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ON A SINGULAR PERTURBATION PROBLEM FOR LINEAR
SYSTEMS OF ORDINARY DIFFERENTIAL EQUATIONS, I

By YosHIKAZU HIRASAWA

1. In a paper [1], we had to treat the following singular perturbation
problem.

Let us consider two linear systems of ordinary differential equations contain-
ing a small positive parameter ¢:

d
<1> e =(A—eADu+8(e),
du
2) 57:(140“"5141)”"{"62(5) ’
where
U, 0 0 0 a a «
u={u, |, A= a —8 r |, A= 0 0 0],
s —a —y B 0 0 0
and «, B, y are positive constants such that y<g.
Further,
—e0,(e) d,(e)
a,(e)= 04(e) |, dy(e)= 0:(e) |,
ds(e) ds(e)

and 0;(e)—0 (;=1, 2, 3) for e—~-+0.
Given an interval t,<t=t, and a point ¢, such that {,=t,=f,, we need a set
of continuous functions u,(t; ¢), u,(f; ¢), uy(t; ¢) with the following properties.
(1) The conditions

wi(to; e)=Pe), uxty; e)=Q(e), uyts; e)=R(e)

are fulfilled, where P(e), Q(¢) and R(e) are suitable positive quantities tending
to zero with ¢, such that Py(e)<P(e), Qo(e)=Q(e), R((s)=R(e) for given positive
quantities Py(e), Qo(e), Ro(e) tending to zero with e.

() u(t;e), uxt;e), ut;e) are positive on t,=<t=t,.
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() wu=u(t;e) satisfies the system (1) for #,=t=t, and satisfies the system

(2) for t,=t<t,.
In the paper [1], we gave a solution of the above problem, but the proof was

not complete.
In this paper, we will give a new proof of the existence of such a solution

rather in a special case. That is, we take the case {,=t, and hence we omit the
system (1).

2. Put
44 (44 a
A a B T
3) A=-""-F A= 5 e e |
e 7 B
& £ &

then the characteristic equation of A is
4) el —all—(F—r) i+af—ar*+2a*+2a%r=0.

Since the roots pi, ps, ps of this equation can be regarded as algebraic
functions of ¢, we put
A=aytaet---,
or
— b'l
T e

2

+b0+b15‘|‘"' ,

to the end of finding these roots.
Substituting these series into (4) and determining the coefficients a,, a,, -+,

or b_y, by, -++, as the characteristic roots p,, p,, ps of A, we get

_ 2a°+a(f—y) 0
;01 ,8~—7' + (8):

p=—Ltrow),  p=L o,

where p=+/f—7%. R
Furthermore the canonical form A of A is

(o
®) A= 02
03

and the transformation matrix S(¢) that transforms A into A is
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(6) S(e)=(s;,(e))
B—r+0() O(e) 0(e)
=  a+0() 7+0(e) 7+0(e)

a+0(e) B—~pF*—1*+0(e) B+~ BE—r2+0(e)

That is, S(e)*AS(e)=A.
By the transformation of unknowns u#=S(¢)v, the system (2) is changed into

@ I —lo+ 0,0, B(=5)10,(6).

Now, let
w,(¢e)

w(e)=| wse)

wsy(e)
be a solution of a linear equation

(Ag+eA)w+8,(e)=0.

Then, clearly w;(e)—0 (j=1, 2, 3) for e—-+0.
We will seek for a desired solution in the following form:

ui(t; €) Ci(e)errttto w,(¢)
u(t; e)=| uy(t;e) |=S(e)| Cole)e?2 "0 |+ wy(e)
uy(t; €) Cy(e)ersttmt s(€)

3. It is sufficient to determine the positive quantities P(g), Q(e), R(¢) and
the coefficients C;(e)(y=1, 2, 3) so that

61(5)511(5)+Cz(e)slz(e)+C3(€)313(5)e‘03<tl_tz):p(s)(:P(e)'—wl(e)) ,
® C1(5)521<5)+C2(8)522(5)+C3(5)323(5)9'03“r£2>:Q<5)<:Q(5)"‘w2(5)> ’
c1(5)531<5)e‘01(L2_L1)+C2<5)532(5)ep2(ZZ—tl)“"Ca<5)533(€):R(5)<:R(e)“ws(e)) ’

and u,(t;€), uy(t;e), us(t; e) are positive on the interval {,<t<t,.
By virtue of p,<0, p;>0, we see easily

su(e) S12(€) S1a(g)ersirmte)
A(e)= S2:(€) Spa(€) Spe(E)eP3timin)
331<6)e‘01(t2_t1) ssz(s)epz(tz“tl) 533(5)

=(B—7r(B+ v B—7H+0(),
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P(e) $12(8) si(e)erstimin
4y(e)=1Q(e) saa(e) Spa(e)ers e
R(e) sple)erstte iy $as(e)
=7(B+ VB =1HP()+0(),
$11(€) Ple) syle)erstt
dye)=|  sule) Qe)  sple)erstamto
su(e)err 2™ R(e) sas(e)
=(B+ V=) {—al(e)+(B—1)Q)} +0(e)
su(e) $12(€) P(e)
dy(e)= Sz1(e) Sas(€) Q)
Su(e)err =t g(e)errem R(e)
=7 {—aen W P(e)+(f—p)R(e)} +0() .
Hence we have
1

Cile)=—5— P+06),
L P _0
Cole)= =) {—aP(e)+(B—)Qe)} +0(e),
— 1 L ypoilta=tn P — AR
Cﬁ(e)_‘ (,B—)’)(,B—}' ,\/ﬁz__TZ) {—ac )P(5)+(‘B 7)R(5)}+0(5)-

This shows that we can take
P(e)=(P(e)+w,(e)),
Qe)=(Qe)F+wy(e)),
R(e)=(R(e)+wy(e)) ,

such that C;(e)>0 (7=1, 2,3), and u,(t;e)>0 (y=1, 2, 3) on the interval #;<t=f,.
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