2) 0<t<s,

7 9

(7.3) ontl <oy

LEMMA 7.1. When n=10, we have

16B  n(n—1(n—4)*(n*—n+1)2n+1)"*2n*—n+8)'"2

T4 Un)>—3 @'+ 18n 1)
1 4n2+9n—10 S\2
X[(2n2—n+8)2 T A =D n 15 Cn —n—10) (7) ]t

for a,(n)=x<1.

Proof. First, we find a lower bound of A(x)—Ai(X(x)). By means of (1.4),
(1.5), (1.5) in [12] and Lemma 7.1 in [13] we have
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A(x)—AX(x))=A(x)— A1) — {A(X)— A1)}

_Sl (1—u)du SX (u—D{n+n—Duldu
Tz (n—u)? 1 (n—Du*(n—u)

il

(¢ udu 1 Ss u{2n—1+n—1uldu
Xo (n—1+u)? n—1Jo (A4u)Pn—1—u)

2n—1+(n—1Dx

On the other hand, we see that the function (P (n—1—x)

is decreasing for

9
< _
O”S‘x:Zn—H’ because
_d_ 2n—14+(n—1)x _ 3n2—6n+2+n2—8n+4)x—2(n—1)x2 <0
dx (1+x)Pn—1—x) A+x)(n—1—x)? )
Hence, we obtain for 0=<x=<9/2n-+1)
2n—14+(n—1)x >[ 2n—1+(n—1x ] _ (@n+1)*(4n*+9n—10)
A+x)n—1—x) =L Q+x)%n—1—x) le=sscen+y 4(n+522n2—n—10)

Thus, from the above expression of A(x)—A(x) in integral we obtain

12 2n+1)*(4n?4-9n—10)s?

=X g T B D(n+5¢@n —n—10)

and by (7.3)
@n4+1)%2 2n+1)(4n®*+9n—10)s?
22n*—n-48) = 8(n—1)(n+5?%2n*—n—10)
for a(n)<x<1.

Second, we find a lower bound of Fy(x). By means of the facts in §3 in
[12], we have for 0<x<1

(7.5) Ax)—AX(x)>

F3)=—Px) B+ P =P U )

>P2<1>Sf—d%{&—_1j_):(;ﬂ} "

—12(n—1p[* O D=0 —1)'Q(w)du
=12(n—1) Sl ay

Since we obtain from (3.2) and (3.6) in [12]
Q(u)=0Cn+Dut—(B8n*—2n+Nu-+4n2n*—2n+3)
>Q(1)=8(n—1)(n*—n+1),
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Py(uw)=02n+1u*—22n*+5n—4)u+16n:—16n+3

2n—8 )__ 3(8n2+18n+1)
2n+1 /" 2n+1

<P2(x)<P2(a1)<P2

for x<u<l1, a(n)=x<1.
Thus, we obtain

(n—1)"2.8n—1)(n*—n+1)-@n+1)?
98né+18n+1)%

Fy(x)>12n(n—1y -Si(l—u)?'du

i.e.
8Bn(n—1*n*—n-+1)2n-+1)

3@n*+18n+1) for ay(m)=x<1.

(7.6) Fy(x)>

Third, since x*+/n—x is increasing for 0< x<(4/5)n, we obtain

x/n—x gozf«/n—a1<(%)2«/n——§%

_ 4(n—4)°+/2n*—n+8
= Gntlye for a;(n)<x<1.

Finally, combining these evaluations, we obtain

U= =R ) ()= 2K )

>_1_ 4n—4»+/2n*—n+8  8Bn(n—1)*(n*—n+1)(2n+1)"*
(2n-+1)>2 3(8n*+18n-+1)*

2n+1)* 1 4n*4+9n—10 $\?7,,
2 [(2n2—n+8)2 T A=) (n+5)Cn —n—10) () ]t

__16B . nn—13n—42(n*—n+1)2n+1)*%(2n*—n-8)/?
3 8n*+18n-+1)2

1 4n*+9n—10
X[ 2n*—n-+8)? * 4(n—1)(n+5?%2n*—n—10) \ t ) ]

for a,(n)sx<1. Q.E.D.

LEMMA 7.2. When n=10, we have

7.7) U, (x )>_]‘_ n3(n+2)"2(2n—5)""2

. 3_ 2
%~ (i—Dientnr 8n'—24n*—18n+61)

X 8nt—12n2—28n%+27n+5)- :/(;1)= for a;(n)=x<1.
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Proof. As in Lemma 7.1, we have

2n+10 \(# n(n—1)(n—1u)"*u—1)°Q,(u)du

Fy(X)> Pi( I+l Sl (P}
1 2n-+10 2n-+10 2n+10\n-2 s*
T P In+1 )-@ on+1 n(n—1)(n— o+l ) T

for a;(n)<x<1. Since we have
P,(1)=12(n—1),

P( 2n+10 )__ 3(8n®*—24n*—18n-+61)
N on+1 /7 ’

2n+1

Qz( 2n+10 )__ 2(8n*—12n°—28n*4-27n+-5)

2n+1 /- 2n+1 ’
we obtain
1 3(8n°*—24n°—18n-61)
B> ptn =1y 201
% 2@n'—12n°—28n*+27n+5) n(n—1)2n*—n—10""* s*
2n+1 @2n+1)-2 4’
i.e.

1 n(n+2)"-%2n—5""*
(7.8) FO>56  (i—ent1r

«(8n*—24n*—18n+61)

2n+10

4 3__ 2 4 <
X (8nt—12n°*—28n%+27n-+5)s for 1<X=< ol

Thus, we obtain easily from the expressions of U;(x) and U,(x) the inequality
@.7. Q.E.D.

§8. Evaluations of U,(x), Uy(x), Us(x) and Uyx) for a;(n)<x<1.

LEMMA 8.1. When n=4, we have

n(n—DA—)*(n—1+)""%?
2(n—1)+t

@1  Ufx)< -(2n—l+%t) for 0<x<1.

Proof. By means of the facts regarding f,(x) in §2 of [12] and (1.9) we
have

3x%fo(x)
(x—1*+/n—x

_ 3x*@2n—1—x) [B—— (n—x)"HYn—x+(n—1)x% ]
T (x—=1P3n—x 2n—1l—x

Ui(x)=
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_ 3x*@2n—1—x) Xl nn—1Dn—u)" " u—1)u—2n)du
T (x—=1vVn—x Jx @n—1—u)

_ 3n(n—1)(A—t(2n—2+1) St (n—14u)"?u’@2n—14u)du
- B/ n—1+¢ 0 @2n—2+u)? ’

(n—1+x)"2
@2n—24x)?

d (n—14+x)*? (n—14x)""*{2(n—1)n—3)+(n—4)x} >0

dx @Cn—2+x)? @n—2+x)®

Since the function is increasing, because

for x>0, when n=4, we have

(n—14+u)""2 < (n—1+41)""2

@n—2+uy @n—2+1p for O0<u <t.

Hence, we obtain

U,(x)<

3n(n—D)A—t¥(n—14+t" 52 (¢
£ {2(n—1)+1} Sou @n—1+u)du

_ a—DA—tn—14n 3
- 2(n—1)+t (2n—1+71). Q.E.D.

LEMMA 8.2. When n>3, we have

n? (1—1)y?

(n—1)y .x/n—H—t' {8(n—1)+2t} for 0<x<1.

8.2) Uz(x)>—§—-

Proof. By means of (2.8) we have

B—g(x)=g()—g()=n| (1—un—u)**du

=ng:u(n-—1+u)"‘2du > n(n~1)"'3gsu(n—1+u)du

—_—n(n—l)“'atz( n;l —I—%) s

from which we obtain immediately (8.2) by (1.10). Q.E.D.

LEMMA 83. When n=4, we have

nn—1DA+8)(n—1—s)n"52 3
8.3) Uy(x)> s -(2n—1-%5)

for a,(n)<x<1.
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Proof. By means of an analogous way as to U,(x), we obtain from (1.9)
and (1.13)
_ 3XfX)
V)= v/n=x

3n(n D(145)(2n— 2—3)5 (n—1—u)**u*@2n—1—u)du

s*/n—1—s 2n—2—u)?
. . (n—1—x)"2 , .
Since the function Cn—a—ar S decreasing for 0<x <1, when n=4 and 0<

$<s5,=9/(2n+1), we obtain

3n(n—1)(1+5P@n—2—s) (n—1—s)""* (s , B
Us)> si/n—1—s TOn—2—s) Su(2n—1 u)du

— n(n—1({1+s)(n—1—s)r"5/2 3
= S —1)—s -(271—1——-4—3) for a;(n)=x<1.

Q.E.D.
LEMMA 84. When n=4, we have

84 U< (s

ERECEE =17 Vi {3( —1)—2s} for a;(n)=x<1.

Proof. By means of an analogous way as to U,(x), we obtain from (1.10)
and (1.13)
Usx)= 2nX*{B—¢(X)} 2ntX?
ST (X—-Dvn—X T (X—1Pvn—X

2n*(n—1)"2X*
(X—12vVn—X

Su(n 1—u)" %du

< Ssu(n 1—u)du

= o 3n—1)—28},

if 1<X=n—1 and n>3. Then condition: 2n+10)/2n+1)<n—1 is equivalent to
2n*—3n—11=0, which is satisfied for n=4. Hence, we obtain (8.4), when n=4.
Q.E.D.
§9. Evaluation of V(x, X(x)) for a;(n)=x<1.

We shall evaluate V(x, X(x)) for a;(n)<x<1 and show that it is positive,
when n=84, which implies the result described in Introduction.

PROPOSITION 4. The function (X,(x)—1)/(1—x) is monotone decreasing with
respect to x for 0<x<1, when n>2.

Proof. Since we have
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%(an(—x—);l ): ﬂjx)z {A—x)X"(x)+Xa(x)—1}

X——l_¥{2{‘(n~X) _ x(n—x)
x(n—x) | (X—1) (1—x)?

b X=X,

by dX/dx={1—x)/x(n—x)}- {X(n—X)/(1—X)}, it is sufficient to prove

X(n—X) x(n—=x)
9.1) X=1y > a—xy for 0<x<1,
which is equivalent to
9.2) (X=DAn—X)"2<(1—x)Y (n—x)""? for 0<x<1.

On the other hand, we have
dix(l—x)%n—x)ﬂ-?:—(1—x><n~x)n-3<3n—2—nx).

Since we have

(l—x)z(n—x)"‘zzzl( n—1 )"(n_.z)n—z at g 312 ,
n
=n"" at x=0

and
n—1

n"‘2>4(

. )"<n—2>n-2 for n>2

because ((n—1)/n)*(n—2)/n)"* is decreasing with respect to n for n>2 as is
easily proved and lrtl_{I;l ((n—=1)/n)"(n—2)/n)"-2=1/4, there exists a real number &

(0<£<1) uniquely determined by

n—1

(1= &fn—gt=4("=) (n—2)*-*.

Then, (9.2) holds clearly for 0<x<& and x<1 sufficiently near 1 by means
of (8.12) in [13]. Now, we suppose that (9.2) does not hold at some point of x,

then there exist a value y (§<y<1) such that
(9.3 Y =1 (n=Y)?=1—y)n—y)"2, Y=X.(y)

and

[ @1t Xr i | 50,

i.e.
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1—x ) X(n—X)
x(n—x) 1-X

[—(1—X><n~X>n-8<3n—2— nX)
+(1—x>(n—x)"‘“(3n—2—nx)]z=y

=_1:y__ _ —_V\n-2(Q, O __ — )3 —2— <0
y(n——y)[ Y(n=Y)"*3n—2—nY)+y(n—y)""*3n ny)]=<0,
i.e.
9.4) Y@n—2—nY)n-Y)" 2= y@Bn—2—ny)n—y)" .

Adding (9.3) multiplied with n—1, (9.4) and —Y(n—Y)"'=—3y(n—y)*"! in the
both sides respectively, we obtain

(n=Dn—=Y)"*zn—-1n—y)"2.

This is a contradiction, because 0<y<1<Y <n, n>2. Thus we obtain this
lemma. Q.E.D.

LEMMA 9.1. When n=10, we have
V(ix, X(x)) >£% n(n—10%"2%n—42*n*—n+1)2n-+1)?

sBv/n—1 727 @n*+18n+1)°
(2n2—n--8) [_ 1 N 4n*49n—10 ]
(2n?—n-+8)? 4(n—1)n-+5)22n*—n—10)
©5) 1 n(r+2r-x2n—5)
—_— . 3_ 2__ 4_ 3__ 2
+ 06 (a8 24 = 18n+61)(8n'— 120'—28n*+27n+5)

s+t n . 1
s 12(n—01)""%2  (2n-+1)""¥2(n+2)*%(2n—>5)*2(4n*—2n-+7)*

X[4n(n—1)""*(n+5)2n-+1)""*4n*—2n+7)2(48n*—52n*+342n*—198n +616)
—3(n—4)(n+2)""*(2n—>5)""*2561n°—992n°+80n*+41207*
—3592n2—5474n+3010)] for a;(n)=x<1.

Proof. By virtue of Lemmas 7.1, 7.2, 8.1, 8.2, 8.3 and 8.4, we obtain an
evaluation of V(x, X(x)) as follows: When n=10, for a;(n)<x<1, we have

V(x, X(x)=Uo(x)=U(x)+Us(x)+U(x)+Uy(x)—Ug(x)
168 . n(n—13n—4)*nt—n+1)2n+1)*22n2—n--8)1/2

~ B~ 18n 1)
1 4n%+9n—10 S$\2
[ @ —nt8r 4<n—1)(n+5>2(2n2—n—1o><7> }t
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G681 n(n+2*2n—5)"*
96 (n—1¢Cn+1)"

I+s)s
— 2 S
2Bt 2Tn+5)-

<(8n®*—24n*—18n+61)8nt—12n*

(A+s)¥(n—1—s)r-5/2 3
+”("_1>[ 2n—1)—s '(2"“1"1)

(1~t)2(n——l—l—t)”“"/2/ B —3—
T om—Dar " 1+4t)]

B n? (1+s)? (1—1)?
i vy B =29 = e B D28 .

When n=10, we obtain from Lemma 6.2, Lemma 6.3 and Proposition 4

9.7) 1< S o 0<t<t,.
t to 7

Regarding the right hand side of (9.6), we have the following facts. First, we
have

14s 1
©8) Vn—1—s ~ a/n—1

Second, we have

for 0<s<s,.

2 n-5/2 3
g WERn—1=2m 2 (2n—1=x) (14 e 1= 2 Ry(x)

O9 2n—1)—x - 8{2(n—1)—x}* ’
where
(9.10) Ry(x): =4(n—1)8n*+n—1)—(32n*—40n2+38n—10)x

+(28n*—32n+9)x*—3(2n—1)x®.
Furthermore, we have for x<1
Ry (x)=—(32n*—40n*+38n—10)4-2(28n*—32n+9)x —9(2n—1)x*
<—32n*4-40n°—38n+10+2(28n*—32n-9)
=—2(16n*—48n*+51n—14)<0,

when n>2, and hence
Ry(x)=R;(1)=2(20n*—42n+13)>0.

(L+ ) n—1—xy-o/5(2n—1— 5 x)

2in—1—x
Using the mean value theorem and (9.9), we obtain

is increasing for —1<x<1.

Thus, we see that
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(1+s)(n—1—s)"5/2
2(n—1)—s

3 ) (=tftnhone

-(2n—l—zs Sn—T) 5t (2n—1+%)

(I—t)(n—1—s)*""2
8{2(n—1)+1}*

(1—to)(n—1—sp)""?
8{2(n—1)+to}?

>(s+1)- - Ry(s)

>(s+1)- - Ry(so)

9 9 n-1/2
(=g )(=1=91) R
8{2(n—1)+?%i~}2 2n+1
(n—4)(2n*—n—10)"""/2
KA =20+ 7Y@ D

>(s+1)-

9.11) =(s-+t)- - (256n°—992n°+-80n*

+4120n°—3592n—5474n4-3010) .

Third, we have

d (1+x)?{8(n—D—2x}  (14+x)Ry(x)

(©.12) dx Vn—1—x T 2An—1—x)¥’
where
(9.13) Ry(x): =(n—1)12n—13)—(21n—23)x+10x2.

Since (21n—23)*—40(n—1)(12n—13)= —(39n*—34n—9)<0 for n>2, we have

2 —1)—
Ry(x)>0. Thus, we see that (1+X)«/{i(£li)x 21} is increasing for —1<x<1.

Using the mean value theorem and (9.12), we obtain

(I+s3PB8(n—1)—2s}  (1—1)*{8(n—1)+24}

vVn—1—s vVn—1+t
1+s (1+8)Ry(—=5)
<($+t)'m'Rz(’—t)<(S+t)"Z(n_l_s)wz
9 9
T2 YRy (—
<(s+t)'( 2ni1) 2(9 2n3—/|;1_>
2(n—1= gy

(n+4-5)(48n*—52n°+-342n°—198n+4-616)
(2n*—n—10)*/%2n+1)%2

9.14) =(s+1)-

Now, from (9.11) and (9.14) we obtain
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n(n—-l)[ (Lt 5 n—1—)" " -(2n——1—-~i—s>

2(n—1)—s
(1=t (n—1+41)5" 3
T T an—1)+t ’(2"““?)]
B [(1+s)2{3(n—1)—2s} A=t Bn—D+28 ]
3 (n—1) vVn—1—s Vn—1+t

n(n—1(n—4)2n2—n—10)"-"/2
44n*—2n+72(2n+1)n-%2

+4120n%—3592n%—5474n4-3010)

_ n*(n—=1)""%(n+5)(48n*—52n°+342n*— 1981 +616) ]
3@2n*—n—10**(2n-+1)%®

n 1
(n—1)n"3/2 ) @n+1)"222n2—n—10)%2

><s+t)[ (25675 —992n5+-80n*

(9.15) =—(s+)B4/n—1" 1

A=t [dn(n—1)"4(n+5)2n+1)""*(4n?—2n+7)*

X (48n*—52n°+342n*—198n+616)—3(n—4)(2n2—n—10)""2(25615—992n°
+80n*+4120n°*—3592n%—5474n+3010)] .
Thus, combining (9.7), (9.8) and (9.15) with (9.6), we obtain the inequality

9.5). Q.E.D.
§10. A proof of positiveness of V(x, X(x)) for a;(n)=x<1.

First of all, we notice that the first two terms and the third term of the
right hand side of (9.5) are of order 1 and 0 with respect to n, respectively.

LEmMMA 10.1. When n=10, we have

112 (n—1¥*n—4)%(n*—n-+1)2n+1)*22n*—n+ 8

27 @8n*+18n-+41)?
(10.1) [ 1 . An®+9n—10 ] g(iy 7.91.4/110
@2n2—n-+8)?  4(n—1)(n+5)?*2n*—n—10) 3 \9 101-101

Proof. Supposing n=10 and setting 1/n=u, we have
(the left hand side of (10.1))

_ 47 A=w)P(1—4w)’(1—u+u)(2+u)**(2—u+8u®)'
3 (8-+18u+u®)?
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u 4+9u—10u?
X[ 2—u-+8u?)? + 4(1—u)(14-5u)*(2—u—10u?) ]

5/2 3/2 1 1/2
4T (10) (3) 1002 +101%8) Jop4
3 181" .

108 2-10°

2 (i){ 7-91-4/110
“3\9 101-101

In this computation, we have used the fact the function (1—u)(1-+5u)*2—u—10u?)
is increasing for 0<u=<1/10. In fact, we have

—(%(1—u)(1+5u)2(2—u—10u2)
=(145u) {33 —5u)(2— 1 — 102 — (1 —1)(1-+5u)(1-+202)}

>(1+5u){3-%-(2 110 10) (1+ )+ =90+51)>0

for 0<% =1/10 and so

9 9 o 1
 —_—— < .
15 za0r  lor O<usgg.

Q.E.D.

(1=u)A+5u)2—u—10u?) =<

Sle

LEMMA 10.2. When n=10, we have

1 n(m+2)"°Cn—=5"" o o o4 5 41945 0R. 2
% (=1 @n 1) (8n®—24n2—18n+61)8n*—12n*—28n%+27n-+5)
(10.2) 34.7-203-291- ¢4+ (e5)*

4572 10° ¢

Proof. Supposing n=10 and setting 1/n=u, the left hand side of (10.2) is
equal to

1 (42wt @—5u)
2348 (1—w)"2tu)r

Using the notation

-(8—24u—18u*4-61u®)(8—12u—28u>+4-27u*4-5u*) .

e(n)=e,: =(1+%)" for n>0,

we have

(1—u)**=(1—u)/e(n—1), QC+u)"=2"-+/e(2n),

)

(2w = <1+2u)2( o(3)), @sur-=2rvz=su /(o 2n5
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Hence, putting these expressions into the above one, we obtain

I . ~2—bu e(n—l).(e<_§7>)2
2:3-44/2  (1—wy’(1+2u)? \/XZT).<Q<2LE::§_>>5/2

(10.3)
X (8—24u—18u%+61u*)(8—12u —28u?+27u’+5u*).
Then, since we have

d V2—bu  _ 1—41u+130u?

du Q—w)P1+2u)>?  20—w)*(1+2u)v/2—5u ’

: V2—5u . - . . 1
the f [ S < -
e function A= uy -t 2u) takes its minimum in the interval 0<u_10 at u
Al=n @L:O.OZGMOS, because AL+1I6L >—1 and its minimum is computed

2-130 2-130 10
as follows: For u=0.0266405, v/2—51=1.3663079, (1—u)*==0.8737080, (1-2u)*=
1.1094008, and

_ /2—5u . 1.3663079 .
(I—u)*(14+2u)* © 0.9692923 +1.40959.
Therefore, we obtain
v2—5u 7 1

10. S ST L A =—.
(10.4 (A—wrirzuy =5 for 0<u=gg

Next, the functions 8—24u—18u?+61u® and 8—12u—28u?-+27u*-+5u* are
decreasing for 0<u=<1/10 are easily seen, and so we obtain

218 163203
10 10® ' 108 10%

8—24u—18u*+61u*=8—

(10.5)

12 28 27 5  3°.5%201
— — 2 31 K,,4 PR R ==
8—12u—28u*+27u*+5u"=8 0 102—|— 103—1— 100= 100

1
<< .
for O<U—10.

Thus, combining (10.4) and (10.5) with (10.3) and using the inequality
n 2
e(n—l)(e( 2-)) - »{79‘(@5)2
[ — 5/2 3
ve(2n) <e<2ﬂ5775—>> ¢

we obtain the inequality (10.2). Q.E.D.

for n=10,

LEMMA 10.3. When n=10, we have



A CERTAIN PROPERTY OF GEODESICS 195

n 1
12(n—1)n-2%/2 ' @n41)" 2% (n+2)*2(2n—>5)¥*(4n*—2n-+7)?

X [4n(n—1)""*(n+5)2n-+1)""*4dn*—2n+7)(48n*—52n°+342n*—198n+616)

(10.6)
—3(n—4)(n+2)""*(2n—5)""*(256n°—992n°4-80n*+4120n°—3592n*

10-4267-4/3-5-7 _ 3+/3-199147
—5474n-+-3010)]1< s 10

Proof. Supposing n=10 and setting 1/n=u, the left hand side of (10.6) is
equal to

1 . [ A(LHBu)(d—2u 4 Tu?)?
1201+ 20)"*2—5u) 24— 2u+ Tu)? A=) 2wy

3(1—4u) n+2 \2-2 /2n—5\n-2
. — 2__ 3 4\ __ b . .
(48—52u+34212—198u3-+616u*) Vv ( — ) (2n 1)

-(256—9921 +80%2+4120u°*—3592u* —5474u°+ 3010u6)] .
Since we have
n+2 \r-2_ l—u n—1 \\* 2n—5 \m-z__ |2—bu ¢ /2n—5 \\-3
(n-—l ) T 1+2u (e( 3 >> (2n+1 ) "N 2+u <e< 6 )) ’
substituting these into the above expression, we obtain

(1++5u)(48—52u +342u*— 198"+ 6161)
3L +2u)" 72— Bu) (L — w2+ u) /e

10.7) YN, 1 1 2n—5 \\¢
- 4(1+(21u)5jlz%2)—éu)zt2—l—u) ' (4—2u+7u2>7'<"< n3 )/ “’( ne >>

X (256 —992u +80u*+4120u*—3592u* —5474u>+3010u°®) .

Now, we estimate the terms in the above expression. The function
(14-5u)(48—52u +342u*—198u*+616u*) is increasing for 0<u=<1/10, because

%(1 —+-5u)(48—52u+342u*—198u*+616u*)

=(1-+5u)(—52+684u —594u>+2464u")+5(48—52u +3421u2— 19813 4-616u*)

52-13  342-13-13 198
>UH5u(=52+5(48— 21 + 00— )

>3 524584+ 1-1)=142>0,

and so we obtain
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(14-5u)(48—52u +342u*—198u*+616u*)
(10.8)

3, 52,342 108 , 616y 234267 1
=5 1N —_—— - V= <
=75 (48 10+ 10° 108 10 ) 10° for O<u= 0

The function (14+2u)*(2—5u)*(1—u)*(24+u)® is decreasing for 0<u=1/10,
because

20— -ty
= — (14 20)/@— 51— 1)@ ) {7+ 8u)(L+ 2u)(2—5u)
+3(1420u)(1—u)(2+u)} <0
and so we obtain

(+2are-surd—wieu>(1+5) (2-5) () G

23.319,78
= 1011 >
hence
2,99,
(10.9) A+2u)* 2 2—5u)**(1—u)**2+u)**= 2 1%6 ! -4/3.5.7
1
< =
for 0<u=10.

The function 256—992u +80u%+4120u°—3592u*—54741°+3010%° is decreasing
for 0<u=1/10, because its derivative is

—992+160u +4-12360u°—14368u°—27370u*4-18060u°

<—992+16+123.640.1806<0,
and so we obtain

256—992u +80u2+4120u°—3592u* —54741°4-3010%°

(10.10)
992 8 412 3502 5474 301  3¢-199147
>0t T e T 0 T T 100

for 0<u<—1—

<55

We obtain also easily

1 2
(10.11) (1—4u)\/1—ug<l*-§—)\/l—%)=5—‘§m for O<u§T16,

w1 (5 /5551,
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The function (14-2u)**(2—5u)2-+u) is increasing for 0<u=1/10, because
@ ane—sne )

=(14+2u)* 2 {1+ 2u)(2—5u)+5(1—Tu)2+u)} >0,

and so we obtain

6\5/2 3 21 24,34,7,\/’3‘
5/2(9 __ ] —_—— = ¥~
(10.13) (A+2wre—5we+ws(g) 55 VA
for 0<u<—1—
=%
We obtain also easily
(10.14) 4—2u+Tur<d  for 0<u§1i0.

Finally, combining these inequalities (10.8)~(10.14) with (10.7), we obtain

{the expression (10.7) of u}

2.34.4267 32 34199147
B 10¢ Y R U
22.39.7 o 2134,7,,\/'3’
3><————106 v/3.5.7 4% 10V X 4?
_ 10-4267-4/3-5-7  3+4/3-199147 <1
I g S0 fr0<uzgg.
Thus, we obtain the inequality (10.6). Q.E.D.

Now, we have reached to a step to evaluate the sign of V(x, X(x)) for
a;(n)=x<1 by Lemma 9.1, Lemma 10.1~Lemma 10.3 as follows.
When n=10, for a;(n)<x<1 we obtain

..|.

Vix, X(x0) [2 (4)4. 7-91- /110 34-7-203-291-(39-(@5)2]

(10.15) sBvn—1 ~ "3 '\9 101-101 44 4/2 - 10%-¢*
_2[ 10-4267+/3-5-7 3\/3_-199147]
3.7 28.43.7-10°

In the following, we evaluate the right hand side of (10.15).

2 (4)4_ 7-91-4/110 _ 326144+/110 —20.017036 .

9 101-101  ~ 19683-10201

3

Since we have

- .
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hence
34.7-203:291 - ¢4-(e5)*  45-7.203-291

44“\/72._. 106.e3 —?‘m; '=O-073615 .

Therefore, we obtain

2 /4Nt 7-91.4/110 |, 3-7-203-291-¢4:(e;)" .
3 (9) 101-101 45210 &8 =0.090651 .

(10.16)

Next, we have

(1017 10426773757 3v/T-199147 _ 42670-/105 _ 597441-3
) 37.72 23.43.7.10° 107163 3584000

=4.080115—0.288727=3.791388 .

By means of (10.16) and (10.17), we obtain the following formula: When
n=10,

(10.18) Vix, X(x))>iB—}/676;_l~ (9.0651n—379.1388 < 2)

for a;(n)<x<1.

379.138x 2

9.0651 =83.6480, the right hand side of (10.18) is positive.

Therefore, if n>
Thus, we obtain

PROPOSITION 4. When n=84, we have
Vix, X(x))>0 for a,(n)=x<1.

From Proposition 3 and Proposition 4, we obtain the main theorem.

THEOREM C. The period function T as a function of ¢t and n is monotone
decreasing with respect to n=84 for any fixed v (0<z<1).

In the next paper [14], we shall prove that Conjecture C is also true for
16<n<84.
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