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ENTIRE FUNCTIONS WITH THREE LINEARLY
DISTRIBUTED VALUES

By TADpASHI KOBAYASHI

1. Introduction. A complex number w will be called a linearly distributed
value of the entire function f(z) if there is a straight line L of the complex
plane on which all the solutions of f(z)=w lie. For the exponential function,
every value is linearly distributed. Conversely, Baker proved that a trans-
cendental entire function for which every value is linearly distributed must have
the form a+0b exp(cz), where a,b and ¢ are constants.

In this connection we have shown the following result in our previous paper

[4].

Let f(z) be a transcendental entire function. Assume that theve are three
distinct finite complex numbers a, and three distinct straight lines L, of the com-
plex plane on which all the solutions of f(z)=a, lie (j=1,2,3). Assume further
that f(z) has a finite deficient value other than ay,a, and as. Then f(z)=
Plexp Az) with a quadratic polynomial P(z) and a non-zero constant A.

The object of this paper is to give a further substantial improvement, which
gives an essentially sharp form of the above our result.

THEOREM. Let f(z) be a transcendental entire function which has three
distinct finite linearly distributed values cy, ¢, and cs. If these three values never
lie on any straight line of the complex plane, then

f(z)=P(exp Az),

where P(z) 1s a quadratic polynomial and A 1s a non-zero constant.

Considering the sine function or the cosine function, we easily assure that
the assumptions of our theorem cannot be improved, in general.

Let f(z) be an entire function having three distinct finite linearly distributed
values ¢y, ¢, and ¢;. By L,, we denote the straight line on which all the ¢ ;-points
of f(z) lie (j=1,2,3). With these conventions, we shall show the following four
propositions.

PROPOSITION 1. [If at least two of the three lines L, comncide with each other
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and 1f the three values c, do not lie on any straight line of the complex plane,
then either
f(z2)=A+B exp(Cz)

with constants A, B and C, or f(z) i1s a polynomial.

PROPOSITION 2. Assume that the three lines L, are distinct from one another
and that no two of which run parallel with each other. Then f(z) reduces to a
polynomual.

PROPOSITION 3. If the three lines L, are distinct from one another and 1f
exactly two of which run parallel with each other, then

f(z)=A+B exp(Cz)
with constants A, B and C, unless f(z) 1s a polynomial.

PROPOSITION 4. Assume that the three lines L, are distinct and parallel with
one another. Then
J(z)=P(exp Az)

with a quadratic polynomial P(z) and a non-zero constant A, provided that f(z)
does not reduce to a polynomial.

In conclusion, our Theorem is an immediate consequence of the above four
propositions.

2. Preliminary results. Using the well known Bohr and Landau’s theorem,
we have proved the following fact [4, Theorem 6.

LEMMA 2.1. Let f(z) be an entire function with three distinct fimte linearly
distributed values. Then the order of f(z) must be finite.

The next lemma is due to Edrei and Fuchs [3].

LEMMA 2.2. Let f(z) be a transcendental entire function having only real
zeros. Then f(z) has at most one fimite deficient value. Further 1f f(z) has a
finite deficient value other than zero, then the order of f(z) 1S not greater than one.

Let f(z) be an entire function and let w be a complex number. We say that
the value w is a radially distributed value of f(z) if there exists a half straight
line of the complex plane on which all the w-points of f(z) lie. With this defini-
tion, Theorem B of [4] takes the following form.

LEMMA 2.3. Let f(z) be an entwre function of fimte genus q with q=1. If
the value 0 1s a radially distributed value of f(z), then f(z) has zero as a deficient
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value.
Combining Lemmas 2.2 and 2.3, we can prove the following.

LEMMA 24. Let f(z) be an entire function of fimte order satisfying

lim inf@io.

700

Then f(z) has at most one fimte radially distributed value.

Proof. Assume that f(z) has two finite radially distributed values, say 0 and
1. Then it is possible to choose two complex numbers a (#0) and b so that the
function defined by

f*2)=f(az+0b)

has only negative zeros. Of course, the value 1 is a radially distributed value of
f*(z) and the characteristic function of f*(z) satisfies

%
lim inf ﬂl’--f—)— +0.

T ->00 v

Hence the genera of f*(z) and f*(z)—1 are finite and at least one. Therefore
Lemma 2.3 implies d(0, /*)>0 and (1, f/*)>0. This contradicts Lemma 2.2.

Further by means of Lemma 2.2 and Theorem C of [4], we easily obtain
the next fact.

LEMMA 2.5. Let f(z) be an entire function with three distinct finite linearly
distributed values c¢,, ¢, and ¢, Then the genera of f(z)—c, (j=1,2,3) are at
most one.

Now let g(z) be an entire function whose zeros {a,} lie on a straight line
L. Express this line L as

L={z: Re(uz)=r},

where » is a suitable real number and u is a suitable complex number with
|u]=1. Assume further that the genus of g(z) is at most one. Then Lemma 5
of [4] gives
glaz+uar)=g(—uz+ir) exp(2Cz+iC’)

and

ug'(z) Re(uz)—r
* Re =C —
® 2 > Te—a.l"

with suitable real constants C and C’. The proofs of our propositions are based
on these relations.
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If the real constant C is equal to zero and if g(z) has at least one zero-point,
then the relation (*) yields
ig'(z)

Re g(2)

#0

for Re(uz)>r and for Re(uz)<r. In particular, g’(z) fails to take the value 0 there.
Therefore all the zeros of g’(z), if exist, must lie on the line L.
Next let us assume that C>0. Then it follows from the relation (*) that

Re 8@ ~ v
g(z)

for Re(uz)=r. Thus we find

log| g(@b)| —log| g(iia)| =Si Re %(i%t—)dt

=C(b—a)

for r<a=b. From this inequality, g(@f) tends to infinity as ¢ does to infinity
along the positive real axis.

Similarly, if C<0, then g(#%t) tends to infinity as ¢ does to infinity along the
negative real axis.

3. Principal lemmas. Let G(z) be a transcendental entire function of finite
lower order such that all the zero-points {a,} of G(z) lie on the line Re z=0,
and all the one-points {b,} of G(z) lie on the line Re z=1. Then by Theorem 4
of [4], G(z) has at most order one, mean type. So by means of Lemma 5 of
[4], we find

Gz _ Re z
@1 e R P L
G _ Rez—1
(3.2) Re———G(Z)_l —B—I—%‘, b’
and
(3.3) G(Z)=G(—z) exp(2Az+14’),
(3.4 G(z+1)—1=(G(—z+1)—1) exp(2Bz+iB’)

with suitable real constants A, B, A’ and B’. The quantities A and B play an
important role in what follows.
Indeed if A=B=+0, then

G(z)=P(exp Az)

with a quadratic polynomial P(z). This fact was proved in Lemma 11 of [4].
Further if AB=0, then G(z) has no finite deficient values. This was also proved
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in Lemma 8 of [4].

3.1. The purpose of this section is to prove the following lemmas on which
our proofs are based.

LEMMA A. Assume that A=0. Then the quantity B must be positive. Assume
Sfurther that G(14+1y) 1s real and non-negatwe for some real number y. Then
G(l+iy)=1.

Proof. The fact that B must be positive was proved in Lemma 7 of [4].
So we shall prove the latter statement only. It follows from the relation (3.3)
that

(35) G(Z)=G(—z) exp(1A4’).
Here we can claim that
(3.6) exp(tA’)+#1.
For otherwise,
GZ)=G(—2).

So, if zx is a one-point of G(z), then —zx is also a one-point. This contradicts
the assumptions. Thus G(z) has no one-points. Hence we can express G(z) as

G(z)=14+Kexp(Dz),

where D and K are non-zero constants. Since all the zero-points of G(z) are
distributed on the imaginary axis, the constant D must be real. Therefore

G'(z) D

© Gk T 2

for values of z with Re z=0 and G(2)#0. Using A=0 and the relation (3.1), we

thus conclude that D=0. This is absurd again. Accordingly, (3.6) is true.
Assume now that 0<G(1-+1y4x)<1 for some real number v Then the rela-

tions (3.1) and (3.2) yield

R

¢ GAtiys) o
G(l—f—ly*)
and
Gty
G(l+1y4)—1

=B>0,

which are clearly absurd. Consequently, if 0=G(1+1y4«)=1 for some real number
Vs, then G(1+1yx)=1.
Next assume that G(14:1y*)>1 for some real number y*. Let us set
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G(4+1y*)=x*>1 and denote the inverse function of G(z) by G '(w). Of course,
G (w) 1s an infinitely many valued analytic function with algebraic character.
By E(w, x*), we also denote the element of G ™' (w) with center x* and satisfying
E(x*, x*)=1+41y*. Now let us continue analytically E(w, x*) along the segment
I={1=t=x*} toward the point t=1. Then we have an analytic continuation
G~'(I,) with algebraic character along the segment [ up to some point {=r
(1=r<x*), with the possible exception of this end point. Thus using this con-
tinuation G7'(I,), we can define the simple path C*={z(¢): 0=t<x*—r} such
that z(0)=1-4:1y* and

3.7 G(z(t)=x*—t

for 0=<t<x*—r. Since G(z) assumes only positive real values on this path C¥,
by means of (3.5) and (3.6), the path C* is contained entirely in the open half
plane Rez>0. On the other hand, it can be verified by the assumption A=0
that G(z) must have at least one zero-point. So the relation (3.1) implies

. G'(2)
G(z)

for values of z with Rez>0. Thus C* is a differentiable path and the identity
(3.7) yields

(3.9 G'z(t)z'(t)=—1
for 0<t<x*—r. Taking into account of (3.7), (3.8) and (3.9), we thus find

(3.8) R >0

Re 2/(1)<0

for 0<t<x*—r, which means that the real part of z(¢) decreases as ¢ varies
from 0 to x*—7. Hereby the path C* must be contained in the open strip
0<Re z<1 save for the initial point z(0). In particular, the continuation G *(I,)
does not continue along the segment [ to the point t=1. Therefore we may
assume that this continuation G~!(/,) defines a transcendental singularity at the
point t=r(1=r<x*). Accordingly, by Iversen’s theorem [5], the path C* must
be an asymptotic path of G(z) and as z tends to infinity along this path C*, G(2)
approaches the value r. In addition to these facts, by virtue of (3.5) and (3.6),
G(z) omits the value exp(—tA’) in the open half plane Re z>0. Hence G(z)
omits the finite values 0 and exp(—:A’) there. Thus using Lindel6f-Iversen-
Gross’ theorem [6], we obtain

(3.10) G(z)—r

as z tends to infinity along the positive real axis. However by the fact B>0
and by what mentioned at the end of the previous section 2, G(z) must tend to
infinity when z tends to infinity along the positive real axis. This contradicts
(3.10). Consequently, if G(141y*)=1 for some real number y*, then G(14+1y*)=1.
Lemma A is thus proved.



ENTIRE FUNCTIONS WITH THREE LINEARLY DISTRIBUTED VALUES 139

By this Lemma A, using the exactly same argument developed in the proof
of Lemma 10 of [4], we can obtain the next lemma.

LEMMA B. Assume that A=0. Then B 1s positwe and

lim LG _2p
r T

700

where N(r,1, G) denotes the usual counting function for the one-points of G(z).
3.2. Now we are in a position to prove the following lemma.

LEMMA C. The quantities A and B which appear wn the relations (3.1) and
(3.2) must be

AB+0.

Proof. Let us assume that A=(0. Then by the above Lemma B, the quantity
B must be positive and

(3.11) nmﬂ@ﬁl:—i—&

700 r
Further since AB=0, G(z) has no finite deficient values. So (3.11) implies

T, 6) 2
r o

(3.12) lim inf B.

T >0

On the other hand, by the fact B>0, G(z) tends to infinity as z does to
infinity along the positive real axis. Since G(z) fails to take the two values 0
and 1 in the open half plane Re z>1, Lindelof-Iversen-Gross' theorem implies

(3.13) lirP |G(ret*+1) | =—+o0
uniformly for |[t]=ts, where fx is an arbitrarily fixed number in (0, z/2). Hence

from (3.5) and (3.13), for an arbitrarily fixed number * with 0<t*<z/2, it is
possible to find a positive number R such that

(3.14) [G(—re’*+2)—1]=1

for »=R and |{|=#*. Here recall the relation (3.4) again. Then after a slight
modification, we have

|Glre ) —1|=|G(—re**+2)—1|

(3.15)
exp(2Br cos t—2B) .

Combining (3.14) and (3.15), we thus obtain
log|G(re *)—1|=2Br cos i—2B,
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so that
(3.16) log™| G(re?)| Z2Br cos t—2B—log 2

for =R and |¢|=t*. Therefore by means of the functional equation (3.5), this
inequality (3.16) implies

T, ©)=="" 1og*|Glret) dt

1 (ex )
> + it
= S_L*log |G(rett)|dt

> % Br sin t*+0(1)

for values of » with r=R. Hereby

lim infL 28 > 4 pain
700 v /s
for an arbitrary number (* with 0<*<=z/2. Consequently,

T(r, G) >i

lim inf
oo s T

B,

which contradicts (3.12). Hence the quantity A is never equal to zero.
Next assume that B=0. In this case we consider the auxiliary function
defined by

G*2)=1-G(1—z2) .

Evidently, all the zero-points and all the one-points of G*(z) lie on the lines
Re z=0 and Re z=1, respectively. Further the relations (3.3) and (3.4) yield

G*(2)=G*(—z) exp(—2Bz+1B’)
and

G*E+1)—1=(G*(—z+1)—1) exp(—24z+:14") .

Hence we can apply the above result to this function G*(z), and arrive at a
contradiction. Consequently, the quantity B must be a non-zero real constant.
Lemma C is thus proved.

3.3. From this point on, we discuss the case AB>0. Assume that A and
B are both positive. Then all the one-points of G(z), if exist, are simple.
Further if G(z) does not approach the value 1 when z tends to infinity along
the negative real axis, then the one-points of G(z) which we write as {1+ic,},
must satisfy

(3.17) m—n—1)r=<Blcn—cp) =(m—n~+1x
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for arbitrary integers m and n with m=n. From these inequalities (3.17), we
can assert that either

G(z)—1

as z tends to infinity along the negative real axis, or

limM—th .

T s T

These facts are Lemmas 9 and 10 of [4].
In order to go further, we need the next lemma.

LEMMA D. Let S be a positwe real number and let s, be

n
s=—gr (=123, ).

Then

lim X —§

2o+ nz1 x2—|-3n2

This Lemma D follows immediately from the identity

cotz:%—k > 2z

iz1 z2—n’x?

However we shall give an alternative proof because it suggests us a method for
proving our fundamental Lemma E.

Proof of Lemma D. Let us set

(3.18) E@)=11(1- —;T)ex;) (-2).

nz1 1Sp

Then E(z) is an entire function of order one and vanishes only at the points
15, (n=1,2,3,---). Further set

(3.19) F(z)=zE()E(—2).
Then this entire function F(z) satisfies
(3.20) F(—2z)=—F(z).

Since F(z) and exp(2Sz)—1 take the value 0 at the same points, F(z) can be
expressed as

(3.21) F(z)=exp(az+b)(exp(2Sz)—1)

with suitable constants ¢ and b. Combining (3.20) and (3.21), we easily find that
exp(2Sz)=exp(—2az), so that



142 TADASHI KOBAYASHI

(3.22) a=-—S.
On the other hand, it follows from (3.18), (3.19) and (3.21) that
Re F'(z) Rez Re z Re z
F(z) — |z|? a1 |z—1s,]% a3 |z41s, )R
B 2S exp(2Sz)
=0+ Re( exp(252)—1 )
Hence
1 2x 2Sexp(2Sx)
x +n§1 x%+s,? =at exp(2Sx)—1
for real values of x. On letting x—-co, we thus find
2x

Therefore, Lemma D follows from (3.22) and (3.23) at once.

Assume now that the quantities A and B are both positive. Further assume
that G(z) does not approach the value 1 as z tends to infinity along the negative
real axis. Then the one-points of G(z) satisfy the inequalities (3.17). Here let
us set

d,=C,—Co, hn=?n

for each integer n. Then from (3.17),
hp1=dn=hpi.

Here by we obtain
X X X
< <
ngl x2+ht, _El x2+d,? "nzg:l x24+hiy
for negative real values of x. By means of Lemma D, we thus find

(3.24) lim 3 —2%  —— —]g—.

T>-co nzl x2+dn2

Similarly, by means of Lemma D, we also obtain

(3.25) lim 3 — % —=— %.

Z>-c0 nS-1 x2+dn2
On the other hand, from the relation (3.2),

G'(x+ico) —BtS x—1

(3.2 R Gtie)—1 2T ¥ am1=id,
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for real values of x. Combining (3.24), (3.25) and (3.26), we therefore have

. G'(x+1c,)
Jim Re G(x+1ce)—1 =0.

In particular, it is possible to choose a negative number M such that

G'(x41¢,) -1

1< — N T
(3.27) I=Re =

for each negative number x with x<M. So this (3.27) implies

G(s+1co)—1

(3.28) exp(t—s)gl Gl —1

=exp(s—t)
for arbitrary negative numbers s and ¢ with t<s<M.

For a moment, we assume that there exists a strictly decreasing sequence
{r,} such that

(3.29) Vp—>—00
and that
(3.30) lim|G(r,+1co) | =-+o00.

In view of (3.3) and (3.4), we easily deduce
AFG(z) exp(2(B— A)z)
=AF(G(z+2)—1)+exp(2Bz),

(3.31)

where A¥ and AF are non-zero constants. Therefore it follows from (3.29), (3.30)

and (3.31) that

G, +2+41c5)—1
G(ryp+1c,)

as n—-+oo, where K is a suitable non-zero constant. Further using (3.29) and
(3.30), we find

(3.32) exp(2(B—A)r,)—K -0

(3.33)

2<‘ Glratic)—1]_3

3= Glrpticy) |~ 2
for sufficiently large n. Combining (3.28), (3.29) and (3.33), we thus obtain
2 _, | Glry+2+icy)—1 3
—_ < | —xrm =V < 2
(330 i e

for sufficiently large n. Accordingly, from (3.29), (3.32) and (3.34), we conclude
that A=B8, so that

G(z)=P(exp Az)
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with a quadratic polynomial P(z). However it is clear that

lim G(x+1ce)=P(0),

which contradicts (3.29) and (3.30). Consequently, if G(z) does not converge to 1
as z tends to infinity along the negative real axis, then G(x-1c,) is bounded for
negative real values of x.

LEmMA E. If A>B>0, then
lim G(—re*)=0

T>+00
untformly for |t| St*, where t* 1s an arburarily fixed number in (0, ©/2). Further
1f B>A>0, then

lim G(—rett)=1

7—+oo

uniformly for |t| <t*.

Proof. Assume that A>B>0. If G(z) tends to 1 as z approaches infinity
along the negative real axis, then the functional equation (3.31) implies

lim A¥G(x) exp(2(B—A)x)=0.
-0

However since B—A<0 and Af=+0, this is clearly impossible. Therefore G(z)
does not approach the value 1 as z tends to infinity along the negative real
axis. Thus by what mentioned just above, G(x+1c,) is bounded on the negative
real axis. Recall the functional equation (3.31) again. Then

G(x+1ic,) exp(2(B—A)x)

must be bounded for negative real values of x. Since B—A<0, we hence con-
clude that
(3.35) lim G(x-+1c0)=0.

Z-—c0

By means of Lindelof-Iversen-Gross’ theorem, it follows from (3.35) that

lim G(—re*)=0
r->+oo
uniformly for |t|<t*, where #* is an arbitrarily fixed number with 0<t*<z;/2.
Next let us consider the case where B>A>0. Assume that G(z) does not
converge to 1 as z tends to infinity along the negative real axis. Then G(x+1c,)
is bounded for negative real values of x. As above, it thus follows from (3.31)
that

(3.36) lir_n G(x+2+1c)=1,
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since B—A>0 and Af+0. By this (3.36), using Lindelof-Iversen-Gross’ theorem,
we obtain
xlil:n G(x)=1,

which contradicts the assumption. Congequently, G(z) must approach the value
1 as z tends to infinity along the negative real axis. By this fact, Lindeltf-
Iversen-Gross’ theorem gives the desired result. This completes the proof of
Lemma E.

4. Proof of Proposition 1. Let f(z) be a transcendental entire function
having three distinct finite linearly distributed values c¢,, ¢, and ¢; which do not
lie on any straight line of the complex plane. By L,, we denote the straight
line on which all the c;-points of f(z) lie (=1, 2,3). Our goal of this section
is to show that if L, and L, coincide with each other, then f(z) must be a
function of the form

4.1 (@)= Ax+ By exp(Cx2)

with constants Ay, Gy and Cy.

We may assume, as we may do without loss of generality, that the lines L,
and L, coincide with the imaginary axis and that ¢,=0, ¢,=1 and c;=c, where
¢ is a non-real complex number.

By Theorems 4 and 6 of [4], f(z) has at most order one, mean type. Hence
we find

f@=r(—z) exp(—A*z+1B%),
F@—1=(f(—2)—1) exp(—C*z+iD*)
with suitable real constants A*, B*, C* and D*. Therefore
f(z) exp(A*z-+1B*)—1

=(f(2)—1) exp(C*z+1D*),
so that
42 f(2)(exp(A*z+1B*)—exp(C*z+1D*))
' —1—exp(C*z+iD*).
If exp(A*z+1iB*)—exp(C*z-+1D*) is identically equal to 0, then
exp(A*z+1B*)=exp(C*z-+1D*)=1
for values of z. Thus A*=C*=0 and exp(:B*)=exp(iD*)=1, so that all the
zero-points of f/(z) lie on the imaginary axis only and f(z) satisfies

(4.3) @)=f(=2).
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If exp(A*z+iB*)—exp(C*z+1D*) is not identically equal to 0, then (4.2)
implies
F(2)= 1—exp(C*z4-1D*)
T exp(A*z+1B¥)—exp(C*z4-iD¥)

Since f(z) is entire, using an elementary calculation, we easily conclude that
either f(z) is a function of the form (4.1), or f(z) can be expressed as

_ 1—exp(gEz+1gF)
“y S &= p(EatiF)

where E and F are non-zero real constants and ¢ is some integer with ¢+0, 1.
Here let us set

N
4.5) Qn(z)= kgz’%

where N is a natural number. Then (4.4) can be rewritten as
(4.6) F(2)=Q¢-1(exp(Ez+iF))+1
when ¢=2, and

4.7 f(2)=—Q_(exp(—Ez—1F))

when ¢=—1.
Hereafter, our proof is divided into the consideration of the following two
cases.

1) f(z) satisfies the functional equation (4.3).
2) f(z) is a function of the form (4.6) or else (4.7).

4.1. Firstly, we consider the case 1). From (4.3), f(z) takes only real values
on the imaginary axis. Hence if the line L=L, on which all the c-points of f(z)
lie coincides with the imaginary axis, then f(z) never takes the value c¢. Thus
by means of (4.3), f(z) omits the two finite values ¢ and ¢. This is absurd.
Accordingly, the line L is distinct from the imaginary axis. Further it is clear
by the functional equation (4.3) that d(c, /)=d(¢, f). So Lemma 2.2 implies

(4.8 o(e, f)=0(¢, f)=0.

In addition to these facts, the characteristic function of f(z) satisfies

4.9) lim inf

700

T, ),
2 L) 0.

On the contrary, if (4.9) is false, by virtue of Theorem D of [4], all the zero-
points of f/(z) lie on the imaginary axis and the line L, simultaneously. Thus
f’(z) has at most one zero-point and satisfies
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Y ACA i

fim inf— S g
r—>00 v

By these facts, f’(z) reduces to a polynomial. This is impossible. Hence (4.9)

is true. In particular, f(z) is a function of order one, mean type.

Express the line L as
(4.10) L={z: Re(uz)=r},

where u is a complex number with |#]=1, and » is a real number. Then with
this representation (4.10), we obtain

(4.11) flaz+ar)—c=(f(—az+ur)—c)
exp(2Kz+iK'),

af'(z) Re(uz)—r

(4.12) e?(z)—c =K+ ;——IZ—C’E o

where K and K’ are suitable real constants and {c%} denote the c-points of f(z).
We now have the following three subcases.
1.1) L runs parallel with the imaginary axis.
1.2) L is orthogonal to the imaginary axis.
1.3) Neither the imaginary axis nor the real axis runs parallel with the
line L.

4.2. Assume that the subcase 1.1) occurs. Then we may assume that the
quantities # and » of (4.10) satisfy u=1 and r+0, respectively. Here let us
consider the auxiliary function defined by

(4.13) Gul2)= @

Then it is clear that all the zero-points and all the one-points of Gx(z) lie on
the lines Re z=0 and Re z=1, respectively. Further by referring to (4.3), (4.11)
and (4.13), we find

(4.14) Gul®)= = Gu(—2)

and
CiEFD—1= 2 (Gl —2z+D)—1)
exp(2Krz+1K').

However, since we can apply the results of the previous section 3 to this func-
tion G«(z), Lemma C and (4.14) give us a contradiction. Hence the subcase 1.1)

never occurs.
Let us discuss the subcase 1.2). In this case, the complex number u is equal
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to 1 or —i. If the constant K which appears in the relation (4.12) is equal to 0,
then f’(z) never takes the value 0 except at the point —ir or else at the point
1. Hence

(4.15) J(2)=Qx(2) exp(a*z)+b*,

where a*(+0) and b* are constants and Q«(z) is a polynomial. From this repre-
sentation (4.15), using asymptotic properties of exp(a*z), we easily conclude that
either 0 and 1, or ¢ and ¢ must be radially distributed values of f(z). This is
absurd by (4.9) and Lemma 2.4. If the constant K is not equal to 0, then we
can easily see that either f(it) or f(—ut) tends to infinity as the positive real
variable t tends to infinity. Thus the values 0 and 1 are both radially distri-
buted values of f(z). This is absurd again. Hereby the subcase 1.2) does not
occur, either.

Assume now that the subcase 1.3) occurs. It follows from (4.3) and (4.10)
that all the ¢-points of f(z) lie on the line which is the symmetry of the line L
relative to the imaginary axis. If K=0, then by the same reason as above, f(z)
must be a function of the form (4.15). Hence we arrive at a contradiction. If
K>0, then f(z) approaches infinity when z tends to infinity along the half line
J={z:z=at, t>0}, which does not run parallel with the imaginary axis. Since
f(z) omits the values 0 and 1 in the open half planes Re z>0 and Re z<0, using
Lindelof-Iversen-Gross’ theorem and the functional equation (4.3), we thus find
that f(z) tends to infinity as z does to infinity along an arbitrary half line which
is not parallel with the imaginary axis. By this fact, f(z) takes the two values ¢
and ¢ only a finite number of times. This is clearly untenable. In the case
where K<0, by the same fashion as above, we also arrive at a contradiction.
Hence the subcase 1.3) never happens.

Consequently, all the three subcases do not occur. Therefore the case 1)
never happens.

4.3. Secondly, we discuss the case 2). Assume that f(z) has the form (4.6).
By wy, w,, -+, wq-y, let us denote all the roots of the algebraic equation Q,-,(z)
=c—1. Since Q,_,(0)=0, w,#0 (k=1, 2, ---, g—1). Then from the representation
(4.6), f(z) takes the value ¢ only at the points of the form

(4.16) %—loglwu—-;:(F—arg wi+2nm)
(k:]') 2’ ”‘) 4-17 n:o’ il’ :’_:2, ”‘) .

On the other hand, by the assumptions, all the c-points of f(z), that is, all the
points (4.16) must lie on the line L. It thus follows that

(4.17) [, | = |ws| == |wq_,| =R=#0.
Similarly, if f(z) is a function of the form (4.7), then
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where wi, w¥, -, w*, are all the solutions of the algebraic equation Q_,(z)=—c.
Here, let us observe the following fact.

LEMMA F. Let Qu(z) be the polynomial (4.5), and let S* be a fimte complex
number. Assume that all the roots of the algebraic equation Qx(z)=S* lie on a
carcle with center at the ornigin. Then 1f N=3, S*=—1. If N=2, then S* must
be a negatwe real number.

With the help of this Lemma F, we obtain the desired result immediately.
In fact, if ¢=4, then (4.17) and Lemma F imply ¢—1=—1. Hence ¢=0, which
is a contradiction. If ¢g=3, then the value ¢ must be real. This is absurd. If
g=-—3, then (4.18) and Lemma F yield ¢=1. This is also untenable. Further if
g=—2, then ¢ must be a positive real number. This is a contradiction again.
Consequently, the integer ¢ is either 2 or —1. By referring to (4.5), (4.6) and
(4.7), we conclude that f(z) must have the form (4.1).

44. It remains to prove Lemma F. Assume that N=3. By t#;, f, -, ty, We
denote all the roots of the equation Qy(z)=S*. Then

Qu(z)—S*=z"+z" "+t 2—S*
(4.19)
=(z—t)(z—t)(z2—ty),
and the assumption implies

(4.20) It =1ty ==ty =r+0.

From (4.19), it is clear that

(4.21) bty b ty=—1,

4.22) ﬁ v gy
k=1 tr

and

(423) tll‘z...tN:(_l)N—ls* .

It follows from (4.20) and (4.21) that

N N -
(4.24) I=(Z)(Zh)=Nr+ Sk
Similarly, it follows from (4.20) and (4.22) that

N

2 2N‘4tjlrk:7’2N-4(N7’2+ Zk t]fk) .

ﬁMz

(425)

J=
Hence on combining (4.24) and (4.25), we have r** *=1. Since N=3, r=1, so
that
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(4.26) [ti|=t,|="=ty|=1.
Therefore from (4.23) and (4.26), |S*|=1. Further since Qy(1)=N=3, t,#1
(k=1,2, -+, N).

Here let us set
Pyi(2)=2z" " —(1+S5*)z+S*,
Then from
(te—DQy )=tV —t,=(t,—1)S¥,

the numbers iy, t,, ==+, ty must be also roots of Py,;(z)=0. Clearly, Py.,.(1)=0.
Therefore
Py(z)=z""—(1+5%)z+5*

4.27)
:(Z_tl)(z_tz)"'(Z’_tN)(Z_l) .

By referring to this relation (4.27), we thus find
(428) t1+t2+"'+tN+tN+1:0’

and

NZ*)I Lty vty

k=1 tk

(4.29) =(—=1¥1+S*),

where ty,;=1. Hence by the same fashion as above, (4.26), (4.28) and (4.29)
imply
[14S*[2=N+1+ Zktjt_k:()y
J¥F

which gives S*=-—1.

Next assume that N=2. By a and b, let us denote the roots of the equation
Q.(z2)=S*. Then clearly a+b=—1, ab=—S*. Thus Re a+Re b=—1, Ima=—Imb.
Further since |a|=|b|, (Re a)’=(Re b)? so that Re a=Reb. Consequently, d=b.
This implies ad=—S*>0. Lemma F is hereby proved.

5. Proof of Proposition 2. Let f(z) be a non-constant entire function
satisfying the hypotheses of Proposition 2. With suitable real numbers », and
suitable complex numbers u, with |u,|=1, we can express the straight lines L,

as
(5.1) L;=A{z:Re(u,z)=vr,} (1=1,2,3).
By Lemma 2.5 and (5.1),

S,z 4,7 )—c;=(f(—@,z+a;r,)—c,)

(5.2)
exp(2A4,z+1B,),
a,f'(z) _ Re(u,z)—r,
(5.3) Re_f(z)—c] —Aﬂ-%} e—af?
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where A, and B, are real constants, and {af;} denote the c,-points of f(z)
(7=1,2,3).

For a moment, let us assume that the characteristic function of f(z) satisfies
(5.4) lim infL:'f-)co.
Then by means of Theorem D of [4], all the zero-points of f/(z) must lie on
the lines L,, simultaneously. Hence f’(z) has at most one zero-point, since these
lines L, are distinct from one another. On the other hand, it follows from (5.4)
that

lim inf

T >0

T(r, f7) —0
=0,

By these facts, f/(z) must reduce to a polynomial. Consequently, f(z) reduces
to a polynomial. Thus our proof of Proposition 2 will be complete when we
have proved (5.4).

In order to prove (5.4), we shall make use of the relations (5.2) and (5.3).
Hereafter, we divide our consideration into three parts.

51. Assume that at least two of the three constants A, which appear in
(5.2) and (5.3), are equal to 0. Then we may assume that A,=A4,=0. By what
mentioned at the end of the section 2, all the zero-points of f/(z) lie on the two
distinct lines L, and L,. Hence f’(z) has at most one zero-point. Here remark
that T(r, f)=o0(r?). This fact is an immediate consequence of Lemma 2.5. Thus
T(r, f')=o(r?). Therefore, f'(z) can be expressed as

f'(@)=(z—a)" exp(Axz+Bx)
with a non-negative integer n and constants a, A« and By. Hereby
(5.5) F(2)=Q*(2) exp(Axz)+Cx,

where Q*(z) is a polynomial and Cx is a constant.

Assume now that our desired (5.4) is false. Then A4+0. While if Ay+#0,
it is easily verified by asymptotic properties of exp(Axz) that any function of
the form (5.5) never fulfills the hypotheses of our Proposition 2. This is a con-
tradiction. Therefore (5.4) is true.

5.2. Next, let us discuss the case where one of the three constants A, is
equal to 0 and the others are not. We may assume that A4,=0, A,#0 and A;+0.
Further we may assume that the line L, is not orthogonal to the line L,, since
no two of the three lines L, are parallel with each other. Let us consider the
function defined by

(5.6) F@)=f(#,z+ar)—c;.
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Then all the zero-points of F(z) are distributed on the imaginary axis only, and
it follows from (5.2) and (5.6) that

(6.7) F(z)=F(—2) exp(1B,) .

Since L, and L, are not orthogonal and not parallel, the complex number u=i,u,
is neither real nor pure imaginary. Here as a matter of convenience, let us set

(5.8) c=c,—c¢,, s*=r,—Relur,), z‘*sé(u—ﬁ)rl.

Then by a computation, all the roots of the equation F(z)=c lie on the line
(5.9) L*={z: Re(uz)=s%*},

which is neither parallel nor orthogonal to the imaginary axis. While by referr-
ing to the functional equation (5.7), we can easily assure that all the solutions
of F(z)=¢exp(—1B,) are distributed on the line

(5.10) Ly={z: Re(éiz)=—s*},

which is the symmetry of the line L* relative to the imaginary axis.

If ¢=cCexp(—1B,), then by the above consideration, all the c-points of F(z)
must lie on the lines L* and Ly. From their representations (5.9) and (5.10), it
is clear that L* and L« are different from each other. Hence F(z) never takes
the value ¢ except at the intersecting point of L* and Ls. Since the genus of
F(z)—c is at most one, we can thus express F(z) as

F(z)=c+(z—2z*)" exp(A*z+B*),

where n is a non-negative integer and z*, A* and B* are constants. Evidently,
the auxiliary function F(z) has the form (5.5). Hence by the same reason as
before, we can conclude that A*=0, so that F(z) reduces to a polynomial. Turn-
ing back to the original function f(z), we obtain the desired result, at once.

Assume now that c¢#¢exp(—i1B,). On taking account of (5.2), (5.6) and (5.8),
we find
(5.11) F(az+us*)—c=(F(—az+us*)—c)

exp(2A,z+1B,—2A,1%) .

Here let us further assume that A,>0 and 0<argu<z/2. Then from (5.11) and
A,>0, F(z) must approach infinity when z tends to infinity along the half line

J¥*={z:arg(z—z*)=—arg u},

where z*=—1s*/Imu is the intersecting point of the lines L* and Ly Since
F(z) omits the two values 0 and ¢ in the open angular domain

D={z:Re(uz)>s* and Rez>0},
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and since the half line /* is contained entirely in this domain D, Lindeléf-Iversen-
Gross’ theorem implies that F(z) tends to infinity as z tends to infinity along an
arbitrary half line which 1s contained 1n the domain £ and parallels neither the
line L* nor the imaginary axis. On the other hand, from (5.10) and O<argu
<m/2, the half line

J«={z:arg (z—z*)=arg u+37/2}

is contained entirely in the domain D. This half line Ji« is the intersection of
the line L, and the open half plane Re z>0. By these facts, we can see that
the value ¢ exp(—1iB,) is a radially distributed value of F(z). Hence by virtue
of (5.7), the value ¢ 1s also radially distributed. It therefore follows {rom Lemma
2.4 that the characteristic function of F(z) must satisfy

lim inf T(r*;F)_:

700

0,

so that we have the desired (5.4), again. All other cases, say 4,<0 and =<argu
<3r/2, can be also treated by the same way as above. Consequently, our desired
(5.4) is true in the case where one of the three constants A, is equal to 0 and
the others are not.

5.3. Finally, we assume that no one of the three constants A, is equal to 0.
Assume further that A,;>0. Then it follows that f(i#,¢) tends to infinity when ¢
does to infinity along the positive real axis. Without loss of generality, we can
assume that

arg u,<arg u,<arg us<arg u,+m.

There occur two cases. Either (1) argu,<argu,+=/2, or (II) argu,+=r/2
<arg us.

In the case (1), since arg u;—arg u,=n/2, the variable {#; must be contained
in the open angular domain

D*={z: Re(u;z)>r, and Re(u,z)>7,}

for sufficiently large positive values of . Here, observe that f(z) fails to take
the two values ¢, and ¢, in the domain D*. Then using Lindelof-Iversen-Gross’
theorem, we find that f(z) approaches infinity when z tends to infinity along an
arbitrary half straight line of the form

(5.12) {z: z=2z4+1 exp(is), >0},

where zx is an arbitrary point and s is an arbitrary real number with —arg u,
—n/2<s<—arg u,+r/2. On the other hand, from arg u,—arg u,<=, the inter-
section of the line L; and the domain D* is a half straight line of the form
(5.12). It thus follows that f(z) approaches infinity as z does infinity along the
unbounded part of L, which is contained in the domain D*. Therefore the value
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c; must be a radially distributed value of f(2).
In the case (II), for sufficiently large positive values of #, the variable ti,
must lie in the open angular domain

Dy«={z:Re(u,2)>r, and Re(u;z)<rs}.

Hence using Lindelof-Iversen-Gross’ theorem again, we can conclude that f(z)
tends to infinity as z does to infinity along an arbitrary half straight line of the
form

(5.13) {z: z=z4+1 exp(w), >0},

where zy is an arbitrary point and v is an arbitrary real number with —arg u,
+r/2<v<—arg u,+n/2. Further in this case, the intersection of the line L,
and the domain Dy is a half straight line of the form (5.13). By these facts,
the value ¢, must be a radially distributed value of f(z).

Consequently, if A;>0, then at least one of the two values ¢, and ¢, is a
radially distributed value of f(z). In the case A,<0, we can also obtain the
same conclusion. Similarly, it follows from the fact A,#0 that either ¢, or ¢,
is a radially distributed value of f(z). Further the fact A;#0 implies that either
¢, or ¢, is a radially distributed value of f(z). Therefore f(z) has at least two
finite radially distributed values. Hereby Lemma 2.4 yields the desired (5.4). The
proof of Proposition 2 is now complete.

6. Proof of Proposition 3. Let f(z) be a transcendental entire function
which satisfies the hypotheses of Proposition 3. Then f(z) is a function of order
one and mean type, and of regular growth. We may assume, as we may do
without loss of generality, that ¢,=0, ¢c,=1, L;: Rez=0 and L,: Rez=1. As
before, we have

(6.1) F@)=f(—2) exp(24z+14"),

(6.2) FEFD)—1=(f(—z+1)—1) exp(2Bz+1B’),

where A, A’, B and B’ are real constants. From the results of the section 3,
there may occur the following three cases only.

1) A and B are both positive.

2) A is negative and B is positive.

3) A and B are both negative.

Firstly, let us assume that the case 2) occurs. Then it follows that f(z)
approaches infinity when z does infinity along an arbitrary half straight line
which is not parallel with the imaginary axis. Hence f(z) takes the value c,
only a finite number of times, since the line L, on which all the cs-points of
f(2) lie, is not parallel with the imaginary axis. Thus f(z) must have the value
cs as a deficient value. However, since AB<0, f(z) has no finite deficient values.
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This is clearly untenable. Therefore the case 2) never occurs.

Secondly, let us discuss the case 1). In this case, Lemma E implies A=5.
In fact, if A>B, then by means of Lemma E, for an arbitrarily fixed number #*
in (0, #/2), it is possible to choose a positive real number R, such that

(63 frety—e, =191

for real values of 7 and ¢t with r=R, and |t—=|=t*. Further from A>0, we
can find a positive real number R, such that

(6.4 frey—csl 2151

for real values of » and t with »=R, and |¢|<t*. On combining (6.3) and (6.4),
we thus obtain

m(r, ¢ f):—1 SM log’“————1 dt
PV 2w | f(re®)—cs|
(6.5)
2t* 2t* 2
< = + = +_ =
:—.(1 T )lOg M(T) Cs, f>+ T IOg |c3|

for real values of » with r=max(R,, R,), where
1
M(r, ¢, f)=sup——+——.
(r, ¢ )=sup | f(z)—c

Therefore by virtue of Petrenko’s result [7], the inequality (6.5) implies

mr, cs, ) _(y_ 2%\, . 1og"M(r, ¢y, f)
:(1 - )hrrneo:nf TG, )

lin}qinf TG )
(6.6)

=rg—2t*

for every real number #* with 0<t*<x/2. Hence from this (6.6), we have d(c;, f)
=0. On the other hand, from Lemma E and from the fact A>0, using Lindeltf-
Iversen-Gross’ theorem, we can see that f(z) takes the value ¢, only a finite
number of times. This is clearly absurd. Quite similarly, if B> A4, then Lemma
E leads us to a contradiction. Hereby we have A=DB, as we claimed. Conse-
quently,

f(z)=P*(exp Az)

with a quadratic polynomial P*(z)=az?+bz+c. Here let us assume that a#0
and b+#0. Then at least one of the two roots of the equation P*(z)=c; is not
equal to 0. Since the constant A is real, we can thus conclude that the line L,
on which all the c;-points of f(z) lie must be parallel with the imaginary axis.
This contradicts the assumptions. Therefore either a or b is equal to 0. Accord-
ingly, f(z) is a function of the form
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(6.7) f(@)=Ax+Bxexp(Cx2),

where Ay, Bx and Cx are constants.
Finally, we must consider the case 3). This case reduces to the case 1) as

follows. Let us set
F(z)=1—f(1-2).

Then this entire function F(z) also satisfies the hypotheses of our Proposition 3.
Indeed, all the zero-points and all the one-points of F(z) lie on the lines Re z=0
and Rez=1, respectively. Further all the solutions of F(z)=1—c¢, lie on a
straight line which is not parallel with the imaginary axis. Here, recall the
relations (6.1) and (6.2). Then we find

F(Z)=F(—z)exp(—2Bz+1B’),
FE+1)—1=(F(—z+1)—1)exp(—24z+14").

Hence F(z) is such a function considered in the above case 1), since the constants
A and B both negative. It thus follows that this auxiliary function F(z) must
have the form (6.7). Turning back to the original function f(z), we obtain the
desired result, immediately. The proof of Proposition 3 is now complete.

7. Proof of Proposition 4. In this final section, we shall prove our Pro-
position 4. Let f(z) be a transcendental entire function which satisfies the
hypotheses of Proposition 4. Without loss of generality, we can assume that all
the three lines L, which are distinct from one another, run parallel with the

imaginary axis. Let us set
L;={z:Rez=r} (=1,23).
Then we can further assume that »,<7r,<7,. By the same reason as before, we
have
fGE+r,)—c;=(f(—z+r,)—c,)

7.1
1) exp(2A,z+1B,)

with real constants A, and B, (=1, 2,3). In order to obtain our desired result,
let us consider the auxiliary functions defined by

fry—r))z+r,)—c,

Cr—C,

(7.2) F,(2)=

for each pair ; and k with 1=<7<k=3. Then these functions F,.(z) take the
value 0 only on the imaginary axis, and take the value 1 only on the line Re z=1.
Further from (7.1),

(73) F] k(z):FJ k(_z> eXp(2(7’k*7’])A]2+iB}k> ’



ENTIRE FUNCTIONS WITH THREE LINEARLY DISTRIBUTED VALUES 157
FJ k(f—i‘l)—‘l-‘:(ij(—“Z"i‘l)—l)
exp(2(r,—v,;)Arz+iBiy)

with suitable real constants Bj, and By, It is thus clear that these F,.,(z) are
such functions treated in the section 3. Hence for the three real constants A,,
there may occur the following four cases only.

1) A, A, and A, are all positive.

2) A, is negative and the other two are positive.

3) A, is positive and the other two are negative.

4) The three are all negative.

In the first place, we shall show the impossibility of the cases 2) and 3).
Assume now that the case 2) occurs. Then from A,>0 and A,>0, by virtue of
Lemma E, when z tends to infinity along the negative real axis, F,,(z) con-
verges to 0 or 1 according to whether A,>A; or A,> A, Further if A,=A,,
then with a quadratic polynomial P(z), F,(z)=P(exp(r;—r,)Az2), so that F,,(2)
converges to P(0) as z tends to infinity along the negative real axis. Turn back
to the original function f(z). Then it is clear from (7.2) that f(z) must approach
some finite value when z tends to infinity along the negative real axis. On the
other hand, it follows from the fact A,<0 that f(z) tends to infinity as z does.
to infinity along the negative real axis. This is clearly absurd. Hence the case
2) never occurs. Similarly, we can also prove the impossibility of the case 3)
from that of the case 2) by using the same arguments developed at the end of
the proof of Proposition 3. Consequently, the two cases 2) and 3) never happen.

In the second place, let us consider the case 1). If we can prove that A;=A4,
for some pair 7 and &k with 1=;<k=3, then by making use of (7.3), we have

F,y(2)=Plexp(r,—r,)A,z)

with a quadratic polynomial P(z). Returning to the original function f(z), we
at once obtain the desired result.

Here, let us assume that A;>A,. Then as above, by means of Lemma E,
the auxiliary function F,,(z) must tend to 0 when z tends to infinity along the
negative real axis. Turning back to f(z), we thus find that f(z) converges to
the value ¢, as z approaches infinity along the negative real axis. Further assume
for a moment that A,# A,. Then considering F,;(z), we can easily conclude that
as z approaches infinity along the negative real axis, f(z) converges to ¢, or ¢y
according to whether A,> A, or A;> A,. This is impossible. Therefore if A4,> A,,
then A,=A;. Quite similarly, if A,>A,, then A,=A,;. Hereby, we have the
desired result.

For the case 4), by making use of Lemma E and the auxiliary functions
F,(z), we can also conclude that at least two of the three real constants A,
are equal to each other. Hence we can also obtain our desired result in this
case 4). This completes the proof of Proposition 4.
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