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ON THE DEFICIENCY OF HOLOMORPHIC CURVES WITH
MAXIMAL DEFICIENCY SUM

NOBUSHIGE TobaA

1. Introduction

Let f = [f,..., f,41) be a holomorphic curve from C into the n-dimensional
complex projective space P"(C) with a reduced representation

(fl?"'af;1+l) :C — C’Hl - {0},

where n is a positive integer.
We use the following notations:

/@1 =1AGE +- + ()
and for a vector a = (ay,...,a,.1) € C"™ — {0}

2 2\1/2
lall = (lar|* + - + Janat )2,

(aaf) = alfl + an+1fn+17
(@./(2)) = arfi(2) + -+ an1 Sy (2)-
The characteristic function 7'(r,f) of f is defined as follows (see [11]):

1 2n )
T(r.f) = ﬂjo log||/ (re")]| d0 — log|| £ (0)]].

On the other hand, put

Uls) = max |f;(2)

then it is known ([1]) that
2n

T(r.f) = %L log U(re'”) do + O(1).

We suppose throughout the paper that f is transcendental; that is to say,

o T
r—x  logr
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and that f is linearly non-degenerate over C; namely, f},..., f,.; are linearly
independent over C.

It is well-known that f is linearly non-degenerate if and only if the
Wronskian W = W (fy,..., f,41) of fi,..., f,41 is not identically equal to zero.

For meromorphic functions in the complex plane we use the standard
notation of the Nevanlinna theory of meromorphic functions ([6], [7]).

For ae C"™' — {0}, we write

lall 1 e
J tog g firemy) 40

N(ra,f) = N<r(alf))

We then have the first fundamental theorem

T(r’f) = N(r,a,f) +Wl(rvavf) + 0(1)
([11], p. 76). We call the quantity

m(r,a.f) =

the deficiency of a with respect to /. We have
(1) 0<daf) <l

from the first fundamental theorem since N(r,a,f) > 0 for r > 1 and m(r,a,f) >
0 for r> 0.

Let X be a subset of C""' — {0} in N-subgeneral position; that is to say,
#X > N +1 and any N + 1 elements of X generate C"*!, where N is an integer
satisfying N > n.

Cartan ([1], N =n) and Nochka ([8], N > n) gave the following

THEOREM A. For any q elements ay,...,a; of X 2N —n+1<¢q < o),
(I) (Second fundamental inequality)

N+1 1
(q 2N+n_1 rf <ZNral7 _mN(r7W)+S(r7f)a

where S(r,f) is any quantity satisfying
S(r.f) =o(T(r.f))

when r tends to oo outside a subset of r of at most finite linear measure;
(I1) (Defect relation)

q
> o(ap.f) <2N —n+1.
Jj=1
(see also [2] or [5].)
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As in the case of meromorphic functions ([3]), we are interested in holo-
morphic curves with maximal deficiency sum; that is to say, we would like to
study the extremal holomorphic curves for the defect relation given in Theorem
A-(IT). Some results are given in [4] and [10].

The main purpose of this paper is to show that if the equality holds in
the defect relation for f and if (n+1,2N —n+ 1) =1 then there are at least
(2N —n+1)/(n+1) vectors a in {ay,...,a,} such that é(a,f) =1 (Theorem 3).

2. Preliminaries

Let /' =(f},...,f,+1] and X etc. be as in Section 1. Let ¢ be an integer

satisfying 2N —n+1 < ¢ < o0 and put
Q: {1525"'7q}'
Let {a;|j € O} be a family of vectors in X. For a non-empty subset P of Q, we
denote
V(P) = the vector space spanned by {a;|j € P}, d(P)=dim V(P)
and we put
O0={PcQ|0<fP<N+1}

For {aj|je€ O}, let w: Q — (0,1] be the Nochka weight function given in
[5, p. 72] and 6 the reciprocal number of the Nochka constant “6” given in
[5, p. 72]. Then, they possess the following properties:

LemMa 1 (see [5], Theorem 2.4.11). (a) 0 < w(j)0 <1 for all je Q;
(b) ¢ — 2N+n— 1=03""1 w(j) —n—1);

©) (N 1)/(n+1) OSCON = n+1)/(n+1);

(d) For any Pe O, 3, po(j) <d(P).

LemMa 2 (see pp. 109-110 in [5])). Let f; {aj|j € O} and w be as in Lemma
1. Then, we have the inequality

Z )o(aj,f) <n+1.

LemMa 3. Suppose that N >n. For ai,...,a,€e X 2N —n+1<g< )
the maximal deficiency sum

NS

oaj,f)=2N—-n+1
1

.
Il

holds if and only if the following two relations hold:
D) (1 = 0o())(1 = d(a,f) =0 (j=1,...,9);
2) Yol o()d(a,f) =n+ 1.
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Proof. In general, we have the following equality, which can be proved
easily,

HZCO a/,f +q— GZCU Z a/af 1 — Ow(7))(1 _6(‘1./7]('))}7

Jj=1

which reduces to

) (Zw Sar.f) - )=Z{5<a,-,f>+<1—ewm)(l—a(aj,f))}

—(2N—-n+1)

by Lemma 1(b). By Lemma 2 and Theorem A-(II), we easily obtain this lemma
since

(1=00(j))(1-d(a,f)) 20 (j=1,...,9)

from (1) and Lemma 1(a).

COROLLARY 1. Suppose that N >n and that for a,...,a;e X (2N —n+
1 < g < ) the maximal deficiency sum

q
(3) Zaa,, f)=2N-n+1

holds.
(I) If there exists some j € Q satisfying Ow(j) < 1, then o(a;,f) =1 for this j.
(1) If 6(a;,f) < 1 for all je€ Q, then
. 1 n+1 )
(/) =0 AN —n+l (J=12,...,9).

Proof. (I) This is obvious from Lemma 3-1).
(II) From Lemma 3-1), we have

and from Lemma 3-2) and (3) we obtain

1 n+l

0 2N -—n+1"

PROPOSITION 1. Suppose that there exists a function

g:Q— (0,1]
which satisfies the following condition (*):
(*) For any Pe 0,
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> o)) <d(P).
jepr

Then, for any element A € ¢ satisfying 4 = N + 1 and for real numbers
Ey,... E, satisfying E; > 1 (je Q), there exists a subset B of 4 which satisfies
the followings.

(@) tB=n+1;

(b) {aj|j € B} is a basis of C"™;

©) Ilca E/”(j) < [Lcp E-

Proof.  Due to the assumption (*), we can prove this proposition as in the
case of Proposition 2.4.15 in [5], p. 75. To make sure of it we shall give a proof
of this proposition. We suppose without loss of generality that

Ei>E > - 2E,

We choose ji,...,jyr1 by induction as follows.
1) Let j; be the minimum number of 4. we put

A1 ={j,} and Sy ={jed|ajeV(4)}.

2) Suppose that ji,...,j, are chosen. We put for k > 1

k-1
A ={j1,---,jx} and S = {jeA— U Sr|ae V(Ak)}>
/=0

where Sy = ¢. We choose ji+1 (1 <k <n) as follows.
ket =min{j € A |a; ¢ V(Ax)}

and put

k
A1 = {]'17---7].k+1} and Siy = {jeA - U Sy |aj e V(Ak+1)}-
/=0

Then, it is easy to see that

(i) Si,...,8:41 are mutually disjoint and a;,...,a,, are linearly inde-
pendent; "

(i) 4= Uiey Sis

(i) E; < E;, for je Sk

(iV) Ejl ZEjz = 2Eju+1 > 1.

We put for k=1,...,n+1
Ti=5U---US and di=>» a()).

J€Sk

Then,
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m

4) Modism (m=1,...n+1)
o

since

S0 =35 o) < (T
k=1

k=1 Jje Sk

by (*).

Put B={j,,...,ju+1}. Then B satisfies (a), (b) and (c). It is easy to see
that (a) and (b) hold. We have only to prove (c).

Now by (4), (iii) and (iv) we have the inequality (c):

n+1
[T =T IT&"
jed =1 jeSk
n+1 n+l1
< [T &7 =115
=1 /GS/ k=1
1+d, H d 1+d, H dk
- E/1E]1 E' < Efl Ejz Ejk
k=2 k=2
n+1
—1+d\+d> H dy
= E,E, E,

— E,E,E; Yiditds Edk

2] Tk
k=3
n+1

. p2tdi+ds dy.
< E,E, E; I1£:
k=3

—E E Ev]zE 3+di+dr+ds I |Edk
J3 Jk
k=

—n—1+d++dyy
Ejl E]Z E/n+1 T+ : :
<EE, L, H E;.
jeB
DeriNiTION 1. We put
. d(P
A= in Q
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and for je Q
a(j) = A

ProposiTION 2. (a) 1/(N—n+1)<i<(n+1)/(N+1).
(b) For any Pe 0,
Za(j) <d(P).

Proof. (a) As X is in N-subgeneral position, when §P =N+ 1, d(P)
n+1. This means that 1 < (n+1)/(N +1).
As
fP—d(P) <N —n

for any Pe O (see (2.4.3) in [5], p. 68), we have

dp) _ dp) 1
P = N—-n+dP) =~ N—n+1’

so that
# < A
N-n+1~"7
(b) By Definition 1
> o)) =P < %up =d(P).

jepP

Remark 1. By the definition of w (see [5], p. 72), if
" +1
2N —n+1’
then
and o(j) =4 for jeP, e such that dé}fo)

A

=/

A= min ()
1<j<q

Further, 6 < 2N —n+1)/(n+1).

3. Theorem
Let /' =[f},..., f,s1] and X etc. be as in Sections 1 and 2.

THEOREM 1. For any ay,...,a;e X (2N —n+1<gq< ) we have the

inequality

E:m(r7 a;,f) < ntl T(r.f)— %N(r,iw) + S(r.f).

=1 g
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Proof.  We put
F=(a.f) (j=1,...,9).
For any z(# 0) arbitrarily fixed in |z] < oo for which Fj(z) #0 (j=1,...,q), let
|Fi ()| < [Fp(2)] < -+ < [, (2)],

where ji,...,j, are distinct and 1<ji,...,j, <¢q. Then, there is a positive
constant K such that

/@I < KIF, ()] (v=N+1,....9),
E@I <Kl v=1,....9).

(From now on we denote by K a positive constant, which may be different from
each other when it appears.)
For ¢(j) =1 (j=1,...,q) we have by (5), Proposition 1 and Proposition

(5)

2-(b)
q z N+1 ',
® TSl < e T ()
e
o | e

_ KIIf(Z)II"+l (2]
W WeslF(2)]°
where B is the subset of 4 = {j|,...,jn+1} given in Proposition 1 and Wp(z) is

the Wronskian of Fj, (j, € B). Note that Wp(z) = cW(z) (¢ # 0, constant). As
a(j) = A for all je Q, we obtain from (6) that

leog TS < (1) ogl (2]~ ogl ()|
W)

+ Z log" H/‘GB‘F z )|+10gK

where summation ) ,_, is taken over all B — Q satistying that {a;|j € B} is a
basis of C"*!. From t%is inequality we obtain the inequality

q
iZm(r, a.f) <+ 1)T(r.f)— N(r,LW) + S(r.f).

J=1

as usual.

CorOLLARY 2 (Defect relation). For ai,...,a;e X 2N —n+1<gq< ),
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- 1
Zéa,, <m1n<2N—n+1nj_ >
j=1 ’

Proof. From Theorem 1 we obtain

g
Zéa],f < n+1

Jj=1 A

as usual. Combining this inequality with the defect relation of Theorem A-(II),
we obtain our corollary.

4. Defects of holomorphic curves with maximal deficiency sum

Let f =[fi,..., fup1), X etc. be as in Sections 1, 2 and 3.

THEOREM 2.  Suppose that N > n > 2 and that there are vectors ai,...,a, in
X such that
q
(7) > oa;.f) =2N —n+1,
j=1

where 2N —n+1<g< . If

n+1

(8) AN AT

then there are at least

2N —n+1 L
n+1

vectors a € {ay,...,a,} satisfying o(a,f) = 1.

Proof. By the definition of A, there is a set P, in @ such that

=d(P,) /4P,
Then, by (8) and Remark 1,
. |
() =i<y (jeP),

so that
Ow(j) <1 (jeP,).
By Corollary 1

5(alvf) =1 (jepo)
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since (7) is assumed. As
1 2N —n+1 2N —n+1
>——d >
n+1

we have our theorem.

THEOREM 3. Suppose that

> dlaf)=2N-n+1.
acX
If (n+1,2N —n+1) =1, then there are at least
{2Nn+l}
—| +1
n+1
vectors a € X satisfying o(a,f) = 1.

Proof. We first note that N >n>2 under the condition
2N —n+1)=1. By Theorem A-(II), it is easy to see that the set

Y={aecX|d(af) >0}
is at most countable and

> da.f) <2N—n+1.

acY

(A) The case when Y is a finite set. Let
Y ={aj,a,...,a,}.

Then, from the assumption of this theorem we have

9) y o(aj,f) =2N —n+1,
=1

J

where 2N —n+1 < g < .

143

(n+1,

There is nothing to prove when ¢ =2N —n+ 1. Suppose 2N —n+1< g <

oo. From (9) and Corollary 2, we have the inequality

n+1
1 A< —-———.
(10) T 2N-n+1

On the other hand, by the definition of A, there is an element P, in @ such that

J=d(P,)/4P,

AstP, < N+1<2N —n+1and (n+ 1,2N —n+ 1) = 1 by our assumption, the

equality in (10) cannot hold. That is to say, it must hold that
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n+1

<t
SN —n+1

Then, we have our theorem by Theorem 2 in this case.
(B) The case when Y is not finite. Let

Y = {al,az,a3, .. }

(11) 200: o(aj,f)=2N—n+1.

We put
={P<=N|0<{fP<N+1},
where N is the set of positive integers, and for any finite subset P # ¢ of N, we
use
V(P) and d(P)

as in Section 2.
Further, we put

d(P) . .
Ao = &‘é‘lﬁT and o(j)=1x (jeN).
Note that the set {d(P)/tP|P € 0} is a finite set.
As in the case of Proposition 2, we have the followings.
(a) I/(N—n+1) <A, <(n+1)/(N+1).
(b)) For any Pe O, > pol(j) <d(P).
Further, we have the inequality

o0
(12) > 0@ f) < (n+1)/dos.
In fact, for any ¢(>2N —n+1) in N, we have the inequality
q
A:X:Zmrah = 1)T(r,f)—N(r,1/W)—|—S(r,f)
j=1

by (by) and Proposition 1 as in the case of Theorem 1, from which we have

2‘1:5 (a;,f/) < (m+1)/2

J=1

as usual and letting ¢ tend to oo we have the inequality (12).
Now, there is an element P, of (/,, satisfying
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Ao = d(F) /4P,
Then we shall prove that
oap,f) =1 (jePR).
Suppose to the contrary that
min J(a;,f) =0 < 1.

Jjek,
By the assumption (11) of this theorem we obtain from (12) that
o < (n+1)/2N —n+1).
Further as (n+ 1,2N —n+1) =1 and §P, < N+ 1 < 2N —n + 1, the inequality

(13) Ao < (n+1)/2N —n+1).

must hold. As (13) holds, for any positive number & satistying
2N —n+1

14 0 l——— 2, | (1 =9),

(14) o< (1= )0 -0

we choose ¢ € N satisfying 0 ={1,2,...,¢9} o P, and

(15) 2N—n+1—£<zq:5(aj,f).
J=1

For this O, we use 0,, w, and 4, instead of ¢, w and Z in Section 2 respectively.
By the choice of ¢, Ao = 4.
By Lemma 2 and (2) we obtain

q q
(16) > d(ay.f) }: 0,04(j))(1 = (a;,f)) <2N —n + 1.
=

=1
From (15) and (16) we have

(17) }:l—ﬁww —d(a;,f)) < e

By the definition of w, (see p. 72 in [5 ]) for ] eP,
(18) wy(J) = 44
and by (13) and Lemma 1(c)
n+1 1
2N —n+1" Hq
From (17), (18) and (19) for some j € P, with é(a;,f) =
( 2N —n+1
e S
n+1

(19) Ao

xw)u —8) < (1= 0,)(1 - 8) = (1 — Oy, () (1 — 3y, ) <
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which contradicts (14). This means that 6 must be equal to 1. As

2N —n—+1 <2N—n—i—1
n+1 - n+1

d(F,) <P,

we have our theorem.

Remark 2. This is a generalization of Corollary 1 in [9].
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