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ON A SURGERY OF K-CONTACT MANIFOLDS
TsutomMU Y AMAZAKI

Abstract

In this paper we introduce a surgery of a certain type on K-contact manifolds. As
an application we classify the diffeomorphism types of all closed simply connected
S-dimensional K-contact manifolds of rank 3.

1. Introduction

We consider a contact manifold (M,x) endowed with some geometric
structure: a Riemannian metric g such that the contact flow ¥, is isometric.
In this case we call (M,a,g) and ¥, a K-contact manifold and K-contact
flow, respectively. If M is compact, the closure of the l-parameter subgroup
{¥,|t e R} in the isometry group of (M,g) generated by a K-contact flow is a
compact connected abelian Lie group, hence is isomorphic to 7% for some integer
k. Thus a compact K-contact manifold has an action of the torus 7% containing
the contact flow as a dense subgroup. Conversely if a contact manifold (M, a)
has a T*-action such as above, there exists a metric g on M such that (M,a, g) is
a K-contact manifold ([12]). We call the K-contact manifold with this 7*-action
a K-contact manifold of rank k. In this paper, using the property of the T*-
action on a K-contact manifold, we show that a surgery along a closed orbit of
the K-contact flow produces a new K-contact manifold.

Let (M,uo,g) be a (2n+ 1)-dimensional K-contact manifold of rank k. We
take a closed orbit O through a point x in M of the K-contact flow. (It
is known that there exists such an orbit for any K-contact flow ([2]).) Then
O coincides with the T*-orbit of x. Thus there exists a T*-invariant open
neighborhood U of O which is T*-equivariantly diffeomorphic to S' x D
with a Tk-action, where D> = {ze C"||z| <¢}. In the category of manifolds
with Tk-action, we perform the following surgery. Remove a T*-invariant
closed subset S! x D" ={(e V=0 )| |zl < u} of S'x D from M. We glue
this complement and D2 S ={(w,z) e C x C"||w| < b,|z| = 1} along their
boundaries S' x $*"~! in such a way that the 7*-action is extended to the whole
of D} x $?"~1. This produces a new manifold M with T*-action. In section 3
we show that this surgery is carried out in the category of K-contact manifolds of
rank k. First we describe the normal form of the K-contact form on S! x D2".
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Next we construct a K-contact form and a T*-action on D} x S*"~! such that
there exists a TX-equivariant contact diffeomorphism from (D7 — {0}) x S*! to
the complement of a closed neighborhood S!' x D27 in S' x D".  As a result we
obtain a contact form & on M such that the 1-parameter subgroup generated by
the contact flow of & is dense subgroup in T*. Therefore there exists a metric §
on M such that (M,a,g) is a K-contact manifold of rank k. This surgery is
called K-contact surgery. In the case of the (2n+ 1)-dimensional K-contact
manifold of rank (n+ 1), K-contact surgery increases the number of the closed
orbit of the K-contact flow by (n—1).

In section 4, as an application we give the classification of closed simply
connected 5-manifolds which admit a structure of K-contact manifold of rank 3.

2. Torus action on K-contact manifold

In this section we briefly describe the definition of K-contact manifold and
the Tk-action on it. For detail see [12].

A one-form o on a smooth (2n+ 1)-dimensional manifold M is called a
contact form if o A (da)" is everywhere non-zero. The pair (M,«) is called a
contact manifold. A contact manifold carries a vector field Z which is uniquely
determined by the equations «(Z) =1 and do(Z,-) =0. We call Z and the flow
Y, generated by Z the Reeb vector field and the contact flow, respectively. A
2n-dimensional distribution D = Ker o is called a contact structure. From the
definition of o and D, it is obvious that do is non-degenerate on D. Namely do
induces a symplectic structure on D. In this case, it is well-known that there
exist a positive definite inner product g7 and an almost complex structure J on D
satisfying ¢g7(X,Y) = da(X,JY) and gr(JX,JY) =gr(X,Y) for any X,Y € D.
We extend g7 on D to the whole TM as a symmetric bilinear form by requiring
gr(Z,X) =0 for X e TM. Thus we get a Riemannian metric g = g7 ® (2 ® «),
which is called a contact metric. 1f there exists a contact metric g such that
Lzg =0, the triple (M,a,g) is called K-contact manifold and the flow generated
by Z is called a K-contact flow.

A K-contact manifold carries the torus action as follows:

ProposiTiON 2.1 ([12]). Let (M,ax) be a (2n+ 1)-dimensional contact
manifold and , be the contact flow. If we assume that M is compact, the
following statements are equivalent.

1) There exists a contact metric g such that (M, a,g) is a K-contact manifold.

2) There exists a smooth effective T*-action {h,|ue T*} on M, which
contains the contact flow {Y, = hy)} as a dense subgroup. In this situation,
1 <k<n+1 follows.

Remark 2.2. (1) From Proposition 2.1, we see that for some rationally
independent real constants A, ..., Ax_; and the standard integral basis ey, ..., ex_
of Lie(T*), the Reeb vector field Z on a K-contact manifold takes the form
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d(hexp(teo)(x)) 4ot lk | d(hexp(tek,l)(x))

Z(x) =4
)= dt =0 dt =0

at xe M.

(2) Given a compact K-contact manifold (M,a,g), the torus T* in Prop-
osition 2.1 is obtained as the closure of the K-contact flow {i,|7€ R} in the
isometry group of (M,g). In this paper we always choose the basis ey,...,ex_;
of Lie(T*) such that Jg,..., A are all positive.

DEFINITION 2.3. (M, 0a,g) is called a K-contact manifold of rank k if the
closure of the K-contact flow {y,|te R} in the isometry group of (M,g) is
isomorphic to a k-dimensional torus T*.

3. K-contact surgery

In this section, first we will give a description of the neighborhood of a
closed orbit of the K-contact flow. Using this description, we will introduce a
surgery along a closed orbit of the K-contact flow. In [2] the following result is
proved:

THEOREM 3.1 [2]. Any K-contact flow has at least two closed orbit.

It follows that we can carry out a surgery for any K-contact flow.

Let (M,a,g) be a K-contact manifold of rank k. Let Z and i, be the Reeb
vector field and the K-contact flow of (M, a,g), respectively. Notice that if the
orbit ¥, - x of the K-contact flow y, through a point x in M is closed, then , - x
coincides with the T%-orbit T%-x of x. The T*-orbit T%.x of xe M is T*-
equivariantly diffeomorphic to T%/(T*)_, where (T*)_ denote the isotropy group
of x. Hence if T*.x is T*-equivariantly diffeomorphic to S', (T%)_is iso-
morphic to T#°! or T¥! x Z/pZ, where p is an integer. However we only
consider the closed orbit O :=, - x of K-contact flow , through a point x in M
such that (T%) =~ T* 1. The case of (T*), =~ T" ! x Z/pZ directely follows
from the case of (7%) = T*!, because all of the construction will be carried out
to be Z/pZ-invariant. We will give a local description of the K-contact form,
the Reeb vector field and the T*-action on the T*-invariant open neighborhood
U of a closed orbit O.

Let D be the contact distribution Ker o and RZ the trivial line bundle
spanned by Z. Then by the definition of the K-contact metric g, we have T(O)
= (RZ), and T.(O)" = D,, where T,(O)" is the orthogonal complement of
T.(0) with respect to g. Let B be a ball in the tangent space 7. M at x such
that the exponential map exp, of g is a diffeomorphism. Put Bp = BN D,.
Then there exists a T*-invariant open neighborhood U; of O in M which is
T*-equivariantly diffeomorphic to S' x B in the following sense.

Consider the mapj from T% x Bp to a T*-invariant open neighborhood U,
of O in M defined by f(©, y) = © - exp,(y) for @ = (¢¥V"10 V=101 V=101 ¢
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kand y e Bp. Then [ is well defined and induces a Tk-equivariant diffeomor-
ph1sm f from T* x X(r+), Bp onto U;. Here Tk X (r+), Bp 1s the quotient space by
the (T%) -action defined by 7- (@, y) = (i@, 'y) for e (T*) < T*. The T*-
action on it is induced by the one on T* x Bp defined by 7- (0, y) = (10, ).
Note that the restriction of f to the zero section is the identity map. The map
G:T" x By — S' x Bp defined by
G(©,7) = (/M p(1,e 1 T ),
where p denote the linear representatlon (TH, — SO(2n R) of Bp, induces a T*-
equivariant diffeomorphism G : T* X(rx), Bp — S! x Bp. Here the T*-action on
S x Bp is induced by the one on T* x Bp. Hence we have the T*-equivariant
diffeomorphism ¢ = Go f~!: Uy — S' x Bp whose restriction to O is the identity
map. In this situation, we have the following:

PROPOSITION 3.2. There exist a T*-invariant open neighborhood U of O
and a T*-equivariant diffeomorphism ¢ : U — S! x D" = {(e‘/’_w“,zl, ce.yZn) €
St x C"| Z" z;Z; < €2} satisfying the following properties.

1) For integers my, i=1,...,n, j=1,....k—1 and (to,t1,...,ti_1) € Tk,
the T*-action on S' x D> is glven by

(31) (l‘o,ll,...,lk,l)-(6\/__190721,...,2,1)
_ (l()e\/:mo,llm“ . tkmlk Iz, .. Zl'nnl . [l;”nk 12’1).
2) 9| 0=
3)
n k—1
(3.2) o = (p ) o= 1//10{1 - Z(Z /ljmij> zif,} d0y
i=1 \ j=0
+ \ —I/ZZ(ZJ' dZ_j — Zj de),
j=1
where lg, ..., k_1 are rationally independent positive real numbers.

4) The Reeb vector field Zy of oy is given by

0 -1 L o 0
(33) Z()Zioa—eo—FZ;»j(iZmij(zia_Zi_zia_z_i))-

Proof. The proof is completely analogous to the one in [1]. We consider
the contact form oy = (¢~ !)"a, where ¢: U — S! x Bp. Put q) = 0,(0/06).
Then «; takes the form oy = ¢} dfy + op, where op is a one-form on S! x Bp.
Clearly ap(0/00y) = 0 and Ly/ag,0p = 0, because oy, qé, df, are all T*-invariant.
It also follows from the assumption that op is a one-form on Bp which is
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invariant under the action of T#~!~ T*/S! and hence dop is T* '-invariant
two-form on Bp. Since TBp coincides with the contact plane D, at x € M, the
restriction (doy), | TvBp of (du), to T\ Bp is a symplectic two-form on T, Bp.
Moreover from (doy) | TuBp = (dop), | TxBp, (dop), | TuBp is a T* '-invariant
symplectic two-form on T7,Bp. Thus there exists a sufficiently small neigh-
borhood S' x D2 of S' such that dup is T*'-invariant symplectic two-form on
D?". It follows that, from the equivariant Darboux theorem ([4]), there exists a

complex coordinate (zy,...,z,) on D} = D}" with z; = x; +v/—1y; such that
(1) dOCD =v-1 Z?:l le' A dZ,' = d{ V —1/2 Zz‘nzl (Zl' dZ_l' —Z; dZi)},

(2) the action of T*~! is given by

(Z17"'atk—l) ' (217"'7211) (tlmll "'l/:n_l,rlZ]w' tlmnl : l‘/:,””,‘ lzn)a
where my, (i=1,...,n,j=1,...,k—1) are integers and (¢1,..., % 1)e T+
Extending dop on D} to S' x Df”, we have
n
doy =d | q° dOo+V~1/2> (z: dz; — %; dz;)
i=1
with respect to the coordinate (e\/‘_mo,zl, ...,zn) on ST x D2 where ¢° is a T*-

invariant smooth function on S'x D}". Hence we have
n
o = ¢ dOo+V—=1/2) (i dz; — 2 dz;) + dh.
=1

Here we can choose / to be a T*-invariant smooth function on S' x DSZZ” such
that its restriction i |S! x {0} to S' x {0} is equal to 0. We put o, = ag + tdh
(0<t<1), where og = ¢° dOp +v—1/23" | (z; dZ; — Z; dz;). Since the restric-
tion of o, to S! is the contact form oy for all ¢ (because i |S! x {0} = 0), there
exists a smaller neighborhood S' x D" = §' x D" on which o, is the contact
form. Let Z, be the Reeb vector ﬁeld of o, and put X, = —hZ, Since
X;(0) =0 for all x e S', there exists a smaller neighborhood S' x D2 = S' x D"
of S on which X, can be integrated to a time dependent embedding ¢, : S' x D2"
— S x D2 with ¢,(x) = x for all xeS'. We have

d/dt(e;o,) = ¢, (Lx,o + do,/dt)
= ¢, {d(ix,2) + dh}
=0.

This means that g0 = pjoy = % on S' x D", Since h and Z, are T*-invariant,
so is X;. This implies ¢, is T*-equivariant. It follows that there exists a T*-
equivariant diffeomorphism ¢ : U — S!' x D" such that ¢|O = id and ¢*o = o,
where the T*-action on S' x D" is given by (3.1).
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From Remark 2.2, the Reeb vector field Z; of oy takes the form

Zy = o +ZA{ZMU ( 42’6(;)}

for rationally 1ndependent positive real numbers Ay, ..., 4_;. From the equation
a0(Zo) = 1, we have ¢° = 1/70{1 — Z,’L(Zk l/lm,j)z, 7;}.  Therefore we obtain
3). q.e.d.

Remark 3.3. From the effectiveness of the T*-action, the integers mij,. ..,
my; satisty g.c.d(myj,...,my;) =1 for any j and (mii,...,mu), ..., (Myg-1,...,
myur—1) are linearly independent in R”.

We have the following modification of the K-contact form and its Reeb
vector field on the T*-invariant open neighborhood U of the closed orbit O of the
K-contact flow.

LemMmA 3.4. For positive integers N = ((,...,(,), take a T*-equivariant
diffeomorphism ¢y from S' x D> with the coordinate (e¥='% zy ... z,) to S' x
D2" with the coordinate (e ey U1, ...,Uy) defined by
(3.4) (pN(e‘/__l‘%,zl, cozn) = (e V=10 eJ_ZIHOZ ‘/_c"eoz ).

Then we have the followings.
1) The T*-action is given by

(3.5) (to, t1s o tiet) - (/7100 vy vy
_ (toe\/TIHO’ l(€;1l1"111 . tlé”lk I tgntlmnl . Zl:”rm "0,
on the right hand side (resp. (3.1) on the left hand side).
(2)

(3.6) oy :=(p~")

n k—1
=1/ [1 - Z{Z i) +/10§,}ulu,

J=1

dOy + v — /22 v; dv; — v; dv;).
i=1

3) The Reeb vector field Zy of oy is given by

(3.7) ZNA°{+ZQ < o ”ai)}
+i}ﬁ,{2ﬂ:mif‘/—_l(“"a%_ﬁ"6%>}.

J=1

This lemma is easily obtained by direct calculations.
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We will construct a K-contact fom &y and a T*-action on D? x S*~! such
that there exists a T*-equivariant contact diffeomorphism from (D} — {0}) x
§2"~! to the complement of some neighborhood of S' x {0} in S' x D}".  Here
D} is the closed ball of radius b in C.

For N = ({,...,{,) we define a K-contact form day, a Reeb vector field Zn,
and a T*-action on C x §¥1 = {(reV="10 w, ... w,) e C x C"| S iy =1}
as follows. '

(3.8) dy = —r* dOy + (1 4 Jgr?)oy,

where oy = V—1/23"" 1/ai(w; dw; — w; dw;) and a; = o(; + Zi‘;ll Ajmij.
- 0 1 0 0
(3.9) Zy = 10{5—90 + ; &V —1 (w,- o T ) }
k—1 n
0 0
2 g\ Wis——Wis= ¢-
+; j{;mj (W ow; v 6w,~>}

(3.10) (tost1y .oy tee1) - (re\/’_m‘),wl,...,wn)

_ (loreﬁﬂo, tgl Zlmll L ll;nli T 7tg/xtl’77nl . t/:”nl\ IW”)
where (t9,t1,...,t1) € T
Take integers (;,...,{, in Lemma 3.4 such that a;> > 1+ for a positive
constant ¢ and all 7, (so that a; > 0 for all i). Put B(ay,...,an), ={(z1,...,2) €

DX YL, aizizi < py < D" and D = {re’"YecC|r< /,t} < C. Then we have
the following:

PROPOSITION 3.5 For b = [1/4{(1 4 6)* — 1}]'/? there exists a T*-equivariant
diffeomorphism
(3.11) ®:S' x (Bla,...,an), 5\Blai,...,a,);) — (Dj —{0}) x 2!
satisfying ®*ay = ag. Here the T*-action is given by (3.1) on the left hand side
(resp. (3.10) on the right hand side).

Proof. Put R*=Y" az;z; and ogr=1/r*{V/=1/23 " (v; di; — ©; dv;)}.
Take a; =max{aj,...,a,}. Consider the dlffeomorphlsm ¥ from S!x
(D?* —{0}) onto S!' x KL (0,a6%) = {(eV"1% wy, ... wp,R) €S x C" x R|
Sr wiw; =1,0 < R < aj¢*} defined by
(3.12) PeV 1 o) = (V7 (Var /R, . .., (\/an/R)vn, R)
and a one-form oy = v—1/2"" l/ai(w,- div; — w; dw;) on ST x §271 x (0, aje?).
Then we have
(3.13) (PN oay =1/20(1 — R*) dOo + R*(¥ ") or

(3.14) =1/0(1 — R?) dOy + R?0y.
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Moreover the map H from S!' x S¥~! x (1,1 + 6] to (D} — {0}) x S*~! defined by
(3.15) H(e‘/’_w",wh...,wn,R)
= ({1/20(R> = 1)}V vy )
gives a T*-equivariant diffeomorphism and satisfies H*ay = (¥~!) xoy. Take

a composition map ® := HoWog, of the above ¥, H and ¢, defined by
(3.4), and consider the map restricted to S' x (B(al,.. ) 14s\Blar, ... an),).

Then @ gives a T*-equivariant diffeomorphism from S1 x (B(ar, ..., an)1,5\
B(ai,...,a,);) onto (D} —{0}) x S>~! satisfying ®*ay = . qed
Let M be a manifold obtained by gluing M* = M\(S' x ¢~ 'B(ay, ..., a,),)

and D} x §?"~! along ¢~ (S! x (B(ay,...,a,),.s\B(a,...,a,),)) and (Db {0})
x §?"~1 by the map ® o ¢, that is,

M = (M\¢~'(S" x B(ai,...,a,),)) Ugop D} x S"7'.

Then we have the following:

THEOREM 3.6. There exists a contact metric § on M such that (M,a,q) is a
K-contact manifold of rank k.

Proof. By Proposition 3.5, we see that there exists a contact form & on M
which equals to o on M* and equals to &y on D} x S?"~1. Since the T*-action
on M preserves M* and ®og is T k-equlvarlant there exists a well defined
T*-action on M. From the construction we see that the closure of the contact
flow of every point x € M coincides with the T k-qrblt of x. Therefore, from
Proposition 2.1, there exists a contact metric § on M such that (M,d,4) is a K-
contact manifold of rank k. q.e.d.

DEerFINITION 3.7.  Let (M, a,g) be a K-contact manifold of rank k and ¢!
oy S' x Blai,...,ay),,; — M a T*-equivariant contact embedding. Then the

K-contact manifold (M ,@,§) of rank k is obtained by replacing the image ¢~ ' o
on(S' % B(ay,...,an);,5) With D x S?"~!. This procedure is called a K-contact
surgery of weight N = ({;,...,{,) of (M, a,g).

Remark 3.8. (1) Applying K-contact surgery of weight N = ({,...,{,) to
(2n + 1)-dimensional K-contact manifold of rank » + 1, the number of the closed
orbits of the K-contact flow increases by n — 1 at a time. In the case of (2n + 1)-
dimensional K-contact manifold of rank n, a similar phenomenon is also real-
ized, if we take the weight N = ({;,...,{,) such that g.c.d({,...,{,) =1 and
the vectors ((1,...,¢,), (M1, ... ,mp1), ..., (Mip—1,...,My,—1) are an orthonormal
basis in R".
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(2) In general we can take only sufficiently small one as the radius ¢ of the
T*-invariant neighborhood S' x D" in Proposition 3.2, so that we have to take
sufficiently large one as the weight N = ({,...,{,) of K-contact surgery. It
seems important to clarify the both relation in concrete examples.

(3) It is possible to perform a reverse operation of the above K-contact
surgery in some situation. Let (M,a,g) be a (2n+ 1)-dimensional K-contact
manifold of rank k. Consider a unit sphere S*~! = {(w,...,w,) e C"|
S wiiw; = 1} and the K-contact form oy = v—1/23°"  1/a;(w; dw; — w; dw;)
in (3.8) and the T*-action restricted to the factor (wi,...,w,) of (3.10) on
it. Assume that there exists a T*-equivariant contact embedding i : S?'~! < M.
If i(S?*"~!) has a T*-invariant open neighborhood which is T*-equivariantly
diffeomorphic to (D} x S*"~1 ay) by the map @, then we see that there exists
a K-contact form & on M = M\(® ({0} x S ))US! x B(ai,...,a,),5 by
Proposition 3.5.

4. 5-dimensional K-contact manifolds of rank 3

In this section we will study the T*-equivariant diffeomorphism type and
the diffeomorphism type of the result of a K-contact surgery of weight N =
G s G-

First we will consider the T*-equivariant diffeomorphism type. Let M| and
M, be two n-manifolds with an effective 7T¥-actions (we call them 7'*-manifold).
Suppose that there exist orbits O; and O, which are diffeomorphic to S! on M,
and M,. Then there is an operation to obtain a new T*-manifold as follows ([6],
[10]). Using the T*-invariant Riemannian metric, for i = 1,2, we take a framing
of the normal bundle v; of O; in M;. Then v; is T*-equivariantly diffeomorphic
to S!' x D™ ! Each orbit O; has a T*-invariant tubular neighborhood U; which
is difffomorphic to the above S'x D"!. Removing T*-invariant tubular
neighborhoods S' x D"~! of O; and O, from M; and M,, attach their com-
plements along boundaries S' x $”2 by a T*-equivariant diffeomorphism. The
resulting manifold is also a 7*-manifold and is denoted by Mt M>.

The operation of K-contact surgery of weight N = ({;,...,{,) can also be
formulated as above. We take a K-contact manifold (M,a,g) of rank k and
S = {(wo, ..., wy) € C" [ 3% gw;iw; = 1} with the T*-action defined by

(20,81, -y tk1) - (Wo,y .oy W) = (lowo,tg‘ M W tg"tlm”‘ C W)
for (to,...,t,) € T* and ¢y,...,¢,, myy,...,muy_1 € Z. Moreover take the closed
orbit of the K-contact flow on M and S'= {(wg,...,w,) € S |w = . =

w, =0} = §*1 as T*-orbits to be diffeomorphic to S!. Then we obtain a T*-
manifold Mt S+ which is T*-equivariantly diffeomorphic to the manifold
M obtained by the K-contact surgery of weight N = ({;,...,{,). (Note that
the complement of the T*-invariant tubular neighborhood of S! in S$?**! is
T*-equivariantly diffeomorphic to D} x $?"~1.) Thus the following proposition
holds.
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ProposITION 4.1. Let (M,a,g) be a (2n+ 1)-dimensional K-contact mani-
fold of rank k. Then Mg S g - -451S™"*! carries a structure of K-contact
manifold of rank k.

To study the diffeomorphism type of the result of a K-contact surgery of
weight N = ({y,...,{,), we need the following notation.

DerINITION 4.2 ([6]). Let S! be a smooth embedded circle in a smooth
n-manifold M. A framing f,...,f,, of the normal bundle of S' is called
canonical if and only if there exists a 2-disk D?> smooth embedded in M with
boundary S! and the frames fi,...,f, , can be extended to a framing of the
normal bundle of D?>. A framing of the normal bundle of S! is called twisted if
and only if it is not canonical.

Under the above notation, we have the following:

Lemma 4.3 ([6]). (1) Let M, and M, be two n-dimensional T*-manifolds
with T*-orbits Oy and O, which are diffeomorphic to S'. Suppose an embedded
S bounds a disk in each of My and M>. Then (a) If framings of O, and O
are cononical, then Mg M, is diffeomorphic to M §M,4(S*> x S"~2). (b) If a
framing of O is twisted and that of O, is canonical, then M1 M, is diffeo-
morphic to M M#(S* % S"2). Here S* X S"2 is the non-trivial oriented S">-
bundle over S*.

(2) If the second Stiefel-Whitney class wy(M) of n-manifold M is non-zero and
n>5, then MH(S*>x S"2) is diffeomorphic to M#(S? x S"~2).

Let (M,0,g) be a (2n+ 1)-dimensional K-contact manifold of rank k. Let
9 lopy:S'x Blay,...,a,),.; — M be the T*-equivariant contact embedding
in Definition 3.7 which is determined by the framing of the closed orbit O of the
K-contact flow. Suppose dim M > 5 and the embedded S! by the map restricted
to S'x {0} of p~'ogy bounds a 2-disk. From Lemma 4.3 together with
Theorem 3.6 we have the following:

COROLLARY 4.4. (1) The case of wy(M) =0. If the framing of the closed
orbit O of the K-contact flow is canonical, then a manifold M obtained by a K-
contact surgery of weight N = ((y,...,,) is diffeomorphic to Mg(S* x S 1). If
the framing of O is twisted, then M is diffeomorphic to M4(S* % S*71).

(2) The case of wy(M) #0. M is always diffeomorphic to M#(S* x S?~1).

Remark 4.5. (1) By suitably choosing the weight N = ({|,...,{,), both type
of (1) in Corollary 4.4 is realized.

(2) If the embedded S! to any closed orbit of the K-contact flow bounds a
disk, then M obtained by a K-contact surgery is always diffecomorphic either to
MH(S? x S71) or to MH(S? x S 1).
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As an application, we classify all manifolds which are diffeomorphic to
closed simply connected 5-dimensional K-contact manifold of rank 3. They are
closed simply connected 5-manifolds with an effective 73-action, which are
classified by Oh [10].

THEOREM 4.6 (Oh). Let M be a closed simply connected 5-manifold with an
effective T3-action. Suppose that the number of the T3-orbits which is diffeo-
morphic to S' equals to r. Then M is diffeomorphic to

S° if r=3,
(8% x SHE---4(S*x S if wy(M) =0,
r—3
(S2 X SHE(S? x SHE---4(S* x S)  if wa(M) #0.
r—4

Here wy(M) is the second Stiefel-Whitney class of M and S* %< S* denotes the
nontrivial oriented S*-bundle over S°.

Remark 4.7. Let M be a closed simply connected 5-manifold which admits
a structure of K-contact manifold of rank 3 with r distinct closed orbits of the
K-contact flow. Then r > 3. Moreover if wy(M) # 0, then r > 4.

From Theorem 4.6 together with Corollary 4.4, we have the following
theorem:

THEOREM 4.8. Let M be a closed simply connected S-manifold. ~Then M
admits a structure of K-contact manifold of rank 3 with r distinct closed orbits of
the K-contact flow if and only if M is diffeomorphic to

S if r=3,
(82 x SHE---4(S? x S if wy(M3) =0,
r=3
(S22 SHE(S? x SHE---4(S? x S if wy(M3) #0.
r—4

Proof. The effective T3-action on S5-manifold has no 7% x Z/pZ as an
isotropy group ([10]). Therefore if the T3-orbit of xe M is T3-equivariantly
diffeomorphic to S!, the isotropy group (77), is isomorphic to 7%, It follows
that the number of the closed orbits of the K-contact flow coincides with
the number of the 73-orbit which are diffeomorphic to S!. For rationally
independent positive constants Ao, 4;, 4, consider the contact form o, = v/—1 /2-
Y102z dz =2 dz) on S°={(z0,71,22) € C*| Y777 = 1} and the T3
action on it given by

(t0, 1, 12) - (20, 21, 22) = (020, 1121, 222),
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where (to,t1,6) e T 3. Then the closure of the orbit of contact flow of arbitrary
point z € S° coincides with the 73-orbit of z. Thus there exists a metric g; such
that (S°,a;,g;) is the K-contact manifold of rank 3 (See [11], [12]). The number
of T3-orbits which is diffeomorphic to S! equals to 3. It follows that if we apply
K-contact surgery of weight N = ({i,...,{,) to (S°,a;,¢,), then we obtain the K-
contact manifold of rank 3, by Corollary 4.4 and Remark 4.5, which is diffeo-
morphic to §? x $3 or S X §°. By Remark 3.9 the number of the closed orbits
of the K-contact flow increase by 1, and hence it equals 4. Repeat K-contact
surgery. Consequently we obtain the K-contact manifold of rank 3 which is
diffeomorphic to (S* x S)f---4(S? x §%) or (S? XS4 (S% x §3)f---4(S* x §?)
r—3 r—4
and has closed orbits of the K-contact flow to be equal to r. Hence by Theorem
4.6 we obtain Theorem 4.8. q.e.d.
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