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Any real hypersurface M immersed in a complex manifold admits a hyper-
distribution with complex structure induced from the complex structure of the
ambient manifold. On the other hand it is well known that M is endowed with
a pseudo-conformal structure under some restrictions (See Cartan [1], Chern and
Moser [2], Tanaka [7]). In the present paper we shall study hyperdistribution
with complex structure in a manifold of odd dimensions and show that a hyper-
distribution with complex structure determines a pseudo-conformal structure if
it is torsionless and non-degenerate.

First of all, definitions and some properties of almost contact structures will
be recalled in § 1 for later use. § 2 will be devoted to make clear relation-
ships between a hyperdistribution D with complex structure and almost contact
structures associated with D. We shall prove in § 3 some necessary and suffici-
ent conditions for D to be torsionless. In § 4 we shall define pseudo-conformal
mappings, transformations and infinitesimal pseudo-conformal transformations and
obtain some of their properties.

§ 1. Almost contact structures.

In this section, we shall recall definitions and some properties of almost
contact structures for later use. Let M be a differentiate manifold of dimen-
sion 2n + l (^3) and there be given in M a tensor field / of type (1, 1), a vector
field ζ and a 1-form θ satisfying

(1.1) f2=-I+θ®ξ, /£=0, foθ=0, Θ(ξ)=l,

where / denotes the identity tensor field of type (1, 1) in M.*} Then such a
triple (/, ξ, θ) is called an almost contact structure. We define now tensor fields
5 of type (1, 2), T of type (0, 2), P of type (1, 1) and Q of type (0, 1) res-
pectively by

Received December 15, 1976.
*) Manifolds, tensor fields, geometric objects and mappings we consider are as-

sume to be differentiable and of class C°° unless otherwise stated.

264



DISTRIBUTIONS WITH COMPLEX STRUCTURE 265

S(X, Y)=ifX, fYl-fZfX, Yl-fίX, fYl+ΓLX, Yl+dθ(X, Y)ξ,

(1.2) T(X, Y)=dθ(fX, Y)-dθ(fY, X),

P=-Uf, Q=-Leθ,

where Lz denotes the operator of Lie derivation with respect to a vector field
Z.*) The tensor field 5 thus defined is called the torsion tensor of the almost
contact structure (/, ξ, θ). The tensor field G of type (0, 2) defined by

(1.3) G(X, Y)=dθ(fX, Y)

is called the Levi tensor of (/, ξ, θ). Then (1. 2) implies

(1.4) T(X, Y)=G{X, Y)-G{Y, X).

There are well known identities

(1.5) T{X, Y)=θ{S{fX, ξ)θ{Y)-S{X,fY)\

(1.6) P(X)=-S(fX,ξ)

(See Sasaki [5], p. 5-2, for example). The following propositions (Pi) and (P2)
are also well known (See Sasaki [5], p. 5-6, for example):

(PJ S=0 implies T=0, P = 0 and Q=Q;

(P2) p=o implies Q=0.

When the condition S=0 is satisfied, the almost contact structure (/, ξ, θ) is
usually said to be normal.

Denote by ft

h, ξh and θx respectively components of /, ξ and θ in each
coordinate neighborhood U of M.**) Then the Levi tensor G has components of
the form

(1.7) G*=/,*(3*^-3i0*)

and the tensor fields 5 and T have respectively components of the form

(1. 8)
Tjl=Gji—GlJ

with respect to local coordinates (xh), where dι=d/dx\

*) Z, Y, Z, denote arbitrary differentiable vector fields in M unless other-
wise stated.

**) The indices Λ, ί, , k, I run over the rang {1, .- ,2n + l} and the summation
convension will be used with respect to this system of indices.
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§ 2. Distributions with complex structure and almost contact structures.

Let there be given a distribution D of dimension 2n in a manifold of
dimension 2/̂  + 1 (^3). Suppose there is given a linear transformation JP\ DP-^>
Dp for each point P of M, DP being the value of D at P, in such a way that
JP2V— — V for any vector ι> belonging to DP. Moreover assume that for any
differentiate vector field X belonging to D the vector field JX defined by the
correspondence P^JPXP, XP being the value of X at P, is also differentiate.
Thus we have a tensor field / of type (1, 1) in the distribution D if we define /
by the correspondence / : X-+JX, X being an arbitrary vector field belonging
to D. Such a tensor field defined in D is called a complex structure in D. The
/ just defined in D satisfies J2=—ID> where ID denotes the identity tensor field
of type (1, 1) in D. The pair (D, J) or, simply saying, D is called a hyper-
distribution with complex structure J. In the present section, the manifold M of
dimension 2n + l is assumed to admit a hyperdistribution D with complex
structure /.

Take a vector field £ in a coordinate neighborhood U of M in such a way
that θ(ξ)—l, where D is defined by #=0 in U. Then we can define in U a
tensor field / of type (1, 1) by

(2.1) fX=J{X-θ{X)ξ)

because X-θ(X)ξ belongs to D, i.e., because θ(X-θ(X)ζ)=0. Thus we have
an almost contact structure (/, ξ, θ) in U, which will be called an almost contact
structure associated with D in U.

When the manifold M admitting a hyperdistribution D with complex struc-
ture / is orientable, there are a global 1-form θ and a global vector field ξ such
that D is defined by #=0 and θ(ζ)=l. Thus in such a case there is a global
almost contact structure (/, ξ, θ) associated with D.

Comming back to the general situation, we put in U θ=aθ with non-vanish-
ing function a defined in U and take a vector field I in U such that $(£)=1.
Then we find ξ=a~\ξ—fΛ), where A is a vector field in U such that 0CA)=O,
i.e., such that A belongs to D. Thus there is in U another almost contact
structure (/, I, θ) associated with D, which is defined by

(2.2) ?=f-θ®A, ξ=^(ξ-fA), θ=aθ.

We call (2. 2) the equations of change of almost contact structures associated
with D. In such a case the two almost contact structures (/, ξ, θ) and (/, ξ, θ)
are said to be equivalent to each other. Any property (P) of (/, ξ, θ) associated
with D can be considered to endow D with a property if (P) is invariant under
the change (2. 2) of associated almost contact structures.
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Denote by S, T and S, f the tensor fields defined by (1. 2) respectively in
terms of (/, ζ, θ) and (/, f, 0), where (/, ξ, θ) and (/, ξ, 0) are related to each
other by the change (2. 2). Then, using (1. 8) and (2. 2), we can easily verify

(2.3) 5V-5/-r j ,A f t -^MU i ^+L,ΛHα i (? f t -ΛM*)]

(2.4) fji=aLTJi-θj(LAθi+f

where Sjih and f 5i are components of S and T respectively, Ah are components
of Λ and ax are defined by ai—a~1dia. We note here that Θ(Λ)=Θ1Λ

1=O is
satisfied. Let G and G be the Levi tensors of (/, ξ, θ) and (/, f, #) respectively.
Then, using (1. 7) and (2. 2), we obtain

(2.5) GJι=alGJi+fJ

kakθi-θJA
k(dkθι--diθk)-(Akak)θjθx'],

where Gjt and G^ are components of G and G respectively.
Consider a tensor field if (local or global) of type (1, 2) (resp. of type (0, 2))

in M. If K(X, Y)=0 for any vector fields X and Y belonging to D, then we
denote this fact by K=Q, (modtf). Let Kn

h (resp. Kόi) be components of /C
Then the condition K=Q, (mod#) is represented by Kjι

h=θJΛι

h+θιBJ

h (resp.
Kji=θjAι+θιBj), where At

h and 5 Z

Λ (resp. A% and 5 J are respectively com-
ponents of certain tensor fields. Thus the condition K=0, (mod#) is equivalently
represented by Kjih=0, (mod^;, θz) (resp. Kji=0, (mod θJf θt)) in terms of com-
ponents. If two tensor fields K and L of type (1, 2) (resp. of type (0, 2)) satisfy
the condition K—L=0, (mod#), then we denote this fact by K=L, (mod#).
Using such a kind of notations, we see that (2. 5) reduces to

(2.6) G=aG (mod 5).

with non-vanishing function a. We now have from (2. 6)

PROPOSITION 2.1. Let D be a hyperdistribution with complex structure in M.
Denote by GD the restriction of the Levi tensor G to D, where G is given by (1. 3)
in terms of an (/, ξ, θ) associated with D. Then GD is uniquely determined up to
a non-vanishing factor a at each point P of M.

By means of Proposition 2.1, the rank r of GD at each point P of M is
independent of the choice of (/, ξ, θ) associated with D. When r is a constant
independent of points of M, the D is said to be of rank r, where r is necessarily
even. The GD or, roughly speaking, G is called the Levi tensor of D. When GD

is of maximum rank 2n, the hyperdistribution D is said to be non-degenerate.
Next, the condition SΞΞO, (mod θ) implies the condition TΞΞO, (mod θ) by

means of (1.5). Thus, using (2.3) and (2.4), we see easily that the condition
S=0, (mod#) is equivalent to the condition S^O, (mod#). Hence we now have
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PROPOSITION 2.2. The condition S=0, (mod#) for an almost contact structure
(/, ζ, θ) associated with a hyper distribution D with complex structure is left in-
variant by the change (2. 2) of associated almost contact structures.

Proposition 2.2 means that the condition S=0, (mod 0) for an almost contact
structure (/, ξ, θ) associated with D gives to D itself a property. Thus, if S=ϋ,
(mod θ) is satisfied at each point for an associated almost contact structure
(/, ξ, θ), then D is said to be torsionless. Therefore, if there is at least one
almost contact structure associated with D which is normal, then D is neces-
sarily torsionless.

PROPOSITION 2. 3. // a hyperdistribution D with complex structure J is tor-
sionless, then the Levi tensor G of D satisfies

GSi = Gi3 mod(#;, θx)

and

Y)=G(X, Y)

for any vector fields X and Y belonging to D.

Proof. Since S=ϋ, (mod θ) implies T=0, (mod#), equations (1.2), (1.3) and
(1. 8) imply Proposition 2. 3.

Proposition 2.3 shows that for a torsionless hyperdistribution D with com-
plex structure / its Levi tensor GD is a symmetric tensor field of type (0, 2) in
D and Hermitian with respect to /. We now state a lemma for later use.

LEMMA 2.4. // S=ϋ, (mod θ) and P=0 are satisfied for an almost contact
structure (/, ξ, θ), then S=0, i.e., (/, ξ, θ) is normal.

Proof. Since S=ϋ, (mod θ), we can put SJi

h=θJAι

h—θ%AJ

h. On the other-
hand, since P=0, we have from (1.6) S(fX, f)=0. Thus substituting S^ f t=
θjAt

h—θtAjh into this equation gives Ak

hfjk=0, which implies AJ

h=θJAk

hξk.
Therefore we obtain S^Λ=0, i.e., 5=0.

§ 3. Adapted frames and coframes.

Let there be given a hyperdistribution D with complex structure / in a
manifold M of dimension 2n+l. Consider an almost contact structure (/, ξ, θ)
associated with D in each coordinate neighborhood U of M. Let {ξb, ξ) be a
field of affine frames in U such that each ξb belongs to Zλ*5 Since /fδ=/f6

belongs to D, we can put

(3.1) fξ>=haξa,

*) The indices α, b9 c, dy e run over the range {1, •••, 2ή] and the summation
convension will be used with respect to this system of indices.
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where Jb

a satisfies
T a γ e—Xa

Je Jb —Ob

because /2<fδr=/2<fδ=— ?&• If the frame {ξb, ζ} is suitably taken, the matrix
(Jb

a) has the following numerical value:

where E denotes the (n, n) unit matrix. Such an affine frame {ξb, ζ} is said to
be adapted to D, if (Jb

a) has the value given by (3. 2) with respect to {ξb, ξ}.
Let {ξb, ξ} be a frame adapted to D in U. Then components of the Levi

tensor GD with respect to {ξb, ζ} are given by

(3.3) Geb=GD(ξe,ξb)=G(ξe,ξb).

If we now put

(3.4) Jcb=dθ{ξc,ξh\

then we find

(3.5) Jcb=Jc

eGeb

because of Gjί=fJ

k{dkθi—diθk) which appeared in (1.7).

We take another frame {ζb, ξ} adapted to D in another coordinate neigh-
borhood 0 of M. Then, using (2.2), we obtain in UΓ\U

(3.6) ξ=l(ς-fA), ξb=Ub

aζa,

where Θ(Λ)=O and the matrix (Ub

a) belongs to the real respresentation of the
complex linear group CL(n), because

(3.7) JeaUb

e=Ue

aJb

e.

Thus the structure group of the tangent bundle of M is, as is well known,
reducible to the group of all matrices of the form

<3 8 ) \B° US)'

where a is non-zero and (Ub

a) belongs to the real representation of CL(n).
The equations (2. 2), (2. 6) and (3. 6) imply that

(3.9) Gcb=aUc

eUb

dGed

is established in UΓ\U, Gcb being components of the Levi tensor GD with
respect to {fδ, I}.
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Given a frame {ξb, ξ} adapted to D in U, we denote by {θa, θ) the coframe
dual to {ξb, ξ] in U. That is to say,

(3.10) θ«{ξb)=δϊ, θa(ξ)=O, θ(ξb)=0, θ(ξ)=l.

Such a coframe {θa, θ} is said to be adapted to D in U. We now have

THEOREM 3.1. Let D be a hyperdistribution with complex structure J in a
manifold M of dimension 2n + l (^3). Then D is torsionless if and only if in
each coordinate neighborhood U of M any coframe {θa, θ) adapted to D satisfies
the following equations:

dθ=j

(3.11)

dθa= —

φ and φa being certain 1-forms in U, where

Jcb—~Jbc, Jcb^Jc6 Geb>
(3.12)

Gcb—Gbc, Gcb—Jc

eJb Ged—0

(f. e., Gcb and Jcb are hybrid with respect to Jb

a) and, where

(3.13)

(i. e., φch

a is hybrid with respect to indices c, b and pure with respect to indices
a, b).

Proof. The given D is torsionless if and only if S=0, (mod θ), i.e., if and
only if S(ξc, f6)=0, which is equivalent to

e, ξ,l+dθ(ξe, f»)=0

or equivalently to

(3.14)

θ*&fξt, /ω-fίfξc, ω-fίίc, fω+Γίζc, i,])=o.

Since fςιl=Jι)

aξa, (3.14) is equivalent to

JceLddθ(ζe, ζd)=dθ{ξc, ξb),

(3.15) JceLddθa(ζe, ξd)-Jc

eJd

adθd(ζe,



DISTRIBUTIONS WITH COMPLEX STRUCTURE 271

If we now put

(3.16) L*=dθ(ξc, ξb), φcb

a=dθ«(ζc, ξb),

then we see that (3.15) is equivalent to

Jcb JcβJb Jed = 0,

(3.17)
Aeb

a+Jb'Jd

aAeβ

d=0, where Aeb

a=φeb

a-Jc

eJb

dφed

a.

The equations (3.16) is equivalent to (3.11). Moreover the first and the second
equations of (3.17) are equivalent to (3.12) and (3.13) respectively. Thus
Theorem 3.1 is proved completely.

Next we have

THEOREM 3. 2. Let D be a hyperdistήbution with complex structure J is a
manifold M of dimension 2 n + l (^3). A frame {ζb, ζ} adapted to D is normal,
i. e., an almost con-tact structure (/, ξ, θ) associated with D is normal in a coordi-
nate neighborhood U of M, if and only if its dual coframe {θa, θ] satisfies

dθ=jJebθ
cΛθb,

(3.18)

d θ a φ

where Jcb and φcb

a satisfy (3.12) and (3.13) respectively and, where φb

a satisfies

(3.19) φ*a+LeJd

aφe*=0

(z. e., φb

a is pure with respect to Jb

a).

Proof. A frame {ξb, ζ} adapted to D, i.e., an almost contact structure
(/, ξ, θ) associated with D is normal if and only if 5=0, which is equivalent to

(3.20) 5(fc, ξb)=0 and S(ζc, ζ)=0.

The first equation of (3. 20) is equivalent to the conclusions (3.11), (3.12) and
(3.13) stated in Theorem 3.1 and the second one of (3. 20) is equivalent to

θ(S(ξe,ζ))=dθ(ξe,ξ)=O,

which reduce respectively to

(3.21) JΛ" θ* (£fξc, ζl)+θa (£ξc, f])=0,

(3.22) dθ=O
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because θaof=Je

aβe and Je

aJb

e=~δi. The equation (3.21) is equivalent to

(3.23) φca+Jc

eJd

aφed=O, φb

a=dθ\ξ,ξb).

Thus (3.11), (3. 22) and (3. 23) imply (3.18) and (3.19), which prove Theorem 3.2.
Theorem 3. 2 just proved was already proved by Kurita [4]. There are other

interesting results closely related to Theorem 3.2 (See, for example, Hsu [3],
Sasaki and Hsu [6]).

Let {ξb, ξ) be a frame adapted to D and {θa, θ) be its dual coframe in a
coordinate neighborhood U of M. We now put5*0

( 3 ' 2 4 ) i i

V 2 V 2

Then we have in U a complex frame {ββ, ej, e} adapted to D and a complex
coframe {ωa, aβ*, ω} dual to {eβ, ej, e). The equation (3.11) stated in Theorem
3.1 reduce to

dω= V—1 Grjω
rΆω^+ωAφ,

(3. 25)
dωa=φψβaωr ΛύΰP+ωΛφ"

with respect to a complex coframe adapted to D such that ω=θ and ξ=e.
The equations (3. 25) shows that the system of differential equations

ω = 0 , ωa=0 ( α = l , •••, n)

is completely integrable. That is to say, there is in M a pseudo-conformal
structure if D is non-degenerate. Thus the hyperdistribution D with complex
structure determines a pseudo-conformal structure in M if and only if D is
torsionless and non-degenerate. (See Cartan [1], Chern and Moser [2], Tanaka
[7]). Thus we can state

THEOREM 3.3. Let D be a hyperdistribution with complex structure in a
manifold M. Then D determines a pseudo-conformal structure in M if it is
torsionless and non-degenerate.

It is known that any real hypersurface M immersed in a complex manifold
admits a hyperdistribution D with complex structure which is naturally induced
in M and that such a D is always torsionless. Hence M admits a pseudo-
conformal structure determined by D if D is non-degenerate (See Cartan [1],
Chern and Moser [2], Tanaka [7], Yano and Ishihara [8]).

*) The indices a, β, γ, δ, ε run over the range {1, •••, n] and the summation
convension will be used with respect to this system of indices.
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The equations (3.18) stated in Theorem 3. 2 reduce to

(3. 26) dω— V—1 Grjω
rΛωP, dωr=χ

where

with respect to a complex coframe {ωa, ω2*, ω} adapted to D such that ω=θ and
e—ξ. The second equation of (3.26) shows that the system of differential
equations

ω«=0 (a=l, -", n)

is completely integrable.

§4. Pseudo-conformal mappings.

Let M and rM be manifolds admitting hyperdistributions D and 'D with
complex structure respectively. Let / and '] be the complex structures in D
and 'D respectively. Assume there is a homeomorphism φ : M-*'M such that,
for any vector field X being tangent to M and belonging to D, φ*X belongs to
fD and φ*J='Jφ* holds, where φ* denotes the differential mapping of φ. Then
φ is called a pseudo-conformal mapping. Roughly speaking, φ is a pseudo-
conformal mapping if and only if φ leaves the hyperdistributions with complex
structure invariant.

Let φ: M —> 'M be a pseudo-conformal mapping. Then, taking an almost
contact structure (/, ξ, θ) associated with D in a coordinate neighborhood U of
M, we see that f=φ*f(φ*)~ι, ξ=φ*ξ, θ=θo(φ*yλ form an almost contact
structure (/, f, θ) associated with 'Ό in /U=φ(U)((Z/M). Thus, taking arbitrarily
an almost contact structure ('/, fξ, /θ) associated with fD in /U, we obtain in ΊJ

(4.1) f='f-Ό®A9 ϊ=^(!ξ-'fA\ θ=a'θ

because of (2.2), where a is a non-vanishing function and A a vector field
belonging to fD, both defined in /U. Conversely, if a homeomorphism φ: M ->
'M satisfies (4.1), then φ is a pseudo-conformal mapping. Thus we can state

THEOREM 4.1. The equation (4.1) is a necessary and sufficient condition for
a homeomorphism φ : M —* 7M fa fo α pseudo-conformal mapping, where M and
ιM are manifolds admitting respectively hyperdistributions D and ''D with complex
structure.

We now have, using (2. 6) and (4.1),
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PROPOSITION 4. 2. For a pseudo-conformal mapping φ : M —> 'M

(4,2) G(X, Y)=af

holds for any vector fields X and Y being tangent to M and belonging to D, a
being a non-vanishing function defined in /U, where G and 'G are the Levi
tensors of D and 'D respectively.

Taking account of Lemma 4. 2, we have from (4.1)

PROPOSITION 4. 3. Let M and 'M be two manifolds with hyperdistributions D
and 'Ό with complex structure, respectively. Let there be given a pseudo-conformal
mapping φ : M —»'M. Then ''D is torsionless if and only if D is so also.

When M and fM are real hypersurfaces in a complex manifold M, they
admit respectively hyperdistributions D and rD with complex structure which
are induced by their immersions from the complex structure of the ambient
complex manifold M. If φ : M—>'M is a holomorphic transformation of M and
φ{M)—fM, then the restriction φ: M-^'M of φ to M is a pseudo-conformal
mapping (See Cartan [1], Chern and Moser [2], Tanaka [7], Yano and Ishi-
hara [8]).

When a transformation φ : M —• M of a manifold M admitting a hyper-
distribution D with complex structure is a pseudo-conformal mapping, φ is called
a pseudo-conformal transformation of M. Let there be given a vector field X in
a manifold M with hyperdistribution D with complex structure and assume any
local transformation φt, (—ε<t<ε, ε>0) of M generated by X is always a
pseudo-conformal transformation. Then X is called an infinitesimal pseudo-
conformal transformation or, simply saying, a pseudo-conformal vector in M.
Thus from Theorem 4.1 we have

THEOREM 4.4. A vector field X in a manifold M admitting a hyper distribu-
tion D with complex structure is a pseudo-conformal vector if and only if for any
almost contact structure (/, ξ, θ) associated with D in a coordinate neighborhood
U of M

(4.3) Lxf=-θ®V, Lxξ=-aξ-fV, Lxθ=aθ

are established, where a is a function and V a vector field belonging to D, i.e.,
Θ(V)=O, both defined in U.

PROPOSITION 4.5. For any pseudo-conformal vector X in M admitting a
hyperdistribution D with complex structure

(4.4) LxG=aG (modtf)

is satisfied, where G denotes the Levi tensor of D and a is a function appearing
in (4. 3).
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Proof. Denote by Gjt components of G. Then, using (4. 3), we have

+fJ

k(dkaθι-dιaθk),

from which LxG = aG, (mod θ). This proves Proposition 4.5.

LEMMA 4. 6. Let X be a pseudo-conformal vector in a manifold M admitting
a hyper distribution D with complex structure. If X belongs to D then G{Y, X)=0
for any vector field Y in M.

Proof. The last equation of (4. 3) reduces to

where X=Xid/dx\ Next, Θ(X)=O implies dkX
Jθj=-Xjdkθ3. Thus we have

X*(dsθk-dkθ,)=aθk9

from which, transvecting ft

k,

This is equivalent to G(Y, X)=0.
As a corollary to Lemma 4. 6, we have (See Tanaka [7])

THEOREM 4. 7. Let X be a pseudo-conformal vector in a manifold M admit-
ting a hyper distribution D with complex structure and assume that D is torsionless
and non-degenerate. Then, if X belongs to D, X vanishes identically.

When for an almost contact structure (/, ξ, θ) associated with a hyper-
distribution D with complex structure the vector field ξ is pseudo-conformal, the
structure (/, ξ, θ) is said to be regular. We now have

LEMMA 4. 8. An almost contact structure (/, ξ, θ) associated with D is regular
if and only if P=0 is satisfied.

Proof. Assume (/, ξ, θ) is regular. Then substituting X=ξ into (4.3)
gives α—0 and V=0 because of Lξξ=0. Thus, substituting α=0 and F—0 into
(4.3), we have P=—Lζf=0 and Q=—Lζθ=0. Conversely, if we assume P=0
for (/, ζ, θ), then we have Q=Q as a consequence of the proposition (P2) stated
in § 1. Thus Lζf=—P=0 and Lξθ=—Q=0, which are equivalent to the condi-
tion (4.3) with a=0 and V— 0. Thus (/, ξ, θ) is regular. Hence Lemma 4.8 is
proved.



276 SHIGERU ISHIHARA

As a consequence of Lemmas 2.4 and 4. 8., we have

THEOREM 4.9. Let M be a manifold admitting a hyper distribution D with
complex structure and assume D is torsionless. Then an almost contact structure
associated with D is normal if and only if it is regular.
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