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FANO-MORI ELEMENTARY CONTRACTIONS WITH REDUCIBLE
GENERAL FIBER
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Abstract

Let ¢ : X — W be an elementary divisorial Fano-Mori contraction from a smooth
projective variety, defined by a linear system |m(Ky + tL)|, with L a g-ample line bundle
in Pic(X), 7 a positive integer and m > 0.

General fibers of such contractions are known to be irreducible if 7 > dim X — 3
(and so if dim X < 4). We prove that, if 7 > dim X — 4, except possibly for one case, a
general non trivial fiber is irreducible.

The special case, which can occur when dim X = 5, is effective, as we show by an
example in the last section of the paper.

1. Introduction

Let X be a smooth projective variety of dimension n defined over the field
of complex numbers; a contraction ¢ : X — W is a proper surjective map with
connected fibers onto a normal variety W. If the canonical bundle Ky is not nef
then the negative part of the cone of effective 1-cycles NE(X) is locally poly-
hedral, by the Cone Theorem, and to every face in this part of the cone, by the
Contraction Theorem, is associated a contraction; such contractions are called
Fano-Mori contractions or extremal contractions. A Fano-Mori contraction is
called elementary if p(X/W) =1 or equivalently if it is associated to an extremal
ray, i.e. to a face of dimension one in NE(X)y _o; in this case we define the
length of the ray to be the minimum anticanonical degree of contracted curves.

A Fano-Mori contraction ¢: X — W is defined by a linear system
|m(Ky + 7L)|, with L a g-ample line bundle, 7 a positive integer and m > 0; the
divisor Ky + tL is called a supporting divisor of the contraction.

The integer 7 is bounded above by n+1 if ¢ is of fiber type, ie. if
dim W <dim X and by n—1 if ¢ is birational; elementary contractions with
values of 7 close to the maximum were studied by general adjunction theory [6].

The situation, which is quite simple for the maximum values of t (p is the
contraction of a projective space to a point in the fiber type case or the blow-up
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of a smooth point in the birational case) becomes more and more complicated as
values of 7 decrease.

Elementary contractions with 7 > n — 2 were classified by Mori [13] in the
case of smooth threefolds and by Fujita [8] and Ionescu [9] in the general case,
while more recently Kawamata [10], Andreatta and Wisniewski [4] dealt with the
case n =4 and =1 and gave a complete classification.

To proceed in the classification, i.e. to study either the case 7 =n — 3 with
n>4 or T <n—3, the first step is to consider the general non trivial (i.e. non
0-dimensional) fiber of the contraction. Nakamura [14] considered the case of
Fano-Mori elementary contractions either of fiber type or divisorial, supported by
Ky + (n — 3)L

A new problem arises in the divisorial case: the exceptional divisor of the
contraction is known to be irreducible by [11, Proposition 5.1.6], but it is no
longer easy to prove that the general non trivial fiber of the contraction is
irreducible. Nevertheless in the case 7 =n — 3 general non trivial fibers of divi-
sorial contractions are actually irreducible, as proved in [14].

In the subsequent case (i.e. t =n — 4) proving the irreducibility of a general
fiber becomes an hard problem. Actually a new phenomenon occurs: there exist
elementary divisorial contractions with reducible general non trivial fibers. This
is the subject of our paper; more precisely, we prove the following:

THEOREM 1.1. Let X be a smooth complex projective variety, let ¢y : X — W
be a divisorial elementary Fano-Mori contraction supported by Ky + tL and denote
by E the exceptional divisor. Suppose that T > dim X —4. Then the general non
trivial fiber of ¢y is irreducible, except in the following effective case:

dim X = 5;

T=1;

the length of the extremal ray contracted by ¢y is one;

the image of E, ¢py(E) is a curve;

a general non trivial fiber is the union of two irreducible components
isomorphic to Ppi(0®* @ 0(2)) which meet along a smooth quadric surface.

M

In section 2 and 3 we recall general definitions and properties of families of
rational curves and Fano-Mori contractions; then, in section 4, we explain the
vertical slicing costruction which allows us to reduce to the case of a non ele-
mentary divisorial contraction ¢ : ¥ — Z whose exceptional locus is a reducible
divisor contracted to a point and such that dim Y < dim X.

In section 5 we study families of rational curves which cover the irreducible
components of the exceptional locus of ¢; the key observation is to consider
deformation of curves in the irreducible components of the exceptional locus
rather than in the ambient variety. As a byproduct we obtain in this section
a different proof of the irreducibility of the general fiber in the case studied in
[14]. Section 6 contains the proof of theorem 1.1, while in the last section
is presented an example, suggested by Jaroslaw Wisniewski, which shows the
effectiveness of the result.
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2. Families of rational curves

Throughout this section our main reference is [12], with which our notation
is coherent.

Let X be a projective scheme and let Hom(P', X) be the scheme para-
metrizing morphisms from P! to X. Let Hom, (P!, X) c Hom(P!, X) be the
open subscheme corresponding to those morphisms which are birational onto
their image and let Hom/, (P', X) be the normalization of Homy; (P!, X): the
group Aut(P') acts on Hom/, (P!, X) and the quotient exists.

DeriNITION 2.1.  We define the space RatCurves”(X) to be the quotient
of Hom}. (P!, X) by the action of Aut(P') and the space Univ(X) to be the
quotient of the product action of Aut(P') on Hom} (P', X) x P'.

We have the following commutative diagram:

ev

Hom/,(P', X)xP' —Y—  Univ(X) —> X

(2.2) J J |

Homy,(P',X) —— RatCurves"(X)

where u and U are principal Aut(P')-bundles, 7 is a P'-bundle and ev is the
evaluation map.

There exists a “pointed” version of this construction: let x € X be a point
and let Homy,(P', X,0 — x) be the scheme that parametrizes morphisms f :
P' — X which send the point 0 e P! to xe X. Let Aut(P!,0) be the group of
the automorphisms of P! which fix a point 0 e P! and let Hom,’, (P', X,0 — x)
be the normalization of Homy; (P!, X 0 — x): the group Aut(P',0) acts on
Hom,, (P!, X,0 — x) and the quotient exists.

DeriNniTiON 2.3, The space RatCurves”(x,X) is the quotient of
Hom/, (P', X,0 — x) by the action of Aut(P',0) and the space Univ(x, X) is the
quotient of the product action of Aut(P',0) on Hom}, (P! X,0 — x) x P!,

DerINITION 2.4, A family of rational curves V on X is an irreducible
subvariety of RatCurves”(X). Given a family of rational curves V, we can
consider the curves of V' passing through a fixed point x € X and call it V; :=
V' NRatCurves”(x, X).

To each family of rational curves V' we can associate its universal family U,
which is the restriction of Univ(X).
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U '+ X

!

We denote by Locus(V) the closure of :(U) and we call it the locus of the family;
finally we denote by Locus(¥;) the locus of ¥ NRatCurves”(x, X), i.e. the locus
of the curves in the family which pass through x.

DEerFINITION 2.5. Let V be a family of rational curves on X. Then

1. V is unsplit if it is proper;

2. V is locally unmsplit if every component of V) is unsplit for a general
x € Locus(V);

3. V is generically unsplit if there is at most a finite number of curves of V'
passing through two general points of Locus(V).

DerNITION 2.6 [18, Definition 4]. Let X be a projective variety, H an
ample divisor on X and E < X a closed subset.

A family of rational curves V is a minimal dominating family for E if E =
Locus(¥) and H -V is minimal among the families whose locus is E.

Remark 2.7. With the above notation, if V' is a minimal dominating family
for E, then V is locally unsplit.

ProrosiTION 2.8 [12, IV.2.6 and 11.1.3]. Let X be a projective variety which
is a local complete intersection and let V be a family of rational curves whose locus
meets the smooth locus of X.

Assume either that V' is generically unsplit and x is a general point in Locus(V)
or that V is unsplit and x is any point in Locus(V); then

dim Locus(V') + dim Locus(¥y) + 1 > dim X — Ky - V.

What follows is a variation of a classical construction of Mori theory (see for
instance [7, Proof of 1.4.5] or [12, 11.4.19]).

DermNiTION 2.9.  Let X be a projective variety, let V' be an unsplit family of
rational curves and let Y be a subset of X. We define
Locus(V)y :={xe X |3C in V with CNY #0, xe C}

i.e. Locus(V), is the set of points that can be joined to Y by a curve of V.

Lemma 2.10 [15, Lemma 1]. Let X be a projective variety; let Y be a closed
subset of X and let V' be an unsplit family of rational curves. Then Locus(V), is
closed in X and every curve in Locus(V'), is numerically equivalent to a linear
combination with rational coefficients
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OCCY + BCVa
where Cy < Y, Cy belongs to the family V and o > 0.

COROLLARY 2.11.  Let V be a family of rational curves on a projective variety
X, and let x € X be a point such that an irreducible component of Vy is proper and
dominant. Then p(X) = 1.

3. Fano-Mori contractions

Our notation is coherent with [11], to which we refer for the details.
Let X be a complex projective variety and let

Ni(X) = ((1 —cycles)/=) ®R, NI(X) = (Pic(X)/=) ®R,

where = denotes numerical equivalence. These vector spaces are dual to each
other via the intersection pairing and they are of finite dimension p(X), the
Picard number of X. Let also NE(X) < Ni(X) be the closure of the cone of
effective 1-cycles.

From now on we will assume that X is smooth and that Ky is not nef, that
is there exists an effective curve C such that Ky - C < 0; thus by the Cone
Theorem the negative part (with respect to the canonical bundle of X) of NE(X)
is locally polyhedral. We will call any face ¢ in the negative part of the cone an
extremal face of X. By the Rationality Theorem, given an extremal face o of X,
there exists a nef divisor on X such that ¢ = {ze NE(X)|H -z =0}; H is called
a supporting divisor for a. Moreover, for each extremal face o, the Contrac-
tion Theorem gives a normal projective variety W and a surjective morphism
¢ : X — W with connected fibers such that

1. for every curve C in X, ¢(C) is a point if and only if the class [C] e

Ni(X) is in o;

2. H=¢"(A4), with 4 an ample Cartier divisor on W.

The map ¢ is called Fano-Mori (or extremal) contraction, the contraction of
the face o, and H is called a supporting divisor for the map ¢. We denote by
Exc(p) the largest subset such that ¢ is an isomorphism on X\ Exc(¢) and we call
it the exceptional locus of ¢. If the map ¢ is birational, it can be divisorial
(if the exceptional locus is a divisor on X) or small (if the codimension of the
exceptional locus in X is greater or equal than 2). If dimg o =1 the face o is
called an extremal ray, while ¢ is called an elementary contraction.

Remark 3.1. We have also (see [13]) that if X has an extremal ray R then
there exists a rational curve I' on X such that 0 < — Ky -I' <dimX + 1 and R =
R, [I]. A rational curve C in R whose intersection number with —Ky is minimal
is called a minimal extremal curve, while the intersection number /(R) = —Ky - C
is called length of the ray R.

Remark 3.2. We can always choose a supporting divisor of the form
Ky +rL, where L is an ample Cartier divisor and r is an integer.



564 GIANLUCA OCCHETTA AND DAVIDE PANIZZOLO

LeEmMMA 3.3. Let ¢: X — W be the contraction of an extremal ray R; then
there exists a locally unsplit family of rational curves V whose numerical class is in
R, and such that Locus(V) = Exc(p).

Proof. Exc(p) is covered by rational curves whose numerical class is in R,
so there exists at least an irreducible component of RatCurves”(X) with these
properties; let V' be one of these components whose degree with respect to L is
minimal. We claim that 7 is locally unsplit: in fact, if for a general x € Exc(gp)
curves in V, degenerate to a reducible cycle, then the numerical class of every
irreducible component of this cycle belongs to R by the extremality of R. Then
through a general point of Exc(p) we would have a rational curve of the extremal
ray R of degree strictly less than L -V, and so a family which covers Exc(p) with
this property, a contradiction. O

4. Divisorial elementary contractions

In this paper we deal with elementary divisorial contractions, a special case
of Fano-Mori contractions, which have the following fundamental property:

ProrosiTION 4.1 [11, Proposition 5.1.6]. Let ¢: X — W be an elementary
divisorial Fano-Mori contraction with exceptional divisor E; then E is irreducible.

In order to fix more precisely our setup, we give the following

DerINITION 4.2. Let X be a smooth n-fold and let ¢y : X — W be the
contraction of an extremal ray R, supported by Ky + 7L, with L a ¢ -ample line
bundle on X.

We say that L is numerically reduced on X with respect to R if for every ¢y-
ample line bundle L’ e Pic(X) we have L-C < L'-C for any curve C whose
numerical class is in R.

Let X be a smooth n-fold and let
oy X =W

be the contraction of an extremal ray R. Suppose that ¢y is divisorial and it is
supported by Ky + tL, where L is a py-ample line bundle which is numerically
reduced on X with respect to R. We denote by E the exceptional divisor, and
by G a general non trivial fiber of ¢y, both considered as subschemes of X with
the reduced structure.

LemMa 4.3 (See [1, Theorem 2.1] and [14, Lemma 4.2]). The image of the
restriction map Pic(X) — Pic(G) is of rank one, generated by L = L|g;, and we
have

1. KX|G = —TLg;

2. Elg = (Ng/x)lg = —4Lg-
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The assumption that L is numerically reduced with respect to R implies that © and
q are (positive) integers.

To study a general fiber of the contraction ¢y : X — W, we will use the vertical
slicing technique, following Ando [1]:

4.4 (Construction: Vertical slicing). Let ¢, : X — W be an elementary di-
visorial Fano-Mori contraction with exceptional divisor £ and let r = dim ¢y (E).
If =0 then the contraction ¢, maps E to a point and so there is a unique
fiber E, otherwise we take r general very ample divisors Zy,...,Z, on W,k we set
Y; = ¢y (Z;), and we consider the two varieties

Y::ﬂ Y;, Z::ﬂZ,-,
i i

with dm Y =dm Z =n—r:=m.

From Bertini theorem we know that Y is smooth and Z is normal; moreover
a connected component of EN Y is a general fiber G of ¢y. It is straightforward
to prove that the restriction of ¢y to Y is a Fano-Mori contraction ¢ : Y — Z,
supported by Ky + 7Ly, which maps G (a divisor in Y) to a point in Z.

Remark 4.5. 1f ¢y contracts E to a point (i.e. if ¥ = X)), then theorem 1.1
follows immediately from proposition 4.1, so from now on we assume that m =
dim ¥ <n=dim X.

The normal bundle Ng/y in Y is well defined and we have:
NGy = (Nejx)lg-
Combining this with lemma 4.3, we have
(4.6) Kx|g = —tLg, G|s= Ng/y = (Ng/x)lg = —qLq-
Suppose that G is reducible:
G=G +---+G; with s> 1;

in this case, by proposition 4.1, ¢ can not be elementary, so ¢ is the contraction
of an extremal face 0 = NE(Y) such that dimo > 2. Let Ry,..., R, be the ex-
tremal rays in ¢ and for every i =1,...,¢ denote by ¢, : ¥ — Z; the contraction
of the ray R;, We have commutative diagrams:

y 2.z

W\l /l//‘i
Z;

so the contractions ¢; are birational and supported by Ky + 7L/, with L a ¢;-
ample divisor on Y which can be written as L] = L + ¢} (A4;) for a suitable ample
divisor A4; € Pic(Z;).
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For every i=1,...,5s we can consider the decomposition of G
G =G+ G,
where we denote by G; the sum of all the components of G different from G;.
Since G is connected and reducible, G; is non empty and the restriction
D,’ = G,"Gl_.
is an effective divisor on G;.
Using the formulas 4.6, we can compute the normal bundle of G; in Y:

(4.7) Ngy = Gilg, = (G- G)lg, = —qLg — Di
and so, by adjunction, we have
(4.8) KG, = —(t+9)Lg, — D:.

5. Rational curves and reducible fibers

Using the vertical slicing construction we have reduced the study of the
general fiber of ¢y : X — W to the study of the exceptional divisor G of a Fano-
Mori contraction ¢ : Y — Z, from a smooth m-fold Y, supported by Ky + 7L,
whose exceptional locus is a (possibly reducible) divisor G which is mapped to a

point. Moreover
K¢ =—(t+q)L Ngy=—qL

for some positive integers 7 and gq.

In order to understand the geometry of G, in this section we will analyze the
properties of the families of rational curves which cover it. The main idea is to
use deformations of rational curves in the irreducible components of G, as they
can give stronger restrictions than deformations in Y.

Let V' be a generically unsplit family of rational curves in Gj, such that there
exists a curve C in V' which meets the smooth locus of G;. By proposition 2.8,
we have

dim Locus(V") 4+ dim Locus(¥;) + 1 > dim G, — Kg, - C,
so, recalling formula 4.8, we obtain the following inequality:

(5.1) dimLocus(¥V) +dimLocus(Vyx)+1>m—1+(t+¢q)L-C+D; - C.

Remark 5.2. Let V be an unsplit family of rational curves in G;, C a curve
of the family and x a point of C. Since D; is an effective divisor on G;j, if
D;- C =0, we have that Locus(V;) < D;.

PrOPOSITION 5.3. Let ¢ : Y — Z be a Fano-Mori contraction from a smooth
m-fold Y, supported by Ky + tL, whose exceptional locus is a divisor G which is
mapped to a point and such that

Kg=—(t+q)L Ng/y =—qL.
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Suppose moreover that G is reducible and that © > m — 3; then

1. each irreducible component G; of G is covered by an unsplit family of
rational curves W' such that L - W' =1. Moreover the families W/ and
Wk are independent in N\(Y) if j# k;

2. if Gj is an irreducible component of G;N Gy, and x € G; i is a general
point then there exist curves of W/ and W" which are contained in Gj ;

3. every curve in Gjy is numerically equlvalem in Y to a linear combination
with nonnegative rational coefficients

af/ + bl"k,
where T'; belongs to W/ and Ty belongs to wk.

Proof of 1. Let W' be a minimal dominating family for G;, let x be a
general point in G;, not contained in Sing G;UD; and let I; be a curve in W’
through x; since W' is dommatmg for G; we have dim Locus(W') = dim G; =

m — 1, and so inequality (5.1) gives

(5.4) m > dim Locus(W!) + 1 > (t + ¢)L - T; + D; - ..
Since D; is effective and I'; ¢ D; we have D;-I; >0 and so we obtain that
(5.5) m > dim Locus(W!) + 1> (t+¢q)L-T; > (m—2)L - T

Suppose, by contradiction, that L - I'; > 2; it is easy to show that this can happen
only if m=4, ¢g=1, D;-T; =0 and Locus( ) =G,

Since W is locally unsplit, the last condltlon together with corollary 2.11,
gives p(G;) = 1; in particular D;, which is an eﬁ“ectwe divisor on Gj, is ample
against the condition D;-C;=0. Hence L-T; =1 and W' is an unsplit family.

To prove the independence of W/ and W* we note that G-I, = —gL - T; =
—q and Locus(W') = G; for every i; hence G; is negative on I}, and it is the only
irreducible component of G with this property. Therefore G;-I'y <0 if j=k
and G;- I =0 if j#k. O

Proof of 2. The irreducible components of G; G are the common com-
ponents of D; and Dy, so it is enough to show that for every i and for a general
x belonging to an irreducible component D; of D; there exists a curve of W/
contained in D;. We will show that this is the case if x is not contained in any
other irreducible component of D;.

By inequality 5.5 we have three cases, according to the dimension of
Locus(W)).

a) dim Locus(W) m—3.
If T; is a curve in W/, inequality 5.4 gives that D;-TI;=0;
from remark 5.2 we get Locus(WQ < D; and so, by our choice of x,

Locus(W!) = D; and we are done.

b) dimLocus(W‘) m—2.
If T; is a curve in W!

|, inequality 5.4 gives that either D;-I; =0 or
D;-T;=1.
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In the first case, Locus(W!) = D; by remark 5.2 and we conclude as
in a).
If D;-T; =1, let G; be an irreducible component of G, different from G;

and containing D;; since G;N G, = D; and Locus(Wi) c Gy,

Locus(W/) N G, = Locus(W!) N D;.

By inequality 5.4 we have m > 4, hence dim Locus(W) +dim G; > dim Y,

and from Serre’s inequality we have that Locus(W) A D; contains a curve;

in particular there exists a point y # x € Locus(W YN D;, hence a curve I’

1n W which passes through y. Being D;-I' = 1, I' must be contained in
(hence in D;, by our choice of x) and we are done.

CramM. Case c), i.e. dim Locus(W/) = m — 1 cannot happen for any x in G;.

Suppose by contradiction that for some xe G; we have dimLocus(W/) =
m— 1. This implies Locus(W!) = G; and, since W! is unspht p(G))=1 by
corollary 2.11. In particular every curve in G; (and so in D;) is numerically
proportional to curves of W'

Let G/ be an irreducible component of G containing D; and different from
G;, let x' € D; be a generic point and consider Locus(W).

If dlmLocus(Wl )=m—3 or m—2 then D; contains curves of W! by
cases a) and b), while if dim Locus(W’ ) =m — 1 every curve in D; is numencally
proportional to curves of W/, as before.

In all cases this leads to a contradiction with the fact that every curve in D;
is numerically proportional to curves of W' while W' and W' are numerically
independent. O

Proof of 3. Let x be a general point of Gj (i.e. a point which is not
contained in any other irreducible component of G;N Gi) and let I'; be a curve of
W contained in Gj ; by our choice of x and I’ the generic point x’ of I'; is not
contained in any other irreducible component of G; N Gy.

Consider Locus(W* )r, < Gy (see Definition 2.9): this is a closed subset of X

by lemma 2.10 and, by [3, Lemma 5.4] we have
dim Locus(W") = dim Locus(WX) + 1.

Therefore according to the proof of part 2 we have two possibilities, depending

on the dimension of Locus(W¥X):

if dim Locus(Wk) =m —2, we have that dimLocus(W*). =m—1, and so
Locus(W")r = Gi; K

if dim Locus(Wk) m — 3, we have that dim Locus(Wk) =m—2 and, if x is
a generic point of I, Locus(Wk ) is contained in G k by proof of part 2
case a). Thus Locus(W )r, N G« contains a dense subset of Gj (that is
(., Locus(W¥) with x" general in I';) and so G, = Locus(Wk)

X

In both cases, we have that G;, < Locus(Wk)
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Let C be a curve in Gj; by Lemma 2.10 C is numerically equivalent to a
linear combination

C = aij =+ bij,

of curves in W/ and W, with a;,h;€Q and a; >0. We can repeat all the
argument exchanging j and k to show that there exist ay,b; € Q, with by > 0,
such that

C= akl"_,» + by Ty,

Since [I7],[[x] € Ni(Y) are linearly independent, the decomposition of [C] is
unique, and so

as claimed. O

COROLLARY 5.6. With the assumptions and the notations of proposition 5.3
we have t=m—3 and G|g=—Lg ie. g=1.

Proof. By the claim in the proof of proposition 5.3, part 2, for every
x € G; we have dim Locus(W/) < m — 2; therefore we can rewrite inequality 5.4
as follows:

m—1>dimLocus(W})+1>1+¢+D;- I}
Suppose, by contradiction, that ¢ > 1, or 7 > m — 2; this can happen only if
dim Locus(W/)=m—2 and D;-T;=0.

In particular, if we choose x’ € D;, by remark 5.2 we have that Locus(W/,) is a
closed subscheme of D; with the same dimension and so it is an irreducible
component D; of D; and has Picard number one by corollary 2.11.

By proposition 5.3, part 2 we have that each component of D; contains
curves of two independent unsplit families and so its Picard number cannot be
one, a contradiction. OJ

COROLLARY 5.7 [14, Lemma 8.1]. Let X be a smooth complex projective
variety of dimension n and let py : X — W be a divisorial elementary Fano-Mori
contraction supported by Ky + tL, with t > n—3. Then the general fiber G of ¢y
is irreducible.

Proof. Suppose by contradiction that G is reducible. By vertical slicing we
reduce to a Fano-Mori contraction ¢ : ¥ — Z from a smooth m-fold Y which
satisfies the assumptions of proposition 5.3.

As noted in remark 4.5, we can assume that m < n, so, by corollary 5.6 we
have 1 =m — 3 <n— 3, a contradiction. O
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6. Proof of theorem 1.1

We are now ready to use the results of the previous sections to prove
the main theorem. By vertical slicing we reduce to the study of the following
situation:

6.1 (Setup). Let ¢o: Y — Z be a Fano-Mori contraction from a smooth
m-fold Y, with m = dim Y < dim X = n, supported by Ky + tL, with 1 > n — 4,
whose exceptional locus is a reducible divisor G which is mapped to a point and
such that K¢ = —(r+¢)L and Ng/y = —qL.

Since m < n we have that t > m — 3, so, by corollary 5.6 we have 1 =m — 3
and ¢ =1, hence

KGz—(m—Z)L NG/Y:_L'

STeEP 1. Elementary contractions of a vertical section

As we have seen in section four, ¢ is the contraction of an extremal face
g =<Ry,...,R;) of dimension > 2. The contraction ¢;: Y — Z; associated to
the ray R; is supported by Ky + (m —3)L] where L] is ¢-ample and L] =
L+ ¢;A; for a suitable 4; ample on Z;.

The following lemmata describe some properties of these contractions.

LeMMA 6.2.  In the assumptions of Setup 6.1 suppose that one of the contrac-
tions @;, call it ¢, is divisorial; then every fiber of ¢, has dimension < m — 2.

Proof. By proposition 4.1 the exceptional locus Exc(p;) of ¢, is an irre-
ducible divisor, so, being contained in G, it coincides with one of its irreducible
components, call it Gj.

Suppose by contradiction that dim ¢,(G;) =0; let G, be an irreducible
component of G meeting Gi; by part 2 of proposition 5.3, G;N G, contains
curves of W2, the unsplit family which covers of G, whose existence is guar-
anteed by part 1 of proposition 5.3.

Since a general curve of W? is not contained in Exc(gp,), curves of W? are
not contracted by ¢,; in particular the curves of W? contained in G; N G, are not
contracted by ¢,, a contradiction. O

LemMma 6.3. In the assumptions of Setup 6.1 suppose that one of the con-
tractions @;, call it ¢, is a small contraction, and denote by C, a curve in Ry of
minimal anticanonical degree. Then G;- C; <0 for every i=1,...,s.

Proof. Since ¢, is a small contraction supported by Ky + (m — 3)L{, by [2,
Theorem A], we have that ¢, contracts a finite number of disjoint P~ to points
and that L{-C; = 1.

Fix one of these projective spaces and call it P: of course P = G and so there
exists a component G such that P < Gj; we claim that P does not meet any
other irreducible component of G.
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Suppose by contradiction that P meets G, # Gj; then by Serre’s inequality
G, NP contains a curve I' of P. Hence I' is contained in an irreducible com-
ponent Gi, of GiNG,.
Thus from part 3 of proposition 5.3 there exist o, € Q, with o, > 0, and
(o, B) # (0,0) such that
I'=ol +BF2,

where I is a curve in an unsplit family of rational curves W' which dominates G;.
Since T is contracted by ¢, it is extremal in NE(Y), so at least one among
I'y and T, belongs to the extremal ray R; and this is not possible, since
Locus(W') = G; is a divisor for every i.
Thus we have shown that each irreducible component of the locus of a
small ray meets only one component of G (the one in which it is included); then
Gi-Ciy=0fori#1. Hence G-C;=G-Cy=-L-C :—L{-Cl = —1. O

STEP 2. Bounding the number of irreducible components

PropoSITION 6.4. Let ¢:Y — Z and G be as in Setup 6.1. Then m =
dim Y =4, t=1 and G has exactly two irreducible components G, and Gj.
Moreover Gy and G, are the exceptional loci of two elementary (divisorial) con-
tractions of length one with every non trivial fiber of dimension two.

Proof. Fix one component G; of G. Since G is connected we can find a
curve I' = G which has positive intersection with G| and is not contained in it.
The numerical class of I belongs to the face o, so it is a positive linear com-
bination of numerical classes of extremal rational curves. Therefore we can find
a minimal extremal curve, say C,, which has positive intersection with Gj.

From lemma 6.3 we have that R, = R[] is a divisorial ray; moreover it is
clear that Locus(R,) meets G;. We claim that Locus(R,) # Gj.

In fact, since C, is contained in G we have that G- C, = —L - C; < 0 and so
there exists an irreducible component of G, call it G, which is negative on Cj.
In particular we have Locus(R;) = G,.

Obviously G # G, since the intersection numbers with C, have opposite
sign. Since R, is divisorial we have Locus(R;) = G, and so G; - C, > 0 for every
i # 2; in particular since G, - C, >0 we have that

(6.5) Dz-CzZ(Gl+G3+-~-+GS)-C2>O.

Let V2 be a locally unsplit family of rational curves in R, which covers G, (see
lemma 3.3) and let C be a curve of V2. Denote by F; a general fiber of ¢, and
let x be a general point of F>; by inequality 5.1 and lemma 6.2 we have

(6.6) m—2>dim F, > Locus(V?) > (m—2)L-C+ D, - C—1

The curve C belongs to R, so D,-C >0, forcing L-C=D,-C=1, and
[C] =[Cy] in Ni(Y). Therefore

(6.7) L-G=1=D, C.
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Inequality 6.6 also gives dim F» = m — 2 for a general fiber of ¢,; combining this
with lemma 6.2 and with upper semicontinuity of the dimension of the fibers we
have that dim F, = m — 2 for every non trivial fiber of ¢,.

Note that, by the first equality of 6.7 the extremal ray R, has length one,
while from the second equality and from the fact that Gy - C; > 0 inequality 6.5
gives G;- C, =0 for all i #1,2.

CLAamM. G is the only component of G which meets G,.

Suppose by contradiction that there exists another irreducible component G
of G which meets Gj; since G3- C, =0, if x is a general point of G, N G5 then
Locus(¥2) = G, N G5 and, being of the same dimension, it is an irreducible com-
ponent G, 3 of GoNGs. This forces p(Gy3) = 1, against part 2 of proposition
5.3, and the claim follows.

Now we fix G, and we repeat the first argument of the proof in step 2 to find
a divisorial ray R; whose locus is an irreducible component of G different from
G, which meets G; from the claim we have Locus(R;) = Gj.

We can repeat now for R; all the steps of the proof; in the end we find that
G, is the only component of G which meets G, so, since G is connected we have
that G has exactly two irreducible components.

We have also proved that each of this components is the exceptional locus of
an elementary divisorial contraction of length one. To prove that m =dim Y =4
(and so that = 1) we consider a point x in Gj N G,; denoted by F; and F; the
fibers of ¢, and ¢, containing x, by Serre’s inequality we have

dm(FiNF) >dim F; +dim F, —dim Y > m — 4.

Thus if m > 5 there exists a curve whose numerical class belongs to two different
extremal rays, and this is impossible. O

STEP 3. Description of the irreducible components

PrROPOSITION 6.8. Let ¢: Y — Z and G be as in Setup 6.1; then the two irre-
ducible components Gy and G, of G are P*-bundles isomorphic to Ppi (0®* @ ((2))
which meet along a smooth quadric.

Proof. Denote by ¢; the divisorial contraction whose locus is G; and by
C; a curve in R; which has minimal anticanonical degree; by [5, Theorem 4.1],
or [17, Main Theorem], we have two possibilities: ¢, is either a P>-bundle or a
quadric bundle over a smooth curve.

The second case is ruled out because, applying inequality 6.6 to a general
point x in a general fiber of ¢;, we have dim Locus(V!) = 2. Thus ¢, gives to G;
a P2-bundle structure over a smooth curve B;.

Let G, be an irreducible component of Gy NG, (and so of D;); since Gi »
is an effective divisor on G; we have that G- C; >0 in G; (i = 1,2), equality
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holding if and only if Gy ; is a fiber of ¢;, but this possibility is ruled out by part
2 of proposition 5.3.

Therefore Gi» - C; > 0; since, by formula 6.7, we have D;- C; =1 we con-
clude that D := D; = D, = G, is irreducible.

Since D; - C; = D, - C, =1 and D is irreducible we see that D restricts to a
line on every fiber of ¢, and so D, being a surface with two P'-bundle structures,
is isomorphich to P' x P!

Moreover &; = ¢, D is a locally free sheaf of rank three on B;, which is
rational and G; =Pp(&;). In G; we have

(D-G)g, = Gilg,- G =(G=Gi) - GG = =2,
so, pushing forward the exact sequence
0— Og, — 0g,(D) — Op(D) — 0
to B; ~ P! we obtain the exact sequence
0— Op1 — & — 0(-2)® O(-2) — 0.
This sequence splits, hence we have G; = P(Op1 ®* Opi(-2)). O

Conclusion of proof of theorem 1.1

We have only to show that dim X =5, since this will imply also that
dim ¢, (E) = 1, but the assertion is clear, since we have proved that 7 =1 and
we are assuming 7 > dim X —4 and dim X > dim Y =4.

7. Example

We will now present an example, due to Jaroslaw A. Wisniewski, of an
elementary Fano-Mori contraction of a smooth fivefold contracting a divisor
to a curve and such that any positive dimensional fiber is reducible (and its
structure is as described in theorem 1.1). The construction is divided in two
steps: first, using toric geometry, we construct a Fano-Mori divisorial contraction
of a fourfold with reducible exceptional locus (corresponding to the situation
described in proposition 6.8) and then we fit it in a suitable five dimensional
manifold.

7.1. A Fano Mori contraction with a Z,-action

Let e, e2, v, vy be a basis of a 4-dimensional lattice, and let w; = 2¢; —
e —v; and wy =2e; —e; —vy. Let A be the fan generated by these six vectors
and containing the following maximal cones:

Cer,vi,wi,vay <ep, v, wi, w2y <{ep e, v, way  {ei,ex,v1,02)
ez, va,wp,v1) ez, va,wa, w1y <Lep,ez,va, w1y <er,ex, wi,wa)

Let Y be the variety associated to this fan and let Z be the affine toric variety
associated to the cone X = {vy,vy,w;,w2». The fan A is a subdivision of X,



574 GIANLUCA OCCHETTA AND DAVIDE PANIZZOLO

obtained introducing the vectors e; and e; let ¢ : ¥ — Z be the proper birational
morphism associated to this subdivision (see figure 1).

It is straightforward to prove, using basic toric geometry, that
visible
hidden
internal

FIGURE 1. The fan A and two elements of the subdivision of A

1. Y is smooth;

2. Exc(p) consists of two divisors G; and G, isomorphic to Ppi (0®? @ 0(2)),

which intersect along a quadric P! x P! and are mapped to a point by ¢;

3. ¢ is a Fano-Mori contraction;

4. there is a Zp-action which interchanges e; and e, v; and vy, w; and ws.
Ni(G) is generated by two classes of rational curves [C] and [Cy]: in Gy, [Ci]
is the class of lines in the fibers and [C,] is the class of a minimal section corre-
sponding to a surjection (0®% @ ((2) — O, while in G, these classes are exchanged;
moreover the Zj-action exchanges G| with G, and [C;] with [C;].

7.2. Moebius strip construction

Let C’ be a smooth curve with a free Z,-action, so that the action induces an
étale covering C' — C of degree 2. Take the product actions 7: Y x C' — X
and 7’ : Z x C' — W, where X and W are the quotients; these product actions
are free and so X is smooth.

By the universal property of group actions there exists a morphism
¢y : X — W such that the following diagram commutes:

Yyxc 2 zxc

(7.1) l J

x . ow
CrLam. The map ¢y : X — W is an elementary Fano-Mori contraction,
whose exceptional locus is E = n(G x C’) (where G is the exceptional locus of ¢
and ¢(G) = z € Z), which is mapped to C = W; moreover, a vertical slicing of ¢,
is the contraction ¢ : Y — Z constructed in the previous subsection.
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FIGURE 2. / and ¢, are algebraically equivalent

We prove only the non trivial fact that ¢, is elementary.

Fix c e C, and let F = ¢3! (c) be the fiber of ¢y over ¢; F is isomorphic to G
via 7 and we denote by F| and F; its irreducible components, which are rational
P2-bundles.

We will show that a line in a fiber of F; is algebraically equivalent to a line
in a fiber of F»; since N;(F) is generated by the classes of such lines, ¢, is
elementary.

Let / be a line in a fiber of Gy and consider the product # x C' = G x C': it
is a flat family of rational curves and it is mapped by =z into the exceptional locus
of py. Let zx {c|,c}} =n""(c), let /] =¢ x {c/} = Gy x {c/} and consider the
restriction of the previous diagram

Gx {c, ey 2L 2% {c],eh)

Since the product action identifies Gy x {c{} with G, x {c}} and G, x {c]} with
G x {c5} we have that /; = z(/]) is a line in a fiber of F} and /, = n(¢3) is a line
in a fiber of F>.
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