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A CERTAIN PROPERTY OF GEODESICS OF THE FAMILY
OF RIEMANNIAN MANIFOLDS O} (III)

By TOMINOSUKE OTSUKI

§0. Introduction.

This is a continuation of Part (I) and Part (II) with the same title written
by the present author. We shall use the same notation in them.

The period T of any non-constant solution x(¢) of the non-linear differential
equation of order 2:

(E) nx(l—x?) ‘Z’Z‘ +<%)2+(1—x2)(nx2——1):0

with a constant n>1 such that x4 x’2<1 is given by the integral:

L2 ] dx
20 xV(n—x){x(n—x)* 1 —c}’

0.1) T:WES

where 0<x,<1<x;<n and c=x,(n—xo)" '=x,(n—x)" .
We shall study the following conjecture in the present work, which 1s in
place of Conjecture B in Part (II), implying the inequality :

(U) T<v2m.

CONJECTURE C. The period function 7 as a function of z=(x,—1)/(n—1)
and 7 is monotone decreasing with respect to n (=2) for any fixed z (0<z<1).

§1. Fundamental formulas.

Using a closed curve 7 on the Riemann surface F: z(n—z)" '—w?=c¢ as in
[117, T can be written as

_ _ ne dz
(D T=Tl n=-"— &z«/(h‘l;é)"{‘z(n—z)n-lic’}‘
from which we obtain

(n—z)"*dz

T _ 1 n z
(12 P T Z\/ v

and
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ofT 1 [c¢ dz
(1.3 on —4—\/—7287 2/ (n—z){z(n—z2)""1—¢}

vnc 1 B 1 z(n—2z)""*A(z)
T 4 Sr Z\/(n—z)f{é(n—z)"?l:éf}'[n—z - z(n—z)"1—¢ ]dz,
where
(1.4) A2)=log(n—z)+ "L
n—z

(See §1 in Part (I)).
Now, we denote T by £(z, n), considering it as a function of = and n. From
r=(n—x,)/(n—1), we obtain

xX,=t+n—rcn.

From ¢=x,(n—x,)" !, we obtain

oc _ dc @
%: a; a? =n(n—D(x,—D(n—x)""*

and
dc dc 0x, dc

on  0x, on | onm
=n(l—x)(n—x)" 2(1—7)+cA(x,)

. 2 . n-2
~ n(x—Dn—x) ).
n—I1

By (1.2) and (1.3), we obtain
02(z, n) _ 9T(c, n) dc | 9T(c, n)

on  0Oc on on
_ 1 [ny G —1p(—a)" [ (=2 dz
==V i1 e, Vi@ o)
1 ¢ dz
N Z\/;Sr 2/ (n—2z) {d(z)—c}
N S 1 - 1 gb(z)l(z)] "
4 Vrzvin—2{g@) —ctln—z " gz —c 1777
where
(1.5) H(z)=z(n—2z)"""

Furthermore, this can be written as

020, n) _ nvn (1 —1(n—x)"" S (n—2)""*"*dz

(16) on  4+/¢c n—1 r vV A{d(z)—c}?
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+x/ﬁS (n—z)”‘m{2(.2)—2(::1)}dz+ x/?g . dz

4 Jr v A{g(z)—c}? 4/ ndr V(n—2>*{¢(z)—c}

The 1st term in the right hand side is negative by Proposition 1 in [10] or
Theorem D in [12] and the 3rd term is also negative because

dz o zy dx
(L.7) Sr V(n—z)"{g(z)—c} _”ZS to V2P (rn—x) =g} 0

In the following, we shall change the right hand side of (1.6) into a real integral.

Setting
(=2 {A(z)—A(x)} dz
.[1(7) '—S '\/{Z(n 2)” I_C};; y
—— o dz R
(1.8) T -—'Sr \/(nA"—é)d {Z(ﬂ—z)ﬁnﬁzT—_C}» ’

(n—2z)*3%dz

T = S «/{z(n 2 1'__76’}'3;

(1.6) can be written as
02(c,n) V¢
on  4+/n

Since the Riemann surface & is defined by the equation:

n*(x,— D n—x)"*

[ty + =R B .

(1.9)

z(n—z)" '—wi=c,
we have on & the equality :

n(l—2)(n—z)"*dz=2wdw

and so
(n—2z)" 32 {A(2)—A(x,)} dz 2 \/n Z{Z(Z) R(xl)} dw
V{zln—2)" —¢}*  n 1—z w?
_ [\/n z{A(=2)—A(x1)} 1_}
T 1—z w
2 1 1 Vn—z 1
2 v e (" v e
- [\/n z{A(z)— l(xl)} 1 ] 2 dz
T 1—z w n vVin—z){z(n—z2)""—c}

@Cn—1—2){A(z)—A(x)}dz )
n(1—2)2/(n—2) {z(n—2z)*"'—c}
Now, we divide 7 into the subarcs 7/ and 7” by taking a real constant a
(x9<a<l) as is shown in Fig. 1.

+
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4

P N
O‘W S AP ey
To
z-plane w-plane
(b=+/(n—=1)"1—¢, h=+/a(n—a)"T—c¢)
Fig. 1.

Then, we have

JO=5LG)+1.G"),
[\/n z{A(z)— Z(xl)} 1]
ar'

1—z w

LG)=——

i, iz
ndr v/ (n—z){z(n—z)""'—c}
I e~
(1—2v(n—2){z(n—2)"""—c}
4 Vau—a{(x)— Z(G)} + S dx )
T n (l—aWaln—a)i— 20 v/ (n—x)¥{x(n—x)""'—c}
ESQ @Cn—1—x){Ax)—Ax)}dx
ndzo (1—x)2/(n—x) {x(n—x)""*—c}

and
o1 (n—x)"{A(x))—A(x)} dx
LG )—zga \/(W:X)s{x(n_xjnix_c}a'
Hence, from these equalities and (1.7), we obtain

4/ n—a{l(x)—Aa)}

nJ (L) =— (I—awaln—a)—¢
A—x)2+n—x)Cn—1—x){A(x)— Z(x)}
(1.10) +2f 1= (n—x) (x(n—x)"—c}

1 —x(n—x)" et nln—x)"{Ax)— Z(JC)}
Vin—x) {x(n—x)"1—c}*

The 2nd term of the right hand side of (1.10) tends to 0 as a—x,+0, hence we
obtain

A1) af+A)=2 lim | -

+2f”

2/ n—af{i(x)—Aa)}
Q—a)Waln—a)* —¢

+Srl —x(n—x)""+etn(n—x)"{Ax)— X(x)}]
a V(n—x){x(n—x)"1—c}?
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§2. An expression of n/,()+/.(r).

For simplicity, setting
2.1) ﬁ(x):ﬁ(x, X)) i=—x(n—x)"" "+ x(n—x,)""?

+n(n—x)" {A(x)— ()},
we have easily
Flxy=n(n—x0)™{A(x)—2(x)} >0 and F(x,)=0

by Lemma 2.2 in [11]. Since we have
(2.2) ﬁ’(x):—n(l—x)(n—x)"’2~nz(n—x)"“{l(xl)—l(x)}

1—

(= () A,

+n(n—x)"

we have
ﬁ’(x)<0 for xo=x<x,, ﬁ’(x)>0 for x,;<x<n

and F‘/(xo:o. Hence ﬁ(x)>0 for xo=x<n, x#x.
Next we have

Va—x A=A} An—x  Fotda)—c
(I=0Vd(x)—c — A=x)/d(x)—c  n(n—x)"
Fx) N —c

:E(l_x)(n_x)n—lﬂ\/gb(x)_c + n(l_x)(n_x);n:T/E y

and
. Vla)—c - . B—¢(a) _
‘Zlir?o n(l—a)n—a)*? =0, (zlir?o B¢ =1,
where B=(n—1)""!. Hence, (1.11) can be written as
o [ 2 Fa){B—¢(a)}
@3 nJI(TH]Z(T);zalE[ nb? (1—a)n—a)* "*vd(a)—c

r__f@ﬂm_}
o vV (n—x)* {P(x)—c}?)”
Using the function p(x) defined by (4.8) in [11]:

?;_gbl(;)f for O<x<n, x+#1
p(x)= n(n— Tyt
5 for x=1,

we define an auxiliary function
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(1—x)p(x)F(x)
(2.4) L(x):=| (n=x)"71"
0 for x=1,

for 0<x<n, x#1,

which is real analytic in (0, n), and we get

L(x)>0 for xo<x<1 and L(x)<0 for 1<x<n, x#x,,
and

L)=L(x)=L"(x)=0.
Using f(x), (2.1) can be written as

/ . o [ 2 L e Fydx
@3)  al+An=2lim| -~ w(a)—ﬁga \/(n—x)3{¢(x)—c}3]’

We have
lim —E(x')&—-
2oz, A d(x)—c ’
since f(x) has a zero point of order at least 2 at x=ux,, and

( L(x) )/_ 2{p(x)—c} L' ()= n(1—x)(n—2x)""2L(x)

Vplx)—c/ 2/ {(x)—c}? ’

Hence we have

2 Lo S Fxo)ydx

T b V(@) —c Ve V(n—x) {d(x)—c}?
2 ¢ay L)y 2y Fx)dx
B nbzga (x/g?(x)—) dx—l—Sa vV (n—x)*{d(x)—c}?

1 (o 1 2 2 \3/2 AT
:Fga \/(ﬁ“‘—m—é;)——:zﬁ[b F(x)—l—;(n—x)/ {gb(x) C}L (Y)

—(l—x)(n—x)"'”gf(x)]dx.
The expression in the brackets of the last equality can be written as
b2ﬁ<x>+%<n—x>3f2 {p0)—c) L'(x)—1—x)n—x)""2L(x)
={F+ 2= Lo} gm0,
By (2.1) and (2.2) we have

L
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2 {B—g} Fo)r  n*(n—2)"  {a(x)—2(x)}
=Fx >+n (1—x)n—x)"" 2[ F(x)
. n(l x)n—x)"? 4n—1—(2n+1)3c_}
B—¢(x) 2(1—x)(n—x)
B 2n(n—x){B—¢(x)} {A(x)—A(x)}
1—x
n {dn—1—C2n+1)x} {B—¢(x)} F(x)
n(l—x)!(n—x)"?
Now, setting
25) §H(x) o= By 220048 _f(_xi} W)~ 400
_ Un—1=@n+1)x) (B—g(x) Flx)
n(l—x)(n—x)"*
we obtain
2 L Srl_ﬁ Fxdx _Lrl M(x)dx
nb* \/gl)(a) ¢ Ja vV (n—xP{p(x)—c}® v (n—x)*{g x)3{¢(x) o)’
By the properties of ﬁ(x) and (2.5), we see easily that
2.6) M(x)=0
and

2n(n—xo)(B—c) {A(x1)— A(xo)}
I—X()

M(xo)=n(n—x0)" {A(x))— A xo)} +

_ {An—1-@2n+Dx} (n—x0)(B—c) {a(x:1)—A(x0)}
(1—x,)"

_ (n—x0) {A(x )= A(x)} . w1
G T == [n(1—x0)*(n—x,)

+2n(1—x)(B—c)— {dn—1—2n+1)x,} (B—c)],
i.e.

(n—1x,) {A(x1)—A(x0)}

.7 M(Xo): (1—x,)?

[(n—xo+(n—1x")n—x0)""*
—@2n—1—x0B].

Since ]\7[(x) is real analytic in 0<x<n, we obtain finally the formula

Szl M(x)d x
V(n—x) {x(n—x)" =}’

As in the argument in [11], we consider a complex valued function for 1\71(;;) by

(2.8) nJi(N+Jr)=
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_[_ 4n—1-QCn+1)z} {B—¢(2)}
(2.9) M(z, xl)—[l n(l—2)n—z)"1 7]

X[=g(2)+d(x)+n(n—2)" {A(x1)— ()} ]

2n(n 2){B—¢(2)} {A(x)— Z(Z)}
1—2z

which coincides with M(z, x,) defined in [12], §1, replaced x, by x,, and M(x)
=M(x, x,). Hence, using the auxiliary functions

(2.10) fo(2) i =@2n—1—2)B—(n—2z)" *{n—z+(n—1)z%,
f1(z):={4n—1—C2n+1Dz} B—(n—2z)""*{n+2n—1)z—(n-+1)z%,

we obtain the equality

M(z, x)=— 2 @ 2(x)—2(2)

()2

+ 1 S @ gx)

n(l—z)?2*(n—z

(see §1 in [127]).
Now, using the function X=X,(x) (0=x=1) defined by

(2.12) x(n—x)"1=X(n—X)*!, 1=2X=n
with
dX 1—x X(n—X)
213 dx  x(n— x) 1-X 7’
we have
3 M(x, x)dx (! 1—x
(214) Sl‘o \/(n—x)s{x(n—x')f"““’—f}‘ 510 X(Tl x)\/x(n x)" T K(X; dex
where
xM(x, x,) XM(X, x,)
— - for 0 1
(2.15) K(x, x1):= (1=x)vVn—x (A—=X)v/n—X or <x<
0 for x=1.

By means of (2.11), we obtain easily
T B 20 H—gx)
( __1)3 fO(x) {12(.)(1) /z(x)} +7’l(l'—x)3'\/n‘_x ¢(x>

_Xy/n=X X)X —(x)
L O I,

K(-x) xl):

and hence
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£V ) Gy o)

(2.16) K(x, x)= =1y
T
ﬁ[ XX) 2 ] {p(x)—g(x,)}
A—X)¥vVn—X (Q—x)PvVn—x ng(x) )

REMARK. The first term and the functions in the two pairs of brackets are
all positive by Lemma 2.2 in [11] and Proposition 2 and Proposition 4 in [12].

§3. An expression of d{(r, n)/dn and some constants.

LEMMA 3.1. We have the formula:

0, m Ve o W, 1)
on 20 nJw x(n—x)v x(n—x)""1-

2o x(n—x)vVx(n—x)"1—
where c=x,(n—x,)"", b=+B—c¢, B=(n—1)""* and

a2 fo(x) ooy
G W, )= 0 - 260)

XvVn—Xfo(X) xvn—xfox) no (12
+[ X=1F  (a-1p ] Y n—gy) AT 20}
__[ XAX) 2w ]'gb(X)*g/J(xl)

A—XyPvn—X (1—xPvn—x ng(x)

Proof. From (1.9), (2.8) and (2.14), we have
2z, n) e Sl 1—x K(A 2 )dx

on 26/ n)z x(n—x)V x(n—x)"—
na/ n (2 — 1) n—x,)""?
On the other hand, by (6) in Appendix in [12] we have
2 (1 1—x [ XV n—. XfO(X) xVn—x folX)],
Jsn= nbzgxo x(n—x)V x(n—x)"" lic[ (X—1)° (x—1)" '}‘“'

Hence, we obtain
02w, n) _ ~Ne v l-x
on 2b2\/nsx0 (v 2 ()1 — [K(x )

n (=1 (n—x)" Z{X«/n_gjj@_x«/m[@}]dx
n—1 ¢ ’

(X—=1)° (x—1)°

+

By (2.16), we have
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n (=D n—x)"? fX\/n~XfU(X)_x\/nv——)~cfo(x)}

K(x, x)+ —1 ¢ U (x=1p (x—1)°
= SR 30— )
et a0
Q.E.D.

LEMMA 3.2. On W(x, x1), we have

W(x, X(x))>0 and lilzl W(x, x;)=-+oco for 0<x<1.

Proof. From (3.1) we get easily

W, Xop="YE=E0D )i
X\/n—XfO(X)_xx/mfo(x) n (X—1)2
+[ (X—1y (x—1)° ]7—‘1‘ Xa—x)~ "

fo(x) X\/mfo(X) X\/T’LTJEfo(.X)
—1p 08 TRy T Gy
position 2 in [12], and A(X)—2(x)>0 by Lemma 2.2 in [11].

Next, we shall show that the 2nd factor of the 2nd term of (3.1) diverges to
+o0 as x;—n—0. Since we have

>0 by Lemma 2.1 and Pro-

because

n (x,—1)? )= n(x;— 1) —(n—Dx,; {(n—x,) log(n—x)+n—1}
n—1 x,(n—x,) ! (n—Dxy(n—x1) ’
we obtain
. n(x;—1)2
}iﬂ[(n—l)xl(n—xl) _WI)]
1 =1 —(m—=Dx {(n—x)log(n—x,)+n—1}
T a(n—1) z1-n n—x;
. 1 im 2n(x,—1)—(n—D{(n—2x,) log(n—x,)—x,+n—1}
T n(n—1) zyon —1

1 .
=— mzllr&[Zn(n—l)—Fn—l—i—n(n—l) log(n—x,)]=+co,

from which we obtain immediately

lim W(x, x,)=-4o0. Q.E.D.

Ti1-n
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LEMmMA 3.3. We have

xliIEoW(x’ x)=0 for 1<x;<n.
Proof. Since we have Iin} X(x)=1, we obtain this assertion by Lemma 2.2
and Lemma 4.2 in [12]. Q.E.D.

Now, we consider the increasing ratio of the function W(x, x,) defined above
in the domain: 0<x <1, Xp(x)=x,<n, with respect to x,. Using the auxiliary
functions Fy(x) and Fi(x) defined by (2.3) and (4.4) in [12] respectively as follow :

(n—x)"""32(x—1)3fo(x) for 0=x<n, x#1
3.2) Fo(x)z{ o

n(2n—1)/64//n—1 for x=1
and

(n—x)" 2"+ (1—x)f(x) for 0Zx<m, x#1
(3.3) Fl(X)———{

n(dn—+1)/6(n—1)"+1/2 for x=1,

we obtain the following
aW(X, xl)
0x,

F(X)=F(x) _ (n=Dx*(n—x)"""
F(X)—F(x) = nt+(n—x,

LeMMA 34. We have =0, 1f and only 1f

(34)

where X(x)<x,<n.

Proof. We obtain from (3.1), (3.2) and (3.3)

W(x, x1) _ _
THE) =Fo(x) {A(X)—2(x)}
FRO— R} — - )
’ 0 n—1  x(n—xy) v
— LR~ () ()~ g}
and
1 oWlx, x1) _ n_ (=Din+(n—2)x} = x—1
@(x) 0x, —[FO(X)_FO(xﬂ{n—l XM (n—x,)? (n—xl)z}

—[F(X)—F(x)J(x,—)(n—x)""?

_ _ (ri—=D{n+(n—Dx}
=[Fy(X)—Fy(x)] = D)x (=

~[FA(X)=F(x))(r—Dn—x)"
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Since Fy(X)—Fy(x) and Fy(X)—F,(x) are positive by Proposition 2 and Proposition
4 in [12], we obtain immediately from the last equality the statement in this

lemma. Q.E.D.
x¥(n—x)"?
LEMMA 3.5. The function m takes its maximum for 0=x=n at
B=pn) gwen by
(3.5) B:=(v2n*—=2n+1-1)/(n—1),

which 1s wncreasing with respect to n and tends to v 2 as n—co.

Proof. We have
d xY n—x)* ! _ nx(n—x)"*{(n—1)x242x—2n}
dx n+m—x {n+(n—1)x}?
from which we see that the given function is increasing in [0, 8] and decreasing

in [8, n], where § is the positive root of the quadratic equation: (n—1)x2+2x—2n
=0 given by (3.5). We get easily

(3.6) 1<B<2.
Next, we have

df(n) _ ~2n’—2n+1—n
dn (—1pivani—anyi-o 0 for n>1,

hence B(n) is increasing with respect to n. It is evident that

3.7 B(n)1+/2 as n—oo. Q.E.D.
LEMMA 3.6. When n>1, we have
n R S
Proof. Since we have
2n(n—1) 2n
— 2 — = -
(n—1)x*+2x—2n r=«/;%’§1 - +2 — ] 2n
_ 2V A<, Q.E.D.
n+1

LEMMA 3.7. The constant y=y(n) defined by

. (m=Dpn)
(3.9 yi= nH(n—D(n)

1s wncreasing with respect to n for n>1 and tends to 2—+/2 as n—oo. Using v
we have
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(n—Dx¥(n—x)"?

Dz |es” B

(3.10)

Proof. From (3.5) and (3.9) we obtain
V2n*=2n+1-1  2n—1—+/2n*—2n+1

310 YV —2n+ltn—1_ n
and
du(n) A2n*—2n-+1l—(n—1)
dn w2 —2n+1 >0.
The rest of the statement of this lemma is evident. Q.E.D.

§4. Auxiliary function Fy(x)—v¢(8)Fi(x).

The author conjectured at first the function W(x, x,), X(x)<x,<n, would be
positive and has made efforts to prove it as shown in §§4, 5, 6. But he found
it was false. Being based on the facts described in these sections, especially
Lemma 6.5, he will devise the expression of the main integral

02z, n) ¢ 1 A—x)W(x, x)dx
on 2% ﬁ'Sxo x(n—x)Vx(n—x)**—c¢
as the one to appear in §7. Therefore, §7 should be followed logically to the
end of §3. In order to show why he has to introduce the auxiliary function
V(x, x,) by (7.10) in place of W(x, x,), he will describe them in brief, since these
results in §84, 5, 6 may be used in the arguments after §7 in the future.

First of all, noticing Lemma 3.4, Lemma 3.5 and Lemma 3.7, we set an

auxiliary function G(x) for each n by

“.1 G(x) :=Fy(x)—vg(B)Fi(x) for 0=x<n.

LEMMA 4.1. We have G'(x)=0 1f and only 1f
(n—x)"Fo(x)—vd(B)Fy(x)=0,
where
4.2) Fyx)=—{2n+1)x*—2(2n*+5n—4)x+16n*—16n-+3} B
+(n—x)""H{—n—Dx*+C2n*~Tn+8)x*+(n—3)(dn—1)x +3n(2n—1)}

and
“4.3) Fy(x)={8Cn—1)(6n—1)—2(16n*+3n—4)x+2n+1)4n+1)x% B

—(n—x)""*{8n(dn—1)+32n*—=7Tn+1)x—(8n*+3n—8)x*+(n+1)(2n+1)x%,

which have been wntroduced wn [12] by (2.6) and (4.8) respectively.
Proof. By means of (2.7) and (4.9) in [12], we obtain
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G/ (0)=F(x)—=vg(BFY (x)
=%(x—l)“(n—x)‘?"“/?{(n—x)”Fz(x)——w/:(‘B)Fg(x)}
for 0=x<n, x#1, from which we obtain immediately this lemma. Q.E.D.

Now, by Lemma 4.1, G'(x)=0 at x (0=x<n, x=1) if and only if
(n—x)"Fy(x)—vP(B)Fy(x)=0.

Since Fy(x) is positive for 0=<x=n, x#1 by Proposition 1 in [12], we see that
for 0=x =8 this inequality 1s followed from the inequality :

(n—PB)"Folx)—vd(B)F(x)=0,

which is equivalent to
4.4) (n—=B)Fy(x)—vpFy(x)=0.

Now using the auxiliary polynomials in x:
(4.5) Pyx)=Cn+1)x*—22n*+5n—4)x+16n*—16n+3,
(4.6) Pyx)=—(n—1x*+C2n*—=Tn+8)x*+An*—13n+3)x+3n2n—1),
@7 Pyx)=3@2n—1)6n—1)—2(16n243n—4)x+2n+1)4n-+1)x%,
48)  By0)=3n4n—1)+32n*—Tn-+1)x—Bn*+3n—8)x*+(n+1)2n-+1)x*,

which have been introduced in [12], we can write Fy(x) and Fy(x) as

(4.9) Fy(x)=—Py(x)B+(n—x)"""Py(x)
and
(4.10) Fy(x)=Py(x)B—(n—x)""1Py(x).
Setting

{ Su(x) :=(n—B) Px)+vpPyx),
4.11) ~

Sy(x) :—=(n—B) Ps(x)+vpPs(x),
we have
(n—B)Fax)—vBFs(x)=(n—x)""1S3(x)—S«(x)B .
Since §n—1) . 8 for n=2, it must be 8<r, by Lemma 3.5 and Lemma 3.3 in
2n+1 T 5 =7 0 ' )

[12], where 7, is the smaller root of the quadratic equation in x: P~2(x):0.
Hence we have P,(x)>0 for 0=x<p. By Lemma 5.1 in [12], we have P,(x)>0
for —co<x<4o0. Therefore, the condition (4.4) is equivalent to
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(n—x)""1Sy(x)
Sa(x)

In the following we compute the derivative of the left hand side of (4.12).
We have first

L(n—x)n—xss(x)_(n_x)n—z o o
dx S = Sp LT 0SSS=S T,

(4.12) =B for 0=x=p.

where

Ty=—(n—1)Sy +(n—1)S;=(n— B)Qs(x)+v80x),
and

Qu(x)=—(n—x) Py'(x)+(n—1)Py(x), Qu(x)=—(n—x)P;/(x)+(n—1)Py(x)
are given explicitly by (3.5) and (5.4) in [12] as follow
(4.13) Qu(x)=2n n+2)+n(n—13)x+2(n*—n*—n+4)x*—(n—1)(n+2)x3,
(4.14) Qs(x)=6nXn+1)+n(22n*—15n—13)x —2(n+1)A7Tn—4)x*
+(n+1)(n+2)2n+1)x%.
Hence, we have
—(n—x)Sy'S;—S.T,
=—(n—x){(n—P) Py +vpPy} {(n—B)PstvpPy)
—{(n—B) Pat 8P (n—P)Qu+vpQs)
=—(n—=PB){(n—x)Py' Ps+ P:Qs}
—(n—BwB{(n—x)(Py Byt Py P+ PG+ P,Q4)
=B {(n—x)Py Po+ P.Q o)
and by means of the computations done for (3.7) and (5.6) in [12]
(4.15) (n=x) Py (x) Py(x)+ Po(x)Qs(x)=n(n—1)(1—x)’Qx(x),
(4.16) (n—0)Py () Py(x)+ Py 0)Qy(x)=—n(l—x)'Qu(x),
where Q,(x) and @z(x) are given explicitly by (3.6) and (5.5) in [12] as follow
4.17) Qux)=4n2n*—2n+3)—@n*—2n+Nx+Cn+1)x?
(4.18) Q:(x)=6n(28n*—16n2+2n+1)—32n+1)(161°+10n2—9n+3)x
+(n+12n+1)%(4n+1)x2%
Next, by (4.5)~(4.8), (4.13) and (4.14) we have
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(4.19) (=) (P () Po(x)+ Py (%) Py(x)} + Pa(x)@u(x)+ Po(0)Qu(x)
=2n(1—x)*{—3n(12n*—8n*—4n-+3)—(4n*—461n°+23n*+10n—9) x
+@n+1)(n*—3n—1)x%.
Thus, we can put
(4.20) —(n—x)S2"(x)Ss(x)—So(x)Ts(x)=n(x —1)*{an, o=, 1 x —apn, X%,
where we set
4.21) an,o:=n{d(n—p(n—1)2n*—2n+23)
—6(n—Bwp(12n*—8n*—4n+3)—6v*B*(28n° —16n*+2n+1)},
(4.22) Qn. 1 :=(n—F)*(n—1)8n*—2n-+9)
+2(n— B)vp(4n*—46n°+23n*+10n—9)
=3B 2n+1)(16n°+10n°~9n+-3),
(4.23)  ans:=—(—BA(n—1)2n+1)—2(n—Brp2n+1)(n*—3n—1)
128 (n+1)(2n+1)2An+1).

LEMMA 4.2. a, >0 for n=4.

Proof. By Lemma 3.5 and Lemma 3.7, v(n)B(n) is increasing with respect to
n, and from (3.5) and (3.11) we have

2{/2n*—2n+1—n}
n—1

(4.24) y(n)B(n)=

’

from which we obtain %év(n)ﬁ(n)<2(x/'2_—1) for 4<n<oco. Thus, for n=4 we
obtain from (4.23)

A 2> —(n—1*2n+1)—2(n—1)2n+1)(n*—3n—1)+ %—(714—1)(271-!—1)2(471 +1)

=%(10n4+315n3+85n2——45n—-5)>0,
since n—p<n—1, 2(+/ 2 —1)<1 and n*—3n—1>0. Q.E.D.
LEMMA 4.3. The function c=o(n) of n gwen by
(4.25) o=0(n):=(n—pn)/n

1s increasing for n>1.
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Proof. From (3.5) we have

e nt—n+1—+2n"=2n+1_ t+1—+/2t+1
- n(n—1) B t

, where =n(n—1).

Hence we obtain

do _do dt _t+1—+2t+1
dn = di dn = iivoril @n—D>0 for n>1,

which implies this lemma. Q.E.D.

LEMMA 4.4. a,,>0 for n=11.

Proof. From (4.21) and (4.25) we obtain

(4.26) %an,02402(2715—4714—!—5713—3712)
—6vBa(12n*—8n*—4n®4-3n)—6v° 5% (28n° —16n*+2n-1).

Using Lemma 3.5, Lemma 3.7 and Lemma 4.3 and dividing into the two cases:
13<n and 11=n<13, we shall prove this lemma.
Case I: 13=n. Since we have

40°=4(a(13))*=3.189804-->3.189,

6vBo < lim 6yBo=12+/2 —12=4.970562-- <4.971,

6v2 B2 <lim 6123°=24(3—2+/ 2)=4.117749--- <4.118,
we obtain

—%an, 0>3.189(2n°—4n*+5n°—3n*)—4.971(12n" —8n*—4n*+3n)
—4.118(28n*~16n"+2n+1)

=6.378n°—72.4081n*—59.591n°+76.205n*—23.149n —4.118 >0

for n=13.
Case II: 11=n<13. Since we have

402=40%11)=3.055118--->3.055,
6vfa <6(vBo)(13)=4.189788--- <4.190,

6y 3% <6(v* 52)(13)=3.668840--- < 3.669,
we obtain

%an,0>3.055(2715——4n4+5n3—3nz)—4.190(12n4—8n3—4n2—l—3n)
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—3.669(28n°—16n%+2n-+1)
=6.11n°—62.5n*—53.9371°4-66.299n*—19.90871 —3.669 > 0
for 11=n<13. Q.E.D.

LEMMA 4.5. a,,,<0 for 8=n=10.

Proof. Since we have
40°=40%10)=2.969600--- <2.970,
6vBo=6(vBo)(8)=3.733453:-->3.733,

612 5%>6(v*32)(8)=3.388245--- > 3.388,
we obtain

—717 U 0<29702n°—4n*+5n*—3n?)—3.733(12n*—8n*—4n2+3n)
—3.388(28n—16n%+2n-+1)
=5.94n°—56.6761n°—50.157°+60.23n*—17.9751—3.388 <0
for 8=n=10. Q.E.D.

Remark. By a computation we see that a, , change its sign at a point in
the interval 10.6<n<10.7, i.e. n=10.69931---.

LEMMA 4.6. a,, >0 for n=12.

Proof. From (4.22) and (4.25) we obtain
4.27) Un 1=0*8n°—10n*+11n*—9n®)
+2vBo(dn®—46n"+23n°+10n%—9n)—3v* (321" +36n° —8n*—3n-+3).
Since we have for n=12
6*=0%(12)=0.781900--->0.781,
2vBo>2(vBo)(12)=1.375838--->1.375,
3v2132<1;if2 3v2p2=12(3—2+/ 2 )=2.058874--- <2.059,
we obtain
an1>0.781(81n°—10n*+-11n*—9n*)+1.375(4n°—46n*+23n°+10122—9n1)
—2.059(32n*+361°—8n*—3n+3)
=11.748n°—136.9487*—33.9087°+23.193n*—6.1981n—6.177>0
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for n=12. Q.E.D.
LEMMA 4.7. a,,:<0 for 9=n=<11.

Proof. Since we have
d*=<¢*(11)=0.763779.-- <0.764,
2vBo<2(vBo)(11)=1.351492--- <1.352,
3v2B2=31%8%(9)=1.734618--->1.734,

we obtain

an1<0.7648n°—10n*+11n*—9n?)41.352(4n°*—46n*+23n-+101n2—9n)

—1.734(32n*+36n*—8n*—3n+3)
=11.52n°—125.32n*—22.924n°+20.5161*—6.9661 —5.202 <0

for 9=n=11 Q.E.D.

Remark. By an analogous argument to the proof of Lemma 4.7, we can
prove that a,, ;<0 for 2=n<9 and see that a,,, changes its sign at a point in
the interval 11.2<n<11.3, i.e. n=11.21186---.

§5. Quadratic polynomial a, ,—a, x—a, x%
In this section, setting
(5.1 Qgrlf,z(x)3:an,o’_an,1x_(1n,2x2

we shall investigate its sign in the interval X (8)=x=p, when n=11.
First we obtain from (4.23) and (4.25)

(5.2) An,e=—02n'—n*—n?)—2vB0(2n*—5n*—bn*—n)
+12B%(16n*+36n°+-28n*+9n+1).

LEMMA 5.1. @n0—an.18—an :8°>0 for n=11.

Proof. We shall prove this, dividing into three cases according to the size

of n.
Case I: n=12. Since we have

40°=40%12)=3.127601--- >3.127,
6vBo <lim 6yBo=12+/2 —12=4.970562--- <4.971,

6»2‘82<}Li£r1 612 82=24(3—2+/ 2)=4.117749--- <4.118,



A CERTAIN PROPERTY OF GEODESICS
we obtain from (4.26)
(5.3)  a5,0>31272n*—4n*+5n*—3n*)—4.971(12n°—8n'*—4n’+3n?)
—4.118(28n*—16n*+2n*+n)
=6.254n°—72.16n°—59.901n* +76.391n°—23.149n*—4.118n
for n=12. Since we have
02<Li£1;1° o?=1,

2vBo<lim 2vBo=4+/2 —4=1.656854-- <1.657,

3v? 82> 3(v*8%)(12)=1.815702--->1.815,
we obtain from (4.27)
(5.4 an,1<8n°—10n*+11n°*—9n®+1.657(4n° —46n'+23n°+10n*—9n)
—1.815(32n*+36n°—8n*—3n+3)
=14.628n°—144.302n'—16.229n°+22.091n°—9.468n—5.445
for n=12. Since we have
0*=0*(12)=0.781900--->0.781,
2vB0>2(vBo)(12)=1.375838-->1.375,
232 <lim v?3*=4(3—3+/ 2 )=0.686291-+- < 0.687,

we obtain from (5.2)
(5.5) an, »<—0.7812n*—n*—n*—1.3752n*—5n°~5n*—n)
+0.687(16n*+36n°+28n*+9n+1)
=6.68n*-+32.388n°-26.892n*+7.558 n1-0.687

for n=12. From Lemma 3.5, we have $<1415.
Hence, by (5.3), (5.4), (5.5) and Lemma 4.6 we obtain

An,0—n, 18— An, 202>6.254n°—72.16n°—59.901n*+76.391n°
—23.1491%—4.118n—1.415(14.628n°—144.302n* —16.229n°+22.091°
—9.4681—5.445)—2(6.68n*4-32.3881n°+-26.8921n2+-7.558n+0.687)

=6.25471°—92.858627°+130.926331*+34.5790357° — 108.190357*
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—5.836781n+-6.330675
>6.254n°—92.8597°+130.9267*+-34.57971° —108.191#2—5.8371+-6.33
>0 for n=14.
Next, since we have for 12=n<14
6vBo <6(vBo)(14)=4.243517--- <4.244,
612 B2 < 6(v?5%)(14)=3.700940- - <3.701,
0*< 0%(14)=0.810940--- <0.811,
2vB0<2(vBo)(14)=1.414505.-- < 1.415,
V232 < 12 6%(14)=0.616823 - <0.617,
we obtain
(5.3 A o>3.1272n°—4n°+5n*—3n®)—4.244(12n° —8n*—4n*+3n?)
—3.701(28n*—16n°+2n2+n)
=6.254n°—63.4361°—54.041n*+66.8117n°>—20.134n*—3.701n,
(5.4 (n,1<0.81187°—10n'+11n*—9n®)+1.415(4n°—461*4-23n°4-10n*—9n)
—1.815(32n*+36n°*—8n*—3n-+3)
=12.1487°—131.28n*—23.874n*+21.371n*—7.29n —5.445,
(5.5%) an »<—0.7812n*—n*—n%—1.3752n*—5n*—5n*—n)
+0.617(16n*-+-36n°+28n*+9n+1)
=5.5671*+29.8681°4-24.9321°+6.9281-+0.617.
Furthermore, from Lemma 3.5 we have
B < B(14)=1.392690--- <1.393, p*< B5*(14)=1.939568:-- <1.940
for n<14. Hence, by (6.3"), (5.47), (5.5") and Lemma 4.6 we obtain
Gn o0, 13— f5°
>6.2541°—80.3581641°+118.04564 74 +42.1235621° —98.271883 n?
—6.986351n+-6.387905
>6.2541°—80.359n°4-118.045n*+42.123n* —98.2721n*—6.987 n+6.387 >0
for 12=n<14.
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Case II: 11=n<12. Since we have
40°240%11)=3.055118--->3.055,
6yvfBo <6(vBo)(12)=4.127515 - <4.128
61252 < 6(»282)(12)=3.631405-- <3.632,
we obtain from (4.26)
(5.6)  an,>3.055(2n°—4n’+5n*—3n*)—4.128(12n°—8n* —4n*+4-3n?)
—3.632(28nt—16n°+2n2+n)
=6.11n°—61.7561n°—53.397n*+-65.459n°—19.6481°—3.632n
for 11=n<12. Since we have
o< o¥(12)=0.781900--- <0.782,
2vB0<2(vBo)(12)=1.375838- < 1.376,
3p? B2 =3(v*B5)(11)=1.793579--- > 1.793,
we obtain from (4.27)
B.7) a1 <0.782(8n°—10n*+11n°—9n*)+1.376(4n°—46n*+23n+10n%—9n)
—1.793(32n*+36n—8n%*—3n+3)
=11.767n°—128.492n*—24.2981°+21.066n*—7.0057 —5.379
for 11=n<12. Since we have
02z 0%11)=0.763779--->0.763,
2vB0=2(vBo)(11)=1.351492--->1.351,
V¥ B2 < v 3%(12)=0.605234--- < 0.606
for 11=n<12, we obtain from (5.2)
(5.8) An, < —0.7632n*—n*—n?—1.3512n*—5n°*~5n%—n)
+0.606(1672°+3671°4-28n*+-9n-+1)
=5.468n"4-29.334n°-24.4861°+6.80572+0.606

for 11=n<12.

Now, noticing Lemma 4.6 and Lemma 4.7, we can prove that the last side of
(5.7) is positive for 11.1=n<12, by considering the two cases: 11.1<n<11.2 and
11.2=n<12. Thus, since we have from Lemma 3.5
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B< B(12)=1.388983---<1.389, B*< £%(12)=1.929275---<1.930
for n<12, we obtain
Un,0—An, 1 f—an, 2"
>6.111n°—78.090647°+114.525148n*+42.59430271° —96.166654 1
—7.0357057+-6.301851
>6.11n°—78.091n°+114.525n*+42.594n°—96.167n*—7.036 n+6.301 >0

for 11.1=<n<12.
Finally, we shall prove the above inequality for 11=n<11.1. First, we shall
show that a, ;<0 in this interval of n. Since we have

02< 0%(11.1)=0.765725--- < 0.766,
2vBo <2(yBo)(11.1)=1.354115--- < 1.355,
3B =3(v?F2)(11)=1.793579--- > 1.793
for 11=n<11.1, we obtain from (4.27)
(5.9 @n:1<0.766(8n°—10n'411n*—9n*)+1.355(4n°—46n*+23n*+10n*—9n)
—1.793(32n*+36n*—8n*—3n-+3)
=11.548n°—127.366n'—24.957n*+21n*—6.8161n—5.379<0

for 11=n<11.1.
Next, we shall make the evaluations of a, , and a, , a little more sharper
than (5.6) and (5.8). Since we have

6vBo <6(vBo)(11.1)=4.062345--- <4.063,
61252 <6(%82)(11.1)=23.591943--- < 3.592,
v?3%<0.598657 - <0.599
for n<11.1, we obtain from (4.26) and (5.2)
(5.10)  an >3.0552n—4n°+-5n*—3n*)—4.063(12n° —8n*—4n’+4-3n?)
—3.592(28n*—16n°+2n*-+n)

=6.117°—60.976n°*—52.797 n*+64.5597°>—19.3731n2—3.592n
and

(5.11) an < —0.7632n*—n*—n*)—1.351(2n*—5n*—5n*—n)
+0.599(16n*+36n°+28n2+9n+1)
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=5.356n"+29.082n°+-24.291°+-6.742n-0.599
for 11=n<11.1. Furthermore, since we have
B=p(11)=1.386606--->1.386, [3*< B%(11.1)=1.923393:--<1.924,
we obtain from (5.10), (5.9) and (5.11)
An, 0= 0n,1f—an,of"
>6.11n°—76.9815281°+113.427332n*+43.1956341n°—95.21296 n*
—7.116632n+6.302818
>6.11n°—76.9821n°+4113.427n*-+43.1951n°—95.213n*—7.1177+6.302>0

for 11=n<11.1.
Thus, we have finished the verification of Case II. Q.E.D.

Remark. By a numerical computation we see that a, ,—a, :8—a. .5°<0 at
n=10.

LEMMA 5.2. When nz=1l, an ¢—0n1X—an x*>0 for 0=x=8.

Proof. By Lemma 4.2, Lemma 4.4 and Lemma 5.1, the statement of this
lemma is evident. Q.E.D.

Regarding (4.12) we have the following

LEMMA 5.3. (n—x)""1S,(x)

Sz(x) z=1:B ’

Proof. By means of (4.11) and (4.5)~(4.8), we have
Sy (1)=8,1)=12(n—1*{(n—B)+vp}. Q.E.D.

§6. Properties of W(x, x)).
PROPOSITION 1. W(x, x)>0 for X' (f)=x<1 and X(x)=x,<n, when n=11.

Proof. By means of Lemma 5.2, we see from (4.20) that the inequality (4.12)
is true for 0=<x=<p, hence (44) is so. Thus, we obtain

(n—x)"Fyx)—vp(B)Fs(x)>0
and hence
G'(x)>0 for 0=x=pB, x+1

by the argument in §4. G(x) must be strictly increasing in 0<x< /3. By Lemma
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3.5 and Lemma 3.7 we see that the inequality (3.4) must be true for X (f)=x<1
and X(x)<x;<n. Accordingly W(x, x;) is increasing with respect to x; for
X(x)<x;<n, when X"(8)=x<1. From this fact and Lemma 3.2 we obtain

W(x, x)>0 for X7 }(f)=x<1 and X(x)=x,<n. Q.E.D.

LEMMA 6.1. The function W(x, x,) 1s convex downward with respect to x,
for a fixed x (0<x<1), when
i) max(X(x), 2)=x,<n;
and
i) for X(x)=x,=Y<2, X'(2)<x<],
where
—a—W(x x1)] =0
9%, y X1)lzy=y=—VY,
provided n=11.

Proof. In the proof of Lemma 3.4, we get

1 0

6.1) oKL

Wi(x, x1)

(x;—Dn+(n—1Dx,

:[FO(X)—FO(X):I (n__l)xlz(n__xl>

—[F(X)—=Fi(x) (2, —1D(n—x)""?,

from which we obtain

1 0*

(6.2) W e W(x, x1)

2n—x)*+(n—1)x°
(n—Dx (n—xy)*

—[AX)—F(0))n—=DE—x)(n—x)" "

=[F(X)—Fo(x)]

Since Fy(X)—Fy(x) and F(X)—F(x) are positive for 0<x<1, we obtain easily
that

2
IWE 2) S0 tor 2= 2, <.
axlz

Next, regarding the second statement, we see immediately from (6.1) that

W(x, x,) vanishes if and only if
0x,

Fo(X)—Fo(x)  (n—Dx*(n—x)"!
F(X)—F(x) n+(n—1)x,

From (6.2) we see that 8*W(x, x,)/0x,>>0 if and only if

Fo(X)—Fy(x) > (n—12x*C—x)(n—x)"*
Fy(X)—Fy(x) 2n—x)*+(n—1)x?

(6.3)

(:=n(xy).

(6.4)
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Now, we factorize the right hand side of (6.4) as

(n—Dx@—x){n+nr—Dx,} (r—Dx*(n—x)""
2n—x)*+(n—1x,’ nt+(n—Dx. 7

the first factor of which is decreasing for 1/=§»’~-<x1 and takes the value 1 at

x;=08. In fact, we can easily show that x,2—x,){n+(n—1)x,} is decreasing

and 2(n—x,)*+(n—1)x,® is increasing for %%<xl. Next, using the equality

(6.5) (n—1)p2=2(n—p)
by Lemma 3.5, we have
(n—1)p2—p){n+(n—1)8} _ (n—1)2—pB){np+2(n—pB)}
2(n—Br+(n—1)p* 2n—pB)>+28(n—p)
_ (n—1){4n—48—(n—2)p% -1
2n(n—p) T

Going back to the proof of ii), we assume that (6.3) holds at x,=Y, X(x)=
Y<n, 0<x<1. When Y=2, W(x, x,) is convex downward at x,=Y by i). When
Y <2, it must be X '(2)<x<1.

On the other hand, from Lemma 3.6 we have

‘B(7Z)>\/;2—|~Ll for n>1

and
2 V3
nt+l" /2
Now, assuming n=11, we see that it must be X '2)<x<X"*(8) by Proposi-
tion 1. Hence we have

for n=3.

% <B and B<X(x)<Y<2

and so
(n—1)Y(2— Y_){n—l—(n—l)Y}_ <1
2n—Y 2+(n—1)7Y? )

0<

Therefore we obtain

F(X)—Fo(x) _ (n—1’Y*@=Y)n—Y )

Fy(X)—Fo(x) 2n—=Y) +(m-1DY* ~’

which shows that W(x, x,) is convex downward with respect to x; at x,=Y.
Q.E.D.
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This lemma and Lemma 3.2 imply immediately the following

LEMMA 6.2. When n=11, for a fixed x (0<x<1) the function W(x, x,) takes
its critical value with respect x, at most one pownt wn the wnterval X(x)=x,<n,
which becomes the mumwmum value.

LEMMA 6.3. For a sufficiently small fixed x (0<x<1), W(X, x) as function of
x, takes its cnitical value n the interval X(x)<x,<n.

Proof. By means of Lemma 3.4 or Lemma 6.1, we see that W(x, x,) is
critical with respect to x; at x,=Y if and only if

(n—1)Y*n—Y)"?
n+n—0Y

X(x)=Y<n.

(6.6) Fy(X)—F(x)= {F(X)=Fi(x)},

For 0<x< X '(B), we have S<X(x) and then from the fact described in the

proof of Lemma 3.5, we see that there exists Y satisfying (6.6) if and only if

(n—DX2((n—X)"1!
n+(n—1X

Fo(X)—Fx)= {F(X)—F(0)},

which is equivalent to

XVn—=X/foX) xvn—xfox)

6.7) X1y =5
(n—1DX I*X2f1<AX'A) o xzflr(i)‘::}
=t —DX 1—X)PvVn—X (1—x)PvVn—zx

by (3.2) and (3.3).
Now, we obtain easily from (2.10)

lim{Xx/n—Xfo(X)_gm/mfo(x)}:o

-0 (X—1)® (x—1)°
and
fm DX (KRGO ) @nDB L
o0 n+-m—DX \1—=X»¥vn—X (Q1—x)vn—zx n—1 -0 vV n—X

:+OO,

Hence, (6.7) must hold for sufficiently small x>0 without the equality sign.
Q.E.D.

Taking these lemmas into consideration, for each x (0<x<1) let Y=Y(x) be
the value of x; where W(x, x,) takes its minimum in the interval X(x)<x,<n.

LEMMA 6.4. We have
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;igloW(x, X(x)=c0 (n>2).
Proof. From x(n—x)"'=X(n—X)*"!, we have

ni_g(n—X)"‘l near x=0,

(6.8) x=

from which we obtain

lim =0.
T-+0 n—X
We have also from (1.4)
(6.9) 111310 (n—X)](X)zgﬂ{(n—X) logln—X)+n—1}=n—1.
Now, since we have
W, Xeoy="Y 222D oo
+[X«/‘n—Xfo@_x«/‘n?xfo<x>} a(X—17
(X—1) (x—1) (n—DX(n—X)
A n—x fo(x) x
=ty A=A — i)
T nfo(X) .___1;_»”71\/7175%(96)()(*1)2. x
(n—1D(X—=1) vVn—X (n—1)(x—1)*X n—X’
we obtain

Jlim W(x, X(x))=—\/%fo(0)[(n—l);Enfon_fjf— _OJ

nfoln) .. 1 B . )
- (n—IF}LTo 7,[—_7“"—1)\/ n fo(0) lim —=—
= G I, =t Q.E.D.

(=12 e V=X

LEMMA 6.5. We have
limOW(x, Y(x)=—c0.
T+
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Proof. By Lemma 6.3 we have (6.6) at Y=Y (x) for sufficiently small x>0.

Hence, we have
H(Y) _ n—}—(n—l)Y. F(X)—Fo(x)
&(X) (n—=1Y {Fi(X)—Fi(x)} ()

SoX) _ Jo(x)
_nt(=DY =X)L (xR 1)

(n—=1Y {(n_X F1(X) Si(x) }(/)(x)

I XY (n—x) (1 2)?
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SoX)  fulx) (n—X s
:n—l—(n—l)Y (X—-1® (x—1P®*\n—x

(DY X)) (i X wmi (1= X0,
X

n—

I-X)»  (A—x)
from which we obtain near x=0

o) _ onr S =)
HX) " —Dn —afim) T A X0

Since we have from (2.10)

fom)=(n—1)B, fi(n)=—(n—1)2n—1)B,

we obtain

HY) _ Yu—Y)1 1
SX) = X=Xy T tD@n—1 "N

near x=0, which implies

(6.10)

oY)
6.11) lim 7y =0
Now, we have from (3.1)
_xvVn—x fo(x) B
W(x, Y(JC))——~**—(%__1)3 {AX)—a(x)}
_‘_[X\/n-—XfO(X)_x\/ﬁjffo(x)H n (Y—1)*
(X—1)® (x—1)% n—1 Y(n—Y)
RETID ¢ /C SN s (C- MM c o
nl(1—X»PvVn—X (A—x)vVn—x P(X)
VA= EfX), X VA x f(0N)
= o1y TS T (x—1)°

o0l Sy b a—0100]

(X—17° vV/n—X (x—1* n—X

.[Xfo(X) 1 Vn—zxflx) x ]

— A+ AX0}

Ll GOOIXAKD 11y gV )
_t ¢(X)}(1—X)3 Jiex Tl ¢(X)}

On the other hand, near x=0 we obtain from (6.10)

1

1/(n-1) nl -1
(n—1)2n—1) F o )

(6.12) n— Y:{

or

(1—x)¥vn—x"
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(6.12") n—X= {(n—D)@n—D}H(n— YD
and
n  (Y—1)?
—1)2—-2 1 Y Ve
:nil e <"1_>§lﬂ Y)Hn H —(n—=Y)log(n—Y)—(n—1

n

=i 2020 BT () )

—(n—Y)log(n—Y)—(n—1)

=(n—Y)| ~log(n— Y)——’3+—1+ n(%ﬁ{—”;y+(~";"y)2+---}.

Hence we have

lim(rn—X)

Z-+0

[n . ot
-1 Ymn~Y)
_pon=X[ n (Y—=1)
_alg?o n—Y ln—1 Y

—AY%

—(n—Y)Z(Y)}

:iingo(nmX)[ ]Og(n_y>—~ﬁj1;1+ n(nl 1) { . nY (n;,Y>2+m‘f

= liﬁm(;—(n~X) log(n—Y)=—{(n—1)2n—1)} "”Jir{{)(n— Y)log(n—Y)

=0,
i.e.
n (Y—1p _
619 im0 77 iy A=
Using these facts, we obtain from the expression above of W(x, Y(x))
lim W(x, Y(x))J/”f O —1)lim —~0
T4+0 Z->40 Tl X
. n (Y 1)? Xfo(X)
+E?{m Xﬁn 1 Yin— Y)XOU}(”QQKHLX Divn—
1

— =S v
L

nfo(n) 1 n*fi(n)

=D v X

Z-+0

57
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= —(n———l)T {n=Dfo(n)+f1(n)} }{2}0 Tnox%
Since we have
(n=Dfum)+fi(m)= {(n—17~(n—1)2n—1)} B=—n(n—1)B<0,

we obtain finally
limoW(x, Y(x))=—co Q.E.D.
T+

§7. A device in the main integral.

By virtue of the properties of W(x, x,), especially described in Lemma 6.4
and Lemma 6.5, which are not desirable for our way to prove Conjecture C by
making use of Lemma 3.1, we shall try to find a more convenient form of the
main integral.

First of all, we show that W(x, x,) given by (3.1) can be written as
W(x, x0)=¢(x)Fo(x){A(X)—A(x)}

RO R BT g )

n—1 x(n—xy)
~ D LRG0 R0 90— glx)

=gCO P (00— 1050} = - FOO 90—} |

— (| P 0 —ix) —%Fl<x>{¢<x>—¢<x,>}] ,

where we set

() =2 — o D e oy AL
(7.1) A(x) :=A(x) p— x(n——x)_log(n x)+ n—D)x "
Here we introduce a complex valued function by
7.2 E(z, 5 1=Fy@) @)~ X)) — - FA ()¢},

which is analytic with respect to z with singularity only at z=n. Then, we
have

(7.3) W(x, x)=¢(x){EX, x1)—E(x, x1)}

and going back to §3 we obtain easily the formula:



A CERTAIN PROPERTY OF GEODESICS 59

02z, n) ¢ Sh (1—x)n—x)"2E(x, x)dx

74 on  2b%/ nl)z Vxn—x)""1—c
__ ~c S (I—2)(n—2)""*E(z, x,)dz
RV VOVE R Vazln—z)" T—c )

ProproSITION 2. We have
S (1—2)(n—2)""*E(z, x,)dz _ES“ Vx(n—x)""—c N(x, x)dx
s

Vzn—z)" —¢ ETRED (x—=Dn—x)"+2

where

N(x, x)=(n—2x)F(x) {A(x)—A(x)} +3(x —1)*fo(x)—2n(x —1)*{B—¢(x)}.

Proof. Noticing ¢=¢(x,) on the Riemann surface ¥ and setting c*=3(x)),
we obtain
(1—=2)(n—2)""2E(z, x)dz
V(z)—c

= LIL(Z]_E)L_Z_[FO(Z) {A(2)—c*} _%Fl(z) {p(z)—c} ]dz

= %Fo(z) {A(z)—c*} dw~%(1—2)(n——z)”‘2F1(z)wdz

:%d[Fo(z) A2)—c* w]

- %[261(&(2) {A(2)—c*)+(1—2)(n—2)""*Fi(2)dz].

Since we have from (3.2), (3.3) and (1.5), (2.7) in [12]

d _ E@{aE)—c* z—1
2z PR D =)= 5 gy TH

and
2d(Fy){A(2)—c*)+1—2)(n—2)""2F(2)dz
:[ Fy(2){A(z)—c*} 2fo(2) n f1(2) ]dz
(2_1)4(n_z)n—1/2 (z—l)z(n—z)"“’l (1___2)2(71_2)7;“/2

1

= =Dz L(n—2)Fy(2){A(z)—c*} +(z—1)* {2fo(2)+/1(2)} 1d =,

we obtain the formula

S (1—z)(n—2z)"2E(z, x)dz
r Vzin—z)"t—c

(7.5)



60 TOMINOSUKE OTSUKI

Ln—2)Fy2){A(z)—c*} +(z—1)* {2f(2)+f1(2)} Jd z.

IS Vz(n—z)""—c

- r (z— 1) (n—z)"+e

n
On the other hand, we have from (2.10)
(7.6) H(@)=rf(2)—2n(z—1){B—¢(2)},

and so
2f(2)+/1(2)=3f(z)—2n(z— 1) {B—¢(2)}.
Hence setting
(.7 Nz, x1):=(n—2)Fy(2){A(2) = A(x1)} +3(z—1)/y(2)
—2n(z—1)*{B—¢(2)},
(7.5) becomes
(1—2z2)(n—2z)""2E(z, x)dz
7.8) Sr“ Vz(n—z)" t—c
Vzn—2""1—c Nz, x,)dz 2821 \/_x(n—x)”“: N(x, x1)dx

1
:—Zgr (z—D*(n—z)n+1/2 T ) (x—1)(n—x)»+1/2
Q.E.D.

Remark. By means of the remark at the end of §2 in [12], Fy(x) has a
zero point of order at least 4 at x=1. And fy(x) has a zero point of order 3
by Lemma 2.2 and B—¢(x) has a zero point of order 2 at x=1.

LEMMA 7.1. A(x) (0<x<n) has the following properties:
(i) lmA(x)= lim i(x)=—co,
T-+0 z-n-0

da(x) _ _ (x=D{n+(n—1)x}

() = ™ i=Drn—r)
Lo 21
@ e T D (e O

Proof. We obtain this lemma immediately from (7.1).

LEMMA 7.2. N(x, x,) (0<x<n, 1=x,<n) has the following properties:
(i) IimoN(x, x)=-+Foc0 for x+1,

Z-n-

(ii) N, x)=0 for 1=x,<n,
(iii) lirgN(x, X(x))=-4 o0,
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(iv) lim N(x, x)=0,
Z->n-0

(v) N(x, x)<0 for x>1 sufficiently near x=1,

(vi) ﬂaﬁx’—jﬂw for x#1, 1< x,<n.
1

Proof. (i) is derived easily from Lemma 7.1 and the fact F,(x)>0 for
0<x<n, x=1 (Proposition 1 in [12]). (ii) is evident.
Next, we shall prove (iii) and (iv). We have easily

ligloN(x, X(x)=nFy0) Ligg(—l(X(X)))—I— nF(0)A(0)+3/(0)+2nB=—+c0,
and by (7.1) and Fy(n)=(n—1)*2n—3)B we have
lim N(x, x)=xlj71330F2(x)?—;9:——1%2~ +3(n—1)%o(n)—2n(n—1)*B
=(n—1)Fon)+3(n—17*B—2n(n—1*B=0.

From Lemma 2.3 in [12] and Lemma 4.1 in [11] we obtain

o Solx) L qveee gy B—¢(x)  n(n—1)""*
lim -~y =g @D =D, im = =
Since we have
(7.9) Nix, x)= nil (x;1)2 Fo(0)+3(x =1 o(x)—2n(x—1)* {B—¢(x)},
we obtain
Nx, x)  n . Fo(x) 1

_ — — n-2
Ay T A ety Ty e D)

—nz(n—l)"'zzo——;—n(n—l)"'z<0 s

because Fi(x) has a zero point of order at least 4. This fact implies immediately

(V).
Finally, from Lemma 7.1 we obtain
ON(x, x0) _, (=D i{n+(n—1Dx}
0x; =(n=x)h(x) (—Drin—xy 0
for 0<x<un, x#1 and 1<x,<n. Q.E.D.

Taking note of the facts in Lemma 7.2, we shall provide for the following

PROPOSITION 3. We have
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(1—2)(n—2)"2E(z, x)dz _ 2 (1—x)vVx(n—x)""'—c¢
Sr— \/z(n——z)”“:z——zgzo n—x)" Vix, x)dx,

where

 x™N(x, x,) XEN(X(x), x1)
(7.10) V(x, x1) '—Zl—x)sx/n—x+ (X—Dvn—X Sfor 0<x<1.

Proof. In fact we have
S‘tl vV (x)—c N(x, xl)dx_gl 2V (x)—c N(x, x)  1—x
2o (x—Dn—x)"*2 " Jzy 1—x)(n—x)*"Y2  x(n—x)
le XV X)—c N(X, x)  X-1 JX
1 (X—=1(n—X)*% Xn—X) )
By means of (2.12) and (2.13), the second integral of the right hand side of the
above equality becomes
Sl XV p(x)—c N(X, x),  1—x
2o (X—1)P(n—X)""¥2  x(n—x)

- VIR —C XN, X)) 1-x
Tz ) X—1PvVn—X  x(n—x) '

dx

Hence, we obtain
Szl Vp(x)—c N(x, xl)d_{c:gl (1—x)vV¢(x)—c
o (x__l)4(n_x)n+1/2 z0 XZ(n_x)n
[ Nz, x,) X*N(X, xl)v] p _SI (1=x)V(x)—c V(x, x)dx
(I—xyvn—x (X—1PvVn—X
which implies this proposition. Q.E.D.

Formula (7.4), Proposition 2, Proposition 3 and Lemma 7.2 imply 76!2(81;; m <0,

if we can prove that V(x, X(x))=0 for 0<x<1.

zo xHn—x)"

’

§8. Properties of V(x, x)).

LEMMA 8.1. V(x, x,) (0<x<1, 1<x,<n) has the following properties:
(i) limoV(x, x)=-400 for 0<x<1;
ry-n-

(ii) V(x, x1) 15 wncreasing with respect to x, for each x (0<x<1);

(iii) When n>2, }ETOV(x/ X(x))=0 and furthermore when n>5+2/13=2.15,
Vix, X(x))>0 near x=0;
1++/13

(iv) When n>2, IliIEOV(x, X(x)=0 and furthermore when n>*T=2.30,
Vix, X(x))>0 near x=1.
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Proof. From (7.10) and Lemma 7.2 we obtain easily (i) and (ii).
Now, we shall estimate V(x, X(x)) near x=0. From (7.7), (7.9) and (7.10) we
have
x*N(x, X) X*N(X, X)
1—xyv/n—x (X—=1Pv/n—X
_ xWn—x 3x°fo(x) 2nx* {B—¢(x)}
T (1—x)? (x—1n—x  (1—x)vn—x
n XFy(X) 3X%o(X)  2nX*{B—¢(X)}
n—1 (X—1*vn—X (X—1pvn—X (X=1*/n—X"

@81  V(x, X(x)=

Fo(x) {A(0)— (X)) —

+

In the following, we set for simplicity

i) ::ﬁ«/ﬁf}

A=) Fy(0) {2(0)— A X(x))},

= 3 . 2nx*{B—g(x)}
©2 Uil = yyn—z VA= vz
L nxFy(x)
Uk = =D ==
and
83) Ux):=Uy(X(x)), Ug(x):=U(X(x)), Ug(x):=Us(X(x)),

then we have
V(x, X(x)=Uy(x)—U(x)+Ux(x)+Ux)+Us(x)—Ug(x).

By means of Proposition 3, Lemma 2.1 in [12] and Lemma 7.1 we see easily that
Udx), 1=0,1, 2,4, 5, 6, are all positive.
Now, taking an auxiliary parameter t=n—X(x), we can put

x:tn—l(bl"'_bzt—[_"') near x=0
by the equality : x(n—x)*" '=X(n—X)"'=nt"1—¢". Therefore from the equality

(by+bot+ - Yn—0byt " ' —byt™ )" '=n—1t,
we obtain easily

1 1
blzﬁ_ﬁzy bzz—ﬁ_‘{,
hence
1 t
—4n-1 - .
(8.4) x=tr g — ),

supposing n>2. Next, we shall compute A(x)—A(X). From (1.4) and (7.1), we
have
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nX:l»_

Ax)— X X)=log(n—x)+ Z_:IY o= 0= 6

=log n+ ﬁ%—L-i—O(z‘"“l)—log t—%l +0(t)
2
=—log t+log n-;+0(t).

Hence we obtain
(8.5) Uy(x)= {1 F0)+0(t"" 1)} xz{—log t+log n— 7—21 —i—O(z)}

=0 ™), 0<m<l,
since we have
lim ¢™ log t=0

t—>+0

for any small positive constant m. Analogously we have

(8.6) U(x)=0(t*""%), Ux)=0(t*""3).
Next, we shall compute Uyx), Us(x), Uf(x). We have
_n AR(X) _ om paln)  d o XF(X)
Uix)= n—1 (X—l)avn—X‘(n—l)V’i’{ (n—1® dX (X-1) enl T }‘
and
__d__XFZ(X)‘ o (27z+1)1i2(ﬁz+ nky'(n)
dX (X—1) lz=n (n—1)* (n—1)*"
From (4.2) we have
Fyn)=—Py(n)B=(n—1*2n—3)B,
FyY(n)=—P,’(n)B=8n—1)B
and hence
d XFZ(X_)_ . (4n2—12n—3)__1;?_7
dX (X—107 le=n (n—1)2
Thus we obtain
_nZ(Zn_f_i’))_B n(4n2—127§r2§ -
8.7 U“(x)_(n—l)W"t' 1y vV 1AL+ 0@}
Next, we have
_UBXYMWX) 3 M) d XYX)
Us(x)= (X—l)sx/nf—X_«/T{ (n—1® dX (X—1)y LMH }’

and
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4 XYUK) | ) )
dX (X—1)? le=n (n—1)* (n—1)*"
From (2.10) we have fo(n)=(n—1)B, f,’/(n)=—B and hence
_d XPf(X) __ 2n(n+1)B
dX (X—=1)° lz=n (n—1)*
Thus we obtain
_ 3n*B 6n(n+1)B ,—
(8.8) U,,(x)—(n_l)%/—t—-k (=1 V't {1+01).

Next, we have

20X {B—g(X)} _ Zn{ n*B d  X*{B—g(X)}

anaAABTNA ) Lt b e ATDTlA)r 2
X—DVrn—X iU n=1p " dX (=D e’ T

Ug(x)=

and

d X*{B—¢(X)} 2nB

AX T (X=1F le=n (a1
Thus we obtain
2n°B in*B
(8.9) U= 507 + (nﬁﬁx/t {1+0(1).
By means of (8.5)~(8.9), we have
o ameam - _7Bf n2(2n—3) 3n? _ 2n®
Vi, X)=0(m+00m 5+ 7 ] e iy e v
—(ndn®*—12n—-3) , 6n(n-+1) 4n?
BV T L T Ty T
i.e.
(8.10) Vix, X()= A0 =10mE9B 5yoay,

(n—1)°
which implies immediately

lim V(x, X(x))=0
Z=40

13
and V(x, X(x))>0 sufficiently near x=0, when n>5—t}~3 =2.15138:--.

Finally we shall prove the statement (iv). Taking an auxiliary parameter
(8.11) t=1—ux,

we can put near x=1 as
X=1+bt+byt2+---.

Substituting these into the equality

65
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(1—x)n—x)"2dx=1—-X)n—X)"%d X,
we have

(=1 1)"2=(by+bat + ) b+ 2bot - W L= byt — byt 2 ) 1,

from which we obtain easily

_ _ 2n—=2)
b=l =0
and hence
_ 2n—=2) , .
(8.12) X=lth g et
We have
N e e ) C e
(8.13) G = (1—2t+t)<1+»é(—n_l)—————S(n_l)z—f----)
_~n—=1y  4n—5 8n*—24n+15
o Uy Y sy E b

and from (4.5) and (4.6)
Fy(x)=—Py(x)B+(n—x)"""Py(x)

=—P(-0B+B(1+-1)  Pa—1)

=—B{12(n—1)*+2@2n*+3n—5)t+(2n-+1)t*}

n—2 ., n—2)(n—3) ,
+B{L+t+ 2n—1) L T B=1¢ T 24m—1y

X A{12(n—12—=2(n—1dn—11t+2n*—10n+11)t2+(n—1)t%,

¢

(n—2)(n—3)(n—4) +}

ie.

g M=t DB
(8.14) F(1—b=14 S D +o}.
Then, setting

_ gy =2y,

X=lbs, s=th g~ 4,
we obtain from (1.4) and (7.1)
- n—1 1 n
t 1 S 1 n
=log(1+ Zp)+———tog(1— *)+ —D(ts) -1

l—l-n_l
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:(nil Z(n 1° o (1 1 '@T)z_”')—nﬁl

s s? 1 S st
(ot 2n—1y G e et
(.t N\ (@n=Ds*
(i )+ 21y )
hence
8.15) A= X)=r{" o +0(} -
Then, using (8.13), (8.14) and (8.15), we obtain
(8.16) U= ) (00— KX o)
OO

Next, we have from (2.10)

fo(x)=@n—1—x)B—(n—x)"""{n—x+(n—1)x%
= {2n—1)+1) B—B(1+ n—ii)n_l{2(n—1)—(2n—3)z‘—f—(n—l)t2}

=B{2(n—1+t} —B{2(n—1)—2n—3)t+(n—1)t%

n—2 ., m=2)n—=3) , ©—=2(n—-3)n—4) ,
frter =) LT =1 T a1y LT b
i.e.
. n(Zn—1)B . n(n—2)3n—1)B
8.17) fll— == Bty
Hence, we obtain
L 3xu(x) 31241y
U= G iwn—x  tin—ixt 4=
1 \ t
ZW(I—ZZ‘"}‘Z‘ )(1—3(77;—1)’4“)
n2n—1)B n(n—2)3n—1)B
(ot T ary )

i.e.
1 n@n—1)B n(bn*—3n+1)B

(®.18) U= 72—~ 1y t+ ).
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Analogously, we obtain

Us(x)=U(X(x)=U(1+s)

1 j_n_@n—l)B n(bn*—3n-+1)B +}
V=10 2(n—1) An—1p ° ’

therefore

_ 1 (n@n—1)B | n6n*—3n+1)B
(8.19) U5(x)—\/ 2= + o1y t+...}_

Next, we have

x? X? 1-2¢+¢° 1+2s5+s*

(l—x)zx/n—x_ (X—Dn—X  t*/n—1+1¢ ——‘szx/n—l——s

t 3t® }

«/ ——2t+)]{1- 2(n—1)+8(n—1)2+

. 3s?
«/ (U2 {1 5 ey T

1 [ dn—3 8n*—8n43 ,
=i T oy sy E T }

1 q . 4n—3 | Sw—8nt3 ,
TVt 2= T sy st}

into which substituting (8.12) we obtain
x? X?
(I—x)vn—x (X—1v/n—X

1 4n—3 o 8n*—8n+3
T evn—1U 2(n—1) 8(n—1)*

1 {1_ 4n—2)

t’/n—1 3(n—1)

_l{_ 8n—1
Tt 3(n—1)%2

)

4n— 3 }

t+m}{1+ 2(n— H_

+0(t>}.

Furthermore, by Lemma 4.1 in [11] we have

n(n—1)""2

5 +O(1)} near x=1.

B—(x)=B—g(X)=1*{
Thus, we obtain

n*8n—1)(n—1"""?
3

(8.20) Uy(x)— Uy(x)= t{ — +o<z>} .

Next, using (8.14) we have
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- nXFy(X) _ n(l+s) 1 g s 3s?
U= X=X~ (n=Ds’ Va1l =0  8n—1p T }
.| n(n*—n+1)B _ [ —n+)(n—1)""""
XS {W_I_O(S)}‘S{ 6 +O(S)}
and hence
821) U4(x):t{ 712(712—n+é)(n—l)”"”2 —I—O(t)}.
By means of (8.16), (8.18), (8.19), (8.20) and (8.21), we have near x=1
Vix, X(x))zz‘{ 712(712—n+(15)(n—1)”'”2 —{—O(z‘)}
n@2n—1)(n—1)"-5? n(5nt—3n+1)(n—1)"""?
- . +t{ i +o(}
n@2n—1)(n—1)""%? n(Gnt—3n+1)(n—1)"""/2
+ . +t{ i +O(t)}
{2V o)
+4] ”2(”2_”(13)(””1)”—”2 220)
zt{ 71(211“’—3712——57;;!—1%)(71—1)"‘”2 —f—O(t)}
i.e.
(8.22) Vix, Key=-En=Dmn =S oy,
where x=1—1¢, which implies immediately
11551:10 Vix, X(x))=0
and
V(x, X(x))>0 sufficiently near x=1,
when n>-1+;/13:2.30277~--. Q.E.D.
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