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ON THE DEFICIENCY OF HOLOMORPHIC CURVES WITH

MAXIMAL DEFICIENCY SUM

Nobushige Toda

1. Introduction

Let f � � f1; . . . ; fn�1� be a holomorphic curve from C into the n-dimensional
complex projective space Pn�C� with a reduced representation

� f1; . . . ; fn�1� : C ! C n�1 ÿ f0g;
where n is a positive integer.

We use the following notations:

k f �z�k � �j f1�z�j2 � � � � � j fn�1�z�j2�1=2

and for a vector a � �a1; . . . ; an�1� A C n�1 ÿ f0g
kak � �ja1j2 � � � � � jan�1j2�1=2;

�a; f � � a1 f1 � � � � � an�1 fn�1;

�a; f �z�� � a1 f1�z� � � � � � an�1 fn�1�z�:
The characteristic function T�r; f � of f is de®ned as follows (see [11]):

T�r; f � � 1

2p

�2p

0

logk f �reiy�k dyÿ logk f �0�k:

On the other hand, put

U�z� � max
1UjUn�1

j fj�z�j;

then it is known ([1]) that

T�r; f � � 1

2p

�2p

0

log U�reiy� dy�O�1�:

We suppose throughout the paper that f is transcendental; that is to say,

lim
r!y

T�r; f �
log r

�y
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and that f is linearly non-degenerate over C; namely, f1; . . . ; fn�1 are linearly
independent over C.

It is well-known that f is linearly non-degenerate if and only if the
Wronskian W �W� f1; . . . ; fn�1� of f1; . . . ; fn�1 is not identically equal to zero.

For meromorphic functions in the complex plane we use the standard
notation of the Nevanlinna theory of meromorphic functions ([6], [7]).

For a A C n�1 ÿ f0g, we write

m�r; a; f � � 1

2p

�2p

0

log
kak k f �reiy�k
j�a; f �reiy��j dy;

N�r; a; f � � N r;
1

�a; f �
� �

:

We then have the ®rst fundamental theorem

T�r; f � � N�r; a; f � �m�r; a; f � �O�1�
([11], p. 76). We call the quantity

d�a; f � � 1ÿ lim sup
r!y

N�r; a; f �
T�r; f � � lim inf

r!y

m�r; a; f �
T�r; f �

the de®ciency of a with respect to f. We have

0U d�a; f �U 1�1�
from the ®rst fundamental theorem since N�r; a; f �V 0 for rV 1 and m�r; a; f �V
0 for r > 0.

Let X be a subset of C n�1 ÿ f0g in N-subgeneral position; that is to say,

]X VN � 1 and any N � 1 elements of X generate C n�1, where N is an integer
satisfying N V n.

Cartan ([1], N � n) and Nochka ([8], N > n) gave the following

Theorem A. For any q elements a1; . . . ; aq of X �2N ÿ n� 1 < q <y�,
(I) (Second fundamental inequality)

�qÿ 2N � nÿ 1�T�r; f � <
Xq

j�1

N�r; aj; f � ÿN � 1

n� 1
N r;

1

W

� �
� S�r; f �;

where S�r; f � is any quantity satisfying

S�r; f � � o�T�r; f ��
when r tends to y outside a subset of r of at most ®nite linear measure;

(II) (Defect relation) Xq

j�1

d�aj; f �U 2N ÿ n� 1:

(see also [2] or [5].)
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As in the case of meromorphic functions ([3]), we are interested in holo-
morphic curves with maximal de®ciency sum; that is to say, we would like to
study the extremal holomorphic curves for the defect relation given in Theorem
A-(II). Some results are given in [4] and [10].

The main purpose of this paper is to show that if the equality holds in
the defect relation for f and if �n� 1; 2N ÿ n� 1� � 1 then there are at least
�2N ÿ n� 1�=�n� 1� vectors a in fa1; . . . ; aqg such that d�a; f � � 1 (Theorem 3).

2. Preliminaries

Let f � � f1; . . . ; fn�1� and X etc. be as in Section 1. Let q be an integer
satisfying 2N ÿ n� 1 < q <y and put

Q � f1; 2; . . . ; qg:
Let fajj j A Qg be a family of vectors in X. For a non-empty subset P of Q, we
denote

V�P� � the vector space spanned by fajj j A Pg; d�P� � dim V�P�
and we put

O � fPHQ j 0 < ]PUN � 1g:
For fajj j A Qg, let o : Q! �0; 1� be the Nochka weight function given in

[5, p. 72] and y the reciprocal number of the Nochka constant ``y'' given in
[5, p. 72]. Then, they possess the following properties:

Lemma 1 (see [5], Theorem 2.4.11). (a) 0 < o� j�yU 1 for all j A Q;
(b) qÿ 2N � nÿ 1 � y�Pq

j�1 o� j� ÿ nÿ 1�;
(c) �N � 1�=�n� 1�U yU �2N ÿ n� 1�=�n� 1�;
(d) For any P A O,

P
j AP o� j�U d�P�.

Lemma 2 (see pp. 109±110 in [5]). Let f, fajj j A Qg and o be as in Lemma
1. Then, we have the inequalityXq

j�1

o� j�d�aj; f �U n� 1:

Lemma 3. Suppose that N > n. For a1; . . . ; aq A X �2N ÿ n� 1 < q <y�
the maximal de®ciency sum Xq

j�1

d�aj; f � � 2N ÿ n� 1

holds if and only if the following two relations hold:
1) �1ÿ yo� j���1ÿ d�aj; f �� � 0 � j � 1; . . . ; q�;
2)
Pq

j�1 o� j�d�aj; f � � n� 1.
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Proof. In general, we have the following equality, which can be proved
easily,

y
Xq

j�1

o� j�d�aj; f � � qÿ y
Xq

j�1

o� j� �
Xq

j�1

fd�aj; f � � �1ÿ yo� j���1ÿ d�aj; f ��g;

which reduces to

y
Xq

j�1

o� j�d�aj ; f � ÿ nÿ 1

 !
�
Xq

j�1

fd�aj; f � � �1ÿ yo� j���1ÿ d�aj ; f ��g�2�

ÿ �2N ÿ n� 1�
by Lemma 1(b). By Lemma 2 and Theorem A-(II), we easily obtain this lemma
since

�1ÿ yo� j���1ÿ d�aj; f ��V 0 � j � 1; . . . ; q�
from (1) and Lemma 1(a).

Corollary 1. Suppose that N > n and that for a1; . . . ; aq A X �2N ÿ n�
1 < q <y� the maximal de®ciency sumXq

j�1

d�aj; f � � 2N ÿ n� 1�3�

holds.
(I) If there exists some j A Q satisfying yo� j� < 1, then d�aj; f � � 1 for this j.
(II) If d�aj ; f � < 1 for all j A Q, then

o� j� � 1

y
� n� 1

2N ÿ n� 1
� j � 1; 2; . . . ; q�:

Proof. (I) This is obvious from Lemma 3-1).
(II) From Lemma 3-1), we have

o� j� � 1

y
� j � 1; 2; . . . ; q�

and from Lemma 3-2) and (3) we obtain

1

y
� n� 1

2N ÿ n� 1
:

Proposition 1. Suppose that there exists a function

s : Q! �0; 1�
which satis®es the following condition (*):

(*) For any P A O,
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X
j AP

s� j�U d�P�:

Then, for any element A A O satisfying ]A � N � 1 and for real numbers
E1; . . . ;Eq satisfying Ej V 1 � j A Q�, there exists a subset B of A which satis®es
the followings.

(a) ]B � n� 1;
(b) fajj j A Bg is a basis of C n�1;

(c)
Q

j AA E
s� j�
j U

Q
j AB Ej.

Proof. Due to the assumption (*), we can prove this proposition as in the
case of Proposition 2.4.15 in [5], p. 75. To make sure of it we shall give a proof
of this proposition. We suppose without loss of generality that

E1 VE2 V � � � VEq:

We choose j1; . . . ; jn�1 by induction as follows.
1) Let j1 be the minimum number of A. we put

A1 � f j1g and S1 � f j A A j aj A V�A1�g:
2) Suppose that j1; . . . ; jk are chosen. We put for k V 1

Ak � f j1; . . . ; jkg and Sk � j A Aÿ 6
kÿ1

l�0

Sl

���� aj A V�Ak�
( )

;

where S0 � f. We choose jk�1 �1U k U n� as follows.

jk�1 � minf j A A j aj B V�Ak�g
and put

Ak�1 � f j1; . . . ; jk�1g and Sk�1 � j A Aÿ 6
k

l�0

Sl

���� aj A V�Ak�1�
( )

:

Then, it is easy to see that
(i) S1; . . . ;Sn�1 are mutually disjoint and aj1 ; . . . ; ajn�1

are linearly inde-
pendent;

(ii) A �6n�1

k�1 Sk;
(iii) Ej UEjk for j A Sk;
(iv) Ej1 VEj2 V � � � VEjn�1

V 1.
We put for k � 1; . . . ; n� 1

Tk � S1 U � � � USk and dk �
X
j ASk

s� j�:

Then,
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Xm

k�1

dk Um �m � 1; . . . ; n� 1��4�

since Xm

k�1

dk �
Xm

k�1

X
j ASk

s� j�U d�Tm� � m

by (*).
Put B � f j1; . . . ; jn�1g. Then B satis®es (a), (b) and (c). It is easy to see

that (a) and (b) hold. We have only to prove (c).
Now by (4), (iii) and (iv) we have the inequality (c):

Y
j AA

E
s� j�
j �

Yn�1

k�1

Y
j ASk

E
s� j�
j

U
Yn�1

k�1

Y
j ASk

E
s� j�
jk
�
Yn�1

k�1

E dk

jk

� Ej1 Eÿ1�d1
j1

Yn�1

k�2

E dk

jk
UEj1 Eÿ1�d1

j2

Yn�1

k�2

E dk

jk

� Ej1 Eÿ1�d1�d2
j2

Yn�1

k�3

E dk

jk

� Ej1 Ej2 Eÿ2�d1�d2
j2

Yn�1

k�3

E dk

jk

UEj1 Ej2 Eÿ2�d1�d2
j3

Yn�1

k�3

E dk

jk

� Ej1 Ej2 Ej3 Eÿ3�d1�d2�d3

j3

Yn�1

k�4

E dk

jk

� � � � � � � � �
UEj1 Ej2 � � �Ejn�1

E
ÿnÿ1�d1�����dn�1

jn�1

UEj1 Ej2 � � �Ejn�1
�
Y
j AB

Ej:

Definition 1. We put

l � min
P AO

d�P�
]P
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and for j A Q

s� j� � l:

Proposition 2. (a) 1=�N ÿ n� 1�U lU �n� 1�=�N � 1�.
(b) For any P A O, X

j AP

s� j�U d�P�:

Proof. (a) As X is in N-subgeneral position, when ]P � N � 1, d�P� �
n� 1. This means that lU �n� 1�=�N � 1�.

As

]Pÿ d�P�UN ÿ n

for any P A O (see (2.4.3) in [5], p. 68), we have

d�P�
]P

V
d�P�

N ÿ n� d�P� V
1

N ÿ n� 1
;

so that
1

N ÿ n� 1
U l:

(b) By De®nition 1X
j AP

s� j� � l]PU
d�P�
]P

]P � d�P�:

Remark 1. By the de®nition of o (see [5], p. 72), if

l <
n� 1

2N ÿ n� 1
;

then

l � min
1UjUq

o� j� and o� j� � l for j A Po A O such that
d�Po�
]Po

� l:

Further, y < �2N ÿ n� 1�=�n� 1�.

3. Theorem

Let f � � f1; . . . ; fn�1� and X etc. be as in Sections 1 and 2.

Theorem 1. For any a1; . . . ; aq A X �2N ÿ n� 1 < q <y� we have the
inequality Xq

j�1

m�r; aj ; f �U n� 1

l
T�r; f � ÿ 1

l
N r;

1

W

� �
� S�r; f �:
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Proof. We put

Fj � �aj; f � � j � 1; . . . ; q�:
For any z�0 0� arbitrarily ®xed in jzj <y for which Fj�z�0 0 � j � 1; . . . ; q�, let

jFj1�z�jU jFj2�z�jU � � � U jFjq�z�j;
where j1; . . . ; jq are distinct and 1U j1; . . . ; jq U q. Then, there is a positive
constant K such that

k f �z�kUK jFjn�z�j �n � N � 1; . . . ; q�;
jFjn�z�jUKk f �z�k �n � 1; . . . ; q�:�5�

(From now on we denote by K a positive constant, which may be di¨erent from
each other when it appears.)

For s� j� � l � j � 1; . . . ; q� we have by (5), Proposition 1 and Proposition
2-(b) Yq

j�1

kajk kf �z�k
j�aj; f �z��j

� �s� j�
UK

YN�1

n�1

kajnk k f �z�k
jFjn�z�j

� �s� jn�
�6�

� K
Y

jn A B

kajnk k f �z�k
jFjn�z�j

� K
k f �z�kn�1

jW�z�j �
jWB�z�j

Pjn ABjFjn�z�j
;

where B is the subset of A � f j1; . . . ; jN�1g given in Proposition 1 and WB�z� is
the Wronskian of Fjn � jn A B�. Note that WB�z� � cW �z� (c0 0, constant). As
s� j� � l for all j A Q, we obtain from (6) that

l
Xq

j�1

log
kajk k f �z�k
j�aj; f �z��j U �n� 1� logk f �z�k ÿ logjW�z�j

�
X

BHQ

log�
jWB�z�j

Pjn A BjFjn�z�j
� log K ;

where summation
P

BHQ is taken over all BHQ satisfying that faj j j A Bg is a
basis of C n�1. From this inequality we obtain the inequality

l
Xq

j�1

m�r; aj; f �U �n� 1�T�r; f � ÿN r;
1

W

� �
� S�r; f �:

as usual.

Corollary 2 (Defect relation). For a1; . . . ; aq A X �2N ÿ n� 1 < q <y�,
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Xq

j�1

d�aj ; f �Umin 2N ÿ n� 1;
n� 1

l

� �
:

Proof. From Theorem 1 we obtainXq

j�1

d�aj; f �U n� 1

l
:

as usual. Combining this inequality with the defect relation of Theorem A-(II),
we obtain our corollary.

4. Defects of holomorphic curves with maximal de®ciency sum

Let f � � f1; . . . ; fn�1�, X etc. be as in Sections 1, 2 and 3.

Theorem 2. Suppose that N > nV 2 and that there are vectors a1; . . . ; aq in
X such that Xq

j�1

d�aj; f � � 2N ÿ n� 1;�7�

where 2N ÿ n� 1 < q <y. If

l <
n� 1

2N ÿ n� 1
;�8�

then there are at least

2N ÿ n� 1

n� 1

� �
� 1

vectors a A fa1; . . . ; aqg satisfying d�a; f � � 1.

Proof. By the de®nition of l, there is a set Po in O such that

l � d�Po�=]Po:

Then, by (8) and Remark 1,

o� j� � l <
1

y
� j A Po�;

so that

yo� j� < 1 � j A Po�:
By Corollary 1

d�aj ; f � � 1 � j A Po�
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since (7) is assumed. As

]Po � 1

l
d�Po� > 2N ÿ n� 1

n� 1
d�Po�V 2N ÿ n� 1

n� 1

we have our theorem.

Theorem 3. Suppose thatX
a A X

d�a; f � � 2N ÿ n� 1:

If �n� 1; 2N ÿ n� 1� � 1, then there are at least

2N ÿ n� 1

n� 1

� �
� 1

vectors a A X satisfying d�a; f � � 1.

Proof. We ®rst note that N > nV 2 under the condition �n� 1;
2N ÿ n� 1� � 1. By Theorem A-(II), it is easy to see that the set

Y � fa A X j d�a; f � > 0g
is at most countable and X

a AY

d�a; f �U 2N ÿ n� 1:

(A) The case when Y is a ®nite set. Let

Y � fa1; a2; . . . ; aqg:
Then, from the assumption of this theorem we haveXq

j�1

d�aj; f � � 2N ÿ n� 1;�9�

where 2N ÿ n� 1U q <y.
There is nothing to prove when q � 2N ÿ n� 1. Suppose 2N ÿ n� 1 < q <

y. From (9) and Corollary 2, we have the inequality

lU
n� 1

2N ÿ n� 1
:�10�

On the other hand, by the de®nition of l, there is an element Po in O such that

l � d�Po�=]Po:

As ]Po UN � 1 < 2N ÿ n� 1 and �n� 1; 2N ÿ n� 1� � 1 by our assumption, the
equality in (10) cannot hold. That is to say, it must hold that
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l <
n� 1

2N ÿ n� 1
:

Then, we have our theorem by Theorem 2 in this case.
(B) The case when Y is not ®nite. Let

Y � fa1; a2; a3; . . .g:
Then, Xy

j�1

d�aj; f � � 2N ÿ n� 1:�11�

We put

Oy � fPHN j 0 < ]PUN � 1g;
where N is the set of positive integers, and for any ®nite subset P0 f of N, we
use

V�P� and d�P�
as in Section 2.

Further, we put

ly � min
P AOy

d�P�
]P

and s� j� � ly � j A N�:

Note that the set fd�P�=]PjP A Oyg is a ®nite set.
As in the case of Proposition 2, we have the followings.

�ay� 1=�N ÿ n� 1�U ly U �n� 1�=�N � 1�:
�by� For any P A Oy;

P
j AP s� j�U d�P�:

Further, we have the inequalityXy
j�1

d�aj ; f �U �n� 1�=ly:�12�

In fact, for any q�>2N ÿ n� 1� in N, we have the inequality

ly

Xq

j�1

m�r; aj ; f �U �n� 1�T�r; f � ÿN�r; 1=W� � S�r; f �

by (by) and Proposition 1 as in the case of Theorem 1, from which we haveXq

j�1

d�aj; f �U �n� 1�=ly

as usual and letting q tend to y we have the inequality (12).
Now, there is an element Po of Oy satisfying
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ly � d�Po�=]Po:

Then we shall prove that

d�aj; f � � 1 � j A Po�:
Suppose to the contrary that

min
j APo

d�aj; f � � d < 1:

By the assumption (11) of this theorem we obtain from (12) that

ly U �n� 1�=�2N ÿ n� 1�:
Further as �n� 1; 2N ÿ n� 1� � 1 and ]Po UN � 1 < 2N ÿ n� 1, the inequality

ly < �n� 1�=�2N ÿ n� 1�:�13�
must hold. As (13) holds, for any positive number e satisfying

0 < e < 1ÿ 2N ÿ n� 1

n� 1
ly

� �
�1ÿ d�;�14�

we choose q A N satisfying Q � f1; 2; . . . ; qgIPo and

2N ÿ n� 1ÿ e <
Xq

j�1

d�aj; f �:�15�

For this Q, we use yq, oq and lq instead of y, o and l in Section 2 respectively.
By the choice of q, ly � lq.

By Lemma 2 and (2) we obtainXq

j�1

d�aj; f � �
Xq

j�1

�1ÿ yqoq� j���1ÿ d�aj; f ��U 2N ÿ n� 1:�16�

From (15) and (16) we haveXq

j�1

�1ÿ yqoq� j���1ÿ d�aj; f �� < e:�17�

By the de®nition of oq (see p. 72 in [5]), for j A Po

oq� j� � lq � ly�18�
and by (13) and Lemma 1(c)

ly <
n� 1

2N ÿ n� 1
U

1

yq
:�19�

From (17), (18) and (19) for some j A Po with d�aj ; f � � d

1ÿ 2N ÿ n� 1

n� 1
ly

� �
�1ÿ d�U �1ÿ yqly��1ÿ d� � �1ÿ yqoq� j���1ÿ d�aj; f �� < e;
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which contradicts (14). This means that d must be equal to 1. As

2N ÿ n� 1

n� 1
U

2N ÿ n� 1

n� 1
d�Po� < ]Po;

we have our theorem.

Remark 2. This is a generalization of Corollary 1 in [9].

Acknowledgement. The author thanks the referee for valuable comments to
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