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ENTIRE FUNCTIONS OF SMALL GROWTH THAT SHARE ONE

VALUE WITH ITS LINEAR DIFFERENTIAL POLYNOMIALS*yz

Jun Wang and Hongxun Yi

Abstract

In this paper, we investigate the relationship between an entire function of small

growth f and its linear di¤erential polynomial Lð f Þ when they share one value by

applying value distribution theory and complex oscillation theory. As consequences of

the main result we can get the precise form of f .

1. Introduction and main results

Let f ðzÞ and gðzÞ denote some non-constant meromorphic functions and a
be a finite value. We say f ðzÞ ¼ a ! gðzÞ ¼ a if zn ðn ¼ 1; 2; . . .Þ are the zeros
of f ðzÞ � a with multiplicities vðnÞ, and zn ðn ¼ 1; 2; . . .Þ are also zeros of gðzÞ � a
with multiplicities at least vðnÞ. If f � a and g� a have the same zeros with the
same multiplicities, then we say that f and g share a CM. By Sðr; f Þ we denote
any quantity satisfying

Sðr; f Þ ¼ oðTðr; f ÞÞ;
as r ! y, possibly outside a set of r with finite linear measure. Then a
meromorphic function aðzÞ is said a small function of f if Tðr; aÞ ¼ Sðr; f Þ. In
addition, we shall assume that the reader is familiar with the fundamental
results and the standard notations of the Nevanlinna theory (e.g. see [5] or [7]).
Especially, we use sð f Þ to denote the order of growth of f ðzÞ.

On the problem of uniqueness of an entire function and its derivative that
share one value, the following results have been obtained.

Theorem A ([12]). Let f be a non-constant entire function, k be a positive

integer. If f and f ðkÞ share the value 1 CM, and if

N r;
1

f 0

� �
< ðlþ oð1ÞÞTðr; f Þ
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for some real constant l A ð0; 1=4Þ, then

f ðkÞ � 1

f � 1
¼ c;

for some non-zero constant c.

Theorem B ([11]). Let f be a non-constant entire function of finite order, and
let a0 0 be a finite constant, k be a positive integer. If f and f ðkÞ share a CM,
then

f ðkÞ � a

f � a
¼ c;

for some non-zero constant c.

However, there are no corresponding results about the uniqueness of an
entire function and its linear di¤erential polynomial that share one value. In this
paper, we note the precise result about growth of an entire function of small
growth (whose order is less than 1=2), so we have a try by applying complex
oscillation theory. In the sequel, we set

Lð f Þ ¼ akðzÞ f ðkÞ þ ak�1ðzÞ f ðk�1Þ þ � � � þ a0ðzÞ f ; ðkb 1Þð1:1Þ
where ajðzÞ ð j ¼ 0; 1; . . . ; kÞ are polynomials and akðzÞD 0. Indeed, we shall
prove the following theorems:

Theorem 1. Let f be a non-constant entire function of order sð f Þ < 1=2 and
bðzÞ be a non-zero small function of f . If f � bðzÞ ¼ 0 ! Lð f Þ � bðzÞ ¼ 0, then

Lð f Þ � bðzÞ
f � bðzÞ ¼ QðzÞ;ð1:2Þ

where QðzÞ is a non-zero polynomial.

Theorem 2. Let f and bðzÞ be as in Theorem 1. If f � bðzÞ ¼ 0 ! Lð f Þ �
bðzÞ ¼ 0, then the following conclusions hold:

(a) If ðdeg aj � deg aiÞ=ð j � iÞa 1=2 for any i0 j ði; j A f1; . . . ; kgÞ, then

Lð f Þ � bðzÞ
f � bðzÞ ¼ QðzÞ;ð1:3Þ

where the non-zero polynomial QðzÞ satisfies deg Qamaxfdeg aj j j ¼ 0; . . . ; kg.
(b) If bðzÞ1 b0 0 and aj ð j ¼ 0; 1; . . . ; kÞ are constants, then f ¼ bmz

m þ
� � � þ b1zþ b0 ð0 < ma kÞ where bm 0 0, bi ði ¼ 1; . . . ;mÞ are constants with aj ¼
0 ð j ¼ 1; . . . ;m� 1Þ and m!ambm ¼ bð1� a0Þ.

Theorem 3. Let f be a non-constant entire function of finite order satisfying
sð f Þ0 1þ n=k for any positive integer n, and let a0 0 be a finite constant. If
f ¼ a ! f ðkÞ ¼ a and
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lim
r!y

logðNðr; f ðkÞ ¼ aÞ �Nðr; f ¼ aÞÞ
log r

<
1

2
;

then

f ðkÞ � a

f � a
¼ c;ð1:4Þ

for some non-zero constant c.

In fact, f satisfying the hypothesis of Theorem 1 must be a solution of the
following equation

Xk
j¼1

ajðzÞ f ð jÞ þ ða0ðzÞ �QðzÞÞ f ¼ bðzÞð1�QðzÞÞ;ð1:5Þ

where ajðzÞ ð j ¼ 0; 1; . . . ; kÞ, QðzÞ and bðzÞ are as in Theorem 1. Hence, it is
natural to ask if there always exists any transcendental entire function of small
growth satisfying (1.5). Now, we give an a‰rmative answer. For example, let
f ¼ 1þ

Py
n¼1 z

n=ð3nÞ! and gðzÞ ¼ ð1=2Þðcos z1=4 þ cos iz1=4Þ ¼ 1þ
Py

n¼1 z
n=ð4nÞ!,

then sð f Þ ¼ 1=3 and sðgÞ ¼ 1=4. Moreover, they also respectively satisfy

27z3f 000 þ 54z2f 00 þ 6zf 0 � zf ¼ 0;

64z4gð4Þ þ 288z3g 000 þ 204z2g 00 þ 6zg 0 � 1

4
zg ¼ 0:

Set L1ð f Þ ¼ 27z3f 000 þ 54z2f 00 þ 6zf 0 � ðz� 1Þ f , L2ð f Þ ¼ 27z3f 000 þ 54z2f 00 þ
6zf 0 þ cðzÞ f , L3ðgÞ ¼ 64z4gð4Þ þ 288z3g 000 þ 204z2g 00 þ 6zg 0 � ðð1=4Þz� 1Þg and
L4ðgÞ ¼ 64z4gð4Þ þ 288z3g 000 þ 204z2g 00 þ 6zg 0 þ cðzÞg where cðzÞ is any polyno-
mial. From this, we have

L1ð f Þ � aðzÞ
f � aðzÞ ¼ 1;

L2ð f Þ
f

¼ cðzÞ þ z;
L3ðgÞ � dðzÞ
g� dðzÞ ¼ 1;

L4ðgÞ
g

¼ cðzÞ þ 1

4
z;

where aðzÞ is any small function of f , dðzÞ is any small function of g. This
example also shows that the assumption of deg aj in case (a) of Theorem 2 is
sharp. In general, we also can obtain the following

Theorem 4. Let p and q be positive integers. Suppose that f ¼ 1þPy
n¼1 z

qn=ðpnÞ!, then f satisfies the equation as

Apz
pf ðpÞ þ Ap�1z

p�1f ð p�1Þ þ � � � þ A1zf
0 ¼ zqf ;ð1:6Þ

where Aj ð j ¼ 1; 2; . . . ; pÞ are constants that depend only on p and q.

Clearly, f in Theorem 4 is an entire function of sð f Þ ¼ q=p. Take the right
p and q such that sð f Þ < 1=2, from (1.6) we know that there really exist tran-
scendental entire functions of small growth satisfying (1.5).
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2. Preliminary lemmas

In this section, we present some lemmas which are necessary in this paper.

Lemma 1 ([9]). Let f ðzÞ be a transcendental meromorphic function, and a > 1
be a given constant. Then there exist a set E1 H ð1;þyÞ of finite logarithmic
measure and a constant B > 0 that depends only on a and ðm; nÞ, (m; n are integers
with 0am < n) such that for all z satisfying jzj ¼ r B ½0; 1�UE1, we have

f ðnÞðzÞ
f ðmÞðzÞ

����
����aB

Tðar; f Þ
r

ðloga rÞ log Tðar; f Þ
� �n�m

:

Lemma 2 ([1]). Let f ðzÞ be an entire function of order sð f Þ ¼ s < 1=2 and
denote AðrÞ ¼ inf jzj¼r logj f ðzÞj, BðrÞ ¼ supjzj¼r logj f ðzÞj. If s < a < 1, then

log densfr : AðrÞ > ðcos paÞBðrÞgb 1� s

a
;

where

log dens E ¼ lim
r!y

ð r
1

ðwEðtÞ=tÞ dt
� ��

log r

log dens E ¼ lim
r!y

ð r
1

ðwEðtÞ=tÞ dt
� ��

log r

and wEðtÞ is the characteristic function of a set E.

Lemma 3 ([2]). Suppose that wðzÞ is a meromorphic function with sðwÞ ¼
b < y. Then for any given e > 0, there is a set E2 H ð1;þyÞ that has finite
logarithmic measure, such that

jwðzÞja expfrbþeg
holds for jzj ¼ r B ½0; 1�UE2, r ! y.

Lemma 4 ([4]). Suppose that TðrÞ is a continuous non-decreasing positive
function on ½r0;yÞ ðr0 b 1Þ which satisfies TðrÞ ! y ðr ! yÞ. If there exists an
increasing sequence frng, rn " y ðn ! yÞ, such that limn!y log TðrnÞ=log rn a
m < þy, then for any given t1ð> 1Þ and t2ð> 1Þ, we have

log dens E3 b 1� m
log t1

log t2
;

where E3 ¼ fr : Tðt1rÞa t2TðrÞg.

Lemma 5. Let f be a non-constant entire function of order sð f Þ ¼ m < þy,
and aðzÞ; bðzÞ be small functions of f . Set FðzÞ ¼ f ðzÞ þ aðzÞ. Then for any
given t ð0 < t < 1Þ, there is a set E4 H ð1;þyÞ satisfying log dens E4 > t, such
that
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Mðr; bÞ
Mðr;FÞ ! 0

holds for jzj ¼ r A E4, r ! y.

Proof. According to the hypothesis of f and by Lemma 4, there exists a
set H1 ¼ fr jTð4r; f Þa 2kTðr; f Þg ðkbmaxf4; ½2mþ 1�gÞ with log dens H1 b 1�
2m=k where k is an integer. It is obvious that H1 is a closed set. Set r1 ¼
minfH1 V ½1;þyÞg; r2 ¼ minfH1 V ½2r1;þyÞg; . . . rv ¼ minfH1 V ½2rv�1;þyÞg; . . . :
We can get a sequence frvg ðrv ! þyÞ and H1 H6y

vb1
½rv; 2rv�, so

log dens H1 a log dens 6
y

v¼1

½rv; 2rv�
( )

:ð2:1Þ

By Lemma 3 and the definition of small function, there exists a set H2 H ð1;þyÞ
with finite linear measure, such that

Tðr; aÞ
Tðr; f Þ ! 0;

Tðr; bÞ
Tðr; f Þ ! 0;ð2:2Þ

and aðzÞ; bðzÞ have finite moduli for jzj ¼ r B ½0; 1�UH2, r ! y. Set H3 ¼
H1nH2, then log dens H3 ¼ log dens H1.

Let as ðs ¼ 1; 2; . . . ; nð3rv; aÞÞ and bm ðm ¼ 1; 2; . . . ; nð3rv; bÞÞ denote the
poles of aðzÞ and the poles of bðzÞ in jzja 3rv respectively. By the Boutroux-
Cartan Theorem, we have

Ynð3rv;aÞ
s¼1

jz� asjb
rv

2ke

� �nð3rv;aÞ
;

Ynð3rv;bÞ
m¼1

jz� bmjb
rv

2ke

� �nð3rv;bÞ
ð2:3Þ

except some z in two groups of disks ðg1Þ þ ðg2Þ, and the sum of their radii is no
larger than rv=2

k�2. Therefore, there exist jzj ¼ r that have no intersection with
ðg1Þ þ ðg2Þ in rv a jzja 2rv, then we have (2.3) on jzj ¼ r. Let E �

v denote the set
of those values of r, then mes E�

v b ð1� 1=2k�3Þrv. Applying the Poisson-Jensen
formula (see [5]), we have

logþjaðzÞja 3rv þ r

3rv � r
mð3rv; aÞ þ

X
jasja3rv

log
ð3rvÞ2 � asz

3rvðz� asÞ

�����
�����ð2:4Þ

where jzj ¼ r A E �
v . Substituting (2.3) into (2.4), we obtain

logþjaðzÞja 3rv þ r

3rv � r
mð3rv; aÞ þ nð3rv; aÞ logð3 � 2kþ1eÞ

aCTð4rv; aÞaCTð4rv; f ÞaC2kTðrv; f ÞaC2k logþ Mðr; f Þ

where C is some positive constant and jzj ¼ r A E �
v nH2, v ! y. From the

above inequality and (2.2), it is easy to see
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logþ Mðr; aÞ
logþ Mðr; f Þ

a 3 � 2k Tð4rv; aÞ
Tð4rv; f Þ

! 0;ð2:5Þ

where jzj ¼ r A E �
v nH2, v ! y. In fact, since rv a ra 2rv and r A E �

v nH2, we
have

logþ Mðr; aÞa 4rv þ r

4rv � r
Tð4rv; aÞa

6rv
2rv

Tð4rv; aÞ

and

logþ Mðr; f ÞbTðrv; f Þb
1

2k
Tð4rv; f Þ:

Similarly, we obtain

logþ Mðr; bÞ
logþ Mðr; f Þ

! 0;ð2:6Þ

where jzj ¼ r A E �
v nH2, v ! y. Since f is a non-constant entire function, we

have Mðr; f Þ ! y ðr ! yÞ. Considering (2.5), (2.6) and this, we have

Mðr; aÞ
Mðr; f Þ ! 0;

Mðr; bÞ
Mðr; f Þ ! 0;ð2:7Þ

where jzj ¼ r A E �
v nH2, v ! y. We know F ðzÞ ¼ f ðzÞ þ aðzÞ, so Mðr;FÞb

Mðr; f Þ �Mðr; aÞ for r B H2. From above argument, for r A E �
v nH2, v ! y,

we obtain

Mðr; bÞ
Mðr;FÞ a

Mðr; bÞ
ð1þ oð1ÞÞMðr; f Þ ! 0:ð2:8Þ

Set E4 ¼ 6y
v¼1

E �
v nH2, then log dens E4 ¼ log dens 6y

v¼1
E �
v : Moreover,

there exists a sequence fr 0ng, r 0n" ðn ! yÞ such that

log dens E4 ¼ lim
n!y

ð r 0n
1

ðwE4
ðtÞ=tÞ dt

 !�
log r 0n:

For every E �
v , we haveð2rv

rv

ðwE �
v
ðtÞ=tÞ dtb log 2�

ð rvþð1=2k�3Þrv

rv

1

t
dt ¼ log

2

1þ 1=2k�3
:ð2:9Þ

Now we discuss the following two cases.

Case 1. Suppose that r 0n A ½rvn ; 2rvn � for some vn. Clearly we haveÐ r 0n
1 ðwE4

ðtÞ=tÞ dt
log r 0n

b

Ð rvn
r1

ðwE4
ðtÞ=tÞ dt

log 2rvn
:ð2:10Þ
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Case 2. Suppose that r 0n B 6y
v¼1

½rv; 2rv�. Let rvn be the closest to r 0n of frvg
and rvn b r 0n, then Ð r 0n

1 ðwE4
ðtÞ=tÞ dt

log r 0n
b

Ð rvn
r1

ðwE4
ðtÞ=tÞ dt

log rvn
:ð2:11Þ

Set mes H2 ¼ d, from (2.9) we have

ð rvn
r1

ðwE4
ðtÞ=tÞ dtb

Xvn�1

v¼1

ð2rv
rv

ðwE�
v
ðtÞ=tÞ dt� d

r1

b
1

log 2
log

2

1þ 1=2k�3

Xvn�1

v¼1

ð 2rv
rv

ðwH3
ðtÞ=tÞ dt� d

r1

Combining this with (2.10) and (2.11), we obtain

log dens E4 b 1� 2m

k

� �
1

log 2
log

2

1þ 1=2k�3

We know that fðxÞ ¼ ð1=log 2Þ log ð2=ð1þ 1=2x�3ÞÞð1� 2m=xÞ is continuous
on ½3;yÞ and tends to 1 ðx ! yÞ. Hence, for a given t ð0 < t < 1Þ, there
must exist N � such that fðxÞ > t for x > N �. When kb ½N � þ 1�, then
log dens E4 > t.

Lemma 6 ([9]). Let f ðzÞ be a transcendental meromorphic function with finite
order r, and let G ¼ fðk1; j1Þ; ðk2; j2Þ; . . . ; ðkq; jqÞg be a finite set of distinct pairs of
integers satisfying ki b ji b 0 for i ¼ 1; . . . ; q. For any given constant e > 0, then
there exists a set E5 H ½0; 2pÞ that has linear measure zero such that if
c0 A ½0; 2pÞ � E5, then there is a constant R0 ¼ R0ðc0Þ > 1 such that for any z
satisfying arg z ¼ c0 and jzjbR0, and for any ðk; jÞ A G we have

f ðkÞðzÞ
f ð jÞðzÞ

����
����a jzjðk� jÞðr�1þeÞ:

For the next lemma, denote dðp; yÞ ¼ a cos ny� b sin ny, where pðzÞ ¼
ðaþ ibÞzn þ � � � is a polynomial with a and b real.

Lemma 7 ([3]). Let pðzÞ be a polynomial of degree nb 1, wðzÞ ðD 0Þ be a
meromorphic function of order less than n. Set g ¼ wep, then there exists a set
H1 H ½0; 2pÞ of linear measure zero, such that if y A ½0; 2pÞ � ðH1 UH2Þ, we have

(1) if dðp; yÞ > 0, then there exists an rðyÞ > 0, such that for any rb rðyÞ,

jgðreiyÞj > exp
1

2
dðp; yÞrn

� �
;
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(2) if dðp; yÞ < 0, then there exists an rðyÞ > 0, such that for any rb rðyÞ,

jgðreiyÞj < exp
1

2
dðp; yÞrn

� �
;

where H2 ¼ fy : dðp; yÞ ¼ 0; 0a ya 2pg is a set of linear measure zero.

Proof. Writing pðzÞ ¼ ðaþ ibÞzn þ pn�1ðzÞ, we see that gðzÞ ¼ hðzÞeðaþibÞzn ,
where hðzÞ is a meoromorphic function with sðhÞ ¼ s < n. By lemma 6, there
exists a set H1 of linear measure zero such that for any given e > 0 and y A
½0; 2pÞ �H1, when rb r1ðyÞ we have

h 0ðreiyÞ
hðreiyÞ

����
����a rðs�1þeÞ:

Since

log hðreiyÞ ¼
ð r
r0

h 0ðteiyÞ
hðteiyÞ dtþ log hðr0eiyÞ;

so jlog hðreiyÞja rsþe þ c where c is a constant. When r > r2ðyÞb r1ðyÞ, we have

jlogjhðreiyÞj ja jlog hðreiyÞja rsþ2e:

Take sþ 2e < n. Note that for z ¼ reiy we have jeðaþibÞzn j ¼ edðp;yÞr
n

, so when
r > r2ðyÞ

expð�rsþ2e þ dðp; yÞrnÞa jgðreiyÞja expðrsþ2e þ dðp; yÞrnÞ:

It is easy to see that the conclusions hold from the above inequality.

Lemma 8 ([8]). If g is an entire function of order s, then

s ¼ lim
r!y

logþ vgðrÞ
log r

;

where vgðrÞ is the central index of g.

3. Proof of Theorem 1

Suppose that f is a polynomial, then Lð f Þ is also a polynomial. We
know that the small function of a polynomial is constant, so the result holds
clearly. Therefore we may assume that f is transcendental in the following
argument.

Under the hypothesis of Theorem 1 and by the Hadamard factorization
theorem, it is easy to get

Lð f Þ � bðzÞ
f � bðzÞ ¼ QðzÞ;ð3:1Þ
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where QðzÞ is an entire function of order sðQÞ ¼ m < 1=2. Hence, by Lemma 2,
for any a satisfying m < a < 1=2, there exists a set E1 with log dens E1 b 1� m=a
such that

jQðreiyÞjbMðr;QÞx;ð3:2Þ

for jzj ¼ r A E1, where x ¼ cos pa > 0. Set F ðzÞ ¼ f ðzÞ � bðzÞ, from (3.1) we
have

akF
ðkÞ þ ak�1F

ðk�1Þ þ � � � þ a1F
0 þ ða0 �QÞF ¼ b0ðzÞ;ð3:3Þ

where b0ðzÞ ¼ �
Pk

j¼0 b
ð jÞaj þ b is a small function of f . Rewrite (3.3) as

ak
F ðkÞ

F
þ ak�1

F ðk�1Þ

F
þ � � � þ a1

F 0

F
þ ða0 �QÞ ¼ b0ðzÞ

F
:ð3:4Þ

By Lemma 1, there are a set E2 H ð1;yÞ of a finite logarithmic measure and a
constant B > 0 such that for all z satisfying jzj ¼ r B ½0; 1�UE2, we have

F ð jÞðzÞ
F ðzÞ

����
����aBr½Tð2r;FÞ� jþ1; ð j ¼ 1; 2; . . . ; kÞ:ð3:5Þ

Take e to satisfy 0 < 2e < 1� m=a. By Lemma 5, there is a set E3 with
log dens E3 b m=aþ e such that

Mðr; b0Þ
Mðr;FÞ ! 0ð3:6Þ

holds for jzj ¼ r A E3, r ! y.
We assert that E1 intersects E3 with log densðE1 VE3Þ > 0. In fact, if not,

we obtain

1þ ea log dens E1 þ log dens E3 a log densðE1 UE3Þa 1

a contradiction. Moreover,

log dens E1 þ log dens E3 � log densðE1 VE3Þ

a log densðE1 � ðE1 VE3ÞÞ þ log dens E3 a 1:

Clearly, from this we have log densðE1 VE3Þb e > 0. From (3.2) to (3.6), we
know that for r A ðE1 VE3Þ � ðE2 U ½0; 1�Þ, we have

Mðr;QÞx a kBrA½Tð2r;F Þ�kþ2;ð3:7Þ

where A ¼ 1þmaxfdeg aj; j ¼ 0; . . . ; kg. In fact, (3.7) and sðFÞ < y imply
that there exists a sequence rn ! þy such that

log Mðrn;QÞ ¼ Oðlog rnÞ; n ! y;

which shows that Q cannot be transcendental.
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4. Proof of Theorem 2

As in the proof Theorem 1, we can get

LðzÞ � bðzÞ
f � bðzÞ ¼ QðzÞð4:1Þ

where QðzÞ is a non-zero polynomial. When f is a non-constant polynomial, it
is easy to see the conclusion (a) holds. Therefore, we may assume that f is
transcendental in the following.

It follows from (1.1) and (4.1) that

ak f
ðkÞ þ ak�1 f

ðk�1Þ þ � � � þ a1 f
0 þ ða0 �QÞ f ¼ bðzÞð1�QðzÞÞ:ð4:2Þ

Rewrite (4.2) as

ak
f ðkÞ

f
þ ak�1

f ðk�1Þ

f
þ � � � þ a1

f 0

f
þ ða0 �QÞ ¼ bðzÞð1�QðzÞÞ

f
:ð4:3Þ

It is easy to see that bðzÞð1�QðzÞÞ is a small function of f . Therefore, by
Lemma 5 there exists a set E1 with log dens E1 > 0, such that

Mðr; bðzÞð1�QÞÞ
Mðr; f Þ ! 0;ð4:4Þ

for jzj ¼ r A E1, r ! y. From the Wiman-Valiron Theory (see [6], [8] or [10]),
we have

f ð jÞðzÞ
f ðzÞ ¼ vf ðrÞ

z

� �j
ð1þ oð1ÞÞ; ð j ¼ 1; 2; . . . ; kÞ;ð4:5Þ

where jzj ¼ r, j f ðzÞj ¼ Mðr; f Þ, r B E2 which has a finite logarithmic measure.
Substituting (4.5) and (4.4) into (4.3), we obtain

dkz
nk

vf ðrÞ
z

� �k
ð1þ oð1ÞÞ þ dk�1z

nk�1
vf ðrÞ
z

� �k�1

ð1þ oð1ÞÞð4:6Þ

þ � � � þ d0z
n0ð1þ oð1ÞÞ ¼ oð1Þ

where a0 �Q ¼ d0z
n0ð1þ oð1ÞÞ and aj ¼ djz

njð1þ oð1ÞÞ, dj ð j ¼ 0; 1; � � � ; kÞ are
constants and dk 0 0, vf ðrÞ is the central index of f . Since any solution of an
algebraic equation is a continuous function of the coe‰cients, therefore vf ðrÞ is
asymptotically equal to a solution of the equation

dkðvf ðrÞÞkznk�k þ dk�1ðvf ðrÞÞk�1
znk�1�ðk�1Þ þ � � � þ d0z

n0 ¼ 0:ð4:7Þ

From the argument used in [10, pp. 106–108], for su‰ciently large r, we have

vf @ c0 � rs; r A E1 � E2ð4:8Þ

jun wang and hongxun yi254



where c0ð> 0Þ is constant and s is a rational number. It follows from (4.7) and
(4.8) that the degrees (in z) of all terms of (4.7) are respectively

kðs� 1Þ þ nk; ðk � 1Þðs� 1Þ þ nk�1; . . . ; n0:ð4:9Þ

If ðdeg aj � deg aiÞ=ð j � iÞa 1=2 for i0 j ði; j ¼ 1; . . . ; kÞ, we know that any
two of (4.9) except n0 are distinct. In fact, if there exist i0 and j0 such that

i0ðs� 1Þ þ ni0 ¼ j0ðs� 1Þ þ nj0 ;ð4:10Þ

we have s ¼ 1� ðnj0 � ni0Þ=ð j0 � i0Þb 1=2, a contradiction. Hence, we can con-
clude that n0 is equal to one of fkðs� 1Þ þ nk; . . . ; ðs� 1Þ þ n1g. We assume
n0 ¼ j�ðs� 1Þ þ nj� ð1a j� a kÞ. Set QðzÞ ¼ b0z

hð1þ oð1ÞÞ, b0 is a non-zero
constant. Now we discuss the following two subcases.

Subcase 1. Suppose ha deg a0, then hamaxfdeg aj j j ¼ 0; . . . ; kg holds
clearly.

Subcase 2. Suppose h > deg a0, thus we have h ¼ n0 ¼ j�ðs� 1Þ þ nj� .
Hence,

h < nj� ¼ deg aj� amaxfdeg aj j j ¼ 0; . . . ; kg:

Next, we consider the case (b). According to the case (a), clearly QðzÞ is a
non-zero constant c. We assume that f is transcendental. Rewrite (4.3) as

ak
f ðkÞ

f
þ ak�1

f ðk�1Þ

f
þ � � � þ a1

f 0

f
þ ða0 � cÞ ¼ bð1� cÞ

f
:ð4:11Þ

From [8, pp. 33–35], we know that vf ðrÞ is increasing, right-continuous and also
tends to þy as r ! y. In addition, it follows from Lemma 8 that vf ðrÞa r1=2

for su‰ciently large r. Therefore, we have

vf ðrÞ
z

� �m
¼ o

vf ðrÞ
z

� �n� �
; ðm > nÞ:ð4:12Þ

Now we discuss the following two subcases.
Subcase 1. Suppose sð f Þ > 0, then there exists a sequence frvg ðrv ! þy;

r B E2Þ satisfying

Mðrv; f Þb ð1þ oð1ÞÞ expðrsð f Þ�e
v Þð4:13Þ

for su‰ciently large rv and e > 0. In fact, it is well known that sð f Þ ¼
limr!y log log Mðr; f Þ=log r since f is entire. According to the definition of
upper limit, we know that there exists a sequence fr 0vg ðr 0v ! yÞ such that
sð f Þ ¼ limv!y log log Mðr 0v; f Þ=log r 0v. Set lm E2 ¼ h > 0, where lm E2 denotes
the logarithmic measure of E2. We can take rv A ½r 0v; ehr 0v�nE2, then

log log Mðrv; f Þ
log rv

b
log log Mðr 0v; f Þ

log ehr 0v
:
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Let dj ð0a ja kÞ be the first non-zero complex number of d0 ¼ a0 � c; d1 ¼ a1;
d2 ¼ a2; . . . ; dk ¼ ak, and let dj 0 be the second non-zero complex number with
j 0 > j. Substituting (4.5), (4.12) and (4.13) into (4.11), we have

jdjjð1þ oð1ÞÞ vf ðrvÞ
z

� �j
a

jbð1� cÞj
ð1þ oð1ÞÞ expðrsð f Þ�e

v Þ
ð4:14Þ

where jzj ¼ rv, j f ðzÞj ¼ Mðrv; f Þ and r B E2. If f is non-constant, the vf ðrvÞ
must be unbound. When c0 1, from (4.14) we have vf ðrvÞ ! 0. It is a con-
tradiction. In the following, we treat the case c ¼ 1. From the Wiman-Valiron
Theory, we have

jdj 0 jð1þ oð1ÞÞrð j 0� jÞðsð f Þþe�1Þ
v b jdjjð4:15Þ

where jzj ¼ rv B E2, j f ð jÞðzÞj ¼ Mðrv; f ð jÞÞ. It is easy to see that (4.15) is absurd.
Subcase 2. Suppose sð f Þ ¼ 0, then we know that there exists a sequence

frng tending to y such that Mðrn; f Þb rn. Using the similar argument as
above, we also get a result about rn like (4.15), which leads to a contradiction.

Hence, f is a non-constant polynomial. From (4.11), if a0 0 c, clearly it is
impossible. Therefore, a0 ¼ c and deg f a k. Suppose f ¼ bmz

m þ � � � þ b1zþ
b0 ð0 < ma kÞ where bi ði ¼ 0; 1; . . . ;mÞ are constants and bm 0 0. It follows
from (4.11) that aj ¼ 0 ð j ¼ 1; . . . ;m� 1Þ and m!ambm ¼ bð1� a0Þ.

5. Proof of Theorem 3

Under the assumption of Theorem 3 and by using the Hadamard Facto-
rization Theorem, we easily get

f ðkÞ � a

f � a
¼ Qep;ð5:1Þ

where pðzÞ is a polynomial, and QðzÞ is an entire function of order sðQÞ < 1=2.
Set FðzÞ ¼ f =a� 1. From (5.1) we have

F ðkÞ �QepF ¼ 1:ð5:2Þ

If pðzÞ is a non-constant polynomial, from (5.2) we can know that F has
infinite order by using the similar argument in [11] and Lemma 6. It leads to a
contradiction. Hence pðzÞ is a constant. By using the similar argument in the
proof of Theorem 1, we can know that QðzÞ is a non-zero polynomial. Rewrite
(5.2) as

F ðkÞ

F
� c0Q ¼ 1

F
;ð5:3Þ

where c0 is a non-zero constant. From the Wiman-Valiron Theory and by using
similar argument in the proof of Theorem 2, we obtain for r B E1 which has a
finite logarithmic measure.
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ðvf ðrÞÞkz�kð1þ oð1ÞÞ þ bznð1þ oð1ÞÞ ¼ oð1Þð5:4Þ

where �c0QðzÞ ¼ bznð1þ oð1ÞÞ, b0 0 is a constant. From (5.4) we deduce
log uf ðrÞ ¼ ðn=k þ 1þ oð1ÞÞ log r for r B E1. It thus follows sð f Þ ¼ 1þ n=k.
On the other hand, we assume that n is di¤erent from any positive integer.
From this n must be zero, so that QðzÞ is a constant, which completes the proof
of Theorem 3.

6. Proof of Theorem 4

Since f ¼ 1þ
Py

n¼1 z
qn=ðpnÞ!, we have

f ð jÞ ¼
Xy
n¼1

ðqnÞ!zqn� j

ðqn� jÞ!ðpnÞ! ð j ¼ 1; 2; . . . ; pÞ:

Substituting this into (1.6), we get

Xy
n¼1

Xp
j¼1

AjðqnÞ!zqn
ðqn� jÞ!ðpnÞ! 1

Xy
n¼0

zqðnþ1Þ

ðpnÞ! 1
Xy
n¼1

zqn

ðpðn� 1ÞÞ! :ð6:1Þ

From this, there must be

Xp
j¼1

AjðqnÞ!
ðqn� jÞ!ðpnÞ! ¼

1

ðpðn� 1ÞÞ! ; ðn ¼ 1; 2; . . .Þ:ð6:2Þ

It means

A1qnþ A2qnðqn� 1Þ þ A3qnðqn� 1Þðqn� 2Þð6:3Þ
þ � � � þ Apqnðqn� 1Þðqn� 2Þ � � � ðqn� pþ 1Þ

¼ pnðpn� 1Þðpn� 2Þ � � � ðpn� pþ 1Þ:

We can consider it as the comparison between two polynomials of degree p in
n. So clearly Ap ¼ ðp=qÞp, then take it into (6.3) we can get another comparison
between two polynomials of degree p� 1 in n. Similarly as above we can solve
Aj ð j ¼ 1; 2; . . . ; p� 1Þ.
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