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Abstract

We investigate holomorphic maps between hyperelliptic Riemann surfaces and
prove rigidity theorems given by correspondences of Weierstrass points.

1. Introduction

In this paper, all of the Riemann surfaces will be compact and of
genera greater than 1 if not specified. Concerning automorphisms of Riemann
surfaces, the induced permutations of Weierstrass points determine the auto-
morphisms. Namely, if an automorphism 7 on a Riemann surface X fixes all
of the Weierstrass points, then T =id. or X is hyperelliptic and T is the hy-
perelliptic involution. This fact implies that the number of automorphisms is
finite (Schwarz). It is natural to ask what happens when the target Riemann
surface is different from the source. Let X and Y be compact Riemann surfaces
and let #: X — Y be a nonconstant holomorphic map. Martens [Mr] pointed
out the following (for Riemann surfaces of positive genera). If D=> m;Q; is
a positive divisor of degree n and (projective) dimension r on X, then h(D) =
S mih(Q;) is a positive divisor of degree n and dimension >r on Y. If the
complete linear system determined by D is without fixed points, then so is that
determined by h(D). Hence it follows that when X is hyperelliptic, Y is also
hyperelliptic and every Weierstrass point on X maps on a Weierstrass point on
Y. We denote by W the set of Weierstrass points on X. We will show

THEOREM 1. Let X be a hyperelliptic Riemann surface and let Y be a
Riemann surface. Let hy,hy: X — Y be nonconstant holomorphic maps (then Y
is also hyperelliptic). If hi|y = haly, then hy = hy or hy =t o hy, where t is the
hyperelliptic involution.
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This assertion gives an upper bound for the number of nonconstant holo-
morphic maps between hyperelliptic Riemann surfaces depending only on the
number of Weierstrass points (or, we can say, on the genus).

We may put another interpretation on Theorem 1 in terms of homology
groups. A holomorphic map /#: X — Y induces a homomorphism

h*n : H](XaZn) - Hl(YaZI’l)

between the first homology groups with coefficients in the integers mod n. For
automorphisms, denote by ¢ : Aut(X) — Sp(g,Z,) the natural homomorphism,
where Sp(g,Z,) is the symplectic group of genus g over Z,. Then, it is shown
that for n > 2, ¢ is injective, and for n =2, only automorphisms of order 2 is
in the kernel of ¢ (for the proof see [F-K] Chapter 5). For holomorphic maps,
if two holomorphic maps /#;: X — Y (i = 1,2) induce the same homomorphism
H((X,Z,) — H|(Y,Z,) for some n > /8(g — 1) where ¢ is the genus of X, then
hy = hy (see [T]). For hyperelliptic case, we may take n = 2.

THEOREM 2. Let X be a hyperelliptic Riemann surface and let Y be a
Riemann surface. Let hi,hy : X — Y be nonconstant holomorphic maps (then Y
is also hyperelliptic). If hy and hy induce the same homomorphism H,(X,Z,) —
H\(Y,Z,), then hy = hy or hy =7toh;.

Further, we will investigate the case where the target surface is not fixed.
For hyperelliptic Riemann surfaces, the case where the covering is normal
has been studied (see [F], [H], [K] and [Mc]).

2. Preliminaries

Let X be a compact Riemann surface of genus g > 1. Recall that for each
point p € X, there are g integers called gaps

l:n1<n2<~-~<ng<2g

such that there does not exist a meromorphic function on X holomorphic on
X — {p} with a pole of order m at p if and only if m = n;. Except only a finite
number of points, {ni,...n,} ={1,...,g} and the excepted points are called
Weierstrass points. We denote by W the set of Weierstrass points. Then, the
number of Weierstrass points # W satisfies

F2<#W<g’—y.

A Riemann surface with a meromorphic function of degree 2 is called to be
hyperelliptic. X is hyperelliptic if and only if #W = 2g + 2. Each Weierstrass
point on a hyperelliptic Riemann surface of genus g has the gap sequence
{1,3,...,2g — 1}.

Let 7: X — Y denotes a nonconstant holomorphic map between Riemann
surfaces. The Martens’ assertion in the introduction (or a little modification of
his proof in [Mr]) gives that if' D is the polar divsor of some meromorphic function



HOLOMORPHIC MAPS OF RIEMANN SURFACES AND WEIERSTRASS POINTS 425

on X, then h(D) is the polar divisor of some meromorphic function on Y. Thus,
we see that if n is a non-gap for p € X, then n is also a non-gap for i(p) € Y.
Especially,

Lemma 1 (Martens [Mr]). When X is hyperelliptic, Y is also hyperelliptic and
every Weierstrass point of X maps on a Weierstrass point of Y. Furthermore, the
involution of X followed by h is equivalent to h followed by the involution of Y.

The first assertion makes the assumption of Theorem 1 meaningful.
A preimage of a Weierstrass point is not always a Weierstrass point even if
X is hyperelliptic. We see this by the following example.

Example 1. let X be a hyperelliptic Riemann surface of genus 3 which
has an fixed-point-free automorphism of order 2. Then the quotient surface Y
is of genus 2 and there are 6 Weierstrass points on Y. Thus, the number of
preimages of them is 12, while the number of Weierstrass points on X is 8.

To prove Theorem 2, we use theory of Jacobian varieties. By definition,
T:=CY/A is a complex torus, where A is a lattice in CY. Choose bases
er,...,eq of C¥ and yy,...,x, of the lattice A. Write %; in terms of the basis
€1, -yegl Xj = 2oi_1 Xigek- We denote by M (n,m; K) the set of n x m matrices
with K-coefficients. The matrix IT = (y;) € M(g,2g;C) is called a period matrix
for T. By an underlying real structure for T, we mean the real torus R /Z%
together with a map R*/Z% — T induced by a linear map R* 5 x — Ilx e CY,
where IT is a period matrix. Note that IT: R%/Z* — T is homeomorphic. We
denote by T, (neN) the group of n-division points of T, that is, the kernel of
the homomorphism ny : T — T defined by z+— nxz (ze T). On the real torus,
n-division points are vectors of the form ‘(m/n,...,myy/n),my,... ,my, € Z, and
we also denote by (R*/Z% ), the set of n-division points on the underlying real
torus.

Let T and 7 be complex tori of dimension g and p, respectively. Denote
by IT and II; period matrices for T and T}, respectively. It is known that for
any homomorphism (i.e., a holomorphic map compatible with the group action)
f: T — Ty, there are A€ M(y,g9;C) and M € M(2y,2g;Z) such that the fol-
lowing diagram is commutative (cf. [L-B], Chapter 1).

R 1. ¢t — T

bbb

, 1 )
R — C —— T,

We will call a map F:R»/Z* — R¥/Z? a linear map if F is induced by a
linear map F : R% — R with F| 72 C Z%. By the diagram above, we see that
there exists a linear map F : R%/Z%* — R¥/Z* which satisfies ITj o F = f o II.

Let {xy,---,x2,} be a basis for H|(X,Z) and let {wy,...,w,} be a basis
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for the space of holomorphic differentials on X. By definition, the Jacobian
variety J(X) = C9/A is the complex torus where A is the lattice generated by
the period matrix with respect to the bases. Let ppe X. Define ¢y : X — J(X)
by p—{[” 1 coj} It is known that ¢, is an embedding. Let z: X — Y be
a holomorphic map of Riemann surfaces. Then, there exists a homomorphism
f:J(X)— J(Y) which satisfies fo¢d, =¢dyoh where ¢y (resp. ¢y) is the
embedding with the base point py (resp. A(po))-

Lemma 2. Let F;:R* /2% — R¥/Z% be linear maps (i=1,2). Then,
F |(R24/qu) = F2|(R24/Z2(,) if and only if Fi., = Faun, where Fi, are homomorphlsms
between homology groups H,(R* /2% Z,) — H\(R* /2% Z,) induced by F;
i=1,2).

Proof. Suppose Fi., = Fp., holds. Let xe (Rzg /Zzy)n. Then, it can be
written in the form Xx="'(mi/n,...,my/n),m,...,my€eZ. Let Fi, —F,:
H{(R*/Z*,7) — H\(R¥”/Z%,Z) denote the difference of two induced homo-
morphisms between homology groups with Z-coefficients. Then, the assumption
Fl., — F5,, =0 means that every coefficient of Fj, — F5, is a multiple of n.
Recalling that H,(R* /2% Z) ~ Z* and that we can identify it with the lattice
of the real torus, we see (F| — F>)(x) e Z¥, equivalently F — B (gejz20) = 0.
Conversely, if Fifgu/z%) = Fa| gz, holds, then denoting by ¢; the vector
whose j-th entry is 1 and 'others are 0, F; — F> maps e;/n to a integral vector for
every j=1,2,...,2¢9. It implies that every coefficient of Fj, — F>, is a multiple
of n and we see Fi,, = Foup. OJ

3. Rigidity theorems

Proof of Theorem 1. Let n be a meromorphic function on Y of degree 2.
Consider 2 meromorphic functions zoh; and mohy,. Put F=mnoh —moh;.
Suppose F # 0. By the Riemann-Hurwitz relation, we see that the degree of
mohy and mohy is <2(g—1)/(y —1). Thus, the degree of the polar divisor of
F is <4(9—1)/(y—1). On the other hand, the zero divisor of F is >4(g+ 1)
because each of the Weierstrass points is one of zero points of F and the
ramification index of it is at least 2 for a Weierstrass point on X maps on a
Weierstrass point on Y and the Weierstrass points on Y is the ramification
points of ©#. But 4(g+1) >4(9—1)/(y—1), contradiction. Thus, we must
have F =0, equivalently moh) =zmohy. Suppose & # hy. Then, for a small
neighborhood U, of an arbitrary point p € X, we have h1|U = roh2|U and it
implies /; = rohz by the theorem of identity. ]

Proof of Theorem 2. Let {y,...,x,} be a basis for H|(X,Z) and let
{wi1,...,0,} be a basis for the space of holomorphic differentials on X. Let
J(X)=C9/A be the Jacobian variety of X where A is the lattice generated by
the period matrix with respect to the bases. Let ppe X. Define ¢ : X — J(X)
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by p— {flz) a)j}]g:l. Then, if py is a Weierstrass point, any Weierstrass point
p € W satisfies ¢(p) € J(X), and {¢(p)},. generate J(X), (cf. [F-K] Chapter
7). We denote by f;: J(X) — J(Y) the homomorphisms induced by /; and by
F; the homomorphism of underlying real tori induced by 4; (i=1,2). Then
each induced homomorphism between homology groups of underlying real tori
(which is the same as the homomorphism between the homology groups of
Jacobians) is the same as that of Riemann surfaces. Thus, by the assumption and
Lemma 2, Fi| gz = F2| g /7). Recalling the diagram in Preliminaries, we
see filyx), = folyx),- It implies hi[y = ha|y,, and by Theorem 1, we get the
conclusion. O

Now, we turn to the case where the target is not fixed. Let X be a
hyperelliptic Riemann surface of genus ¢ and let Y, and Y, be Riemann surfaces
of the same genus y. Let /;: X — Y; (i=1,2) be nonconstant holomorphic
maps. In this situation, the condition /|, = hy|y is meaningless. Thus, we
consider the following combinatorial condition.

Ordering Weierstrass points p/? (j=1,2,...2y+2) on Y; (i=1,2) properly,
if

“1 1y _ “1/,2
Wnhy (p;) = WOhy (pj)

holds set-theoretically for every j =1,2,...2y + 2, then we will say that /; and 5,
satisfy the W-condition.

PROPOSITION.  Let h; : X — Y; (i =1,2) be holomorphic maps, where Y| and
Yy are of the same genus y > 4. If hy and hy satisfy the W-condition, then there
exist double-covers m; : Y; — C (i =1,2) which satisfies m1 o hy = mp o hy.

Proof. Without loss of generality, we may assume that the number
of elements of sets satisfy #{WNh'(p)}=#{WNh'(pH} = >
#{W Nh'(p,,.,)} and double-covers satisfy m;(p{) = 1, m(p}) =2 and 7 (p}) =
3(i=1,2). Put F=moh —mohy. Then, WNh''(p)) (j=1,2,3) are
zeros of F and so the degree of zero divisor of F is >2x3x (g+1)/(y + 1).
On the other hand, if F 0, the degree of polar divisor of F is <2 x2x
(9—1)/(y—1) where (g—1)/(y—1) comes from the maximum degree for
h; (i=1,2). Assumption y >4 leads us to the conclusion that F = 0. O

If there is a conformal map S : Y| — Y, with S o /i = &y, then we will write
hy ~ hy. Even if njoh; =m,0hy, it does not always mean s ~ h,. But for
unramified cases, we have

THEOREM 3. Let X be a hyperelliptic Riemann surface. Let h;: X — Y;
(i=1,2) be nonconstant holomorphic maps where Y; (i =1,2) are of the same
genus y>4. If hy (i=1,2) are unramified and satisfy the W-condition, then
/’11 >~ hz.
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Proof. By Proposition, we have mj o hj = my 0 hy.  All of the branch points
on C are image of Weierstrass points on Y; since /; are unramified (i =1,2).
Thus, Y1 and Y; are conformally equivalent since they are expressed by the same
algebraic function as a double-cover over C. Applying Theorem 1, we see
hl ~ hz. I:‘

In this case, we also have a theorem in terms of homology groups. Let
G, G, and G, be groups and let H;: G — G; and H,: G — G, be homo-
morphisms. If there exists a isomorphism  : Gi — G, such that o H} = H,
we will say H; and H, are isomorphic.

THEOREM 4. Let X be a hyperelliptic Riemann surface. Let h;: X — Y;
(i =1,2) be nonconstant holomorphic maps where Y; (i =1,2) are of the same
genus y>4. If h; (i=1,2) are unramified and induced homomorphisms
hio - Hi(X,Z,) — H\(Y,Z,) (i =1,2) are isomorphic, then hy ~ hy.

Proof. We use underlying real structures. On underlying real tori,
choosing homology bases properly, linear maps F; : R%/Z* — R*/Z* induced
by h; (i=1,2) satisfy Fi., = Fr.o. By Lemma 2, it is equivalent to F1|(R2y/z2g)z
= F3|(ge/z2) - Recall the diagram in Preliminaries and that any Weierstrass
point p € W satisfies ¢(p) € J(X), if we choose a Weierstrass point as the base
point of the embedding. Then we see that /; and &, satisfy the W-condition.
Applying Theorem 3, we get the conclusion. O

When /; (i =1,2) are ramified, Theorem 3, 4 do not hold. We see this by
the following example.

Example 2. We picture two copies of the sphere C. We label these two
copies sheet 1 and sheet 2. Each sheet, we cut along segments [—1,1],[2,3],
[-2,-3],4,5],[-4,-5],16,7],[-6,-T7],...,[10,11],[-10,—11]. Each cut is con-
sidered to have two banks; a +bank and a —bank. We construct a Riemann
surface R by joining every +bank on sheet 1 to a —bank of the corresponding cut
on sheet 2, and then joining the corresponding +bank on sheet 2 to the —bank of
the correspondlng cut on sheet 1. Then R is a hyperelliptic Riemann surface of
genus 10 and z is a double-cover of C. Rotation of angle 7 of center 0 on C,
that is, z— —z, can be extended to R and we denote the extended map by T.
We put Y; := R/<T> and Y, := R/{t o T), where 7 is the involution. Then, Y;
and Y, are both of genus 5. Let #;: R— Y; be the projections for i=1,2.
Then, h; and h, satisfy the W-condition. Y is the double-cover of C branched
over 0,1,2,...,11. On the other hand, Y, is the double-cover of C branched
over 1,2, ... 11, 00. We see that Y; and Y; are not conformally equivalent (e.g.,
comparing cross ratios of branch points).

With slight and obvious modification, we can construct such examples for
higher (and also lower) genera.
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