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ON A SINGULAR PERTURBATION PROBLEM FOR
LINEAR SYSTEMS OF ORDINARY

DIFFERENTIAL EQUATIONS, II

BY YOSHIKAZU HIRASAWA

1. Let us consider two linear systems of ordinary differential equations
containing a small positive parameter ε :

(1) e-^-=(Λ-ε

(2) β - ^ -
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and a, β, γ are positive constants such that T<β.
Further

) = | δ»(e) |, ί«(s)=| 0

are three-dimensional real vectors defined on 0 ^ ε ^ ε 0 and

δj(ε)—>0(; = l, 2, 3) for ε — > + 0 .

For a given interval t1^t^t2 and for a given point t0 such that I1^to^t2,
we need a set of continuous functions uλ(t ε), w2(ί i

 £)? ^s(^ ε) of ί with the
following properties.

(I) The conditions

Ul(U; e)=P(e), tφ,; e)=Q(ε), M8(/2 e)=/?(e)

are fulfilled, where P(ε), Q(ε) and R(ε) are suitable positive quantities tending to
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zero with ε, such that P0(ε)^P(ε), Q0(ε)^Q(ε), R0(ε)^R(ε) for given positive
quantities P0(ε), Q0(ε) and R0(ε) defined on 0 ^ ε ^ ε o and tending to zero with ε.

(II) Wj(ί; ε), ιι2(t; ε), uz(t ε) are positive on t1^t^t2.
(III) u=u(t ε) satisfies the system (1) for t^t^to and satisfies the system

(2) for to^t^t2.
The above-mentioned problem had to be solved in a paper [1], but the solu-

tion given in [1] was not complete. In the previous paper [2], we have given
a proof of the existence of a solution of the above-mentioned problem for a
special case where t1=t0. In this paper, we will treat the general case where

ίl<fO<*2.

2. The solutions α>(1) and <w(2) of two linear equations

and

coincide with each other, and hence let

α>(ε)=[ ω2(ε)

be the solution of these equations, that is uniquely determined by virtue of the
fact that

det (Ao+A^-aiβ+rMa+β

We see clearly ω3{ε) -> 00 = 1, 2, 3) for ε -> +0.
Let t;(1) and ϋ/2) be the solutions of equations

(3)

and

(4) =(>lo+e/l1)ϋ c 2 ).

Then the solutions M ( 1 ) and uC2) of the equations (1) and (2) can be written
in the forms

M ( 1 ) = ι;cl)-}~β>(ε) a n d iέC2) = ι?C2)-hβ>(ε)

Put
—a —a —a

(5)
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(6)
a
ε
a
£

a a

-L X
ε ε

JL A
ε ε

then the characteristic equations of Aa) and Λ(2) are

(7) e aλ 8+e 2αλ a-(i3 8-r 2)λ

and

(8)

Since, if we replace Λ by —λ in the equation (7), we have the equation (8),
the characteristic roots of y4C2) are obtained, by changing the sign of the chara-
cteristic roots of .4(1).

The roots p[]\ p'f, pi{) of the equation (7) can be regarded as algebraic func-
tions of ε, and hence we put

or

in order to find these roots.
Substituting these series into (7) and determining the coefficients a{u au

or /?_!, b0, •" , we get,

(9)
— f

9?' = - - ^ + 0(1), pψ^-t

where μ=Vβ2 — γ2 .
Furthermore, as the characteristic roots pf\ pψ, pf of A' 2>, we have

(10)

,.„_ 2a2+a(β-r)
h'~~ β-r
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3. The normal forms of A^ and Ai2) are

PΪ" o \ / P? 0
P?

0 pϊ

Let S(1)(ε) and S(2)(ε) be the transforming matrices that transform Aa) into
' and /-1(2) into Ai2\ that is,

The matrix S(2)(ε) is obtained by exchanging the second column with the
third column in S(1)(ε) and by exchanging the second row with the third row in
Scυ(ε) After all, S(1)(ε) and S(2)(ε) have respectively the following forms :

(11)

/ β-γ+Oiε) O(ε) O(ε)

= α+O(ε) β+μ+O(ε) β-μ+O(ε) ),

\ α + O(ε; r+O(ε) r+^(ε)

(12) SC2^(ε)=(sg)(ε))

,S-r+O(ε) O(ε) O(ε)

α'-fθ(ε) r+O(e) r+O(ε)

α + O(ε) β — μ + O(ε) β + μ + O(ε)

By the transformation of unknowns ι;cυ = Sα)(ε)ί)(1) and vC2)=Si2\ε)v(2\ the
systems (3) and (4) are changed into

(13) Jir

We will seek for the desired solution in the following form :

(15)

for t^tik
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(16)

for USt^U.
It is sufficient for us to determine the positive quantities P(ε), Q(ε), R{ε) and

then the coefficients Q1}(ε), C<3)(ε) (7 = 1,2,3) in terms of the P(ε), Q(ε), i?(ε), so
that the conditions

(17)

; e)=P(e), u^t,; e)=Q(ε),

; ε)=P(e), wPfo e)=i?(ε),

; ε)=Mf(f0; e), M^Cίo; ε)-wf(ί 0 ; ε)

are satisfied, and further ιijl\t', ε) and uf\t, e)(j — l, 2, 3) are respectively positive
on the intervals t^t^U and t0ύt^t2.

We denote s^(ε), Cf(ε) (fc=l,2; ι,j = l,2,3) by sί-J}, Cf for brevity. Then,
we can, by rearranging, write the conditions (17) explicitly as follows.

(18)

where

(19)
P(ε)=P(ε)-ω1(ε)

4. We take a positive function ^(ε) defined on 0 ^ ε ^ ε 0 such that η(ε) -* 0
and ^(ε)/ε-^+oo as ε —* +0. For example, we choose the function

(20)
| l o g ε | + l

(ε>0) and )=0 (ε = 0)

from now on, where Λ/o is a positive constant.
We can assume that there exists a positive constant M such that

(21)
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(22)

for 0 0

In the next number, it will be shown that it is sufficient for us to determine
the P(ε), Q(ε), R(ε) in the following manner.

Concerning the P(ε), we first put

(23) ί(e)=Max{|α>1(ε)|> - ^ L |ω2(ε)|, -&^

and we choose

(24) P(ε)=Max{P0(e), y(e)+\ωM\+θ(e)}.

Obviously P 0 (ε)^P(ε) for 0 ^ ε ^ ε 0 .
If we take a positive constant Λr

0 such that

Max < 1, -r r < NQ < -f- °° ,
1 a ' "~

then we see

(25)

and further

(26)

(27)

Concerning the Q(ε), we first put

\\ί 2a2+a(β—r)
(28) N>= -^JZj >

Since it follows from the inequalities (22) and (26) that

N1P(ε)+rj(ε)+ \ω.2(ε)\^ {0^

we can7determme the Q{ε) so that

(29) Max{<?0(e), N1P(ε)+V(ε)+\ω2(ε)\\

Then we see Q^)^Q(s), and

(30) N1P(ε)+r/(ε)
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(3D

Concerning the R(ε), we first put

(32)

and since, by virtue of the inequalities (22) and (26), the inequality

N2P(ε)+v(ε)+ \ω3(ε)\^{(

holds, we can determine the R(ε) so that

(33) Max {R0(ε), N2P(ε)+ η(ε)+\

Then we can verify R0(ε)^R(ε), and

(34)

(35)
e-*+0 ε

5. In order to solve the equations (18) for Q\ C'f(j=l, 2, 3), we'put

\MpP2 C«0-«l)

§ ( » =
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§ ? > = 3(2)—-

c ( 2 )
^32

c ( 2 )

Q ( 2 )
^22

0
0

P

0

where P, Q and ^ denote P(ε), Q(ε) and
Taking account of the fact that

"0-^=0(6) (ι=l, 2, 3)

s g ) e ^ 2 ) c ί 0 - ί 2 ) = 0 ( ε ) (j = l j 2 ) 3)

hold and taking the inequalities (26), (30), (34) and the properties (27), (31), (35)
of the P(ε), Q(ε), P(ε) into consideration, we have

Δ(ε)=det(§S1), 85", §^, §f», §?', §f)

H, § S 2 ) ,Δί»(e)=det(φ,

ί 1>, Sβ, f , β,α>)
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— c(l)cαγc(2)e(2) c(2)c(2)\c(2) p
— ύ n 522 V>31 ̂ 22 *>32 ^21 ̂ 3 3 Γ

-sMUi'sg 1 -sg> sg')«§'/}+ O(ε).

.f (e)=det (8{», β|», βί», 8{S), φ, § f

— c (l) c (l)/ c (2) c (l) 0(1)0(2)^(2) p
— ^11 ^22 \ά31 ^23 ^33 ̂ 21 ^3 *

^22^>1 \^31 ̂ 23 ^33 ̂ 2 ^ 3

) c ( l ) c ( 2 ) \
>̂23 ^32 /

Thus, we get

(36) C ί » ( e ) = - ^ ^ - = - | .

(37) Q»(e)=-^τ^-= ~SiYeP> "1~t°'P+s«Q 4Q(e)

where ^ = ^ + P ^

By virtue of s[\}=s[?, s$>=s$>, s$>=s$, we have

(38) C 3

( 1 Kε)-^^--O(ε) .

Furthermore we obtain

λ(2)/-\ p

(39) ^ ^

6^ — s n , ό2i —^21 > 53i — % , w e

(40)

And we have
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(41 ̂  r(2)(P\— Δf\£)_ _ — sύ ePί 2_ ° ^ + s π
L(ε) s{2)s(-}

) + O(ε),
β-r

where ^ = ^ 0 >

We denote generically by εlf a sufficiently small positive number such that

By virtue of (11) and (15), we can write for u[Ώ(t ε)

u[Vl(t; ε)=sί1

1

)Cί1 )^ί1 ) < ί" t 0 )+s^ )Q1 )β o21)(ί- ίi)

The definition (24) of the P(ε) and the inequality (26) imply

because e~'°^ct~to^l (t^ί^to) and hence we see

ιι[ιXt; ε)>0

Next, by virtue of (11) and (15), we have

(
It follows from (24) and (26) that

(0<ε^εlf

and the definition (28) of Aτ

λ and the inequality (30) imply
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° C ί i - ί o )

β-r

Hence we see

uγ\t; ε)>0

Moreover, we get

β-r

and therefore, in the same way as for u[{\t ε), we can verify

itfKt; ε)>0 (0<ε£εlt t^t^Q .

Similarly we can show, by using (23), (24) and (34), that

uf{t) ε)>0 0 = 1,2,3)

Thus, we have accomplished our purpose.
Remark. 1. It is obvious that the solution u—ιι(t; ε) obtained in this paper,

tends to the zero vector 0 on tλSt^t2 with ε.
Remark 2. If we choose sufficiently small positive constants Q, R instead of

<3(ε), i?(ε), we obtain the desired solution. In this case, the solution u=u(t; ε)
tends to the zero vector 0 on ί x < ί < ί 2 with ε.
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