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THE BOREL-CANTELLI LEMMA FOR STRONG MIXING
SEQUENCES OF EVENTS AND THEIR
APPLICATIONS TO LIL.

By KEN-ICHI YOSHIHARA

1. Introduction. Let {§,, —oo<j;<co} be a sequence of random variables
which satisfy one of the following mixing conditions:
(I) the ¢-mixing condition, i.e,

(L.1)  ¢(n)=sup sup |P(ANB)—P(AP(B)|/P(A) 10  (n—> )
k AEM (-, k), BEM (k+n,o)
or
() the strong mixing (s.m.) condition, i.e.,
(1.2)  a(n)=sup sup |P(ANnB)—P(A)P(B)| | 0 (n —> o0)
k AEM (-, k), BEM (k+n,o)

where M(a, b) denotes the o-algebra generated by &, ---, &(a<b).

By definition, it is obvious that if {£;} is ¢-mixing then {£;} is s.m.

Now, let {7,}={n$’, i=1, 2, k=1, 2, ---} be any sequence of positive integers
such that

(1.3) nP=nP<nP=nP < <nPsaP -
For the sequence {7,}, we put

(1.4) af(j )= sup )IP(AK\B)—P(A)P(B)I

= 1) (2 1 (2
ACGM(n, " ny ),BEM(n“j,nHj

if {&,) is s.m. Then, it is clear that for any i(=1) and j(=1)
(L.5) @ty ) =a(nl,—n).

For brevity, we shall say that {4,} (A;.eMx®, n?), i=1, 2, ---) is a*-mixing
with {z,} if (1.5) holds.

In this paper, we shall prove the Borel-Cantelli lemma for such sequences of
events and, using the result, establish some laws of iterated logarithm for mixing
sequences of random variables.
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2. Some lemmas. In what follows, we shall agree to denote by the letter
K a quantity bounded in absolute value. For any random variable & we put
IEl,={E|&|?}?"" if the latter exists. The following two lemmas are known.

LEMMA A. ([2] Theorem 17.2.1). Assume that condition (I) 1s satisfied and &
and 1 are measurable over M*. and M., respectwely. If |§|=C, and |n|=C,
with probability one, then

@D | E€y—ESER| =4C.Coa(n).

LemMmAa B. ([1] Corollary to Lemma 2.1). Let & and 7 be the ones described
wm Lemma A. If E|§|P<co and E|n|?<co with p>1, ¢>1 and p~'4q <1, then

2.2) | Eén—EEEn| 1201l 7l {a(m) =274

LEMMA 1. Let {§;} be a s.m. sequence of random variables which salisfies the

followng conditions: For some 6>0
(i) EE,=0 and E|&,|*"<K (=1, 2, ---), and

(i) il {a(n)} P19 < oo,

Then, for any n(=1) and any b(=0)

@9 var(¥ 6)=K 3 1
and
@4) ({2_?32(1 0:1 )éK{liiél HEiII%ﬂs} (log22n).

Proof. Without loss of generality we assume that 6=0. Since from Lemma B

| E§£,1 12010245116 1205 fa(— 1)} 442

S6{IE: 3o+ 1E 1348} {aG—)} o @D (g>9.
So

M:

-

7 n-1 2
var(3¢)= 3 Eg2'S 3 |64
1=1J=1+1

-

=1

EZ+122 Z NGl o+ 1€,080} {alg—ip 2+

=2

|M=

2 Eg+12 3 16 3, @)+ 316150 S (@)

<K 3 16l

Thus, we have (2.3). (2.4) is obtained from Theorem F in [4] and (2.3).
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3. The Borel-Cantelli lemmas for a*-mixing sequences of events.
For the a*-mixing sequence of events the following theorem holds.

THEOREM 1. Let {§;} be a (not necessarily strictly stationary) s.m. sequence
with X{a(n)}® D <oo for some 6>0. Let {fi,} be an arbitrary sequence of positie
ntegers satisfying (1.3). Suppose that the sequence {A;} of events be a*-mixing
with {fi.}. If for some a (0<a<(2+0)/(2+20))

(3.1) lim inf n®P(A,)>0
then
(32) P(A, U 4,)=1.

Thus, there occur with probability one wnfinitely many of the events A,,

Proof. We shall use Révész’s method in [8]. Let {, be the indicator func-

tion of A,, i.e.,
1 if weAd,,
C=Lalw)= 3
0 if wsA,.

Then, {{,} is a s.m. sequence of random variables and by the Chebyshev ine-
quality

where ¢(0<e<1/2) is arbitrary. Since by Lemma 1

Var(38)=K 3 16— P(AIR

=K Zn‘_,l {EE,—P(A)B YO <K é {P(A)) ¥ @+
SO
K é {P(A,)}2 e+
& 2 Pad)

D,=

Hence, from (3.1), we have
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D,—0 (n—>0).

Thus, there exists a sequence {k;} of the integers such that
> D, , <0
=1

It follows from the original form of the Borel-Cantelli lemma that there occur
with probability one only finitely many of the events

. k . . .
Since the sequence {Z‘, .1 k=1, 2, } is non-decreasing, so we have the desired
. =1
conclusion.

THEOREM 2. Let {&;} be a (not necessarily strictly stationary) s.m. sequence
of random varwables with a(n). Let {n,} be an arbitrary sequence of positwe n-
tegers which satisfy (1.3) and for which

(33) 5wt {fa)) <o

=1 j=1+1
holds. Suppose that the sequence {A,} of events be a*-mixing with {fi,}. Then
(34) P( N UA)=1  (or0)

according as

(3.5) i P(A)=c0  (or<oco).

Remark. 1t is obvious that if condition (II) is satisfied, then there always
exists a sequence {7,} satisfying (3.3).

Proof of Theorem 2. From the original form of Borel-Cantelli lemma, it is
enough to prove that f} P(A,)=co implies P( ﬁ v A,)=1. As before, let {, be
n=1 n=11=n
the indicator function of A,. Then, from Lemma A (with C,=C,=1) and (3.3)

Var(330)= 5 var@42 S B BQ—PANEC~PA)

SBVar@H S 3 at(r )

1=1J=1+1

M=

=X P(A)+K.

1

Il
—-

Thus, for any e(0<e<1)
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Var(30)  EPAIHK

< —0 (n—>00)

(S rf = e{ Sy

P(3t<y & Pay)=

if 21 P(A,)) — 0 (1 — o).

The rest of the proof can be carried out by the analogous method to the
proof of Theorem 1 and so is omitted.

4. Some applications to LIL for mixing sequences. Let {£;} be a mixing
sequence of random variables centered at expectations with finite variances.
Put

4.1) si=E(X &))" .

J=n

In this section we assume that

“.2) i;‘i—>1 (n —> o),

43) i sup "

and

@y sin=EB( B &) =(h-sp)1+o(1) (s n—m —> o).

We consider the following conditions:
(A) {&,} satisfies condition (I) with ¢(n)=0(n"?), and
(B) {&.} satisfies condition (II) with a(n)=0(n"?).

THEOREM 3. Let {&;} be a mixing sequence satisfying (4.2)—(4.4) and one of
Condition (A) or (B). Suppose that for some %»>0 uniformly m m and x
45) P(sals 3 &<x)=@m) (" edt4-0((log sp.)7)

and that for some constants C>0, 0<d,=0((log log s,)'?) and P sufficiently large

(4.6) P(max Z €l>ﬁ)<CP(EEJ>‘B drSa) -

1s7sn 1=1

Moreover, suppose that (4.6) holds with &, replaced by —&,. Then
4.7 P(limsup (2s2 log log s2)"Y2 3 §,=1)=1.

n-00 J=n

Proof. We shall prove Theorem 3 in the case where {£,} satisfies condition
(B). The assertion (4.7) will be proved if we show that for any ¢>0
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4.8) P(S5,>1+e)b(n)i.0.)=0
and

4.9) P(S,>1—¢)b(n)i.0)=1
where

(4.10) b(n)=(2s2 log log s2)"/2.

Thus, to prove the theorem it is enough to show (4.9) since (4.8) is proved

by the usual method (cf. [6] and Theorem 0 in [7]).
Let ¢>1 be an arbitrarily given number. We choose n{’ and n® as follows :

n®=the largest integer n such that s,=c*,
ni’=the largest integer n such that s,<c* 1+c*/2,
For any 7(0<r<1) put
By=By(N={Su»—=Sa»>({1—1)a(n)}

where
a(ny)= {2(s3—s3n) log (s3 —s3} 2.

Then, {B,} is a*-mixing with {7,} ={n}{", n{¥}. Since by definition and (4.3)

2
Sy
29 2 — 2 2, -1 -k/2
(4.10) s2en—siin=s3(|1 o Nsnkﬂ)(l ¢ ckI2)

k
for sufficiently large &, so from (4.5) we get
(4.11) % P(Bk)>;{log(sis‘g)—s%(kl))} -(1+#)(1—T)Z>K; B ma-nt— oo

where p is an arbitrary positive number such that (1-+p)(1—7)*<1.
On the other hand

(4.12) 3 St )= 5 5 atuit—n?)
g R T ol D
=R AN, =T A A (o gy S

Hence, by Theorem 2 we have
(4.13) P(B,()i.o0.)=1.

for any 7 such that 0<y<l1.
Now, we use the method of the proof of Theorem 1 in [6]. From (4.8) it

follows that
IS (@) =2b(n) for n>nyw) a.s.
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Taking (4.10) into account, we find
(1=7)a(@ ) —=2b(ni2,

~AA=P(A— e =2 b(nP)

Since >0 is arbitrary, we may choose 7>0 and ¢>1 so that
A= A= D)M2=2¢c""2>1—¢.

Using (4.13), we find

(4.14) P(Sy@>(1—e)b(ny”)i.0.)
gP(S,,(km>(1——7’)a(nk)—2b(n(,}_’1)i.o.)
=P(B,(1)i.o)=L1.

From this (4.9) follows and the theorem is proved in the case where condition
(B) holds. The proof in the case where condition (A) holds is similar and so is
omitted.

Remark 1. 1t is obvious from the above proof that the mixing condition in
(A) (or (B)) may be weakened as ¢(n)=0(n"%) (or a(n)=0(n"%) for some a(0<
a<l).

Remark 2. 1t is obvious that Theorem 3 holds if (4.6) is replaced by the
condition

J

(4.15) P({max

1s7sn

> eb(sn))zO((log Sp)7177)

£,

1=

where » and ¢ are arbitrary positive numbers.
For the s.m. sequence {&;} with coefficient a(n), condition (4.15) is satisfied,
if (4.5) holds and there exists a function r=r(n) such that »(n) — o and

k-2
(416) max { 'EOP(?S]jagf I S(i+2)r_S1,r+j| g Gb(Sn)) H

P(max | S,—S,-,| = <b(s,), ka(r)}=0((log s,)*-7)

1=sy=s7

for any e(0<e<(c—1)/c) where ¢>1 is an arbitrarily fixed number and k=[n/r].
In fact, for any ¢>1, let

EJ:{ISzI <Cb(3n), Z<]: |S]|§Cb(sn)} (]:lr R n) .
It follows from (II) that for any e(0<e<1)

I=P(max |S;|=cb(s))=P (}!1 Ef>
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k-2 T
<P(ISs1Ze0=b(s)+ 2 P(U [Eurain (1Sa=Surs, | Zech(s2)} 1)

+ 3 P(EN{IS.—Si|Zeb(sa)})

I=(k-D7+1

=P(Salze=s)+ 3 P((\U Eure )0 {I1Sa=Scarorl Z 5050}
+ £ P(U[Erein{ISwso—Su 2500} ])

+ 3 PEN{IS.—Si|Zeb(s)h)

l=(k-1Dr+1

<P(IS1Zc0=(s )+ & P(U Eure))P(1S0 =Sl Z50(50)

J=1
k-2 c
+ha()+ 3 P(max [ Saer—Surss| 25 b(s)
=1 1sgs7
+P( max |Sn—S;1 =¢eb(sn)) -
(k-Dr+1sysn-1

Since it follows from (4.1) and (4.4) that for any i(0=<:1=<k—1)

St+orn
P(|Sn—s<i+2)r| geb(sn»é 6(21)2-()3") —0 (71 - OO) s

so for all n sufficiently large

P(ISs=Saror Zebls )= -

Hence from (4.16)
1 k-2 r 1
I=0((log sp,) " )++ 2 P( U Em]):O((lOg Sa) )+ o1
2 =0 =1 2

and so
I=0((log s,)"'"7).

5. Sufficient conditions of LIL for mixing sequences. In this section, we
assume that {£;} is a (not necessarily strictly stationary) mixing sequence of
random variables with E&;=0 (1=1, 2, ---). We shall consider some conditions :

Condition (5. a): {£;} is ¢-mixing with Y¢"*(n)<co, and

g x*dF,(x)<K(log N)-°
le>N

uniformly in i, where F, is the df of &,.
Condition (5. b): {§,} is ¢-mixing and for some ¢>0 the followings hold;

1° E|&, <K  uniformly in 1,
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20 ¢(n)=0(n"*"9) for some e>(140)"t.

Condition (5. ¢): {&;} is s.m. with a(n)=0(n"1-¢) for some ¢>0 and uni-
formly bounded with probability one, i.e., |&,|=K (i=1, 2, ---).
Condition (5. d): {&;} is s.m. and for some 0>0 the followings hold:

1° E|&|*¥<K  uniformly in 1,
20 il {a(n)}?/ @ <o for some 0<d’'<4.

LEMMA 3. If the mixing sequence {§;} satisfies (4.2)—(4.4) and one of condi-
tions (5. a)—(5. d), then (4.15) is satisfied.

Proof. Let the conditions (4.2)—(4.4) and (5. d) be satisfied. Put r=[sV?].
Then, from Lemma 2, (4.2) and (4.3) it follows that

2 2
P( max [S,—S;|=eb(s )= K, _1yr, n(log®4r) _

(k=-1r+15ysn-1 62832

o(sz")

for some y>0.
Next, for N=sY? let

& (I&I=N) )
fN(Ez):{ (=1, -+, n)
0 (I&I>N)
and fy(€)=&—fn(). As
;_523)“ (f5Ep)—Efn(Ep) ’ <4rN< %b(sn)

for all n sufficiently large, so by Lemma 2

P(max [Scrar—Swr+j] Zeb(sn))

1sy=r

G+2)

3 (FwlEn)—EFw(En)

p=1T

< P(max = %b(sn))

1£)sr

+P (;2)1 | f3(€p)—Efn(Ey) Z%b(sn))

S (Fu(En—EFnE)

p=ir+

=P(max
1=gsr

- K (log®4r) “g)"l (E ]]?N(Ep)_EfN(Ep) 249} 212407

= szbz(sn) p=1r+

< Kr(log*4r) {N-@-00) 2/ 240 max {E [fN(fp)—EfN(fp) | 2+9) 21240

- ezbz(sn) r+lsps(i+2)r

= %b(sn»

Kr(log®4r) _ s s, ,
< T2NES FJ (—(3-0")/(2+0") —0 ... —
= 82b2(sn) Sn s (1—0, , k 2)
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and consequently

k-2
1;) P({Qi)gls(i+2)r_str+jl geb(sn))__—o(sfzr)
for some 7>0. Hence (4.16) holds.

The proofs in other cases are similar and so are omitted.

Now, we have laws of the iterated logarithm for mixing sequences, which
are some extensions of the results in [6].

THEOREM 4. If the mixing sequence {§;} satisfies (4.2)—(4.4) and one of (5. a)—
(5. d), then (4.7) holds.

Proof. By Lemma 3, to prove the theorem it is enough to show (4.5) in
each case. But the proofs are almost identical with those of Theorems 1-4 in
[5] and therefore are omitted.
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