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A CERTAIN PROPERTY OF GEODESICS OF THE FAMILY

OF RIEMANNIAN MANIFOLDS 01 (III)

BY TOMINOSUKE OTSUKI

\ 0. Introduction.

This is a continuation of Part (I) and Part (II) with the same title written
by the present author. We shall use the same notation in them.

The period T of any non-constant solution x{t) of the non-linear differential
equation of order 2:

(E)

with a constant n > l such that x2jrx/2<l is given by the integral:

(o.i) - ' - < X 1 dx

where 0 < * 0 < K * i < r c and c=xo(n — xo)
n~1=x1(n — xί)

n~1.
We shall study the following conjecture in the present work, which is in

place of Conjecture B in Part (II), implying the inequality:

(U) T<V~2π.

CONJECTURE C. The period function T as a function of τ=(x1~l)/(n — l)
and n is monotone decreasing with respect to n (^2) for any fixed τ ( 0 < r < l ) .

§ 1. Fundamental formulas.

Using a closed curve γ on the Riemann surface £F: z(n—z)n~ι — ιu2=c as in
[11], T can be written as

(1.1) T=T(c, n ) = \
zw(n—z){z(n—z)n 1 — c]

from which we obtain

; "dc 4 y c )r

and
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π Φ> d T __ 1 Ice dz_

9ft 4 V ft)r zV(n—z){z(n—z)n~λ — c)

, Vn7f 1 Γ 1 . zjn-zr-'λjz)!

^ 4 )r zV(n-z){z(n-z)n-1-c}l?ι--z~t z{n-z)n~ι-c\ '

where

ft-1(1.4) λ(z)=log(n-z) + -
n—z

(See § 1 in Part (I)).

Now, we denote T by Ω(τ, n), considering it as a function of τ and n. From

τ = ( n — Xl)/(n — l)f we obtain

From c=x1(n — Xι)n 1

f we obtain

dc 3c 9

dτ dx\ dτ

and

dc dc dXi dc
—* r -dn dxi dn dn

=
n — 1

By (1.2) and (1.3), we obtain

r, ft) __ dT(c, ft) _9c_ 3T(c, ft)

9ft 9c d?z 3ft

4V7

! /Z__!_ /Zf î

+ ^ L f 1 _ Γ 1

^ 4 Jr^V(ft-z){^)-cTLft-

where

(1.5) φ{z)=z{n-zY~

Furthermore, this can be written as

dΩ(τ, ft) ftV^" (.y1-l)2(ft-x1)
n-2r

[ } dn " 4 V 7 ft-1 Jr
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V^~ dz A/7 r dz
4 )r Vί^ΰPcp 4 VΐJr VθΓ=_ _ _

4 VΐJr VθΓ=ϊ)8f^ΰ)-c}The 1st term in the right hand side is negative by Proposition 1 in [10] or
Theorem D in [12] and the 3rd term is also negative because

(17) [ dz = - 2 Γ 1 *Ξ < 0
K ' )rV(n-z)s{ψ(z)-c} ixoy/in-xfWn-xr-t-c}

In the following, we shall change the right hand side of (1.6) into a real integral.
Setting

τM =[ (w-zj^'MjU)-j(fP>dz

JAr)' h V{z(n-zySί-c}3

(1.8) Λ(r):=( ^
Jr

/ 3 W Jr V W n - z ) 5 - 1 - ^ " "

(1.6) can be written as

Since the Riemann surface £F is defined by the equation:

z{n—z)n~1 — w2—c,

we have on £F the equality:

n(l-z)(n-z)n-2dz=2wdw
and so

{n-z)n-zl2{λ{z)-λ{x1)} dz _ 2 Vn^i^)-^^,)} dw

2 Γ*

ft L

+ 2 1
ft w

\/n—z{λ(z)—λ{x
l-z

Γ i i
L V(n—z)s

/n—z{λ(z)—λ(x]

1 -y

ft

0} 1 1

,)} 1 1

u; J

• V

2
n

l - z

tVn—z

l(l-^)2

Vln-zY

1
2{l-zWn-z

dz

dz

n(l-z)W(n-z){z(n-z)n-1-c}'

Now, we divide ^ into the subarcs y' and y" by taking a real constant a
as is shown in Fig. 1.
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z-plane

Fig. 1.

Then, we have

w-plane

2[Vn-z{λ(z)-λ(x1)}

L
dz[

n)γ

1_C (2n — l—z)
n)r> (l—z)2V\n —z){z(n-z)n-ί-c}

n ( l - f l ) V α ( n - α " p - c n)*o ^(n-xY{x(n-x)n-l-c)
dx

and
njχ0 [I —

*i (n-x)n{λ(Xl)-λ(x)}dx

Hence, from these equalities and (1.7), we obtain

ca ( l -

J
-l-x){λ(xί)-λ(x)}

dx(110)

The 2nd term of the right hand side of (1.10) tends to 0 as a-*xo-{-0, hence we
obtain

(1.11) nJ1(r)+Uϊ)=2 lim \-fr n-a{λ(x1)-λ(a)}

*i -xjn-xy-'+c+nin-xyjλixJ-λix)}-]
• s :
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§ 2. An expression of njι(γ)+j*(r).

For simplicity, setting

(2.1) F(x)=F(x, Xί):— — x(n~-x)n~1-\-x1(?ι — Xχ)n~ι

Λ-n{n-x)n{λ{xι)-λ{x)},

we have easily

F(x0)=n(n-x0)
n{λ(xί)-λ(x0)}>0 and F(Xl)=

by Lemma 2.2 in [11]. Since we have

(2.2) F'(x)=-n{l-x)(n-x)n-2-n\n-x)n-1{λ(x1)-λ(x)}

-\-n{n — x)n-

we have

\ΐl X)

F'(x)<0 for xo^x<xlf F'(x)>0 for xl<x<n

and /< /(Λ: 1)=0. Hence F(x)>0 for x o ^ ^ < n , z^Xi.
Next we have

Vn — x F(x)+φ(x) — c
: (l — x)-\/φ(x) — c n(n — x)n

Fix) Vψ(x)-c
~c n(ί-x)(n-x)n-lι:ι'

\ / \77-i/9 — ^ y l i i i i j-, — x ,

and

0 ( )( ) 0 B—c

where B^in — l)71'1. Hence, (1.11) can be written as

2 F(a){B-φ{a)}
(2.3)

Using the function μ(x) defined by (4.8) in [11] :

B~ψ{x)

μ(x)=

nb2 (l-aXn~a)n-1/2Vφ{a)-c

F(x)dx

for 0<λ'<?2, xΦl

n(n-l)n-
for x = l,

we define an auxiliary function
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(2.4)
0 for * = 1,

which is real analytic in (0, n), and we get

L(x)>0 for xo^x<l and L(*)<0 for l<x<n, xΦxly

and

Using L(x), (2.1) can be written as

2

(2.30 nJ1(r)+Uγ)=2lim^-^

We have

lim —jηγ=~=z={) t

since L(x) has a zero point of order at least 2 at x — :

F(x)dx Ί

—c}3l

and

Hence we have

2 r^i/ L(x) y^ Γ̂ i J
nb2)a Wφ(x)-c) + Jα Vίn-

F(x)dx

The expression in the brackets of the last equality can be written as

{x)+— (n-xγ/2{ψ(x)-c}L'(x)-a-xXn-x)n-1/2L(x)

By (2.1) and (2.2) we have

P(x)+—(n-xy/2L'(x)
n
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2 { B - φ ( x \

n (1-xXn-xT-A F{x)

n(l-x)(n-x)n-2 , 4n-l-(2n + l);
7Γ~\ Γ "B-φ(x) 2(1

l-(2n + ϊ)xΛ

-x)(n-x) J

Now, setting

(2.5) M(x):=P(x)+

we obtain

^ L ( a )
)a V(n-x)3 {(pUcf

By the properties of F{x) and (2.5), we see easily that

(2.6) Mix^O

and

2n(n-x0XB-c){λ(x1)-λ(x0)}
M(xo)=n(n-xo)

n{λ(x1)-λ(xo)}+-
1 —

) (n — X)

+
i.e.

(n—xo){^(x1)—A
(2.7) M(xo)=

Since M(x) is real analytic in 0<x<n, we obtain finally the formula

As in the argument in [11], we consider a complex valued function for M(x) by
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/9QN λ/r, ^ Γi { 4 f t - l - ( 2 n + l)z} {B-ψ(z)} "]
(z.9) M(z, χ 1 ) = 1 — — ? - — -

L n(l—z) (n —z) * J

2 n ( n - z ) {£-</<;?)} {ΛUJ-ΛQ?)}

"^ 1-z

which coincides with M(z, x0) defined in [12], § 1, replaced x0 by xlf and M(x)
=M(x, Xι). Hence, using the auxiliary functions

(2.10) fo(z):=(2n-l-z)B-(n-z)n-1{n-z+(n-l)z2},

f^z) := {in—1—(2n + l)2J B—(n—z)n~1{n+(2n — l)z—(n-\

we obtain the equality

+ nd.Λn

(see § 1 in [12]).
Now, using the function X=Xn(x) (O^x^l ) defined by

(2.12) x(n-x)n-1=X(n-X)n'\ ί£X^

with

C 9 i ^ d X - l ~ x Kn-χ)
{ ά) dx ~ x(n-x)' l-X '
we have

M(x, x1)dx n 1 — x
^W^cK(Xf Xl)dx'

where

xM(x, x,) XM(X, x,) .
for(2.15) K(x, ΛΓO :=•

0 for χ = L

By means of (2.11), we obtain easily

0(*)-0(*i)K(x, Xl)=

— ( Y Λ\* JoV ; x y lj~~ κ n "̂ Tϊ ϊr^JT~y <u(Yλ
\Λ — L) Tl\l- — Λ. ) V Ίl — A ψ\Λ )

and hence
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(2.16) K(x, i J - ^ ή ^ ^

X*h{X) l {ψω
i nφ(x)

REMARK. The first term and the functions in the two pairs of brackets are
all positive by Lemma 2.2 in [11] and Proposition 2 and Proposition 4 in [12].

§ 3. An expression of dΩ(τ, n)/dn and some constants.

LEMMA 3.1. We have the formula:

3ί2(τ, n) V 7 π (l-x)W(x, xjdx

8n 2bWn)χ0 x{n-xWx(n-x)n~~ι-c

where c^x^n — x^71-1, b—VB — c, B=(n — l)n-1 and

(3.1) W{x, xι)'r-

XVn-Xfo(X) xVn-

[(l-X)Wn-X (l-x)W n-xl" ~ nψ(x) '

Proof From (1.9), (2.8) and (2.14), we have

dΩ{τ,n) VT Π 1-x „,
dn 2b2VnJχQ x(n-

H
4 ( 7 2 -

On the other hand, by (6) in Appendix in [12] we have

__ 2 π l — x

Hence, we obtain

-, TΓO \clx .

r κ f

) 7 l- 1-cL v '
dn 262V

n (x.-mn-x,)71-2 (XVή^^UX) xV:nZΓxfo(x)\~\ .

—^T — — c 1—ix^W ΰ ^ ϊ ) 3 J J *
By (2.16), we have
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U-i)3

L "
, [XVn-Xfo(X) iVn-i/0(i)i r n (x.-l)2

+L (x^W (χ-iy J u - f Ίc]{^χ

Q. E. D.

LEMMA 3.2. On W(x, xλ), we have

W(x, X(x))>0 and lim W(x, ^ = + 00 for 0<x<l.

Proof. From (3.1) we get easily

W(x, X{x)Y

vXVn-XUX) xV?ι-xfo(x)Ί n (X-lf
L (^-l) 2 (x~iy ϊ n-1 X(n-X) '

because __ .8 >0 and (Y—]γ ( —iy > Q b y L e m m a 2-1 a n d P r°-

position 2 in [12], and λ(X)-λ(x)>0 by Lemma 2.2 in [11].
Next, we shall show that the 2nd factor of the 2nd term of (3.1) diverges to

+ 00 as x1—*n—0. Since we have

n ( x ! - l ) 2

ft — 1 ΛΓiCn —ΛΓI) X l (n — l)xλ{n — xx)

we obtain

hm
Γ ft(^a-l)2

 v /]

i-nL(n — l)Xi(ft — Xθ J

n ( n —1) Λi-n n —Xi

1 r 2n(x1-l)-(n-l){(n-2x1)log(n-x1)-xί-j-n-l}
— l i m —ft(ft —1) a?i-τι — 1

Γi-Tτ-lim[2ft(ft-l)+ft-l + ft(n-l)log(ft-Λ:1)]= + co,
ft(ft — I) x\-*n

from which we obtain immediately

VιmW(x, χ ^ + 00. Q.E.D.



38 TOMINOSUKE OTSUKI

LEMMA 3.3. We have

lim W(x, Jti)=O for l<xx<n .

Proof. Since we have Mm X{x)~l, we obtain this assertion by Lemma 2.2

and Lemma 4.2 in [12]. ^ Q. E. D.

Now, we consider the increasing ratio of the function W(x, xλ) defined above
in the domain: 0 < x < l , Xn(x)^x1<n, with respect to xx. Using the auxiliary
functions FQ(x) and F±(x) defined by (2.3) and (4.4) in [12] respectively as follow:

(n-A:)-n+8/2U-l)-8/oU) for 0^x<n, xΦl
(3.2) 0()\ y

{ n ( 2 n - l ) / 6 V n - l for χ = l
and

f (n-x)~ 2 w + 3 / 2(l-x)- 3/ 1(x) for 0 ^
(3.3) F 1 (JC)=]

i n(4n + l )/β(n- l ) n + 1 / 2 for A: = 1,

we obtain the following

LEMMA 3.4. We have dW[X> Xl)-^0, if and only if
OX\

(3.4)

where X(x)<Xχ<n.

Proof. We obtain from (3.1), (3.2) and (3.3)

Mΐ^ίl ) - λ{x)}
φ{x)

n — 1 Xi\n — Xi) I

and
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Since F0(X)—F0(x) and F1(X)—F1(x) are positive by Proposition 2 and Proposition
4 in [12], we obtain immediately from the last equality the statement in this
lemma. Q. E. D.

LEMMA 3.5. The function -, —— takes its maximum for §<x<n at
n+(n —l)x ~~

β=β(n) given by
(3.5) β :=(

which is increasing with respect to n and tends to V 2 as n—>oo.

Proof. We have

d x^n-x)71'1 _ nx(n-x)n-2{(n-l)x2+2x-2n}

dx n+(n-l)* {n+(n-ϊ)x}2

from which we see that the given function is increasing in [0, /3] and decreasing
in [/3, n], where β is the positive root of the quadratic equation : {n — l)x2Jr2x—2n
= 0 given by (3.5). We get easily

(3.6) Kβ<2.

Next, we have

dβ(n) V2n2-2n + l-n
—5 — , 1X2 / o ~ 2 — o ' ^ r T ^ Q f o r n > l ,

an (n — l)2v2n2—2n + l
hence β(n) is increasing with respect to n. It is evident that

(3.7) β{n) f V~2 as n->co . Q. E. D.

LEMMA 3.6. When n > l ,

(3.8)

Proof. Since we have

τι+1 v v

LEMMA 3.7. The constant v~v{n) defined by

(3.9) v:=

2n(n-l)

~ Q. E. D.

is increasing with respect to n for n>l and tends to 2—V2 as w^oo. Using v
we have
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(3.10)
n+(n-ϊ)x

Proof. From (3.5) and (3.9) we obtain

V2n2n + l l 2n-l-V2n2-2n-fϊ
{ } V

and

dv(ή)

dn

The rest of the statement of this lemma is evident. Q. E. D.

§ 4. Auxiliary function F0(x)—vψ(β)F1(x).

The author conjectured at first the function W(x, x2), X(x)^x1<n, would be
positive and has made efforts to prove it as shown in §§4, 5, 6. But he found
it was false. Being based on the facts described in these sections, especially
Lemma 6.5, he will devise the expression of the main integral

dΩ(τ, n) c f1 (l-x)W(x, x±)dx
d n ~~ 2 b W n ) χ 0 i ( n - f

as the one to appear in §7. Therefore, §7 should be followed logically to the
end of § 3. In order to show why he has to introduce the auxiliary function
V(x, Xi) by (7.10) in place of W(x, xx), he will describe them in brief, since these
results in §§ 4, 5, β may be used in the arguments after § 7 in the future.

First of all, noticing Lemma 3.4, Lemma 3.5 and Lemma 3.7, we set an
auxiliary function G(x) for each n by

(4.1) G(x) :=F0(x)~vψ(β)F1(x) for 0^

LEMMA 4.1. We have G'(x)^0 if and only if

where

(4.2) F 2U)=-{(

+(n
and

(4.3) F8(*)= {3(2n-l)(6n-l)-2(16n2+3?2-4)x+(2n+l)(4n+l)x2} B

which have been introduced in [12] by (2.6) and (4.8) respectively.

Proof. By means of (2.7) and (4.9) in [12], we obtain
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Gf{x)=FQ

f{x)-vψ{β)F1\x)

= ~(x-l)-\n-xr2n^2{(n-xrF2(x)-vφ(β)F3(x)}

for 0^x<n, xΦl} from which we obtain immediately this lemma. Q. E. D.

Now, by Lemma 4.1, G'(x)^Q at x (0^x<n, x*ϊ) if and only if

Since F2{x) is positive for Ogx^π, xΦl by Proposition 1 in [12], we see that
for O^x^β this inequality is followed from the inequality:

which is equivalent to

(4.4)

Now using the auxiliary polynomials in x :

(4.5) P2(x)

(4.6) P3(x)

(4.7) P2(x)

(4.8) P3(λ:)-3n(4n-l)+3(2n2-7n + l)x-(8n2+3n-8)x2+(n+iX2r

which have been introduced in [12], we can write F2{x) and F3(x) as

and

(4.10) F.d(x)=P2(x)B-(n-x)n-1P3(x).

Setting

S2(x) :=(n —
(4.11)

S3(x) :-(n-β)P3(x)+vβP3(x),

we have

(n-β)F2(x)-vβF3(x)=(n-xy-1S3(x)-S2(x)B.

Since 9 ^ — for n^2, it must be /3<^0 by Lemma 3.5 and Lemma 3.3 in

[12], where ^0 is the smaller root of the quadratic equation in x : P2(χ)=0.
Hence we have P2U)>0 for 0^x^/3. By Lemma 5.1 in [12], we have P2(x)>0
for — oo<χ<-foo. Therefore, the condition (4.4) is equivalent to



42 TOMINOSUKE OTSUKI

(4.12) (n-y^x) f o

In the following we compute the derivative of the left hand side of (4.12).
We have first

d (n-xr-ίSM_ (ft-*)-2

ZΓ Sίi) "" S? L-(n-x)S2 S3-S2T3],

where

and

are given explicitly by (3.5) and (5.4) in [12] as follow

(4.13) g 3 U ) = 2

(4.14) (53(z)=6

+(ft+l)(ft+2)(2ft + l)* 3 .

Hence, we have

—(ft —x)S2

/53—S2T3

~{(n-β)P2+vβP2} {{n-

and by means of the computations done for (3.7) and (5.6) in [12]

(4.16)

where Q2(x) and Q2(x) are given explicitly by (3.6) and (5.5) in [12] as follow

(4.17) Q2(x)

(4.18) (52(x)

+(n+l)(2ft+l) 2(4ft+l)* 2 .

Next, by (4.5M4.8), (4.13) and (4.14) we have
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(4.19) (n-x){P2\x)P3{x)+P2\x)PB(x)}+P2(x)Q3(x)+P2(x)Q,(χ)

+(2n+l)(n2-3n-l)x2}.

Thus, we can put

(4.20) -(n-x)S2\x)S,M-S2(x)T3(x)=n(x~iy{an,o-an,1x-an,2x
2

where we set

(4.21) an,0:=n{4:(n-β)2(n-l)(2n2-2n+3)

(4.22) an.i :=(n-/3) 2 (n-l)(8n 2 -2n+9)

(4.23) an,2:=-(n-β)2(n-l)(2n+l)-2(n-β)vβ(2n+iXn2-3n-l)

LEMMA 4.2. α n , 2 >0 for n^L

Proof. By Lemma 3.5 and Lemma 3.7, v(n)β(n) is increasing with respect to
n, and from (3.5) and (3.11) we have

(4.24) v(n)β(n)=
^

2
from which we obtain — ̂ v(n)^(ft)<2(V 2 —1) for 4^ft<oo. Thus, for n ^ 4 we

obtain from (4.23)

since n-β<n-l, 2(V2"—1)<1 and ft2-3n-l>0. Q. E. D.

LEMMA 4.3. T/ẑ  function σ=σ(n) of n given by

(4.25) σ = σ(n):=(n-β(n))/n

is increasing for n > l .
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Proof. From (3.5) we have

, where t = ?ι(n — l).

dσ dσ dt f + l-V27+ϊ~ 1 W A *
*(2n-l)>0 for n>l,

n(n — l) t

Hence we obtain

dn dt dn t

which implies this lemma. Q. E. D.

LEMMA 4.4. an,Q>0 for n ^ l l .

Proof. From (4.21) and (4.25) we obtain

(4.26) —α n , 0 =4σ 2 (2n 5 -4

Using Lemma 3.5, Lemma 3.7 and Lemma 4.3 and dividing into the two cases :
and l l g n < 1 3 , we shall prove this lemma.

Case I: 13^n. Since we have

4σ2^4(<7(13))2=3.189804 > 3.189,

-12=4.970562--<4.971,

we obtain

— απ > 0>3.189(2n5-4n4+5n3-3n2)-4.971(12n4-8n3-4n2+37z)

-4.118(28 723-lβft2+2n+l)

=6.378n5-72.408n4-59.591n3+7β.205n2-23.149n-4.118>0

for n ^ l 3 .
Case II: l l ^ n < 1 3 . Since we have

4σ2^4σ2(ll)=3.055118 >3.055,

6v2/32<β(i;2/32X13)=3.β68840 <3.6β9,

we obtain

— α 7 l o >3.055(2n 5 -4n 4 +5n 3 -3n 2 )-4.190(12n 4 -8n 3 -4n 2 +3n)
n
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-3.669(28n3-lβn2+2?2 + l)

=6.11n5-62.5n4-53.937n3+66.299tt2-19.908n-3.669>0

for l l g n < 1 3 . Q. E. D.

LEMMA 4.5. an>0<0 for 8^n^lO.

Proof. Since we have

4(72^4<72(10)=:2.9β9β00 < 2.970,

i i > 3.388,
we obtain

— αn,o<2.97O(2n5-4n4+5n3-3n2)-3.733(12?24-8n3-4n2+3?z)

-3.388(28n3-lβn2+2?2 + l)

=5.94n5-56.676n5-50.15n3+60.23n2-17.975n-3.388<0

for 8 ^ n ^ 10. Q.E. D.

Remark. By a computation we see that αn > 0 change its sign at a point in
the interval 10.6<n<10.7, i.e. n=10.69931 .

LEMMA 4.6. αn,i>0 for n ^ l 2 .

Proof. From (4.22) and (4.25) we obtain

(4.27) an, ^σXSn'-lOn'

Since we have for ?Z^

<τ2^ί72(12)=0.781900 >0.781,

2vi(3σ>2(i;i9o )(12)=1.375838 >1.375,

3i;2

iS
2<lim3v2/32-12(3-2V'T)=2.058874---<2.059,

we obtain

-2.059(32n4+3β?z3-8n2-3?2+3)

= 11.748^5-136.948w4~33.908w3-f23.193?22-6.198n-6.177>0
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for n^l2. Q. E. D.

LEMMA 4.7. αn,i<0 for 9 ^ n ^ l l .

Proof. Since we have

σ2^σ2(ll)=0.763779 <0.764,

> 1.734,
we obtain

-1.734(32n4+36n3-8n2-3n+3)

-11.52/25-125.32n4-22.924n3+20.516n2-6.966n-5.202<0

for 9^n^ll. Q. E.D.

Remark. By an analogous argument to the proof of Lemma 4.7, we can
prove that anjl<0 for 2^n<9 and see that an>1 changes its sign at a point in
the interval 11.2<n<11.3, i.e. n=11.21186 .

§5. Quadratic polynomial an,0—an,iX — cin,2X2

In this section, setting

(5.1) Qt,2(x):=an,0 — aUίlx — an>2x
2

we shall investigate its sign in the interval X~\β)^x^βf when n ^ l l .
First we obtain from (4.23) and (4.25)

(5.2) an,,= -σ\2ni-n3-n2)

LEMMA 5.1. dn^—an^β—an^β^O for n ^ l l .

Proof. We shall prove this, dividing into three cases according to the size
of n.

Case I: n^l2. Since we have

4σ2^4σ2(12)=3.127601 . >3.127,

6vβσ<lim6vβσ=12VΎ-12=4.970562-'-<4.971,
71->co

6v2/32<lim6v2/32=24(3-2Vi)=4.117749---<4.118,
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we obtain from (4.26)

(5.3) an,o>3A27(2n6-4n5+5n4-3n3)-4.971(12n5--8n*--4n3+3n2)

-4.118(28n4-lβn3+2?22+n)

=:6.254n6-72.1βn5-59.901n4+-76.391n3-23.149n2-4.118n

for n ^ l 2 . Since we have

2vβσ<lim2vβσ=W"2-4=1.656854-•• < 1.657,

3v2β2 > 3(v2/32)(12)=1.815702- > 1.815,

we obtain from (4.27)

(5.4) G n , 1 <8n 5 -10n 4 +lln 3 -9n 2 +1.657(4n 5 -46n 4 +23

-1.815(32?z4+36n3-8n2-3n+3)

= 14.628n5-144.302n4-lβ.229n3+22.09n2~9.468n-5.445

for n ^ l 2 . Since we have

σ2^ ί72(12)=0.781900 > 0.781,

2vβσ>2(vβσ)(12)=1.375838-> 1.375,

we obtain from (5.2)

(5.5) α 7 l ) 2 <-0.781(2n 4 -n 3 -n 2 )-1.375(2n 4 -5n 3 -5n 2 -?2)

+0.687(lβn4+3β7t3+28n2+9n + l)

=6.68n4+32.388n3+26.892n2+7.558n+0.687

for 72^12. From Lemma 3.5, we have β< 1.415.

Hence, by (5.3), (5.4), (5.5) and Lemma 4.6 we obtain

fln. o - an, 1β-an, 2^
2>6.254n6-72.16n5-59.901n4+7β.391n3

-23.149n2-4.118n-1.415(14.628n5-144.302n4-16.229n3+22.09n2

-9.468n-5.445)-2(6.68n4+32.388n3+26.892n2+7.558n+0.687)

=6.254n6~92.85862n5+130.92633n4+34.579035n3-108.19035n2
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-5.83678ft+6.330675

>6.254ft6-92.859ft5+130.926ft4+34.579n3-108.191ft2-5.837 ft+6.33

>0 for ft ^14.

Next, since we have for 12^

6v2/32<6(v2/32)(14)=3.700940 <3.701,

(72<σ2(14)=0.810940 <0.811,

2vβσ < 2(vβσ)(H)=1.414505- < 1.415,

v2

i5
2<v2

i5
2(14)-0.616823 <0.617,

we obtain

(5.30 αn,o>3.127(2ft6-4ft5+5ft4-3ft3)-4.244(12ft5-8ft4-4ft3+3ft2)

-3.701(28ft4-16ft3+2ft2+ft)

-6.254ft6-63.436ft5-54.041ft4+66.811ft3-20.134ft2-3.701ft,

(5.40 αnil<0.811(8ft5~10ft4+llft3-9ft2)+1.415(4ft5-46ft4+23ft3+10ft2-9ft)

-1.815(32ft4+36n3-8ft2-3ft+3)

= 12.148ft5-131.28?z4-23.874ft3+21.371ft2-7.29ft-5.445,

(5.50 β r ϊ ;2<-0.781(2ft4-ft3-ft2)-1.375(2ft4-5?ί3-5ft2~ft)

+ 0.617(16ft4+36ft3+28ft2+9ft + l)

=5.56ft4+29.868ft3+24.932ft2+6.928ft+0.617.

Furthermore, from Lemma 3.5 we have

β < β(U)=1.392690- < 1.393, β2 < β2(U)=1.939568- < 1.940

for ft<14. Hence, by (5.30, (5.40, (5.50 and Lemma 4.6 we obtain

-6.98635ft+6.387905

>6.254ft6-80.359ft5+118.045ft4+42.123ft3-98.272ft2-6.987ft+6.387>0

for 12^ ft < 14.
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Case II: l l ^ n < 1 2 . Since we have

4<72^4(72(ll)=3.055118 > 3.055,

βvi8ί7<β(v/3σ)(12)=4.127515 <4.128

β^2/32<β(v2/52)(12)=3.631405 <3.632,

we obtain from (4.26)

(5.6) αn, 0>3.055(2n 6-4n 5+5n 4-3n 3)-4.128(12n 5-8n 4-47ί 3+3n 2)

-3.632(28n4-16?23+2tt2+n)

=-6.11n6-61.756n5-53.397n4+65.459n3-19.648n2-3.632n

for l l ^ n < 1 2 . Since we have

σ2<σ2(12)=0.781900-•- <0.782,

2vβσ < 2(yi8σ)(12)=1.375838- < 1.376,

3J;2/52^3(V2/32)(11)=1.793579 > 1.793,

we obtain from (4.27)

(5.7) αn, 1<0.782(8n 5-10n 4+lln 3-9n 2)+1.376(4n 5~46n 4+23

-1.793(32n4+36n3-8?22-3?2+3)

-11.76n5-128.492n4-24.298n3+21.066n2-7.005n-5.379

for l l ^ n < 1 2 . Since we have

<72^<72(ll)=0.763779 >0.763,

v2β2 < v2/32(12) -0.605234- < 0.606

for l l ^ n < 1 2 , we obtain from (5.2)

(5.8) αΛ ) 2<-0.763(2n4-n3-?22)-1.351(2?z4-5?23~5n2-

+0.606(16n4+36?23+28n2+9n + l)

=5.468n4+29.334n3+24.486n2+6.805?i+0.606

for l l ^
Now, noticing Lemma 4.6 and Lemma 4.7, we can prove that the last side of

(5.7) is positive for l l . l g n < 1 2 , by considering the two cases: ll.lfgn<11.2 and
11.2^ n< 12. Thus, since we have from Lemma 3.5
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i8<i8(12)=1.388983 <1.389, /32< J8
2(12)=1.929275 < 1.930

for n<12, we obtain

an,o—anΛβ~ an,2β
2

>6.11n6-78.O9O64n5+114.525148n4+42.5943O2n3-9β.lβββ54n2

-7.035705n+6.301851

>6.11n6-78.091n5+114.525n4+42.594n3-96.167n2-7.036n+6.301>0

for l l . l g
Finally, we shall prove the above inequality for 1 1 ^ n< 11.1. First, we shall

show that an>1<0 in this interval of n. Since we have

(72<σ2(ll.l)=0.765725 <0.7ββ,

3v2/32^3(v2/32)(ll)=1.793579- > 1.793

for l l g w < l l . l , we obtain from (4.27)

(5.9) αn>1<0.7β6(8n5-10n4 + l ln 3 -9n 2 ) + 1.355(4n5-4β

-1.793(32n 4 +3βn 3 -8n 2 -3n+3)

= 11.548n5-127.36βn4-24.957n3+21n2-6.81βn-5.379<0

for l l ^
Next, we shall make the evaluations of αn,o and an<2 a little more sharper

than (5.6) and (5.8). Since we have

6v2

i8
2<6(v2

i8
2)(ll.l)-:3.591943 <3.592,

v2β2 < 0.598657- - <0.599

for n < l l . l , we obtain from (4.26) and (5.2)

(5.10) α 7 l i 0 >3.055(2n 6 -4n 5 +5n 4 -3n 3 )-4.063(12n 5 -8n 4 -4n 3 +3n 2 )

=6.11n6-60.976n5-52.797n4+64.559n3-19.373n2-3.592n

and

(5.11) α 7 l ) 2 <-0.763(2n 4 -n 3 -n 2 )-1.351(2n 4 -5n 3 -5n 2 -n)

+0.599(16n4+36n3+28n2+9n + l)
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=5.356n4+29.082n3+24.29ft2+6.742ft+0.599

for 1 1 ^ n< 11.1. Furthermore, since we have

/3^/3(ll)=1.386606 >1.386, /32</32(ll.l)=1.923393 < 1.924,

we obtain from (5.10), (5.9) and (5.11)

an,0-an>1β-an,2β
2

>6.11n6-7β.981528?z5+113.427332n4+43.195634n3-95.2129βn2

-7.116632?z+6.302818

>6.11n6-76.982n5+113.427w4+43.195n3-95.213722-7.117n+6.302>0

for l l ^
Thus, we have finished the verification of Case II. Q. E. D.

Remark. By a numerical computation we see that an>0— anΛβ— an,2β
2<0 at

n = 1 0 .

LEMMA 5.2. When n ^ l l , an,0—anΛx — an<2x
2>0 for O^x^β.

Proof. By Lemma 4.2, Lemma 4.4 and Lemma 5.1, the statement of this
lemma is evident. Q. E. D.

Regarding (4.12) we have the following

LEMMA 5.3. (nxySsix) _

S2(x)

Proof. By means of (4.11) and (4.5)~(4.8), we have

S 2 (l)-S 3 (l)-12(n-l) 2 {{n-β)+vβ}. Q. E. D.

§ 6. Properties of W(x, x :).

PROPOSITION 1. W(x, x^>0 for X~\β)^x<l and X(x)^x1<n, when n^ l l .

Proof. By means of Lemma 5.2, we see from (4.20) that the inequality (4.12)
is true for O^x^β, hence (4.4) is so. Thus, we obtain

(n-x)nF2(x)-vφ(β)F2(x)>0

and hence

G r(x)>0 for O^x^β, xΦl

by the argument in §4. G(x) must be strictly increasing in 0<x<β. By Lemma
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3.5 and Lemma 3.7 we see that the inequality (3.4) must be true for X
and X(x)<x1<n, Accordingly W(x, xx) is increasing with respect to x1 for
X{x)<Xι<n, when X~\β)^x<l. From this fact and Lemma 3.2 we obtain

W(x, x0>0 for X~\β)^x<l and I W ^ i ^ n . Q. E. D.

LEMMA 6.1. The function W(x, JCI) is convex downward with respect to xx

for a fixed x (0<Λ:<1), when
i) max(X(x), 2)^x1<n;

and
ii) for X(x)^x1=Y<2, X-\2)<x<l,

where

provided n ^ l l .

Proof. In the proof of Lemma 3.4, we get

(β.l) Γj

from which we obtain

(6.2) -ΊT-τir-rWix, Xl)

Since F,>(X)—F0(x) and F1(X)—F1(x) are positive for 0 < A - < 1 , we obtain easily
that

Next, regarding the second statement, we see immediately from (β.l) that

W{x, Xx) vanishes if and only if

F 0(*)-Fβ(*) {?i-l)x1\n-x1)
n-

From (6.2) we see that dW(x, x1)/dx1

s>0 if and only if

F,(^)-f,(x) (n-l) 2x 1

3(2-x 1)(w-x 1)"
1 ' FWFM 2{n-x1f+{n-l)x1*
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Now, we factorize the right hand side of (6.4) as

2(n-x1)
2+(n-l)x1

3 nJr{n-l)x1

/T"
the first factor of which is decreasing for —τ^<Xi and takes the value 1 at

V I
xλ—β. In fact, we can easily show that Xi(2—x^in+in — l)xj is decreasing

and 2(n — x1)
2-\-(n — l)x1

3 is increasing for —T~=<Λ:1. Next, using the equality

V Z

(6.5) (n-l)β2=2(n-β)

by Lemma 3.5, we have
(n-l)β(2-β){n+(n-ϊ)β] = (n-iχ2-β){nβ+2(n-β)}

2(n~β)2+(n-l)β3 2(n-β)2+2β(n-β)

i 5
2 }

2n(n-β)

Going back to the proof of ii), we assume that (6.3) holds at x1=Yf X(x)^
Y<n, 0 < # < l . When F^2, W(x, xx) is convex downward at xλ=Y by i). When
r < 2 , it must be Z" 1(2)<x<l.

On the other hand, from Lemma 3.6 we have

^V for n>l
> n + 1

and
2n

Now, assuming n ^ l l , we see that it must be X~1{2)<x<X~\β) by Proposi-
tion 1. Hence we have

τ=^<β and

and so

Therefore we obtain

F O ( Z ) - F Q U )
F 0 (Z)-^ 0 (^)

which shows that W(x, Xι) is convex downward with respect to xx at xλ=Y.
Q. E. D.
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This lemma and Lemma 3.2 imply immediately the following

LEMMA 6.2. When n ^ l l , for a fixed x ( 0 < x < l ) the function W(x, xλ) takes
its critical value with respect xλ at most one point in the interval X(x)^xι<n,
which becomes the minimum value.

LEMMA 6.3. For a sufficiently small fixed x ( 0 < * < l ) , W(X, x) as function of
Xι takes its critical value in the interval X{x)<x1<n.

Proof. By means of Lemma 3.4 or Lemma 6.1, we see that W(x, xλ) is
critical with respect to xλ at xλ= Y if and only if

(6.6)

For 0<x<X~\β), we have β<X(x) and then from the fact described in the
proof of Lemma 3.5, we see that there exists Y satisfying (6.6) if and only if

—

which is equivalent to

XVn-Xfo(X) xVn-xfo(x)

r X2A(X)

n+(n-l)X \(l~-X)Wn-X (1-x)'
l_ xVAx) 1
-X (1-xYVn-χl

by (3.2) and (3.3).
Now, we obtain easily from (2.10)

jXVn-Xfo(X) xVn-xfo(x)

and

™ n+(n-l)lί(l-I)Vn-I (l-x)Wn-χί n-\ ™ Vn-X
n(2n-l)B

Hence, (6.7) must hold for sufficiently small ,τ>0 without the equality sign.
Q. E. D.

Taking these lemmas into consideration, for each x ( 0 < x < l ) let Y=Y(x) be
the value of xλ where W(x, xλ) takes its minimum in the interval X(x)^xx<n.

LEMMA 6.4. We have
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lim W{x, X(χ))=<x) (n>2).

Proof. From x{n-x)n-1= X{n-X)n-\ we have

(6.8) x^—-^{n-X)n-1 near χ=0,

n
from which we obtain

lim
ZZon-X

We have also from (1.4)

(6.9) lim (n-X)λ(X)=\im{(n-X) login-X) + n-l}=n-l.
x->+o x-^n

Now, since we have

W{x, X(x))= (^_i)3 {λ(X)-λ(x)\

YXV^^XfoiX) xV~n=xMx)-\ n(X~l)2

\(n(x-1)3 \(n-l)X(n-X)

U-i)3

1_ nVn-xfo(x)(X-iγ ^c_^

^ (n-l)(Z-l) 'V^-X (n-l)(x-iγX ' n-X '

we obtain

limim W(x, X(x))=-VnM0)\(n-l) lim — ^ -

= (n-lY limo VJ^X =Jr°° Q.E.D.

LEMMA 6.5. We have

Y\mW(x, Y(x))= — TO.

Proof. By Lemma 6.3 we have (6.6) at Y=Y(x) for sufficiently small x>0.
Hence, we have

ψ(Y) = n+(n-l)Y F0(X)-F0(x)

UX) Mx)
n+(n — Y)Y (n—X)n ZI\X— I) 3 (n — x)n 3 / 2(x — I ) 3

= " (n-i)r~ f MX) Mx) \.u'Λ
ι-Xγn-s'%l-Xγ (n-x)2"-3/2(l-x)3 )ψ{x>
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MX) Mx) (n-X\n

n+(n-l)Y (X-iγ (x-l)

X) Mx) (n-X\n

-iγ (x-l)Λn-χJ
(n-l)F

(1-Z)3 (l-xY \n-x )

from which we obtain near x—0

ψ(Y) = n2

 ι Mn) ,, Z χ -/o(n) ( y χ

^(Z) (n- l )n — n/i(n) ^ (w —l)/i(n)

Since we have from (2.10)

/ 0 ( n ) = ( n - l ) β , / 1(n)=-(n-l)(2τι-l)JB,

we obtain

ζ̂ VA ) Λ.\ΐl — Λ. ) \Ύl — l)\Δΐl — i.)

near x=0, which implies

(6.11) lin

Now, we have from (3.1)

W(x, Y(x))= X ^ " ^ : { X ) {λ{X)-λ{x)}

\X^n-XflX) xVn-xMx)Ή n (7-If

1Γ XViiX) x2Δ(x^ Ίf,_ φ{TU
nl(l-X)Wn-X (l-Λ)Vn-JcJΓ >(Z) 1

Γ X _

Ί(x-iy'Vn-x
x 1

n-x\
_l i i _ ^ ( y ) ] x'fi{X) J _ 4.III __

On the other hand, near x=0 we obtain from (6.10)

r 1 u/(»-D
« 19") n — Y=\ > (n — X)nnn'1'>

• ' I ( n l ) ( 2 n l ) J l ;

or
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(6.120 n-X= {{n-l){2n-Yj]ιln{n-Yyn-ι"n

and

n (Y-1Y
(n-Y)λ(Y)

\J_f-w__ VV-2

'- (n-F) log(n-y)-(n- l)

n-1 Y

1 (n-l)2-2(n-l)(n-r)+(n

~-{n-Y) login-Y)-(n-l)

= ( n — F ) - l o g ( n - F ) h —, ^ i h( ) +•
L n n(n—\) \ n \ n /

Hence we have

X-+0 n— Y In —1 r

= hm(n—X)\ —login —Y) \-—r r H — — + ( ) +••
χ-*+o L n n(n —1) I n \ n /

- 0 ,

i. e.

(6.13)

Using these facts, we obtain from the expression above of W(x, Y{x))

limWίx, Y(x))= ~—in—l)lim ^7—0
Λ-+O — 1 χ-+o n — X

i l l 0 (Z)J ( 1 Z ) 3 J V X

n ( l -



58 TOMINOSUKE OTSUK1

— —, ττΓ {(n — l)fo(n)+fi(n)} lim —7=^7 .
(ft — I)6 *-+o Vft — A

Since we have

(n-l)/0(n)+Λ(n)= {(ft-l)2-(ft-l

we obtain finally
\imW(x, Y(χ))=-oo Q.E.D.

§ 7. A device in the main integral.

By virtue of the properties of W(x, xλ), especially described in Lemma 6.4
and Lemma 6.5, which are not desirable for our way to prove Conjecture C by
making use of Lemma 3.1, we shall try to find a more convenient form of the
main integral.

First of all, we show that W(x, xx) given by (3.1) can be written as

W(x, x1)=ψ(x)F0(x){λ(X)-λ(x)}

Ύ

TL 1 Xι\ΐl X\)

-Ψ(X)[FO(

where we set

(7.1)
n-\ x(n-x) " & v * Λ1 ' (n-l)x '

Here we introduce a complex valued function by

(7.2) E(z, x1):=F0(Z){λ(z)-λ(x1)}-~F1(z){φ(z)-ψ(x1)},

which is analytic with respect to z with singularity only at z—n. Then, we
have

(7.3) W(x, Xl)=φ(x){E(X, Xl)-E{x, Xl)}

and going back to § 3 we obtain easily the formula:
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, n) V7
dn 2bWn)χo Vx(n-x)n-f-c

(l-z)(n--z)n-*E(zLx1)dz

PROPOSITION 2. We have

f xλ)dz 2 r*i Vx(n-x)n:ΓlZ:c N(x, xλ)άx

N(x, x1)=(n-x)F2(x){λ(x)-λ(x1)}+3(x-m0(x)-2n(x'-iγ{B-ψ(x)}.

Proof. Noticing c=φ(xι) on the Riemann surface £F and setting c*=λ(x1),
we obtain

(l-z)(n-z)n-2E(z, xjdz

Vψ(z)-c

— Fo(z) WU)-c*} rfu;- —(\-z)(n-z)n-'ιFlz)wdz

Since we have from (3.2), (3.3) and (1.5), (2.7) in [12]

d

and

c*} 2/0(z) ΛU) Ί
) n - 1 / 2 (z-mn-z)n+lί2 ^ (l-z)\n-z)n+1<2 J

we obtain the formula

(7.5) ( q-z)(n-z)n-2E(z, xλ)dz
Vz(n—z)n~1—c
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^/z{n-z)n~ι-c r/ N „
{2fo(z)+f1(z)Udz.

On the other hand, we have from (2.10)

(7.6) Mz)=Uz)-2n(z-l){B-φ(z)},

and so

2fo(z)+Uz)=3Mz)-2n(z-l){B-ψ(z)}.

Hence setting

(7.7) N(z, x1)'Mn-z)F2(z){λ(z)-λ(x1)}+3(z-l)iUz)

-2n(z-iY{B-ώ(z)},

(7.5) becomes

(7 8) f a-zXn-zr-*E(z, Xl)dz

___^Γ Vzjn-z^-'-cNjz, x,)dz_ 2 pi <s/x{n-x)n~ι-c N{x, xλ)dx
~ n)r (z-mn-z)n+1/2 ~ n)χ0 (x-l) 4 (n-i] n T l 7 2 ~

Q. E. D.

Remark. By means of the remark at the end of § 2 in [12], F2(x) has a
zero point of order at least 4 at x=l. And fo(x) has a zero point of order 3
by Lemma 2.2 and B—ψ(x) has a zero point of order 2 at x = L

LEMMA 7.1. λ{x) (0<x<n) has the following properties:

()= lim λ(x)= — oo,
x->+0 x->n-0

.... dλ(x)
(n)

dx (n-l)x2(n-x) '

_ ^ M =
U i υ dx2 (n-l)xz (n-x)2 ^

Proof. We obtain this lemma immediately from (7.1).

LEMMA 7.2. N(x, Xί) (0<x<n, lSxι<n) has the following properties:

( i ) lim N(x, ̂ i )= + oo for xΦl,
x-*n-0

(ii) N(l, Xi)=0 for I^x1<n,

(iii) li
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(iv) lim N(x, x)=0,
x-*n-o

(v) N(x, x)<0 for x>l sufficiently near x = l,

(vi) ^^-^->0 for xΦl, Kx1<n.
OXι

Proof, (i) is derived easily from Lemma 7.1 and the fact F2(x)>0 for
, xΦl (Proposition 1 in [12]). (ii) is evident.

Next, we shall prove (iii) and (iv). We have easily

lim N(x, X(x))=nF2(0) lim(-λ(X(x)))+nF2(0)λφ)+3f0(0)+2nB=

and by (7.1) and F 2 (n)=(ft-l) 2 (2n-3)£ we have

lim N(x, x)= lim F2(x) n^x~~lJ +3(n-l)2f0(n)-2n(n-iγB

From Lemma 2.3 in [12] and Lemma 4.1 in [11] we obtain

lim-/—zTj- = Ύn{2n-l)(n-l)n \ lim
x-+i (x — l) 6 x ^

Since we have

(7.9) N{x, x)=

we obtain

Λ ^ μ n ^ L + 1
.r->i+o (x — I ) 5 n—1 Λ-i+o ( x — l ) 3 2

because F2(ΛΓ) has a zero point of order at least 4. This fact implies immediately

(v).
Finally, from Lemma 7.1 we obtain

dN{x, x,) {xι

=(n x)F(x)5 = ( n x ) F 2 ( x ) , 7 τ 2 7 r > 0
ox1 (n — I ) * ! (n —xj

for 0<x<?2, j t ^ l and K x ^ n . Q. E. D.

Taking note of the facts in Lemma 7.2, we shall provide for the following

PROPOSITION 3. We have
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, , , „ w Λ χ2N(χ, χι) ,X2N(Άχ),χi) f n . . ,

(7.10) ^xO^^-^vI^+ί^ijV^r^ /orO<x<l.

Proof. In fact we have

Vψ(x)—cN(x, x^dx^ xVψ(x)—cN(x, xλ) l — x
-dx

*iXVφ(X)-cN(X, x,) X-l
i (Z-l) 5 (n-Z) π - 1 / 2 ' X(n-X)

By means of (2.12) and (2.13), the second integral of the right hand side of the
above equality becomes

-cN(X, xλ) l-x
x(n-x)

n Vφ(x)-cX2N(X, x,) l-x
l)Wn^T' x(n-x)

Hence, we obtain

(x-mn-x)n+1/2

X2N(X xj I ri

ϊ J )χ
x*N(x,xύ_, X2N(X, xj
- i ) V n - i ( I - l ) V n - ϊ J )χo~~ ' x\n-x)n

which implies this proposition. Q. E. D.

Formula (7.4), Proposition 2, Propos

if we can prove that V(x, X(x))^0 for

Formula (7.4), Proposition 2, Proposition 3 and Lemma 7.2 imply - J L - ^ — - <0,

§ 8. Properties of V(x, xλ).

LEMMA 8.1. V(x, xλ) (0<x<l, Kxx<n) has the following properties:
( i ) lim V(x, X!)= + oo for 0<ΛΓ<1

x n o

(ii) V(x, xύ is increasing with respect to xλ for each x

(iii) When n>2, lim V(x, X(x))=O and furthermore when ?ι>'^Σ^J- = 2.l5,

V(x, X(x))>0 near x=0;

(iv) When n>2, lim V(x, X(x))—O and furthermore when n>J^

V(x, X(x))>0 near x=l.
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Proof. From (7.10) and Lemma 7.2 we obtain easily ( i ) and (ii).
Now, we shall estimate V(x, X(x)) near x=0. From (7.7), (7.9) and (7.10) we

have

(Rl) V(r(8.1) V(x,

_ * V n - s c , w,, ^ ;iYM 3X2/Q(X) 2 E X M S - ^ ( X ) }
(1 —x) U - l ) V n - i (1 — x)W n — x

n XF2{X^ 3 Z 2 / Q ( Z ) _ 2nX2{B-φ(X)}
+ n-l ( I - l ) V n - " l + ( I - l ) V n - I (Z-l)Vή=X '

In the following, we set for simplicity

(8.2)

nxF2(x)
\ ί/ 8 U):= —

and

(8.3) UA(x)~U3(X(x)l UJix):=Ux{X{x)\ U<(x):=U2(X(x)),

then we have

V(x, X(x))= U0(x)-Ux(x)+ U2(x)+ U4(x)+U5(x)-U6(x).

By means of Proposition 3, Lemma 2.1 in [12] and Lemma 7.1 we see easily that
Ui(x), ι=0, 1, 2,4, 5, β, are all positive.

Now, taking an auxiliary parameter t = n — X{x), we can put

x=tn-\b1+b2t + ' ) near x=0

by the equality : x(n-x)n~1=X(n-X)n-1=ntn-1-tn. Therefore from the equality

we obtain easily

6 1 = — ^ ~ i " > b2= -—-,

hence

V n n 2 n n l /

supposing n>2. Next, we shall compute λ(x)—λ(X). From (1.4) and (7.1), we
have
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ΐl — X

n-l + Oit).

Hence we obtain

(8.5) U0(x)=: {VΈFM+Oit71-1)} x2ί-log t+log n [-0(0

since we have
lim tm log t=0

for any small positive constant m. Analogously we have

Next, we shall compute U±(x), Uδ(x), Uc(x). We have

n XF2(X) n \ nF2{n) d XF2{X)
Uλx}~ n-l ( I - D V n 1 1 !

and

d XF2{X)

dx (x-iy
From (4.2) we have

F 2 ( n ) = - ,

F2'(n)=-P2'(n)B=8(n-l)B

and hence

d XF2(X)

Thus we obtain

, n2(2n—3)5 n(4n 2- ±^fί, ^}^ .-

(n — 1)2V t (n — iy

Next, we have

5 l ' τ ; (I-l)Vn-I V

and
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x {x-ιγ
n2fo'(n)
(n-iγ '

From (2.10) we have fo(n)=(n—l)B, fQ\n)— — B and hence

d X2UX)
dX (X-i (n-l)z

Thus we obtain

(8.8) f/B

Next, we have

2n

d X2{B-φ(X)}

dX (X-l) 2

and

Thus we obtain

(8.9) u^x^Γ^f^/γ~]

By means of (8.5)~(8.9), we have

d X2{B-ψ(X)}
dX (X-l)2

2nB

/ τ f » ( 4 n 2 - 1 2 n - 3 ) 6n(n + ί)

I (n I)3(n —I)3
(n — I) 3 (ft — I)

n' }

— I ) 3 J

i. e.

which implies immediately

lim

and y(x, Z(x))>0 sufficiently near χ=0, when n 2

Finally we shall prove the statement (iv). Taking an auxiliary parameter

(8.11) t = l-x,

we can put near i = l as

Substituting these into the equality
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a
we have

from which we obtain easily

bl=1' b2=

and hence

(8.12) χ%*
3(n —1)

We have

_Vn-lL 4 w ~ 5 8»2-24»+15 i
ί5 I 2(»-l) + 8(n—I)2 + " 7 '2(»-l) + 8(n—I)2

and from (4.5) and (4.6)

= -B{12(n-l)2+2(2n2+3n-5)t+(2n + l)t2

i.e.

(8.14)

Then, setting

3(n —1)

we obtain from (1.4) and (7.1)

-log(n-
n-x " & v " ' ' {n-l)X n-l

1 n

1 .
n —1
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\n-l 2(n-l)2 + ' ' ' ) + V 1 ~^T + "ΰ Z : ϊ ) Γ ~' '/ ^ ^ I

n - 1 n - 1 ' n - 1

/ /2 \ / (2n-l)s2 \
\ 2(n-iy +'"r\ 2(n-l)2 )'

hence

(8.15) λ(x)-λ(X)=t2\ ( " + 0(θ}.
I (n —I) 2 J

Then, using (8.13), (8.14) and (8.15), we obtain

(8-16) Uo(x)= X[^χf

XFM {λ(x)-λ(X(x))}

Next, we have from (2.10)

fo(x)=(2n-l-x)B-(n-x)n-1{n-x+(n-l)x2}

i.e.

Hence, we obtain

UlW=(x-l)W^^ = ~ΊWn-ϊ+t'f°a~t

/ n{2n-l)B
X

/ n{2n-l)B n(
V 2(n-l) + 4(n-l)2

i.e.
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Analogously, we obtain

U6(x)=U1(<X(x))=U1

1 f n(2n-l)B n(5n2-3n+l)B
2 ( n l ) 4(ft-l)2

therefore

f o i q x ,w χ V _ 1 f n(.2n-l)B n(5n>-
(8.19) U M +

Next, we have

x2 X2 l-2t+t2 l+2s+s2

i)Vn-i (I-l)Vn-I tWn-l+t sWn-l-s

{ l 2 t + t ^ l + +2 t ^ + 8(n-l)2 +

^ ( ^ + - 8 ^

ίVn-il 2(n-l) 8(

4n-3 8n2-8n+3
+ 2 ( n l ) S +l) 8(n-l) 2

into which substituting (8.12) we obtain

(l-x)Wn-x (X-l)Wn-

1 r _ 4n-3 8n28?2+3
"" ίVw^t 2(n-l) 8U-1)2

3(rc-l) J Γ 2(n-l)

Furthermore, by Lemma 4.1 in [11] we have

B-ψ{x)=:B-ψ{X)=t2[n{n~^)n 2 +O(θ} near ^ = 1.

Thus, we obtain

(8.20) ^ - ^ ^

Next, using (8.14) we have
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U ( x ) = nXFU)__ = n(l+s) I f s 3s' ]
4 W (n-l)(X-l)Wn-X (n-l)s3 Vn-l\ 2(n-l) 8(n-l)2 ^ J

and hence

(8.21)
6

By means of (8.16), (8.18), (8.19), (8.20) and (8.21), we have near χ =

V(x, X(x))=t\-^*~n + 1*n~~1)n~V2 + 0 ( 0

n(2n-l)(n-l)n~5/2 j n(5n2-

2 + I

. n(2n — l)(n — l)n~5/2 , r n(5n2—3ft + l)(n —I)7*"7 7 2 , _ Nϊ
+ 2 + t\ 4 +°{t)\

= A »(2n3-3n2-5n+3)(n-l)"-^ +Q^Λ

i.e.

(8.22) 7( Λ

υ

where x=l—t, which implies immediately

lim V(x, X(x))=0
a -i-0

and
V(x, X(x))>0 sufficiently near x = l,

when ny^Y^ =2.30277-'-. Q. E. D.
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