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THE INDEX THEOREM OF GEODESICS ON A RIEMANNIAN
MANIFOLD WITH BOUNDARY

By TaxkuicHl HASEGAWA

Let M be a Riemannian manifold with boundary (condimension one submani-
fold), p, ¢ two points in the interior, and 2, the set of piecewise C* curves from
p to ¢ which at some points of them lie on the boundary. Let 7 be an element
of 2,. By a variation of v in £, we mean such a broken C= rectangle in M
that 7 is its base curve and its each longitudinal curve is an element of 2,. (See
[1] for the definition of “rectangle”). Then the tangent space 7,2, to £, at 7
may be considered as the set of continuously piecewise C* vector fields along 7
which do not point to the outward at their boundary points and having at least
one vector tangent to the boundary.

We consider the length functional L over £,. From the first variation for-
mula, the critical paths of L, when they are parametrized proportionally to arc
length, are just geodesics of M (there are no breaks) if they have more than one
boundary point, or are geodesics which are reflected at a point of the boundary
if they have only one boundary point.

We show here what is called the Index Theorem still holds in these circu-
mstances.

Now let 7 be a critical point of L in £2,, which is parametrized by arc length
and reflected strictly at y(a)eoM. 7: [0, b]— M. Let 7 be any variation of 7
in 2,, and W its variation vector field. Then W(a) is tangent to the boundary,
the second variation L}(0) of L in the direction W becomes

b
Li(0)={Srca->-rcas> W(a), W(@H—S0 KRW, TOYW, TH>-HW, W+ H}dt
here T(t)=7(t), W*=W—W, T)>T. S is the second fundamental form of oM
with respect to T(a—)—T(a+), which is normal to the boundary from the reflec-
tion condition. Therefore the index form [ at 7 is
b
IV, W)={Srca->-rcas>V (a), W(d»—l—go {KR(T, V)T, WHHV !, WS} di
for V, WeT,2,

If 0<t,< o+ <t <a<tp< - <t,<b is a partition of the interval [0, b] so that V
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is C* on each subinterval, then
IV, W)= CR(T, VOT=V, Wdt+ 5 V)=V, WHE)

HV*Ha—=)=V*(a+)+Srca-r-rcas, V(a), Wia))
for V, WeT,2,

Thus the null space of I consists of such vector fields V that
V' ; a Jacobi field on [0, a], [a, b] and

V+(a—)—V*(a+)+Srca->-rca+>V(a); normal to oM

We shall say in general a field VeT,2, along 7 an admissible Jacob: field if
V is a usual Jacobi field on each interval [0, a], [a, b], and at 7(a), V'(a—)
—V(a+)+Srca-y-rcas)V(a) is normal to the boundary. Then as in the ordinary
case a field is an admissible Jacobi field if and only if it is generated by one
parameter family of geodesics which are reflected on the boundary. Note that
in such a fleld V, V/(a+) is determined by the values V(a), V/(a—) i.e. Vlan
is determined by Ve (“reflection of Jacobi fields”).

Next we say 7(t) 1s conjugate to 7(0) along 7|p,; if there exists a nonzero
admissible Jacobi field along 7|r,; which vanishes both at 7(0) and 7(¢). Its mul-
tiplicity is defined by the dimension of the space of such Jacobi fields. If 7(¢) is
not conjugate to 7(0), 7|, is said to be nondegenerate.

Now let T be {(v+|veT,2,}, and I be a symmetric bilinear form on T
defined by I(V*, W+=IV, W) for V, WeT,2,. Then the index of I is equal
to the index of I. We shall say elements of the null space of T admissible
normal Jacobi fields along y. Owing to the fact that 7 is reflected strictly at its
boundary point, with each admissible normal Jacobi field is associated such a
unique admissible Jacobi field that its normal part is equal to the given one.

LEMMA So long as €>0, 0>0 are sufficiently small, there exist neighborhoods
U, and U, respectwely of y(a—e) and y(a-+0) such that

(1) rlLa—e, a-+0] 1s a nondegenerate, mumumizing critical path n 2,r(a—e),
r(a+6))

(2) for each u,€U,(1=1, 2) there exists a critical and mumimizing path c(uy, u,)
wm 2,(uy, uy), which 1s umique wn the neighborhood of y|[a—e, a+06] and depends
smoothly on u; and u,.

From this follows immediately

COROLLARY For any two vectors ve | T(a—e), we | T(a+0), there exists a
unique aamussible normal Jacobr field Y along 7v|[la—e, a+0] having the given
values v, w at y(a—e) and y(a+d). Y depends smoothly upon e, 8, v and w.
Moreover for any normal field V along y|[a—e, a+0] having the same values
Via—e)=v, V(ia+d)=w,
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Te3(V)=Te3(Y)

where equality occurs if and only 1f V=Y, and I¢*2V) 1s defined by

a+d

T V) i=(Stcans-rean @), T@d+{ " R, VIT, V<V, V)t

I7(a) 1s such a unique vector tangent lo the boundary at 7(a) that its orthogonal
projection to | T(a—) 1s equal to V(a—). (1L T(a—) s the orthogonal conplement

of T(a—))

Proof of Lemma We take a small neighborhood centered at j(a). In it
exist such a neighborhood V; of 7(a—e¢) in Int (M), a neighborhood V, of 7(a-+d)
in Int (M), and a neighborhood W of 7(a) in 0M that three have mutually no
intersection, and any two points of ¥, and W are joined by minimizing geodesics
which depend smoothly on the end points. The same property is assumed for
V, and W. Let K be a function on WX V,;XV, defined by K(w, v, v,)=d(v;, w)
+dw, v,), weW, v,€V,(1=1, 2), here d is the distance defined in the usual way
by the Riemannian metric of M. K is a smooth function. Let DK be the
gradient of K with respect to the first variable. Then, from the assumption,
D.K(0, r(a—c¢), 1(a+0))=0, hence D,(K?)0, y(a—¢), 7(a+0))=0. As the hessian of
K? at (0; 0, 0) with respect to the first variable, D¥KZ?)(0; 0, 0), is positive
definite, so is DI(K?)(0; r(a—¢), r(a+0)) for small =0, =0. Accordingly, Di(K)
0; r(a—e), r(a+d)), the hessian of K at (0; y(a—e), 7(a+d)), is also positive
definite. Then, from the inverse function theorem, there exist neighborhoods
U.[U,] of y(a—e)[r(a+0)], U, CV,, and the unique smooth function F satis{ying

F; UxU,— W,  F(rla—e), 1(a+0))=0
DIK(F(uI; Us) 5 Uy, Ug)=0, w,eU (=1, 2)
DiK(F(uy, us); 1y, uy): positive definite matrix (u,€U,)

Now it suffices to define c(u;, u,)(u;€U,) as the minimizing geodesic from u; to
F(uy, u,) plus the minimizing geodesic from F(u,, u,) to u,. Q.E.D.

THEOREM Let 7 be a cnitical path of L n 2(p, q), which 1s parametrized by
arc length and reflected strictly at y(a)eoM. 7: [0, b]— M, 0<a<b. Let I be
the wndex form on T,2, derwed from the second varation of L. Then the index
of I is equal to the number of conjugate pownts 7(t) to 1(0) along y(0<t<b), counted
with their multiplicities.

The index, geometrically, is the number of independent directions towards
which the geodesic 7 becomes shorter curves through the path space 2,.

Proof of Theorem Let 7. be the restriction of 7 to [0, 7], 0=¢r=<b, and i(z)
the index of 7.. Let 0=¢,<f,< --- <t,=t be such a partition of [0, z] that each
segment 7|r;,:;, . 1S contained in a convex normal neighborhood. In case of a<x,
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we always take some ¢, and ¢,,; so that ¢;<a<{¢,,; and TIu],,]ﬂ] is a minimizing
path in 2,(7(¢,), 7(t,+1) as in Lemma.

We set 7~‘,={VE’IN‘;,| V=0 on [z, b1}, 1~. be the restriction of I to T.. Then
the index of I. on 7% is just i(z), its nullity v(z) is the congugacy multiplicity of
7(z) to 7(0) along 7. We define

TAty, -+, t2):={VeT.|V is an admissible normal

Jacobi field which breaks only at #;s}
Ti=(veT|Vit)=0 =1, -, k)}

Then the following facts can be easily verified with the aid of Lemma and its
Corollary (see § 15 of [2]). Therefore the proof of Theorem is completed

€)) T.=T (to, -+, tn)DT4, orthogonal direct sum with respect to f, I. is
positive definite on 7¢. Consequently i(r) and u(r) are respectively equal to the
index and nullity of It| cipymip-

(2) 1 is a monotone increasing function of z€[0, ], and #0)=0, i(t—e)=1i(z)
for each ¢ and small ¢>0.

3) (z+e)=1i(r)+v(z) for each ¢ and small ¢>0. Q.E.D.

In the same way we can prove the following general theorem.

Let 7: [0, b] — M be a geodesic from p to g, which is parametrized by arc
length and reflected strictly at 7(¢,)s€oMG=1, ---, k). Let £, be the set of
piecewise C* curves from p to ¢ which have at least 2 boundary points. Then
the tangent space T,%2, to £2, at y may be considered as the set of continuously
piecewise C= vector fields along 7 which are tangent to the boundary at y(Z,)’s.
7 is a critical point of L in £, and the index form [ at 7 over 7,2, becomes

IV, W)= 3 (Srap-rap Vi), WD+{] (KR, VIT, Wy, W) dt

for V, WeT,£2,. Admissible Jacobi fields, conjugate points and so on are defined
in the analogous way. Then

THEOREM In the situation described above, the index of I over T, s equal
to the number of conjugate pownis y(t) to 7(0) along 7(0<t<b), counted with their
multiplicities.

Finally the author expresses his hearty thanks to Professor T. Otsuki.
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