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ON A SINGULAR PERTURBATION PROBLEM FOR
LINEAR SYSTEMS OF ORDINARY
DIFFERENTIAL EQUATIONS, II

By YosHIKAZU HIRASAWA

1. Let us consider two linear systems of ordinary differential equations
containing a small positive parameter ¢ :

(1) 67[1—":(A0—6A1)1t+30(8)—€(71(6) ,
du
2) S =(A,+eADu+ad,(e)+ede),
where
Uy 0 0 0 a a «
u={ u, |, A= a —B r |, A= 0 0 0,
U —a —7 8 0 0 0
and «, B8, 7 are positive constants such that 7 <g.
Further
0 0,(e)
3(e)=| 0Ox(e) |, a(e)=| O
d:(e) 0

are three-dimensional real vectors defined on 0=¢=<¢, and
0,e) —0(y=1,2,3) for ¢ —> 0.

For a given interval +,<t<t, and for a given point ¢, such that {,=<¢{,=1,,
we need a set of continuous functions u,(f; ¢), u,(t; €), us(t; ¢) of ¢t with the
following properties.

(I) The conditions

uy(ty; €)=P(e), us(ty; e)=Q(e), us(ts; e)=R(e)

are fulfilled, where P(e), Q(¢) and K(g) are suitable positive quantities tending to
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zero with ¢, such that Pye)<P(e), Que)=Q(e), Ry(e)=R(¢) for given positive
quantities Py(e), Qy(¢) and R,(e) defined on 0=e¢=¢, and tending to zero with e.

(ID) wy(t; e), us(t; ¢), us(t; ¢) are positive on t,=t=t,.

(II) w=u(t; ¢) satisfies the system (1) for {,=<¢<t, and satisfies the system
(2) for t=t=t,.

The above-mentioned problem had to be solved in a paper [1], but the solu-
tion given in [1] was not complete. In the previous paper [2], we have given
a proof of the existence of a solution of the above-mentioned problem for a
special case where #,=t,. In this paper, we will treat the general case where
1 <th <ty

2. The solutions @ and w‘® of two linear equations

(Ay—eA)o P +8,(s)—e8,(s)=0
and
(At eADoP+38y(e)+8,(c)=0

coincide with each other, and hence let
w,(¢)
w(e)=| ,(e)
w(e)

be the solution of these equations, that is uniquely determined by virtue of the
fact that
det (Ao + A4)=—a(8+7)2a+5—1)#0.

We see clearly w,(¢) — 0(y=1, 2, 3) for ¢ — +0.
Let v and v® be the solutions of equations

)
3 e =(A—e A
and

(2)
) L0 (At e A

Then the solutions «® and u‘® of the equations (1) and (2) can be written
in the forms

u=vP+w(e) and u®=p +w(ec)

Put
—-a —a —a
, a _ B8 T
(5) AD= %Q——Alz e c S
§
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a @ ]

a« 8 7|

6) AP= i“ + A= 5 5 5 I,
e 7 b

& e e )

then the characteristic equations of A2 and A® are
7 22+ fall—(BP—75)2

—a{(B*—71")+2a(B+1)} =0
and

€) &2 —e*ar*—(* ")
Fa{(8*=r")+2a(p+7)} =0.

Since, if we replace 2 by —2 in the equation (7), we have the equation (8),
the characteristic roots of A are obtained, by changing the sign of the chara-
cteristic roots of AW,

The roots pi", pi¥, pi" of the equation (7) can be regarded as algebraic func-
tions of ¢, and hence we put

A=a,taet+ -,
or
b_,
A=- . +be+ -

in order to find these roots.
Substituting these series into (7) and determining the coefficients «,, a;, -+,
or b_y, by, -+, wWe get,

2 —
{pln_pm 0(@e), pih=— 20 ‘;a(f 3l ,
©)
[ pv=—LroW), pr="rom),

where p=+/5*—7%

Furthermore, as the characteristic roots p{®, p¥, o* of A®, we have
20 +a(f—-7)

B—r ’

)

01 P(”:Pm +0(e), P{B\_

(10)
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3. The normal forms of A and A® are

‘Oil) 0 ‘012) O

O Pél) O ‘0§2>

Let S®(¢) and S®(¢) be the transforming matrices that transform A into
AD and A® into A®, that is,

S“)(e)‘IA(”S“)(s):A“) , S(2)(5)—1A(2)S(2)(5):A(2) .

The matrix S®(¢) is obtained by exchanging the second column with the
third column in S®(¢) and by exchanging the second row with the third row in
SM(e).  After all, S®(e) and S®(¢) have respectively the following forms :

(11) SP(e)=(s(e))
B—1+0(e) O(e) O(e)
= a+0() BH+p+t0E) S—p+0(E) |,
a+0(e) 7+0(e) 7+0()
(12) S@(e)=(s7(e))
B—7-+0(e) 0(e) 0(e)
= a-+-0(e) 7+0(e) 7+0(e)
a+0(e) B—p+0() S+up+0(e)

By the transformation of unknowns v®=SP()d® and v®@=S®()p®, the

systems (3) and (4) are changed into

do®

1 B ¥S PPN )

a3 dt AP,
db® .

1 =A@

(14) T A®p

We will seek for the desired solution in the following form :
Ci“(s)e“’l(l)“‘t"’
(15) u®(t; )=SD(e)| CP(e)e2 -t | Lg(e)
CiP(e)err V=t

for t,=t=1, and
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CP(e)enr® -ty
(16) u®(t; &)=S®(e)| CP(e)erxP -t | +aw(e)

Cﬁ?)(e)epg('z)(t—lg)

for t,Zi<t,.

It is sufficient for us to determine the positive quantities P(e), Q(¢), R(¢) and
then the coefficients C{’(¢), C®(¢) (;=1,2,3) in terms of the P(¢), Q(¢), R(e), so
that the conditions

J u(ty; e)=Pe), us(t;; e)=Q(e),
uP(ty; e)=Pe), us’(t,; e)=R(e),

a7
[ us (b5 e)=u(to;

), wt; )=uf(ty; €)

)

are satisfied, and further u{"(¢; ¢) and u?(¢, ¢)(;=1, 2, 3) are respectively positive
on the intervals 1,<i={, and t,=t={,.

We denote s¥(e), C¥(e) (k=1,2; 1,7=1,2,3) by s, Ci¥ for brevity. Then,
we can, by rearranging, write the conditions (17) explicitly as follows.

w,, _ "
Sﬂ)c]{l) ‘| S;}l)csl)e"’z (tp—t1 ; S;]})Cél)—-—P(;;)

DO ot Er=tg) L DD L DD o8P L=ty —
sipCiPert 1t L sWCP+sWCPers 1m0 =((e)
. , w,,

SO+ PO gos otn L g O

())
2@ 0@ 9) () o (Ly=ta)
SPCP —sFCP —sPCsPer tomtd=()

(18) SOCO4 sPCP+ S;§>C§3>eg:,§3’<t0—z2>:p(e>
— s O —sCPeet” o Py
—{—sﬁ"C;j’+S§§>C§D+S§§)C-§2)e"’§2)”°"2):0
S;;_;)Cii)epi?)(tz—to)+S§§)C§2)ep§2)(tg-lo).{,_Sé;}])c%f):R(s)
where
19 { P(e)=P(e)~wi(e),  Q&)=Q(e)—myle),

R()=R(e)—wye) .

4. We take a positive function 7(¢) defined on 0=<e¢=<¢, such that 7(¢)—0
and z(e)/e — +0 as ¢ — +0. For example, we choose the function

M,

(20) 7(e)= Toge| L1

(e>0) and 7(e)=0(¢=0)

from now on, where M, is a positive constant.
We can assume that there exists a positive constant M such that

@D P)=M,  Que)=M,  Rye)=M,
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(22) lo () =M (3=1,2,3), nple)=M

for 0=c=<e¢,.

In the next number, it will be shown that it is sufficient for us to determine
the P(e), Q(¢), R(¢) in the following manner.

Concerning the P(e), we first put

23) oer=Max (1w, 2T o)), LT jagel )

Ca @
and we choose
(24) P(e)=Max{Py(e), n(e)+|w,e)| +0(e)}.

Obviously P,(e)=P(e) for 0=Ze=¢,.
If we take a positive constant N, such that

Max{l, —@:—ij}éj\fo<—f—00 ,
[24

then we see

(25) 0<0(e)SNM (0=e=<e,)

and further

(26) 7(e)+ 0(e) < P(e)=P(e)—w,(e)
=(No+3)M,
@n fim @: e

Concerning the Q(e), we first put

[}
we’ ti-te 20.2‘{_“(5—7‘)

o o= ).

Since it follows from the inequalities (22) and (26) that

(28) N,=

N, P(e)+p(e)+ wu(e)| = {(No+3)N,+2} M,
we can”determine the Q(e) so that
(29) Max {Qy(e), N, P(e)+7(e)+ |wsle)|}
=Qe)=A{(No+3)N,+3} M .
Then we see Q.(e)=Q(¢), and
(30) N P(e)+7(e) = Q(e)=Q(e)—wi(e)
S {(N,+3)N,+4} M,



(31)

(32)
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lim

e—+0

Qe _

&

Concerning the R(e), we first put

N,

@
aello (2=t

B—r

) —
10 —

>0 (p

2a2+a(,8~—)) )

and since, by virtue of the inequalities (22) and (26), the inequality

N P(e)+7(e)+ [wy(e) | S {(Np+3)N,

holds, we can determine the R(e¢) so that

(33)

34

(35)

+2}M

Max {Ry(e), N,P(e)+n(e)+ |ws(e)|}
SR()={(Ny+3)N,+3} M.

Then we can verify R,(¢)<R(¢), and

5.

In order to solve the equations (18) for C,

N,P(e)+ () < R(e)=R(e)—wi(e)

lim
e—+0

m
Sit

(¢)]
Sé})e."l U=t
siv

— &P

0

< {(N,+3)N,+4} M,
R
e =

S8

S(l)e

1o

0
siy
ség)epgl)(tl-to)
s

0

— ol
23

s{Pe!

(
—Sn

CP(j=1, 2, 3), we put

oSV cto-ty

07 (to-tl)

1>ep§”<to—t1>

49
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0 0
0 0
© o)
© TS (2 —oa
= © S @ ’
Si1 Si2
2
S @
@, _ @, _
sPeot” tato) sPers” tamtod
0 P
0 Q
@, _
—sPers tomto> 0
2@ — —
BT et B= 50
sPers (to=t2) P
@, _
sPes” ot 0
sP R

where P, Q and R denote P(e). Q(¢) and R(e).
Taking account of the fact that

1)
sg’eﬂ’"21 o=t =9p(¢) (1=1, 2, 3),
6]
9=0(), e’ w=o(s),
(2)
B=0(), sgerlro=o(c),

sPers” ot =0(e) (i=1, 2, 3)

hold and taking the inequalities (26), (30), (34) and the properties (27), (31), (35)
of the P(e), Q(¢), R(e) into consideration, we have

Ae)=det (82, 80, &, 8@, &, &)
=SS 53— s S+ O(e)

AP(e)=det (B, 5, 57, 32, &, 59)
— 9 2 P
=S5 — s )P P+0(e),

AP(e)=det (59, P, 5, 52, &, &)
(0 pPti-te) P WP
=(—sile P+5iPQ)

X (s 53 — 5B Dt s +0(e)
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Aél)(e):det (gil), gé?)’ 1;’ ‘3§2>’ §§z>, géZ))
=505 —sFs)s P
—sP s (siPsE —sFsi)s P+0(e) .

L(e)=det (5, &, &, P, &, &)

=sisip (s’ s —sisi?) s P+ 0(e)

B(e)=det (&, &, &, 52, B, 57)

— oD D[ @ (D) (D D) P
=s{Vsi (57 sy — 558 s7)s P

—sisiP(siP'sth) — s si?)sf P+ 0(e),

B (e)=det (&, &, &7, &, &7, F)

— 2! 2!
=P (sisP —ss)

X(—sPeri” ¢t P+ s@R)+0(e) .
Thus, we get
P(e)
B—r

AW D p§‘>(tl~to)p+ WA
@ Cpe= L) - el PO o

AP P

(36) Ci(e)= TR s +0(e),

+0(e)=

1922

i (- e+ Q) +00).

2 —
where p{’=p{l+0(e), p%):___@%f_ﬂ_

By virtue of s{P=s?, sP=s2, sP=s, we have

(38) C.0(e)= %‘()Sl —0(e).

Furthermore we obtain

AP _ P

(39) CP(e)= e = P(e)

+0(6): —‘1—9_:’7 +O(€) .

By virtue of sP=s{®, siP=s®, siP=sP, we get

(40) cp(e=-4r k=00

And we have



52 YOSHIKAZU HIRASAWA

X Aém(e) —s(”e"l )ty ‘O)P—{-s‘”)ﬁ
(D) — A 1
(41) Ci(e)= Ae) S +0(e)
1 aepi%)(tz'lo) -
= s (o POHRE@) 00,
where pP=p%+0(e), pi?——z‘o%w

We denote generically by ¢;, a sufficiently small positive number such that
0<81§50.

By virtue of (11) and (15), we can write for u(’(¢; )
u(t; €)=sPCPert’ ¢-to et t-tn
+s§‘3)C§”e-"§“("‘°’+a) (e)
=(P(e)w,(e)eelV - t0)erll -t O(e) .
The definition (24) of the P(¢) and the inequality (26) imply
P(e)+wy(e)eo10 10 = p(e) >0
0<eZey, t,St<E))
because e--oib‘“-'wgl (t,=1<t,) and hence we see
ul(t; &)>0 (0<e<Ze,, L<IZH,).
Next, by virtue of (11) and (15), we have
us (¢ s)—%“C“e”x - ‘°)+s”’C‘”e’” Y-ty

[CA P
+Sé,13)Cé“e‘o'3 € t0)+w2(e)

( 5 )eoI t-te)

( a,enm 1-te

i PO+0@)e 0 10(e)

It follows from (24) and (26) that

(o) +wyle)erih t-to > [), 7](5)

/3 7

<O<5§51; L=,

and the definition (28) of N, and the inequality (30) imply
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1
ae.oiu)(tl—to

o L P+ 0@z ()

0<e=e,, LS50,
Hence we see
uiP(t; ¢)>0 0<e=e,, H=tES).

~1s

Moreover, we get
Wff+ =)= cDCW oV t=tg) 1L O oSV b=t
uiP(t; g)=s;yCi e O+ CiPe

W,
+sPCsPers "t 4. ()

:( ‘3a P(€)+ws(e)e‘ﬂf«l})ﬂ-to))epf“u—co)
o—7

a
aefiv (t1=to

I p 3(s))erd -t
v (e PO o),

and therefore, in the same way as for u{’(¢; ¢), we can verify
uiP(t; )>0 0<e=e,, Hh=ZEES).
Similarly we can show, by using (23), (24) and (34), that
u®(t; ¢)>0 (=1, 2, 3)
0<e=zey, t,=t=t,).

Thus, we have accomplished our purpose.

Remark. 1. It is obvious that the solution u=u(¢; ¢) obtained in this paper,
tends to the zero vector 0 on t,<t=t, with e.

Remark 2. If we choose sufficiently small positive constants @, R instead of
Q(e), R(e), we obtain the desired solution. In this case, the solution wu=u(t; &)
tends to the zero vector 0 on #,<t<t, with e.

REFERENCES

[1] Hirasawa, Y., On singular perturbation problems of non-linear systems of
differential equations, III, Comment. Math. Univ. Sancti. Pauli, 4 (1955) 93-104.

[2] Hirasawa, Y., On asingular perturbation problem for linear systems of ordi-
nary differential equations, I, Kodai Math. J. 1 (1978), 85-88.

DEPARTMENT OF MATHEMATICS,
Tokyo INSTITUTE oF TECHNOLOGY.





