S. SASAO AND Y. ANDO
KODAI MATH. J.
5 (1982), 65—7

ON THE GROUP (X(r, 1) xX) FOR 1-CONNECTED
CW-COMPLEXES X

By SEIYA SASAO AND YUTAKA ANDO

§0. Introduction

Let «(Y) be the group of based homotopy classes of based self-homotopy
equivalences of Y. This group has been studied by many authors since Arco-
witz and Curjel’s paper [1] was published in 1964. Most of results which have
been obtained are seemed to depend on the assumption “Y is l-connected”, and
there are only a few known results in the case of non-simply connected spaces
(C2], 3], [4], [5] and [7]). In this paper, as a special case of the latter, we
study the case of Y=K(rx, 1)X X for a l-connected CW-complex X. Our method
is very simple, in fact, it is essential only to consider ¢(Y) as the group con-
sisting of invertible elements of the semi-group [Y, Y], having the multiplica-
tion given by the composition of maps. Our main result is the following

THEOREM. There is a split extension :

{1} —Inv[K(x, 1), ky; X%, 1x] —> e(K(x, 1)X X) —> Aut(n) X e(X) —> {1}

where X* denotes the space of self-maps X—X with the compact-open topology.
If the group of integers is taken as = we have
COROLLARY A. There is a split extension :
{1} — 7(X7%, 1x) — e(S'X X) —> Z, X e(X) — {1}.

And moreover if we take the complex projective space CP™ as X, the following
corollary follows from Proposition 1.2 of [6].

COROLLARY B. There is a split extension :
{1} — Zpi1 —> &(S*XCP™) —> Z,X Z;, —>{1}.
Specially, we have a split extension :

(I} — Z, —> &(S'XS?) —> Z,X Z, —> {1}.

Received September 1, 1980.
65



66 SEIYA SASAO AND YUTAKA ANDO

Remark. Corollary B is different from Theorem 8.8 of [5] which should be
corrected. In fact, it was noted by Prof. Y. Nomura that Cup Product Theorem
of W. Rutter should be applied to the proof of Theorem 8.8.

CorOLLARY C. [If X 1s the suspension of a l-connected CW-complex up to
homotopy, then there 1s a split extension:

{1} — [SX, X]y —> e(S'X X) —> (X)X Z, —> {1}.
Specially 1f X=5" (n=3) we have a split extension (Theorem 7.9 of [5]):
{I} — Z, —> &(S'XS") — Z,DZ, —> {1}.

Throughout this paper we use following notations:

(Y*),=the space of continuous maps: (¥, y,)—(Y, y,) with the compact-open

topology.
(Y )=the set of path-connected components of the space Y.
Inv G=the group consisting of invertible elements of a semi-group G.
prx: the projection X XY —X.
K=K(x, 1).

§1. Lemmas

Let P: (KX XE*X)y—(K X)X (XE*X), be the map defined by
P(f)=(prxef, prxef).

Then the following lemma easily follows from definitions.

LeMMA 1.1. P is an somorphism (homeomorphism and homomorphism of
semi-groups), where the multiplication of the space (KX*¥),X(X¥*¥), with the
unit (prg, prx) is given by

(fl; g1)><(fz, gz):(f1°(fz, gz): g1°(f2; gz)) .

Consider a map »: (KX*¥),—(KX), defined by 7(f)=f-1x, where ix denotes
the inclusion: K—KX x,C KX X.

LEMMA 1.2. The induced correspondence ry: wo((KE*X))—mo((KX)y) is bijec-
tive for any l-connected CW-complex X.

Proof. For a map g: K—K (€(KX),), define a map f (€K%*¥),) by f=
geprk, then clearly 7, is surjective since »(f)=g. Next, suppose r(f1)=r(fs).
Since we may consider that this means f;|KXx,=f,| KX x, the injectivity fol-
lows from the l-connectedness of X and =(K)=0 (G>1).

Moreover we make the set 7((K¥))X m,((XX*%),) into a semi-group with a
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twisted multiplication which is defined by
(a, pyx(a’, B)=(a~a’, Bla’prx, B')), unit=1g, pry).
Now, consider the correspondence
¢ 1 mU(KE X (XTI —> m(KE )X 2o (X))
7 o((K5)o) X mo((XE*F),)

T'*XZ
where the first arrow denotes the natural decomposition.

LEMMA 1.3. ¢ 1s an wsomorphism of X 1s a l-connected CW-complex.

Proof. Clearly ¢ is a (1—1)-correspondence by Lemma 1.2. For any ele-
ment (f, g) (Er (KX *¥)yX (X¥*¥))) we can regard f as a map f'eprx for a
map ' (e(K¥),) by Lemma 1.2. Then we have

W(fr, )Xo, D= fio Pk, @)X [ 3o pTx, G2)
= f1opr(fieprr), 82), 8:(freprk, &2))
=¢(fifebrx, &[22 DTk, 82))
=(f1of2 g fieprr, g)=(f1, g)xX(fi g2)
=¢((f1, gXP(for g2) -

We denote by G the sub-group Inv (zo((K%)e) X o((X%*¥),)) of the semi-group
7o (KE)o) X mo(XX*¥),) with the twisted multiplication. Since the projection:
Tl (KEYo) X o XK X)) — o (KK Do) is a homomorphism, it induces a homomorphism

(KX X)=G — Inv n,((KX)s)=e(K) .
Clearly this is surjective, i.e. we have an exact sequence:
14 1} — 4 — G —> &(K) —> {1},
where 4 denotes the kernel of the above homomorphism.
LEMMA 1.5. 4 s isomorphic to Inv mo((X%E*E),).
Proof. Consider the restriction on 4 of the projection
prid: mol(F)) X mo((XF*F)g) — (X)) .

Since 4 is contained in the semi-subgroup {(1x, mo((XE*¥))} (Cro((K%)p)X
To((XE*%)), pr|d is a homomorphism. Hence pr|4 induces a homomorphism
A—-Inv 7,((X¥*X),). Then it is easy to show that this is an isomorphism.
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Let p: (XF*X),—(X¥), be the fibring defined by p(f)=f|k,x X, and consider
the part of the homotopy exact sequence of the fibering :

1.6 T (XEXEY,, prx) —> (X5, 1x) —> mo(p~*(1x)
—> m((XF* X)) — mo((X7)0) .
Then, from definitions, we have

LEMMA 1.7. p~'(1x) 1s a semu-group (C(XE*¥*),) and all arrows are homo-
morphisms in the sequence 1.6.

Now, let a: S'X X—X be a map such that a(s,, x)=x, a(s, x,)=x, and de-
fine a map a:S'XKXX—X by a(s, k, x)=a(s, x). Since a(s,, k, x)=a(sy, x)
=x=prx(k, x) and a(s, ko, xo)=x,, @& defines an element of =,(X¥X*¥),), prx).
Then it follows from a(s, ko, x)=a(s, x) that the homomorphism

T (XF5), pry) —> m((X¥), Lx)

is surjective. Thus, by using Lemma 1.7, the sequence 1.6 is transformed into
the exact sequence:

1.8 {1} — Inv 7(P~¥(1x)) —> Inv z,((XE* %)) — Inv 7,((X¥)) —> {1}.

§2. Proof of Theorem and Corollaries

First we note that n(p~*(1x)) is isomorphic to [K, ko; X%, 1x] because we
have equalities

mo(p A x)={f: KXX —> X, f(ko, x)=x}/homotopic relative to k,xX
:[K) ko; XX» lX]-

Next, by combining the sequence 1.4 and 1.8, we obtain from Lemma’ 1.5
the following diagram :

{1

|

e(X)
Co
C3 ¢
{1} 4 —> (KX X) =—— e(K)—— {1}

|

Inv[K, ko; X¥, 1x]

T

{1
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where homomorphisms ¢, (:=1, 2, 3) are defined as follows:
a(f Xk, x)=(f(R), x)  (fee(K)),
cglk, x)=(k, g(x))  (gee(X)),
cs(h )k, x)=prx-h(ke, x)  (h€e(KXX)).

Note that any map: ko, X X—KX X is homotopic to a map: ko X X—k X XCKXX
by the assumption “X is l-connected”, and this fact asserts that ¢, is a homo-
morphism. Thus Theorem follows from commutativities in the above diagram :

(1) (4 — (KX X) - s(X)=(4 —> (X)),

(2) c¢soc,=identity,
3) (e(K) T (KX X) —> e(K))=identity.
In the case of K=K(Z, 1)=S* we have
Inv [K, ko; X%, 1yl=nm (X%, 1x).

Hence Corollary A follows from Theorem. At last, let X be the suspension of
a l-connected CW-complex Y. By considering the fibering

(XH)y —> X* > X, pf)=fx) (fEXD),
we obtain an exact sequence
(X, x0) —> T((X*)y, 1x) —> m(X¥, 1x) —> mi(X, x0),

ive. m((X%), 1x)=xm, (X%, 15). On the other hand, it follows from X=SY that
7 ((X%),, 1x) is isomorphic to x,((X%),, %), where * denotes the constant map
X—x,. Then Corollary C is obtained from z,((X%),, *)=[SX, X7,.
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