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1. Introduction

For a complex number a with jaja 1 let BðaÞ be the class of analytic
functions f in the unit disc D with f ð0Þ ¼ f 0ð0Þ � a ¼ 0 satisfying j f 0ðzÞja 1
in D. Similarly for Re a > 0 let PðaÞ be the class of analytic functions f in D
with f ð0Þ ¼ f 0ð0Þ � a ¼ 0 satisfying Re f 0ðzÞ > 0 in D. For each z0 A D let

VBðz0; aÞ ¼ f f ðz0Þ : f A BðaÞg for a A D;ð1Þ
VPðz0; aÞ ¼ f f ðz0Þ : f A PðaÞg for Re a > 0:ð2Þ

In this paper we shall determine the variability regions VBðz0; aÞ and
VPðz0; aÞ explicitly.

Theorem 1. If z0 ¼ 0 or jaj ¼ 1, then VBðz0; aÞ ¼ faz0g. If z0 0 0 and
jaj < 1, then VBðz0; aÞ is the convex closed Jordan domain surrounded by the
simple closed curve qD C c 7! fcðz0Þ, where

fcðzÞ ¼
ð z
0

czþ a

1þ acz
dz ¼ z

a
� 1� jaj2

a2c
logð1þ aczÞ; z A D:

Furthermore if f ðz0Þ ¼ fcðz0Þ for some f A BðaÞ and c A qD, then f ¼ fc.

As a simple application of Theorem 1 we have the sharp growth estimate as
follows.

Corollary 2. Let a; z0 A Dnf0g. Then for f A BðaÞ,

j f ðz0Þja j fc0ðz0Þj ¼
jz0j
jaj �

ð1� jaj2Þ
jaj2

logð1þ jaj jz0jÞ;

where c0 ¼ az0=ðjaj jz0jÞ with equality if and only if f ¼ fc0 .
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Theorem 3. Let z0 A D and Re a > 0. If z0 ¼ 0, then VPðz0; aÞ ¼ f0g. If
z0 0 0, then VPðz0; aÞ is the convex closed Jordan domain surrounded by the simple
closed curve qD C c 7! ~ffcðz0Þ, where

~ffcðzÞ ¼
ð z
0

aþ acz

1� cz

� �
dz ¼ �azþ 2 Re a

c
log

1

1� cz
; z A D:

Furthermore if f ðz0Þ ¼ ~ffcðz0Þ for some f A PðaÞ and c A qD, then f ¼ ~ffc.

Corollary 4. For z0 A Dnf0g and f A PðaÞ we have

Re a
2

jz0j
logð1þ jz0jÞ � 1

� �
aRe

f ðz0Þ
z0

� �

with equality if and only if f ¼ ~ff�z0=jz0j. Also we have

Re
f ðz0Þ
z0

� �
aRe a

2

jz0j
log

1

1� jz0j
� 1

� �

with equality if and only if f ¼ ~ffz0=jz0j.

Let S � be the class of analytic functions f in D with f ð0Þ ¼ f 0ð0Þ � 1 ¼ 0
which map D conformally onto a starlike domain with respect to the origin.
A function f A S � is said to be univalent starlike. For a positive integer p let
ðS �Þp ¼ f f ¼ f

p
0 : f0 A S �g. The proofs of Theorems 1 and 3 heavily rely on the

following.

Lemma 5. Let f be an analytic function in D with f ðzÞ ¼ zp þ � � � . If

Re z
f 00ðzÞ
f 0ðzÞ

� �
> �1; z A D;

then f A ðS �Þp.

Although we could not find any references for proofs of the above lemma, it
might be well known. See [3] and [1]. For completeness, by making use of
Libera’s lemma (see [4] and [2]), we shall give an analytic proof of Lemma 5 in
Section 3.

2. Regions of variability

In this section, assuming Lemma 5 for the moment, we prove the theorems
and corollaries.

Proof of Theorem 1. Clearly we have VBð0; aÞ ¼ f0g ¼ fa � 0g. Let f A
BðaÞ. If jaj ¼ 1, then from the maximum modulus theorem we have f ðzÞ1 az
and hence VBðz0; aÞ ¼ faz0g.
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Suppose that z0 A Dnf0g and jaj < 1. We shall show that qVBðz0; aÞ is a
simple closed curve and VBðz0; aÞ is the closed domain surrounded by qVBðz0; aÞ.
To this end, since VBðz0; aÞ is a compact and convex subset of C, it su‰ces to
show VBðz0; aÞ contains an open set.

For jcja 1 and z A D put

fcðzÞ ¼
ð z
0

czþ a

1þ acz
dz ¼ z

a
� 1� jaj2

a2c
logð1þ aczÞ:ð3Þ

Then it is easy to see that fc A BðaÞ. Since for any fixed z0 A Dnf0g, the
function D C c 7! fcðz0Þ is nonconstant analytic, it is an open mapping. Thus
VBðz0; aÞ contains the open set f fcðz0Þ : jcj < 1g.

Next we shall show that fcðz0Þ A qVBðz0; aÞ for all c A qD. For f A BðaÞ we
have from Schwarz’s lemma

f 0ðzÞ � a

1� a f 0ðzÞ

����
����a jzj;

which is equivalent to

f 0ðzÞ � að1� jzj2Þ
1� jaj2jzj2

�����
�����a ð1� jaj2Þjzj

1� jaj2jzj2
:ð4Þ

Thus for any C 1-curve g : z ¼ zðtÞ, 0a ta 1, with zð0Þ ¼ 0 and zð1Þ ¼ z0 we
have

f ðz0Þ �
ð1
0

að1� jzðtÞj2Þ
1� jaj2jzðtÞj2

z 0ðtÞ dt
�����

�����
¼
ð1
0

f 0ðzðtÞÞ � að1� jzðtÞj2Þ
1� jaj2jzðtÞj2

( )
z 0ðtÞ dt

�����
�����

a

ð1
0

f 0ðzðtÞÞ � að1� jzðtÞj2Þ
1� jaj2jzðtÞj2

�����
����� jz 0ðtÞj dt

a

ð1
0

ð1� jaj2ÞjzðtÞj
1� jaj2jzðtÞj2

jz 0ðtÞj dt:

This implies f ðz0Þ A DðCða; gÞ;Rða; gÞÞ ¼ fz A C : jz� Cða; gÞjaRða; gÞg, where

Cða; gÞ ¼
ð1
0

að1� jzðtÞj2Þ
1� jaj2jzðtÞj2

z 0ðtÞ dt;ð5Þ

Rða; gÞ ¼
ð1
0

ð1� jaj2ÞjzðtÞj
1� jaj2jzðtÞj2

jz 0ðtÞj dt:ð6Þ

Thus we have VBðz0; aÞHDðCða; gÞ;Rða; gÞÞ.
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While we have for jcj ¼ 1

f 0
c ðzÞ �

að1� jzj2Þ
1� jaj2jzj2

ð7Þ

¼ ð1� jaj2Þzðcþ azÞ
ð1� jaj2jzj2Þð1þ aczÞ

¼ cð1� jaj2Þ
1� jaj2jzj2

jzjgðzÞ
jgðzÞj ;

where

gðzÞ ¼ z

ð1þ aczÞ2
:ð8Þ

Since for z A D

Re z
g 0ðzÞ
gðzÞ

� �
¼ Re

1� acz

1þ acz

� �
> 0;

by Lemma 5 we have GðzÞ ¼ 2
Ð z
0 gðzÞ dz A ðS �Þ2. Thus there exists G0 A S �

such that G ¼ G2
0 . Put g0 : z ¼ zðtÞ ¼ G�1

0 ðt1=2G0ðz0ÞÞ, 0a ta 1. Then we have
GðzðtÞÞ ¼ tGðz0Þ and hence 2gðzðtÞÞz 0ðtÞ ¼ G 0ðzðtÞÞz 0ðtÞ ¼ Gðz0Þ. Thus from (7)
we have

f 0
c ðzðtÞÞ �

að1� jzðtÞj2Þ
1� jaj2jzðtÞj2

 !
z 0ðtÞ ¼ cð1� jaj2ÞjzðtÞj

1� jaj2jzðtÞj2
gðzðtÞÞz 0ðtÞ
jgðzðtÞÞjð9Þ

¼ cGðz0Þ
jGðz0Þj

ð1� jaj2ÞjzðtÞj
1� jaj2jzðtÞj2

jz 0ðtÞj

and

fcðz0Þ � Cða; g0Þ ¼
cGðz0Þ
jGðz0Þj

ð1
0

ð1� jaj2ÞjzðtÞj
1� jaj2jzðtÞj2

jz 0ðtÞj dtð10Þ

¼ cGðz0Þ
jGðz0Þj

Rða; g0Þ:

Specially we have fcðz0Þ A qDðCða; g0Þ;Rða; g0ÞÞ. Since fcðz0Þ A VBðz0; aÞH
DðCða; g0Þ;Rða; g0ÞÞ, we have fcðz0Þ A qVBðz0; aÞ.

We deal with uniqueness and show the injectivity of the mapping qD C c 7!
fcðz0Þ. Suppose that f ðz0Þ ¼ fcðz0Þ for some f A BðaÞ and c A qD. Put

kðtÞ ¼ jGðz0Þj
cGðz0Þ

f 0ðzðtÞÞ � að1� jzðtÞj2Þ
1� jaj2jzðtÞj2

 !
z 0ðtÞ:

Then kðtÞ is a continuous function of t A ½0; 1�. And we have from (4) and (9)
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Re kðtÞa jkðtÞja ð1� jaj2ÞjzðtÞj
1� jaj2jzðtÞj2

jz 0ðtÞj

¼ jGðz0Þj
cGðz0Þ

f 0
c ðzðtÞÞ �

að1� jzðtÞj2Þ
1� jaj2jzðtÞj2

 !
z 0ðtÞ:

Thus we have from (9) and (10)

Rða; g0Þ ¼ Re
jGðz0Þj
cGðz0Þ

ð fcðz0Þ � Cða; g0ÞÞ
� �

¼ Re
jGðz0Þj
cGðz0Þ

ð f ðz0Þ � Cða; g0ÞÞ
� �

¼
ð1
0

Re kðtÞ dt

a

ð1
0

jGðz0Þj
cGðz0Þ

f 0
c ðzðtÞÞ �

að1� jzðtÞj2Þ
1� jaj2jzðtÞj2

 !
z 0ðtÞ dt

¼ Rða; g0Þ:

This implies

kðtÞ ¼ jGðz0Þj
cGðz0Þ

f 0
c ðzðtÞÞ �

að1� jzðtÞj2Þ
1� jaj2jzðtÞj2

 !
z 0ðtÞ:

for all t A ½0; 1�. Hence we have f 0 ¼ f 0
c on g0. From the identity theorem for

analytic functions we have f 0 ¼ f 0
c and hence f ¼ fc by normalization.

Finally suppose that the mapping qD C c 7! fcðz0Þ is not injective. Then
there exist c1; c2 A qD with c1 0 c2 such that fc1ðz0Þ ¼ fc2ðz0Þ. Since fc1 ; fc2 A
BðaÞ, we have fc1 ¼ fc2 from uniqueness. This contradicts c1 0 c2.

We have shown that the simple closed curve qVBðz0; aÞ contains the curve
qD C c 7! fcðz0Þ. Since a simple closed curve can not contain any simple closed
curve other than itself, qVBðz0; aÞ coincides with the curve qD C c 7! fcðz0Þ. r

Proof of Corollary 2. For w; b A Dnf0g we have

wþ b

1þ bw

����
����a jwj þ jbj

1þ jbj jwj

with equality if and only if bw is positive. Thus for jcj ¼ 1 we have

j fcðz0Þj ¼ z0

ð 1
0

cz0tþ a

1þ acz0t
dt

����
����

a jz0j
ð1
0

jz0jtþ jaj
1þ jaj jz0jt

dt ¼ jz0j
jaj �

1� jaj2

jaj2
logð1þ jaj jz0jÞ ¼ j fc0ðz0Þj
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with equality if and only if c ¼ c0 ¼ az0=ðjaj jz0jÞ. Combining this and Theorem
1 we have for any f A BðaÞ

j f ðz0Þja max
jcj¼1

j fcðz0Þj ¼ j fc0ðz0Þj

with equality if and only if f ¼ fc0 . r

Our proof of Theorem 3 is quite similar to that of Theorem 1. We only
outline the proof, details of which may be supplied by the interested reader.

Proof of Theorem 3. Clearly VPð0; aÞ ¼ f0g. Suppose z0 A Dnf0g. It is
easy to see that VPðz0; aÞ is compact and convex subset of C. For jcja 1 put

~ffcðzÞ ¼
ð z
0

aþ acz

1� cz
dz ¼ �azþ 2ðRe aÞ

c
log

1

1� cz
A PðaÞ:ð11Þ

Since the mapping D C c 7! ~ffcðz0Þ is open, VPðz0; aÞ contains the nonempty open
set f ~ffcðz0Þ : jcj < 1g. Thus VPðz0; aÞ is a closed Jordan domain surrounded by
the simple closed curve qVPðz0; aÞ.

Let f A PðaÞ. From the Schwarz’s lemma we have

f 0ðzÞ � a

f 0ðzÞ þ a

����
����a jzj;

which is equivalent to

f 0ðzÞ � aþ ajzj2

1� jzj2

�����
�����a 2ðRe aÞjzj

1� jzj2
:ð12Þ

This implies

VPðz0; aÞHDð ~CCða; gÞ; ~RRða; gÞÞ;ð13Þ

where g : zðtÞ, 0a ta 1, is any C1-curve with zð0Þ ¼ 0, zð1Þ ¼ z0 and

~CCða; gÞ ¼
ð1
0

aþ ajzðtÞj2

1� jzðtÞj2
z 0ðtÞ dt;ð14Þ

~RRða; gÞ ¼
ð1
0

2ðRe aÞjzðtÞj
1� jzðtÞj2

jz 0ðtÞj dt:ð15Þ

While we have

~ff 0
c ðzÞ �

aþ ajzj2

1� jzj2
¼ 2ðRe aÞcjzj

1� jzj2
~ggðzÞ
j~ggðzÞj ;ð16Þ

where
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~ggðzÞ ¼ z

ð1� czÞ2
:ð17Þ

Since Reðz~gg 0ðzÞ=~ggðzÞÞ ¼ Refð1þ czÞð1� czÞ�1g > 0 for jzj < 1, there exists
~GG0 A S � satisfying ~GGðzÞ ¼ 2

Ð z
0 gðzÞ dz ¼ ~GG0ðzÞ2 by Lemma 5. Putting g0 : zðtÞ ¼

~GG�1
0 ð

ffiffi
t

p
~GG0ðz0ÞÞ, we have 2~ggðzðtÞÞz 0ðtÞ ¼ ~GGðz0Þ and

~ff 0
c ðzðtÞÞ �

aþ ajzðtÞj2

1� jzðtÞj2

( )
z 0ðtÞð18Þ

¼ c ~GGðz0Þ
j ~GGðz0Þj

2ðRe aÞjzðtÞj
ð1� jzðtÞj2Þ

jz 0ðtÞj:

By integrating the above equality we have

~ffcðz0Þ � ~CCða; g0Þ ¼
c ~GGðz0Þ
j ~GGðz0Þj

~RRða; g0Þ:ð19Þ

Since ~ffcðz0Þ A VPðz0; aÞHDð ~CCða; g0Þ; ~RRða; g0ÞÞ and ~ffcðz0Þ A qDð ~CCða; g0Þ; ~RRða; g0ÞÞ,
we have ~ffcðz0Þ A qVPðz0; aÞ.

Suppose that f ðz0Þ ¼ ~ffcðz0Þ for some f A PðaÞ and jcj ¼ 1. Put

~kkðtÞ ¼ j ~GGðz0Þj
c ~GGðz0Þ

f 0ðzðtÞÞ � aþ ajzðtÞj2

1� jzðtÞj2

( )
z 0ðtÞ:ð20Þ

Then we have from (12) and (18)

Re ~kkðtÞa j~kkðtÞja j ~GGðz0Þj
c ~GGðz0Þ

~ff 0
c ðzðtÞÞ �

aþ ajzðtÞj2

1� jzðtÞj2

( )
z 0ðtÞ:ð21Þ

Thus we have from (18), (19) and f ðz0Þ ¼ ~ffcðz0Þ

~RRða; g0Þ ¼ Re ~RRða; g0Þ

¼
ð1
0

Re ~kkðtÞ dt

a

ð1
0

j ~GGðz0Þj
c ~GGðz0Þ

~ff 0
c ðzðtÞÞ �

aþ ajzðtÞj2

1� jzðtÞj2

( )
z 0ðtÞ dt

¼ ~RRða; g0Þ:

Since ~kkðtÞ is a continuous function of t A ½0; 1�, this implies f 0 ¼ ~ff 0
c on g0 and

hence f ¼ ~ffc by normalization.
As in the proof of Theorem 2 it easily follows from uniqueness that the

closed curve qD C c 7! ~ffcðz0Þ is simple and coincides with qVBðz0; aÞ. r

458 hiroshi yanagihara



Proof of Corollary 4. From (11) we have

~ffcðz0Þ � iðIm aÞz0 ¼ Re a

ð z0
0

1þ cz

1� cz
dz

¼ ðRe aÞz0
ð1
0

1þ cz0t

1� cz0t
dt:

Thus we have

Re
~ffcðz0Þ
z0

 !
¼ ðRe aÞ

ð1
0

Re
1þ cz0t

1� cz0t

� �
dt

¼ ðRe aÞ
ð1
0

1� jz0j2t2

j1� cz0tj2
dt:

b ðRe aÞ
ð 1
0

1� jz0jt
1þ jz0jt

dt ¼ ðRe aÞ 2

jz0j
logð1þ jz0jÞ � 1

� �

with equality if and only if c ¼ �z0=jz0j. From this and Theorem 3 we have for
f A PðaÞ

Re
f ðz0Þ
z0

� �
b min

jcj¼1
Re

~ffcðz0Þ
z0

 !

¼ ðRe aÞ 2

jz0j
logð1þ jz0jÞ � 1

� �

with equality if and only if f ¼ ~ff�z0=jz0j.
Since the proof of the other half of the corollary is quite similar, we omit

it. r

3. Su‰cient conditions for Multivalent starlikeness

Let p be a positive integer and Ap be the class of analytic functions f in D
with f ðzÞ ¼ zp þ apþ1z

pþ1 þ � � � .

Lemma 6. Let f A Ap. Then f A ðS �Þp if and only if

Re z
f 0ðzÞ
f ðzÞ

� �
> 0; z A D:ð22Þ

In the case that p ¼ 1 the condition (22) implies that f is starlike univalent.
When pb 2, see [5] for a proof.

Proof of Lemma 5. Let p ¼ 1; 2; . . . and f A Ap with 1þReðzf 00ðzÞ=
f 0ðzÞÞ > 0 in D. From Lemma 6 it su‰ces to prove Reðzf 0ðzÞ=f ðzÞÞ > 0 in D.

First we show that p�1zf 0ðzÞ A ðS �Þp. Since f 0ðzÞ0 0 for all z A Dnf0g,
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there exists an analytic function f1 A A1 such that zf 0ðzÞ ¼ pf1ðzÞp in D. The
fact that f1 A S � easily follows from

p Re z
f 0
1 ðzÞ
f1ðzÞ

� �
¼ Re z

f 00ðzÞ
f 0ðzÞ

� �
þ 1 > 0:

For any z1 A Dnf0g put zðtÞ ¼ f �1
1 ðt1=pf1ðz1ÞÞ, 0a ta 1. Then we have

zðtÞ f 0ðzðtÞÞ ¼ pf1ðzðtÞÞp ¼ ptf1ðz1Þp ¼ tz1 f
0ðz1Þ and hence

f f 0ðzðtÞÞ þ zðtÞf 00ðzðtÞÞgz 0ðtÞ ¼ d

dt
zðtÞ f 0ðzðtÞÞf g ¼ z1 f

0ðz1Þ:

Thus we have for any z1 A Dnf0g

Re
f ðz1Þ

z1 f 0ðz1Þ

� �
¼ Re

ð1
0

f 0ðzðtÞÞz 0ðtÞ
z1 f 0ðz1Þ

dt

� �

¼
ð1
0

Re
f 0ðzðtÞÞ

f 0ðzðtÞÞ þ zðtÞ f 00ðzðtÞÞ

� �
dt

¼
ð1
0

Re
1

1þ zðtÞ f 00ðzðtÞÞ
f 0ðzðtÞÞ

8>><
>>:

9>>=
>>; dt

¼
ð1
0

1þRe
zðtÞ f 00ðzðtÞÞ

f 0ðzðtÞÞ

� �

1þ zðtÞ f 00ðzðtÞÞ
f 0ðzðtÞÞ

����
����
2

8>>><
>>>:

9>>>=
>>>;

dt > 0:

Combining this and limz!0 zf
0ðzÞ=f ðzÞ ¼ p we have Reðzf 0ðzÞ=f ðzÞÞ > 0 in D.

r

Following Goodman [1] let CðpÞ be the class of analytic functions f in D
such that there exists r A ð0; 1Þ with the following properties:

(i)

Re z
f 00ðzÞ
f 0ðzÞ þ 1

� �
> 0 for r < jzj < 1;

(ii) ð p
�p

Re reiy
f 00ðreiyÞ
f 0ðreiyÞ þ 1

� �
dy ¼ 2pp for r < r < 1:

Theorem 7. Let f A Cð2Þ. Then there exists z0 A D such that f 0ðz0Þ ¼ 0,
f 00ðz0Þ0 0 and f 0ðzÞ0 0 in Dnfz0g, and that

1

ð1� jz0j2Þ2f 00ðz0Þ
f

zþ z0

1þ z0z

� �
� f ðz0Þ

� �
A ðS �Þ2:
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Proof. Put

hðzÞ ¼ z
f 00ðzÞ
f 0ðzÞ þ 1; z A D:

Since for r < r < 1

4p ¼
ð2p
0

RefhðreiyÞg dy ¼ Re

ð
jzj¼r

z
f 00ðzÞ
f 0ðzÞ þ 1

� �
dz

iz

( )

¼ 2pþ Im

ð
jzj¼r

f 00ðzÞ
f 0ðzÞ dz

( )
;

there exists z0 A D such that f 0ðz0Þ ¼ 0, f 00ðz0Þ0 0 and f 0ðzÞ0 0 for all z A
Dnfz0g. Thus the function

gðzÞ ¼ f
zþ z0

1þ z0z

� �
� f ðz0Þ; z A D

satisfies gð0Þ ¼ g 0ð0Þ ¼ 0, g 00ð0Þ ¼ ð1� jz0j2Þ2f 00ðz0Þ0 0 and g 0ðzÞ0 0 for all z A
Dnf0g. Hence the function 1þ ðzg 00ðzÞ=g 0ðzÞÞ is analytic in D and its real part
is harmonic in D.

We claim that the inequality

Re z
g 00ðzÞ
g 0ðzÞ þ 1

� �
> 0

holds in D.
From an elementary calculation we have

z
g 00ðzÞ
g 0ðzÞ þ 1 ¼ 1� 2z0z

1þ z0z
þ ð1� jz0j2Þz

ð1þ z0zÞ2
f 00 zþ z0

1þ z0z

� �

f 0 zþ z0

1þ z0z

� �ð23Þ

¼ z0 � z0z
2

ðzþ z0Þð1þ z0zÞ
þ ð1� jz0j2Þz
ðzþ z0Þð1þ z0zÞ

h
zþ z0

1þ z0z

� �
:

Without loss of generality we may assume h is continuous on D. Since for
jzj ¼ 1 we have from the identities

z0 � z0z
2

ðzþ z0Þð1þ z0zÞ
¼ �2i

Imðz0zÞ
jzþ z0j2

;

ð1� jz0j2Þz
ðzþ z0Þð1þ z0zÞ

¼ 1� jz0j2

jzþ z0j2
;

it follows that
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lim inf
D C z!z

Re z
g 00ðzÞ
g 0ðzÞ þ 1

� �
b 0

for all z A qD. From this and limz!0 zg
0ðzÞ=gðzÞ ¼ 1 we have Reðzg 00ðzÞ=g 0ðzÞÞþ

1 > 0 in D.
Now the fact that 2ð1� jz0j2Þ�2

f 00ðz0Þ�1
g A ðS �Þ2 easily follows from Lemma

5. r
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