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A REMARK ON SYSTEMS OF DIFFERENTIAL EQUATIONS

ASSOCIATED WITH REPRESENTATIONS OF sl2ðRÞ AND

THEIR PERTURBATIONS

Alberto Parmeggiani and Masato Wakayama

Abstract

We give here a number of examples of non-commutative harmonic oscillators ‘‘in

disguise’’ that can be exactly solved by using the tensor product of the oscillator

representation and the finite dimensional representation of sl2ðRÞ, and its perturbations.

1. Introduction

The aim of this paper1 is to produce a variety of examples of systems,
similar to those introduced in [4], [5] and [6], that can be exactly solved by a
(quasi/perturbed) creation-annihilation procedure, in the sense we can determine
the spectrum, eigenfunctions and give deformations that produce (or destroy)
multiplicity (that, as we well see, is bounded depending on the dimension of
the associated finite dimensional representation) in an invariant way, that is
depending only on the representation and not on the particular realization of
the system, by using a suitable tensor product representation of sl2ðRÞ. Due
to the particular nature of the systems considered here, we remark that we will
not give any new results from the ODE (or PDE) viewpoint, but we will give a
di¤erent interpretation of the spectral quantities associated with such systems.

We now make ideas more precise by considering an example.
Let fXþ;H;X�g be the standard basis of sl2ðRÞ. Let ðo;SðRÞÞ be the

oscillator representation, let c, resp. cy, be the annihilation, resp. creation, opera-
tors (see (3) below), and let jn :¼ ðcyÞne�x2=2 (essentially, the Hermite func-
tions). Let I2 be the 2� 2 identity matrix of C 2. With Dx ¼ �iqx, let us
consider

Lðx;DxÞ ¼ I2
D2
x þ x2

2

� �
þ A; A ¼ 1 0

0 �1

� �
;
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as an unbounded self-adjoint operator in L2ðR;C 2Þ with domain B2ðR;C 2Þ (it
then has discrete spectrum). Of course, the spectrum of I2ðD2

x þ x2Þ=2 is given
by the numbers fnþ 1=2; n A Zþg, with multiplicity 2, and eigenfunctions jn n ej ,
j ¼ 1; 2, where e1; e2 is the canonical basis of C 2. How does the presence of
A a¤ect the spectrum of I2ðD2

x þ x2Þ=2? One may easily compute the spectrum
of Lðx;DxÞ as follows. Since e1; e2 are also eigenvectors of A, one gets that
the spectrum of Lðx;DxÞ is given by the numbers nþ 1=2G 1, n A Zþ, and a
‘‘natural’’ basis of eigenfunctions by the functions jn n ek, n A Zþ, k ¼ 1; 2,
as above. From the representation viewpoint, we are dealing with the sl2ðRÞ-
representation rtrivial : sl2ðRÞ ! EndC ðSðR;C 2ÞÞ, defined by

rtrivialðXGÞ ¼ oðXGÞn I2; rtrivialðHÞ ¼ oðHÞn I2:

In other words, we are thinking of A as a ‘‘0th-order’’ perturbation of the
‘‘principal part’’ I2ðD2

x þ x2Þ=2.
On the other hand, we may think of A as pvectðHÞ, where ðpvect;C 2Þ is

the vector representation of sl2ðRÞ (see (4) below). Then the map rvect ¼
on pvect : sl2ðRÞ ! EndC ðSðR;C 2ÞÞ, defined by

rvectðXGÞ ¼ oðXGÞn I2 þ 1n pvectðXGÞ; rvectðHÞ ¼ oðHÞn I2 þ 1n pvectðHÞ;

is a representation, and Lðx;DxÞ ¼ rvectðHÞ. The spectrum is of course given
again by the numbers nþ 1=2G 1, n A Zþ, which are now written in terms of the
representation as nþ 1=2þ ð2j � 2þ 1Þ, j ¼ 0; 2� 1, where 2 is the partition (see
below) associated with pvect. A ‘‘natural’’ basis of eigenfunctions is now given by

jGj;n :¼ rvectðXþÞnjGj ; n A Zþ; j ¼ 0; 1;

where

jþ0 :¼ j0 n
0

1

� �
; j�0 :¼ cyj0 n

0

1

� �
;

jþ1 :¼ ðcyÞ2j0 n
0

1

� �
þ j0 n

1

0

� �
; j�1 :¼ ðcyÞ3j0 n

0

1

� �
þ 3cyj0 n

1

0

� �
:

Notice that the jG0 have weights H1=2, resp., the jG1 weights 2jH 1=2, resp., and
that the jGj;n have in general weights 2nþ 2jH 1=2. We may hence think of
A as being as ‘‘heavy’’ as I2ðD2

x þ x2Þ=2. In this case, the spectrum has a
‘‘creation/annihilation’’ structure, for rvectðX�ÞjGj ¼ 0, j ¼ 0; 1.

One may now intertwine system rvectðHÞ by the unitary operators eGx2J=2, J

being the matrix
0 �1

1 0

� �
, obtaining the operator

Qvectðx;DxÞ ¼ ex
2J=2rvectðHÞe�x2J=2

¼ �q2x þ 2x2

2
I þ xqx þ

1

2

� �
J þ cosðx2Þ sinðx2Þ

sinðx2Þ �cosðx2Þ

� �
;
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whose spectral problem reads as8>>>><
>>>>:

�
�q2x þ 2x2

2
þ cosðx2Þ

�
u1 � xqx þ

1

2
� sinðx2Þ

� �
u2 ¼ lu1�

�q2x þ 2x2

2
� cosðx2Þ

�
u2 þ xqx þ

1

2
þ sinðx2Þ

� �
u1 ¼ lu2:

At a first glance, it seems quite non-trivial to obtain the eigenvalues (and
eigenfunctions) of Qvectðx;DxÞ, but of course we already know everything about
the spectral resolution of Qvectðx;DxÞ. More importantly, we can actually
‘‘invariantly’’ solve the spectral problem, regardless the choice of the vector
space C 2.

Recall that in the above mentioned papers, we considered systems of the
kind

Qhðx;DxÞ ¼
�q2x þ 2x2

2
I2 þ xqx þ

1

2

� �
J ¼ Cð1ÞCyð1Þ � 1

2
I2;

where

Cyð1Þ ¼ 1ffiffiffi
2

p ðxI2 þ qxJ � xJÞ; and Cð1Þ ¼ 1ffiffiffi
2

p ðxI2 þ qxJ þ xJÞ:

Notice that Qhðx;DxÞ ¼ ex
2J=2rtrivialðHÞe�x2J=2, and that Qhðx;DxÞ is unitarily

equivalent (through a symplectic scaling) to

Qð
ffiffi
2

p
;
ffiffi
2

p
Þðx;DxÞ ¼

ffiffiffi
2

p
0

0
ffiffiffi
2

p
� ��

� q2x
2
þ x2

2

�
þ J xqx þ

1

2

� �
;

that was the starting system of the analysis carried out in [4] and [5] of systems
such as

Qða;bÞðx;DxÞ ¼ Iða; bÞ
�
� q2x

2
þ x2

2

�
þ J xqx þ

1

2

� �
;

Iða; bÞ being the diagonal matrix
a 0

0 b

� �
, with a; b A R and ab > 1 (which is

equivalent to an ellipticity assumption).
Since the irreducible finite-dimensional representations of sl2ðRÞ are classi-

fied by the dimension (the vector-representation is therefore classified by the
dimension 2), we may (invariantly) summarize our discussion so far in the
following structure of the spectrum of Qvectðx;DxÞ.

Example 1.1. Let ðpvect;VÞ be the vector representation (see (4)
below). There exists an L2ðR;VÞ-complete system of Schwartz eigenfunctions
fxþ0;N ; x

�
0;N ; x

þ
1;N ; x

�
1;NgN AZþ

HSðR;VÞ, with the þ-functions being even and the

�-ones being odd, such that
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Qvectðx;DxÞxG0;N ¼ 2NH
1

2

� �
xG0;N ; Qvectðx;DxÞxG1;N ¼ 2N þ 2H

1

2

� �
xG1;N :

Hence, as a consequence, the L2-structure of SpecðQvectðx;DxÞÞ is given by

eigenvalue �1=2 2N � 1=2 ðNb 1Þ 1=2 2N þ 1=2 ðNb 1Þ

eigenvector xþ0 xþ0;N ; x
þ
1;N�1 x�0 x�0;N ; x

�
1;N�1

multiplicity 1 2 1 2

One may further introduce a parameter e AC , and consider the system Leðx;DxÞ
¼ rtrivialðHÞ þ e1nA. This ‘‘deformation’’ of the considered ‘‘harmonic oscil-
lators in disguise’’, that amounts to perturbing the principal part of the system by
‘‘lower order terms’’, gives the existence of ‘‘quasi-creation/annihilation’’ opera-
tors. By means of these ‘‘quasi-creation/annihilation’’ operators, can one find
a basis independent of e, constructed by using rvect, that ‘‘deforms’’ rtrivialðHÞ
into rvectðHÞ? And if that is the case, what is then a ‘‘lower order term’’ for
rvect, in the sense that the spectrum may still be explicitly computed? A partial
answer is Theorem 3.4 below, that represents a sort of ‘‘rigidity theorem’’. Such
a basis indeed exists, but it is the ‘‘trivial’’ one, that is the one given by the
functions jn n ej, n A Zþ, j ¼ 1; 2.

Example 1.2. Let

Qvect; eðx;DxÞ :¼
�q2x þ 2x2

2
I þ xqx þ

1

2

� �
J þ e

cosðx2Þ sinðx2Þ
sinðx2Þ �cosðx2Þ

� �
; e A R:

The system Qvect; eðx;DxÞ interpolates systems Qhðx;DxÞ and Qvectðx;DxÞ, it has
spectrum given by the numbers 2N þ 1=2G e (even eigenfunctions) and 2N þ
3=2G e (odd eigenfunctions), where N A Zþ, with multiplicity one for any Nb 0
when e B ð1=2ÞZ.

Notice that Qvect; eðx;DxÞ is equivalent in S 0ðR;VÞ (through a transfor-
mation that is also unitary in L2ðR;VÞ) to reðHÞ ¼ oðHÞn IV þ e1n pvectðHÞ,
whence we have the right of thinking of re : sl2ðRÞ ! EndC ðS 0ðR;VÞÞ as a
deformation of r0 ¼ rtrivial into r1 ¼ rvect. The maps re, with e0 0; 1, are not
representations, but associated with them, one may find the ‘‘quasi-creation/
annihilation’’ operators referred to earlier.

Remark 1.3. We remark that considering the n-fold tensor product of the
oscillator representation of sl2ðRÞ, that is the sl2ðRÞ-module ðo1 n � � �non;
SðRnÞÞ, yields naturally the same kind of results for systems in the multivariable
case (the PDE case).

Let us put things in the following perspective. Recall that, given N A Zþ,
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an m-tuple n ¼ ðn1; . . . ; nmÞ A Zm
þ with n1 þ � � � þ nm ¼ N and n1 b � � �b nm b 1, is

called a partition of N. Moreover, to each partition n of N, there corresponds a
(unique, up to equivalence) decomposition into irreducibles of the sl2ðRÞ-module
ðp1 l � � �l pm;VÞ, where dimCV ¼ N and pj corresponds to nj, 1a jam (see
Section 2 below).

Let hence N ¼ 2, nvect ¼ 2 be the partition associated with the vector-
representation, and let ntrivial ¼ ð1; 1Þ be the one associated with the direct sum
of two trivial representations. We hence have the correspondences

nvect 7! rvectðHÞ ¼ Lðx;DxÞ; and ntrivial 7! rtrivialðHÞ þ A ¼ Lðx;DxÞ:

Hence rvectðHÞ and rtrivialðHÞ þ A are isospectral (even is S 0ðR;VÞ). The matrix
A in the ntrivial case, is thought of as a suitable two-parameter perturbation
(m ¼ 2) written in terms of ptrivial l ptrivial (see Section 2 below). More generally,
given N A Zþ, let n be a partition of N, ðpðnÞ;VÞ the corresponding (up to
isomorphisms) sl2ðRÞ-module, with dim V ¼ N, and let rðnÞðHÞ ¼ on pðnÞðHÞ be

the corresponding system. So, if n A Zm
þ and n 0 A Zm 0

þ are partitions of N, we

will see (see Remark 4.1 below) that the systems rnðHÞ þ ðm-parameter suitable
perturbationÞ and rn 0 ðHÞ þ ðm 0-parameter suitable perturbationÞ are isospectral
(even in S 0ðR;VÞ). In some sense, the partition n does not distinguish among
di¤erent, but equivalent, forms of the same system, the only ‘‘invariant’’ in the
spectrum being the parity of N: when N is even, every system associated with a
partition n of N is isospectral to a perturbation of one associated with the partition

n
ðN=2Þ
can ¼ ð2; 2; . . . ; 2Þ A Z

N=2
þ , whereas when N is odd, every system associated with

a partition n of N is isospectral to a perturbation of one associated with the

partition n
ððN�1Þ=2Þ
can ¼ ð2; 2; . . . ; 2; 1Þ A Z

ðN�1Þ=2þ1
þ . Loosely speaking, in the system

case one has as primary symmetries the parity in the variable x A R and that in the
size of the system.

We will hence study N �N systems in L2ðR;C NÞ such as

Lðx;DxÞ ¼ mIN
D2
x þ x2

2

� �
þ A; m > 0; A A MatNðCÞ diagonalizable;ð1Þ

and suitable perturbations parametrized by the partitions of N, and also ‘‘gen-
uine’’ infinite dimensional perturbations (see Section 5 below). Of course, the
discussion extends to cases such as Lðx;DxÞ ¼ BðD2

x þ x2Þ þ A, with B ¼ B� > 0
and ½A;B� ¼ 0. Since

SpecðLðx;DxÞÞ ¼ Specðe�BðxÞLðx;DxÞeBðxÞÞ; B A CyðR; uðNÞÞ;

one is able to treat by the same methods, seemingly more di‰cult systems.

Example 1.4. Let a : R ! UðNÞ be a smooth map valued in the unitary
group, with temperate growth on R. Put

AðxÞ ¼ ðqxaðxÞÞaðxÞ�1; BðxÞ ¼ 1

2
ðqxAðxÞ � AðxÞ2Þ þ 2aðxÞAaðxÞ�:
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Then the system defined by

Pðx;DxÞ ¼ IN

�
�q2x þ x2

2

�
þ AðxÞqx þ BðxÞ;

is unitarily equivalent to the system INð�q2x þ x2Þ=2þ A.

We hence aim at making this approach, when possible, as much ‘‘invariant’’
(and algebraic) as possible, with respect to the matrix A and the representa-
tion space V . The main idea will be writing the matrix A in terms of sl2ðRÞ-
symmetries. One of the advantages of our approach is to describe the spectrum
in terms of ‘‘pure sl2ðRÞ-symmetries’’ of A. Though dealing with a number of
special examples, our method finally gives the possibility of studying (through a
three-step recurrence equation) the spectrum of more ‘‘asymmetric’’ cases fol-
lowing the lines of [4] and [5] (see also [6] and [3]), as in Section 5, and to
naturally deal with more geometric systems, such as the one in Section 6 below.

2. Tensor products

Let us recall a few elementary facts about sl2ðRÞ. Let us consider the
standard basis fH;Xþ;X�g of sl2ðRÞ, that is to say, the following commutation-
relations of sl2ðRÞ are fulfilled:

½Xþ;X�� ¼ H; ½H;XG� ¼G2XG:ð2Þ
Let us set

c :¼ xþ qxffiffiffi
2

p ; cy :¼ x� qxffiffiffi
2

p :

Then ½c;cy� ¼ 1, whence the map o : sl2ðRÞ ! EndCðSðRÞÞ defined by

oðHÞ ¼ ccy � 1

2
; oðXþÞ ¼ ðcyÞ2

2
; oðX�Þ ¼ � ðcÞ2

2
;ð3Þ

gives the oscillator representation of sl2ðRÞ on SðRÞ (and on S 0ðRÞ). Because
the action of sl2ðRÞ leaves the parity invariant, we have the irreducible decom-
position of o:

SðRÞ ¼ SevenðRÞlSoddðRÞ ¼: SþðRÞlS�ðRÞ:
Put oG :¼ ojSGðRÞ. Then j0 ¼ e�x2=2 (resp. cyj0) gives the lowest weight vector

of the irreducible representation of ðoþ;SþðRÞÞ (resp. of ðo�;S�ðRÞÞ) (see [2]).
Let now ðp;VÞ be an N-dimensional ðNb 1Þ representation of sl2ðRÞ, where

we take V FC N . For example, when V ¼ C 2 is irreducible, one has the vector-
representation

pvectðHÞ ¼ 1 0

0 �1

� �
; pvectðXþÞ ¼ 0 1

0 0

� �
; pvectðX�Þ ¼ 0 0

1 0

� �
:ð4Þ
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As it is well-known, the sl2ðRÞ-module ðp;VÞ admits a decomposition into irre-
ducible components (as sl2ðRÞ-modules), that we will write as

V ¼ V1 lV2 l � � �lVm; p ¼ p1 l p2 l � � �l pm;

the ðpj;VjÞ being irreducible sl2ðRÞ-modules, where dim Vj ¼ nj, 1a jam,
and n1 þ � � � þ nm ¼ N. By Proposition 2.2 below, by virtue of the fact that
an isomorphism class is determined by a dimension, we may assume that
ðn1; n2; . . . ; nmÞ A Zm

þ be a partition of N, that is n1 b n2 b � � �b nm b 1 and
n1 þ � � � þ nm ¼ N. Remark that giving a partition ðn1; n2; . . . ; nmÞ of N is equiv-
alent to giving a Young-diagram with N boxes, where the number of cells in the
first row is n1, the one in the second is n2 etc., the one in the last row is nm. For
example, the partition ð5; 3; 2; 1Þ of 11 is represented by the Young diagram

It is also convenient to recall the following facts about commutation relations
(among generators) of sl2ðRÞ, and the list of finite dimensional irreducible sl2ðRÞ-
modules (see [2]).

Lemma 2.1 ([2], p. 52). For all X ;Y A sl2ðRÞ and for any given n A Zþnf0g
one has the formulas

½X n;Y � ¼
Xn�1

k¼0

X k½X ;Y �X n�k�1;�

½H; ðXGÞn� ¼G2nðXGÞn;�

½ðXGÞn;XH� ¼ nðXGÞn�1ðHG ðn� 1ÞÞ:�

Proposition 2.2 ([2], p. 55). Let ðp;VÞ be an irreducible sl2ðRÞ-module of
dimension n, for some nb 1. Then V has a basis fv0; . . . ; vn�1g, such that

pðHÞvj ¼ ð2 j � nþ 1Þvj ; 0a ja n� 1;

pðXþÞvj ¼ vjþ1; 0a j < n� 1; pðXþÞvn�1 ¼ 0;

pðX�Þv0 ¼ 0; pðX�Þvj ¼ jðn� jÞvj�1; 1a ja n� 1:

Furthermore, with C denoting the Casimir operator of sl2ðRÞ, that is the gen-
erator of the center of the enveloping algebra Uðsl2ðRÞÞ of sl2ðRÞ; C ¼ H2 þ
2ðXþX� þ X�XþÞ;

pðCÞv ¼ ðn2 � 1Þv; Ev A V :

In particular, V is determined up to isomorphism by its dimension.
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Hence, since in our case we are dealing with V ¼ V1 l � � �lVm, Vj being

irreducible sl2ðRÞ-modules, we have for each ðpj ;VjÞ a basis fvð jÞ0 ; . . . ; v
ð jÞ
nj�1g, 1a

jam, with the above properties. At this point, it is convenient to fix a Her-

mitean product h� ; �i in V that makes the basis fvð jÞk ; k ¼ 0; . . . ; nj � 1; 1a jamg
orthogonal (whence the l in the decomposition of V becomes orthogonal).
Then there exists a positive-definite Hermitean matrix W such that hv;wi ¼
hW~vv; ~wwican, where h� ; �ican denotes the canonical Hermitean product of C N and
~vv; ~ww, respectively, are the vectors of C N corresponding to v;w, respectively. We
will then denote by UWðNÞ the Lie group of the unitary matrices on V with
respect to h ; i, and A� will stand for the adjoint of A with respect to the
aforedefined Hermitean product. We will finally write IV for the identity map
of V , and IN for the identity map of C N .

Definition 2.3. Let N be an integerb 1. It is well known that the Young
diagrams with N boxes ‘‘parametrize’’ bijectively the partitions of N and the
N-dimensional sl2ðRÞ-modules ðp;VÞ (through the irreducible decomposition of
p), up to equivalence. We hence get a correspondence

n 7! pðnÞ; p 7! np:

In our case, fixing n A YN ¼ the set of partitions of N, will therefore fix an
N �N-system.

In the sequel, given a finite dimensional complex vector space V , we will
systematically identify L2ðR;VÞ with L2ðRÞnV . Likewise for S 0ðR;VÞ and
SðR;VÞ. Having fixed the Hermitean structure on V , from now on we will
take on L2ðR;VÞ the following inner-product:

ð f ; gÞL2ðR;VÞ :¼
ð
R

h f ðxÞ; gðxÞi dx; Ef ; g A L2ðR;VÞ:

Definition 2.4. Let A A UWðNÞ, and B A CyðR;UWðNÞÞ with temperate
growth in x A R. Define, for n A YN ,

QðnÞ ¼ Qðn; x;DxÞ :¼ oðHÞn IV þ 1n ðp1ðHÞl � � �l pmðHÞÞ ¼ on pðHÞ;

where p ¼ pðnÞ and, recall, on pðY Þ ¼ oðY Þn IV þ 1n pðYÞ, for any given
Y A sl2ðRÞ. Define also

QA;BðnÞ ¼ QA;Bðn; x;DxÞ :¼ BðxÞAQðn; x;DxÞA�1BðxÞ�1:

Note that

TA;B :¼ Bð�ÞA : L2ðR;VÞ ����!isometry
L2ðR;VÞ;

TA;B A AutC ðSðR;VÞÞVAutC ðS 0ðR;VÞÞ:
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Moreover, QðnÞ is a globally elliptic self-adjoint (with respect to the scalar-
product defined above) unbounded operator in L2ðR;VÞ, with domain B2ðR;VÞ
and compact resolvent. Recall that

B2ðR;VÞ ¼ f f A S 0ðR;VÞ; xaqb
x f A L2ðR;VÞ; Ea; b A Zþ; jaj þ jbja 2g:

Example 2.5. Let V ¼ C N . One has

Qhðx;DxÞ ¼ QIN ; expðx2J=2Þð1; 1Þ Qvectðx;DxÞ ¼ QI ; expðx2J=2Þð2Þ:

The usual 1� 1-harmonic oscillator is

1

2
ð�q2x þ x2Þ ¼ Q1;1ð1Þ;

whereas the scalar N �N one is

1

2
ð�q2x þ x2ÞIN ¼ QIN ; IN ð1; 1; . . . ; 1|fflfflfflfflfflffl{zfflfflfflfflfflffl}

N

Þ:

The next step is now to establish the spectral resolution of QA;BðnÞ. One has
the following proposition.

Proposition 2.6. Consider the sl2ðRÞ-module ðon p;SðR;VÞÞ. Put

rðHÞ :¼ QA;Bðnp; x;DxÞ; rðXGÞ :¼ TA;Bðon pðXGÞÞT �
A;B:

Then ðr;SðR;VÞÞ defines a representation of sl2ðRÞ. Furthermore, r is equivalent
to the tensor product representation ðon p;SðR;VÞÞ. In fact, the operator TA;B

defines the intertwining operator between these representations:

rðX ÞTA;B ¼ TA;Bon pðXÞ; EX A sl2ðRÞ:

In particular, the system defined by the operator QA;Bðnp; x;DxÞ is unitarily equiv-
alent to the system defined by the operator Qðnp; x;DxÞ.

Proof. One just recalls that

½TA;Bon pðYÞT �
A;B;TA;Bon pðZÞT �

A;B�

¼ TA;Bð½oðYÞ;oðZÞ�n IV þ 1n ½pðYÞ; pðZÞ�ÞT �
A;B

¼ TA;Bðoð½Y ;Z�Þn IV þ 1n pð½Y ;Z�ÞÞT �
A;B ¼ TA;Bðon pð½Y ;Z�ÞÞT �

A;B;

for all Y ;Z A sl2ðRÞ. The proof then follows by direct check. r

Using the irreducible decomposition of the tensor product representation on p,
we now have the following theorem.
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Theorem 2.7. Let 1a kam and let 0a ja nk � 1. Pick constants c
ðkÞG
l; j ,

0a la j,

c
ðkÞG
0;0 ¼ 1; c

ðkÞG
l; j ¼ a

j

l

� �
Gðnk � lÞ

Gð j � lH 1=2Þ
Gð jH 1=2Þ

GðnkÞ
; 1a j; 1a la j; a > 0;

where G is the Gamma-function. In particular, c
ðkÞG
l; j > 0, for all l ¼ 0; . . . ; j, all

j ¼ 0; . . . ; nk � 1, and all k ¼ 1; . . . ;m. Define the Schwartz functions

j
ðkÞþ
j :¼

Xj

l¼0

c
ðkÞþ
l; j oðXþÞ j�lj0 n v

ðkÞ
l ; j

ðkÞ�
j :¼

Xj

l¼0

c
ðkÞ�
l; j oðXþÞ j�lcyj0 n v

ðkÞ
l ;

for 0a ja nk � 1 and k ¼ 1; . . . ;m. Put

h
ðkÞG
j ¼ h

ðkÞG
j;0 :¼ TA;Bj

ðkÞG
j ; and h

ðkÞG
j;n :¼ rðXþÞnhðkÞGj ;ð5Þ

for 0a ja nk � 1, k ¼ 1; . . . ;m, and nb 0. Then

rðX�ÞhðkÞGj;0 ¼ 0; 0a ja nk � 1; 1a kam;

and the system of functions fhðkÞGj;n g0ajank�1;1akam
n AZþ

HSðR;VÞ, is an orthogonal

basis of L2ðR;VÞ, dense in both SðR;VÞ and S 0ðR;VÞ, made of the eigenfunc-
tions of QA;BðnpÞ:

QA;Bðnp; x;DxÞhðkÞGj;n ¼ 2nþ 2j þ 2H
1

2
� nk

� �
h
ðkÞG
j;n ;

for any 0a ja nk � 1, any k ¼ 1; . . . ;m, and any n A Zþ. In particular, the
lowest eigenvalue depends on the partition n in the following way:

min SpecðQA;Bðnp; x;DxÞÞ ¼
3

2
� n1:

Proof. We start o¤ by proving that rðX�ÞhðkÞGj;0 ¼ 0. We will consider only
the þ-case, the other being similar. It clearly su‰ces to prove that

ðoðX�Þn IV þ 1n pðX�ÞÞjðkÞþj ¼ 0:

A simple computation shows that it holds by virtue of the choice of the constants

c
ðkÞþ
l; j , for they satisfy the recurrence

c
ðkÞG
0; j ¼ a; c

ðkÞG
l; j ¼ ð j � lþ 1Þð j � lþ 1H 1=2Þ

lðnk � lÞ c
ðkÞG
l�1; j; 1a j; 1a la j:

We now compute the action of QA;Bðnp; x;DxÞ on the h
ðkÞG
j;n ’s. Since from Lemma

2.1 one has

½QA;Bðnp; x;DxÞ; rðXþÞn�hðkÞGj ¼ 2nrðXþÞnhðkÞGj ; En A Zþnf0g;

it is possible to reduce matters to the case n ¼ 0, for which it su‰ces to show that
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on pðHÞðoðXþÞ j�lj0 n v
ðkÞ
l Þ ¼ 2j þ 3

2
� nk

� �
oðXþÞ j�lj0 n v

ðkÞ
l :

But this is an immediate consequence of the fact that the weight of oðXþÞ j�lj0
is 2ð j � lÞ þ 1=2, and the one of v

ðkÞ
l is 2l� nk þ 1. (In fact, each function

oðXþÞ j�lj0 n v
ðkÞ
l is a weight vector of on pðHÞ.)

Next we prove that fhðkÞGj;n ; n A Zþ; 0a ja nk � 1; 1a kamg is an orthog-
onal basis of L2ðR;VÞ. By virtue of the orthogonal decomposition

L2ðR;VÞ ¼ L2
þðR;VÞlL2

�ðR;VÞ ¼ 0
m

k¼1

L2
þðR;VkÞ

 !
l 0

m

k¼1

L2
�ðR;VkÞ

 !
;

we may suppose m ¼ 1 and consider only the þ-case (so, in the following
claim we will drop the index k). Since oðXþÞnj0 ¼ ðeven polynomial of degree
2nÞ � j0, it su‰ces to prove the following elementary lemma.

Lemma 2.8. Let k A Zþ. Then, upon defining Nn ¼ f0; 1; . . . ; n� 1g,

Wþ
k :¼ SpanCfhþl;n; n A Zþ; l A Nn; nþ la kg

¼ TA;BðSpanCfoðXþÞnj0 n vl; n A Zþ; l A Nn; nþ la kgÞ ¼: Sþ
k :

In particular, for any given even polynomial p A C ½x� and 0a ja n� 1, one has
that TA;Bðpj0 n vjÞ belongs to some Wþ

k .

Proof of Lemma 2.8. We may suppose A ¼ B ¼ IV , so that TA;B is the
identity operator and hþj;n ¼ ðon pðXþÞÞnjþj ¼: jþj;n. One has the following ele-
mentary facts. Let n; n 0 A Zþ, 0a j; j 0 a n� 1. Then

ðoðXþÞnj0 n vj;oðXþÞn
0
j0 n vj 0 Þ ¼ 0; whenever n0 n 0 or j0 j 0;ðiÞ

ðjþj ; jþj 0 Þ ¼ 0; whenever j0 j 0;ðiiÞ
ðjþj;n; jþj 0;n 0 Þ ¼ 0; whenever n0 n 0 or j0 j 0:ðiiiÞ

In particular, the oðXþÞnj0 n vl’s, resp. the jþl;n’s, are linearly independent. The
problem is therefore equivalent to proving that Sþ

k HWþ
k for all k A Zþ, for it

is clear that

dim Sþ
k ¼ dim Wþ

k ¼

ðk þ 1Þðk þ 2Þ
2

; if 0a ka n� 1;

nðnþ 1Þ
2

þ nðk � nþ 1Þ; if kb n:

8>><
>>:

Let us proceed by induction on k. When k ¼ 0, one obviously has the claim,
for jþ0;0 ¼ jþ0 ¼ j0 n v0. Suppose next we have the result up to k. We prove it

for k þ 1. Being ðon pðXþÞÞn ¼
Pn

s¼0

n

s

� �
oðXþÞn�s n pðXþÞs, we get that
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SpanCfjþj;n; n A Zþ; j A Nn; nþ j ¼ k þ 1g

H SpanCfoðXþÞnj0 n vj; n A Zþ; j A Nn; nþ j ¼ k þ 1g;

whence the equality

SpanCfjþj;n; n A Zþ; j A Nn; nþ j ¼ k þ 1g

¼ SpanCfoðXþÞnj0 n vj; n A Zþ; j A Nn; nþ j ¼ k þ 1g;

by virtue of the fact that the two vector spaces have the same dimension
minfk þ 2; ng. Since Wþ

k HWþ
kþ1 and by the induction hypothesis Sþ

k ¼ Wþ
k , we

get

Wþ
kþ1 ¼ Wþ

k l SpanCfjþj;n; n A Zþ; j A Nn; nþ j ¼ k þ 1g

¼ Sþ
k l SpanCfoðXþÞnj0 n vj; n A Zþ; j A Nn; nþ j ¼ k þ 1g ¼ Sþ

kþ1:

This ends the proof of the lemma.

Hence, if ðT �
A;B f ; h

ðkÞ;G
j;n ÞL2ðR;VÞ ¼ 0 for any n A Zþ, any j ¼ 0; . . . ; nk � 1, and

any k ¼ 1; . . . ;m, then also ð f ðkÞj ; pðxÞj0ÞL2ðR;CÞ ¼ 0 for any polynomial p, f
ðkÞ
j

being the v
ðkÞ
j -component of f . Then by usual arguments f

ðkÞ
j ¼ 0, whence

f ¼ 0. The result follows. r

Remark 2.9. It follows that as an sl2ðRÞ-module, one has the irreducible
decomposition of ðr;SðR;VÞÞ:

SðR;VÞF 0
m

k¼1

0
nk�1

j¼0

SpanfhðkÞþj;n gn AZþ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
even

l 0
m

k¼1

0
nk�1

j¼0

SpanfhðkÞ�j;n gn AZþ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
odd

;

where the closure refers to the S-topology. The same decomposition holds for
L2ðR;VÞ, with closure in the L2-topology, and orthogonal l-sum. In partic-

ular, the functions h
ðkÞþ
j;0 and h

ðkÞ�
j;0 , 0a ja nk � 1, k ¼ 1; . . . ;m, give the lowest-

weight vectors of the irreducible summands, respectively.

Remark 2.10. Let n A YN and let V FC N . Fixing the another inner-
product in L2ðR;VÞ and taking A A UðNÞ and B A CyðR;UðNÞÞ with temperate
growth (where UðNÞ denotes the unitary group with respect to the canonical
Hermitian structure, rather than the structures tailored to the basis given by pðnÞ
as we did above) yields that in general QA;BðnÞ is no-longer self-adjoint. In this
case Theorem 2.7 holds true, the only di¤erence being that the l’s are no longer
orthogonal sums.

Example 1.1 is now a consequence of Theorem 2.7, upon considering the
sl2ðRÞ-module ðpvect;C 2Þ given by the vector representation, and defining
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xGj;n ¼ rðXþÞnex2J=2jGj ; j ¼ 0; 1;

where (one picks a ¼ 2 to determine the basis)

jþ0 :¼ j0 n
0

1

� �
; j�0 :¼ cyj0 n

0

1

� �
;

jþ1 :¼ 2oðXþÞj0 n
0

1

� �
þ j0 n

1

0

� �
; j�1 :¼ 2oðXþÞcyj0 n

0

1

� �
þ 3cyj0 n

1

0

� �
:

Corollary 2.11. Same hypotheses of Theorem 2.7, with n ¼
ðn1; . . . ; nmÞ A YN . Let 1 A Uðsl2ðRÞÞ be the unit element of the enveloping
algebra. Take d A C m, and let us set

QA;B; dðnÞ :¼ TA;BðQðnÞ þ 1n pdð1ÞÞT �
A;B;

where we put pkð1Þ ¼ IVk
. (Recall, pdð1Þ ¼ d1p1ð1Þl � � �l dmpmð1Þ.) Then

SpecðQA;B; dðnÞÞ ¼ nþ 1

2
þ ð2j � nk þ 1Þ þ dk; n A Zþ; 0a ja nk � 1; 1a kam

� 	
;

with the same basis fhðkÞGl;n g1akam
n AZþ;0alank�1 (independent of d).

Proof of Corollary 2.11. We immediately have that pjVk
ð1Þ ¼ IVk

, whence

TA;Bð1n pdð1ÞÞT �
A;Bh

ðkÞG
l;n ¼ dkh

ðkÞG
l;n ; En A Zþ; 0a la nk � 1; 1a kam: r

3. Perturbing the representation

We now define ‘‘quasi-creation/annihilation’’ operators, suited for deforming
the system defined by QA;Bðnp; x;DxÞ. Of course, once the sl2ðRÞ-module is fixed
(that is, once a partition of N is fixed), it su‰ces to ‘‘deform’’ the operator
Qðnp; x;DxÞ.

Definition 3.1. Let n ¼ ðn1; n2; . . . ; nmÞ A YN . Put p ¼ pðnÞ (so that also
n ¼ np). Let e ¼ ðe1; e2; . . . ; emÞ A Rm, and let us define pe ¼ e1p1 l � � �l empm.
Define the following operators (the ‘‘quasi-creation’’ operator and the ‘‘quasi-
annihilation’’ operator, respectively):

Aþðn; eÞ :¼ oðXþÞn IV þ 1n peðXþÞ;
A�ðn; eÞ :¼ oðX�Þn IV þ 1n peðX�Þ;

and finally, the following ‘‘twisted’’ harmonic oscillator:

Qeðn; x;DxÞ ¼ oðHÞn IV þ 1n peðHÞ:
Notice that Qð1;1;...;1Þðn; x;DxÞ ¼ Qðn; x;DxÞ then.

One has the following crucial property.
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Lemma 3.2. One has

½on pðX�Þ;A�ðn; eÞ� ¼ ½on pðXþÞ;Aþðn; eÞ� ¼ 0;ð6Þ
½QeðnÞ; ðon pðXþÞÞn� ¼ 2nðon pðXþÞÞn�1Aþðn; eÞ; Enb 1:ð7Þ

Formula (7) holds also in the case on pðX�Þ and A�ðn; eÞ, upon replacing 2n
by �2n. In particular (with either þ or � throughout)

½QeðnÞ; ðon pðXGÞÞn�ð8Þ

¼G2nðon pðXGÞÞn G 2nðon pðXGÞÞn�1ð1n ðpe � pÞðXGÞÞ;

for all nb 1. Finally

½QeðnÞ;QðnÞ� ¼ 0:ð9Þ

(All of the formulas above are understood on S 0ðR;VÞ.)

Proof. Formula (6) and formula (9) are clear. As regards formula (7), the
proof obviously goes by induction. It su‰ces to consider only the case relative
to Aþðn; eÞ. The case relative to A�ðn; eÞ is similar. The step n ¼ 1 is obvious.
So, suppose it true up to n, and consider the case nþ 1 (for simplicity we
consider only the þ-case): since ½a; bc� ¼ ½a; b�cþ b½a; c�, we have with a ¼ QeðnÞ,
b ¼ ðon pðXþÞÞn and c ¼ on pðXþÞ,

½QeðnÞ; ðon pðXþÞÞnþ1�
¼ ½QeðnÞ; ðon pðXþÞÞn�on pðXþÞ þ ðon pðXþÞÞn½QeðnÞ;on pðXþÞ�

¼ 2nðon pðXþÞÞn�1Aþðn; eÞon pðXþÞ þ 2ðon pðXþÞÞnAþðn; eÞ

¼ 2ðnþ 1Þðon pðXþÞÞnAþðn; eÞ;

by virtue of the induction hypothesis and equation (6). Formula (8) is an
immediate consequence of formula (7) and the definitions. This concludes the
proof of the lemma. r

Remark 3.3. It is worth noting that, with e2 :¼ ðe21 ; . . . ; e2mÞ A Rm, the opera-
tors Aþðn; eÞ, A�ðn; eÞ and QeðnÞ satisfy the following relations:

½Aþðn; eÞ;A�ðn; eÞ� ¼ QeðnÞ þ 1n ðpe2 � peÞðHÞ ¼ Qe2ðnÞ;
½QeðnÞ;AGðn; eÞ� ¼G2ðAGðn; eÞ þ 1n ðpe2 � peÞðXGÞÞ ¼G2AGðn; e2Þ:

Hence the map on pe : sl2ðRÞ ! EndC S 0ðR;VÞð Þ is a representation i¤ e A
f0; 1gm. Notice moreover that the functions
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j
ðkÞþ
j ðeÞ :¼

Xj

l¼0

c
ðkÞþ
l; j ðeÞoðXþÞ j�lj0 n v

ðkÞ
l ;

j
ðkÞ�
j ðeÞ :¼

Xj

l¼0

c
ðkÞ�
l; j ðeÞoðXþÞ j�lcyj0 n v

ðkÞ
l ;

where one chooses c
ðkÞG
0;0 ðeÞ ¼ 1 and

c
ðkÞG
l; j ðeÞ ¼

c
ðkÞG
0; j ðeÞ
elk

j

l

� �
Gðnk � lÞ

Gð j � lH 1=2Þ
Gð jH 1=2Þ

GðnkÞ
; 1a la ja nk � 1;

are solutions to

A�ðn; eÞjðkÞGj ðeÞ ¼ 0;

such that, upon choosing c
ðkÞG
0; j ðeÞ ¼ e

j
k,

j
ðkÞþ
j ðeÞ ! Gðnk � jÞ

GðH1=2Þ
Gð jH 1=2Þ

GðnkÞ
j0 n v

ðkÞ
j ;

j
ðkÞ�
j ðeÞ ! Gðnk � jÞ

GðH1=2Þ
Gð jH 1=2Þ

GðnkÞ
cyj0 n v

ðkÞ
j ;

as e ! 0 in Rm.

We are now ready to study the spectrum of Qe;A;BðnÞ in terms of on p, by
using Lemma 3.2.

Theorem 3.4. Let n ¼ ðn1; . . . ; nmÞ A YN , and pick e ¼ ðe1; . . . ; emÞ A Rm.
Let us define Qe;A;Bðn; x;DxÞ :¼ TA;BQeðn; x;DxÞT �

A;B. Then the spectrum of
Qe;A;BðnÞ in L2ðR;VÞ (but also in S 0ðR;VÞ, and in SðR;VÞ) is given in terms
of on p by

SpecðQe;A;BðnÞÞ

¼ 2nþ 1H
1

2
þ ekð2j � nk þ 1Þ; n A Zþ; 0a ja nk � 1; 1a kam

� 	
;

where to � there correspond the even eigenfunctions g
ðkÞþ
l;n :¼ oðXþÞnj0 n v

ðkÞ
l , and

to þ there correspond the odd eigenfunctions g
ðkÞ�
l;n :¼ oðXþÞncyj0 n v

ðkÞ
l .

The description holds true also in case e A C m, and upon addition of
TA;Bð1n pdð1ÞÞT �

A;B, d A C m, the k-part of the spectrum being then shifted by a
factor dk (with the same eigenfunctions).

Remark 3.5. It follows that

SpecðQðGe1;...;GemÞ;A;BðnÞÞ ¼ SpecðQðe1;...; emÞ;A;BðnÞÞ
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(any choices of G). This follows from the change of index, for an arbitrary k,
given by nk � 1� j ¼ j 0.

Proof of Theorem 3.4. We may suppose A ¼ B ¼ IV , so that r ¼ on p.
Let us define for 1a kam, 0a ja nk � 1 and n A Zþ, the following functions
(belonging to SðR;VÞ):

f
ðkÞþ
j ¼ f

ðkÞþ
j;0 ¼ j0 n v

ðkÞ
j ; f

ðkÞþ
j;n ¼ rðXþÞnf ðkÞþj ;

f
ðkÞ�
j ¼ f

ðkÞ�
j;0 ¼ cyj0 n v

ðkÞ
j ; f

ðkÞ�
j;n ¼ rðXþÞnf ðkÞ�j :

Recall that pðXþÞvðkÞnk�1 ¼: v
ðkÞ
nk ¼ 0, for any given k ¼ 1; . . . ;m (i.e. v

ðkÞ
nk�1 is the

highest weight vector of pnk ). In particular f
ðkÞG
nk ¼ 0, whence also f

ðkÞG
nk ;n ¼ 0 for

any given n A Zþ. It will be also convenient to put f
ðkÞG
n�j ¼ 0 whenever j > n.

One has, by the same arguments of Lemma 2.8, that

f f ðkÞGj;n ; n A Zþ; 0a ja nk � 1; 1a kamg is a basis of L2ðR;VÞ:ð10Þ
One immediately has, for 0a ja nk � 1,

Qe;A;Bðn; x;DxÞ f ðkÞGj;0 ¼ 1H
1

2
þ ekð2j � nk þ 1Þ

� �
f
ðkÞG
j;0 :

Let us consider for simplicity throughout the sequel of the proof the þ-case.
As a consequence of formula (8) above, one has, for nb 1,

Qeðn; x;DxÞ f ðkÞþj;n ¼ 2nþ 1

2
þ ekð2j � nk þ 1Þ

� �
f
ðkÞþ
j;n þ 2nðek � 1Þ f ðkÞþjþ1;n�1;ð11Þ

and, in particular, being f
ðkÞþ
nk ;n�1 ¼ 0,

Qeðn; x;DxÞ f ðkÞþnk�1;n ¼ 2nþ 1

2
þ ekðnk � 1Þ

� �
f
ðkÞþ
nk�1;n; n A Zþ:ð12Þ

Let us now set, for 0a la nk � 2 and k ¼ 1; . . . ;m,

g
ðkÞþ
l;n :¼ f

ðkÞþ
l;n þ

Xnk�1�l

j¼1

a
ðkÞþ
j;n f

ðkÞþ
lþj;n�j; and g

ðkÞþ
nk�1;n :¼ f

ðkÞþ
nk�1;n;

where, recall, f
ðkÞþ
s;n�j ¼ 0 when n < j, for any given 0a sa nk � 1, and the

coe‰cients faðkÞþj;n g1a jank�1�l are picked to be a
ðkÞþ
j;n ¼ ð�1Þ j n

j

� �
, 1a ja nk � l.

Since 2
6666664

g
ðkÞþ
nk�1;n

g
ðkÞþ
nk�2;nþ1

..

.

g
ðkÞþ
0;nþnk�1

3
7777775 ¼

2
66664
1 0 � � � 0

� 1 � � � 0

..

. ..
. . .

.
0

� � � � � 1

3
77775

2
6666664

f
ðkÞþ
nk�1;n

f
ðkÞþ
nk�2;nþ1

..

.

f
ðkÞþ
0;nþnk�1

3
7777775; En A Zþ; Ek ¼ 1; . . . ;m;ð13Þ
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one has that fgðkÞGl;n g is a complete system of L2ðR;VÞ, and simple computations

show that, by virtue of the choice of the coe‰cients a
ðkÞG
j;n ,

Qeðn; x;DxÞgðkÞþl;n ¼ 2nþ 1

2
þ ekð2l� nk þ 1Þ

� �
g
ðkÞþ
l;n :

To see that the functions g
ðkÞG
l;n are the usual vector-valued Hermite ones, it

su‰ces to notice thatXn
s¼1

n

s

� �
oðXþÞn�s

j0 n v
ðkÞ
lþs

þ
Xnk�1�l

j¼1

ð�1Þ j n

j

� �Xn�j

s 0¼0

n� j

s 0

� �
oðXþÞn�j�s 0j0 n v

ðkÞ
lþjþs 0 ¼ 0;

whence one immediately gets

g
ðkÞþ
l;n ¼ oðXþÞnj0 n v

ðkÞ
l ; g

ðkÞ�
l;n ¼ oðXþÞncyj0 n v

ðkÞ
l :

This concludes the proof of the theorem. r

Remark 3.6. One could interpret matters also as follows. Define the
bounded operators Tj : L

2ðR;VÞ ! L2ðR;VÞ, j ¼ 1; 2, by

T1 : f
ðkÞG
j;n 7! above finite linear combination of the ðHermite functionsn v

ðkÞ
l Þ;

and

T2 : g
ðkÞG
l;n 7! above finite linear combination of the ð f ðkÞGj;n Þ:

Then

T1 ¼ T�1
2 :

Notice that T1 operates in terms of the trivial representation, whereas T2 operates
in terms of the tensor representation.

4. The system Lðx;DxÞ of the introduction (see (1))

In this case, let us take V ¼ C N , m ¼ 1, and consider a complex N �N
diagonalizable matrix A. We distinguish two cases: N is even, N is odd.

In the first case, let a1; . . . ; aN A C be the eigenvalues of A, possibly repeated
according to their multiplicity. Organize them in pairs like, say, ðaj; aN=2þjÞ,
1a jaN=2, and associate with this pattern the partition n

ðN=2Þ
can :¼ ð2; 2; . . . ; 2|fflfflfflfflfflffl{zfflfflfflfflfflffl}

N=2

Þ

of N, and the representation p
ðN=2Þ
can :¼ pvect l pvect l � � �l pvect|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

N=2

. Then, with

e ¼ ðða1 � aN=2þ1Þ=2; . . . ; ðaN=2 � aNÞ=2Þ A C N=2 and d ¼ ðða1 þ aN=2þ1Þ=2; . . . ;
ðaN=2 þ aNÞ=2Þ A C N=2,
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U�1
A AUA ¼ pðN=2Þ

can; e ðHÞ þ p
ðN=2Þ
can; d ð1Þ;

and

Lðx;DxÞ ¼ UAðQeðnðN=2Þ
can Þ þ 1n p

ðN=2Þ
can; d ð1ÞÞU

�1
A :ð14Þ

In the second case, we proceed as before: we group the eigenvalues of A, let them
be a1; . . . ; aN�1; aN A C (possibily repeated according to their multiplicity), group
them two-by-two in pairs such as ðaj; aðN�1Þ=2þjÞ, 1a ja ðN � 1Þ=2, leaving

out the eigenvalue aN , and consider the partition n
ððN�1Þ=2Þ
can :¼ ð2; 2; . . . ; 2|fflfflfflfflfflffl{zfflfflfflfflfflffl}

ðN�1Þ=2

; 1Þ

and the associated representation p
ððN�1Þ=2Þ
can :¼ pvect l � � �l pvect|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ðN�1Þ=2

l ptrivial. Notice

that ptrivialð1Þ ¼ 1. Let then e ¼ ðða1 � aðN�1Þ=2þ1Þ=2; . . . ; ðaðN�1Þ=2 � aN�1Þ=2; 0Þ A
C ðN�1Þ=2þ1 and d ¼ ðða1 þ aðN�1Þ=2þ1Þ=2; . . . ; ðaðN�1Þ=2 þ aN�1Þ=2; aNÞ A C ðN�1Þ=2þ1.
As before,

U�1
A AUA ¼ pððN�1Þ=2Þ

can; e ðHÞ þ p
ððN�1Þ=2Þ
can; d ð1Þ;

and

Lðx;DxÞ ¼ UAðQeðnððN�1Þ=2Þ
can Þ þ 1n p

ððN�1Þ=2Þ
can; d ð1ÞÞU�1

A :ð15Þ

Of course, Lðx;DxÞ may also be thought of as

Lðx;DxÞ ¼ UA Qð1; 1; . . . ; 1|fflfflfflfflfflffl{zfflfflfflfflfflffl}
N

Þ þ 1n ðptrivial;a1 l � � �l ptrivial;aN|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
N

Þð1Þ

0
B@

1
CAU�1

A ;ð16Þ

where a1; . . . ; aN are the eigenvalues of A. The interest in writing Lðx;DxÞ in the
forms given by (14) or (15) (according to whether the dimension is even or odd,
respectively), resides exactly in writing the matrix A, through a representation
whose irreducible summands are not all trivial, as a combination of suitable
perturbations of images of elements of Uðsl2ðRÞÞ that commute with H.

However, notice that the number of independent parameters in all cases
is exactly the same, that is N, for in case of equation (14) (resp. (15)), one
considers perturbations of the form UAð1n ptðHÞ þ 1n psð1ÞÞU�1

A , with ðt; sÞ A
C N=2 � C N=2 (resp. ðt; sÞ A C ðN�1Þ=2 � C ðN�1Þ=2þ1), whereas in case of equation
(16), one considers perturbations of the form UAð1n pzð1ÞÞU�1

A , with z A C N .
The above argument shows that the spectrum of the family of systems QðnÞ

(and the kind of perturbations considered here) is actually parametrized by the
parity of N, and not by the partition n. More precisely, one has the following
remark.

Remark 4.1. With pcan ¼ p
ðN=2Þ
can when N is even, pcan ¼ p

ððN�1Þ=2Þ
can when N

is odd, respectively, let p ¼ pðnÞ ¼ p1 l � � �l pm, for some n A YN . We think of
pðHÞ as an N �N-matrix A A MatNðCÞ whose eigenvalues are then given by the
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a
ðkÞ
j ¼ 2j � nk þ 1, and eigenvectors by the v

ðkÞ
j , 0a ja nk � 1, k ¼ 1; . . . ;m,

hence fixing an isomorphism V FC N . Let e; d be the complex perturbation

parameters constructed as above by suitably grouping the eigenvalues a
ðkÞ
j . Then

pðHÞ ¼ A ¼ pcan; eðHÞ þ pcan; dð1Þ;
whence

Qðn; x;DxÞ ¼ Qeðncan; x;DxÞ þ 1n pcan; dð1Þ:

It is hence possible to change p into pcan by perturbation, and obtain that the
eigenvalues of the QðnÞ are functions only of the perturbation parameters, once

the parity of the size N is fixed. This makes the basis fjn n v
ðkÞ
j g, the jn

being the Hermite functions, the universal one to study the map

YN � C l � C l C ðn; e; dÞ 7! SpecS 0ðR;VÞðQeðnÞ þ pðnÞ; dð1ÞÞHC ;ð17Þ

where l ¼ N=2 when N is even, l ¼ ðN � 1Þ=2þ 1 when N is odd.

One naturally generalizes Theorem 2.7 and the above considerations to
systems of the kind

Lðx;DxÞ ¼ Qeðn; x;DxÞn pðn 0Þ;mð1Þ þ AnB

(considered as unbounded operators on L2ðR;V nV 0Þ with domain
B2ðR;V nV 0ÞÞ. Here we take N;N 0 A N , n ¼ ðn1; . . . ; nmÞ A YN , n 0 ¼
ðn 01; . . . ; n 0m 0 Þ A YN 0 , e; d A C m, m A Rm 0

þ , where ðpðnÞ;VÞ and ðpðn 0Þ;V 0Þ are two

sl2ðRÞ-modules, of (complex) dimension N and N 0, respectively, where A ¼
1n ðpðnÞ; eðHÞ þ pðnÞ; dð1ÞÞ and B ¼ pðn 0Þ;aðHÞ þ pðn 0Þ;bð1Þ, with a; b A C m 0

.

5. A ‘‘genuine’’ infinite-dimensional perturbation

The following example deals with an infinite-dimensional perturbation of
the system. Let us consider an sl2ðRÞ-module ðp;VÞ, dimC V ¼ N, and let
us define, V ¼ V1 l � � �lVm being the decomposition into irreducible sum-
mands of V , the bounded operators (in the þ-case and �-case, respectively)
MG

k : L2
GðR;VkÞ ! L2

GðR;VkÞ,

MG
k ðh

ðkÞG
l;n Þ ¼ AG

n ðl; kÞh
ðkÞG
l;nþ1 þ BG

n ðl; kÞh
ðkÞG
l;n�1 þ CG

n ðl; kÞhðkÞGl;n ;

for n A Zþ, 0a la nk � 1, k ¼ 1; . . . ;m, where fAG
n ðl; kÞgn AZþ

, fBG
n ðl; kÞgn AZþ

,
fCG

n ðl; kÞgn AZþ
A lyðZþ;CÞ. Then, upon setting

M :¼ 0
m

k¼1

Mþ
k

 !
l 0

m

k¼1

M�
k

 !
: L2ðR;VÞ ����!bounded

L2ðR;VÞ;

the spectrum of the operator (and of all the unitary equivalents of it)

Qðnp; x;DxÞ þM ¼ oðHÞn IV þ 1n pðHÞ þM : L2ðR;VÞ �����!unbounded
L2ðR;VÞ;
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with domain B2ðR;VÞ, may be explicitly computed in terms of on p, upon
studying a three-term recurrence system. (Of course, one may consider cases
with infinitely many steps, and cases in which the coe‰cients AG

n ;B
G
n have

temperate growth in n A Zþ, the resulting operator QðnpÞ þM : S 0ðR;VÞ !
S 0ðR;VÞ being then continuous, and defined on a suitable domain when con-
sidered as an unbounded operator in L2ðR;VÞ.) In fact, to get the recurrence
that produces the spectrum, write (in the þ-case and �-case, respectively)

W
ðkÞG
l :¼ SpanfhðkÞGl;n gn AZþ

; so that L2
GðR;VÞ ¼ 0

m

k¼1

0
nk�1

l¼0

W
ðkÞG
l :

Then

Mj
W

ðkÞG
l

¼ MG
k jW ðkÞG

l

: W
ðkÞG
l ����!bounded

W
ðkÞG
l ;

QðnpÞjW ðkÞG
l

VS 0ðR;VÞ : W
ðkÞG
l VS 0ðR;VÞ ! W

ðkÞG
l VS 0ðR;VÞ;

and the eigenvalue equations (for k ¼ 1; . . . ;m and 0a la nk � 1)

ðQðnpÞ þMÞu ¼ lu; u A W
ðkÞG
l VS 0ðR;VÞ;

is solved for non-zero u ¼
Pþy

n¼0 z
ðkÞG
l;n ðlÞhðkÞGl;n A SðR;VÞ (because of ellipticity),

where fzðkÞGl;n ðlÞgn AZþ
HC and l A C are determined by the recurrence equations

ðlðkÞGl;n þ CG
n ðl; kÞ � lÞzðkÞGl;n ðlÞ þ AG

n�1ðl; kÞz
ðkÞG
l;n�1ðlÞ þ BG

nþ1ðl; kÞz
ðkÞG
l;nþ1ðlÞ ¼ 0;

where z
ðkÞG
l;�1ðlÞ :¼ 0, z

ðkÞG
l;0 ðlÞ A Cnf0g, the l

ðkÞG
l;n ’s are the eigenvalues of the

operator QðnpÞ, and jzðkÞGl;n ðlÞj ! 0 as n ! þy faster than n�d , for any d A Zþ,
when l is an eigenvalue of QðnpÞ þM (see [4]).

6. A geometrical example

Let us denote by W�
SðRnÞ :¼ SðRn;3�

C ðRnÞÞ, where 3�
C ðRnÞ :¼

3�ðRnÞnR C , the (complex-valued) Schwartz space sections of di¤erential forms
on Rn, and consider the di¤erential complex

0 ! W0
SðRnÞ !D W1

SðRnÞ !D � � � !D Wn
SðRnÞ ! 0;

where the operator D is defined by

D : Wk
SðRnÞ ! Wkþ1

S ðRnÞ; Da ¼ 1ffiffiffi
2

p daþ
Xn
j¼1

xj dxj5a

 !
; Ea A Wk

SðRnÞ;

d being the usual exterior di¤erentiation. Let �e denote the Hodge-star, with
respect to the usual Euclidean structure of Rn, and let W�

L2ðRnÞ :¼ L2ðRn;3�
C ðRnÞÞ

be the Hilbert space of the L2 complex-valued di¤erential forms. Then D
extends to a unbounded operator on W�

L2ðRnÞ and its L2-adjoint is the complex
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0 ! Wn
SðRnÞ !D

�
Wn�1

S ðRnÞ !D
�
� � � !D

�
W0

SðRnÞ ! 0;

defined by (recall that d � ¼ ð�1Þnðkþ1Þþ1 �e d�e)

D� : Wk
SðRnÞ ! Wk�1

S ðRnÞ; D�a ¼ 1ffiffiffi
2

p d �aþ
Xn
j¼1

xj
q

qxj
ca

 !
; Ea A Wk

SðRnÞ:

Then D2 ¼ ðD�Þ2 ¼ 0. It is elementary to check that on k-forms

DD� þD�D ¼ 1

2

Xn
j¼1

ð�q2xj þ x2
j Þ þ k � n

2
:

Hence for e A R, on W�
SðRnÞ we may consider the following ‘‘deformation’’ of

DD� þD�D,

ðDD� þD�DÞe :¼
1

2

Xn
j¼1

ð�q2xj þ x2
j Þ

 !
Idþ e

Xn
k¼0

k � n

2

� �
P

ðnÞ
k ;

where P
ðnÞ
k : W�

SðRnÞ �����!projection
Wk

SðRnÞ. Let now ðM; sÞ be a compact symplectic

manifold of dimension 2m, mb 1. Let ws be the skew-symmetric bivector field
dual to s (see, e.g., [1] and references therein; for example, when s ¼ dx5dx,

then ws ¼ q=qx5q=qx), and let w
ðkÞ
s : WkðMÞ �WkðMÞ ! CyðMÞ be the ð�1Þk-

symmetric pairing induced by ws, where WkðMÞ is the space of smooth real-
valued di¤erential k-forms on M. (In the sequel W�ðMÞ will denote the space of
smooth real-valued di¤erential forms on M.) Choose vM ¼ sm=m! as volume
form on M, and define the symplectic Hodge’s star

�s : WkðMÞ ! W2m�kðMÞ; by the condition b5ð�saÞ ¼ ðwðkÞ
s ðb; aÞÞvM :

Then �s�s ¼ Id. Following [1], one puts

L : WkðMÞ C a 7! s5a A Wkþ2ðMÞ;
L� ¼ ��sL�s : WkðMÞ C a 7! wsca A Wk�2;

and

A ¼
X2m
k¼0

ðk �mÞPM
k : W�ðMÞ ! W�ðMÞ; where PM

k : W�ðMÞ �����!projection
WkðMÞ:

For p A M, we will denote by Ap (resp. Lp) the map induced by A (resp. L) on
3�ðT �

p MÞ.
One has the following important relations

½L; L�� ¼ A; ½A; L� ¼ 2L; ½A; L�� ¼ �2L�:ð18Þ
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Since s and ws are real operators, one is allowed to think of the operators L, L�

and A as acting on W�
CðMÞ, resp. on Wk

C ðMÞ, just by ‘‘declaring’’ them complex-

linear (here W�
C ðMÞ, resp. Wk

C ðMÞ, stands for the space of smooth complex-valued
di¤erential forms, resp. k-forms, on M). Relations (18) hold true also in this

case. The map w
ðkÞ
s extends to a ð�1Þk-symmetric pairing (we keep the nota-

tion) w
ðkÞ
s : Wk

C ðMÞ �Wk
C ðMÞ ! CyðM;CÞ, by w

ðkÞ
s ðbn b; an aÞ :¼ abw

ðkÞ
s ðb; aÞ,

where a; b A C and a; b A WkðMÞ. It follows that �sðan aÞ ¼ að�saÞ for all a A C

and a A WkðMÞ, whence �s extends to a C-linear map Wk
CðMÞ ! W2m�k

C ðMÞ, and
L� is the (formal) adjoint of L with respect to the Hermitian form on W�

C ðMÞ
given by

ðb; aÞM :¼
ð
M

b5ð�saÞ ¼
ð
M

ðwðkÞ
s ðb; aÞÞvM ; a; b A Wk

CðMÞ:

Definition 6.1 (see [1]). Let ðp;VÞ be an sl2ðRÞ-module of dimension
aþy. One says that V is an sl2ðRÞ-module of finite H-spectrum if

. V can be decomposed as the direct sum of eigenspaces of H;

. H has only finitely many distinct eigenvalues.

In view of relations (18), one has the following proposition (see [1]).

Proposition 6.2. The map pform : sl2ðRÞ ! EndC ðW�
C ðMÞÞ, defined by

pformðXþÞ ¼ L; pformðX�Þ ¼ L�; pformðHÞ ¼ A;

defines ðpform;W�
C ðMÞÞ as an sl2ðRÞ-module of finite H-spectrum. Note that

Wk
C ðMÞ is the eigenspace of A relative to the eigenvalue k �m.

Remark 6.3. In [1], the author considered sl2ðCÞ instead of sl2ðRÞ. This
gives no problem here.

Let us now fix an arbitrary p A M, and consider the Hilbert space
Hp ¼ W�

L2ðRnÞn3�
C ðT �

p MÞ ¼ L2ðRn;3�
CðRnÞn3�

C ðT �
p MÞÞ. The elements of

Hp are of the form (with standard notation)
P

jI j¼j; jJj¼k fI ðxÞgJðpÞ dxI n dyJ ,

with f A L2ðRn;CÞ and gJðpÞ A C , and with x A Rn and y ¼ ðy1; . . . ; y2mÞ local
symplectic coordinates at p. We may fix an inner product in Hp by requiring
that the fdxI n dyJgI ;J be an orthogonal basis. We may then introduce the
following natural ‘‘Laplacian’’

Qp ¼ ðDD� þD�DÞe n I5�
C ðT �

p MÞ þ IW
L2 ðR nÞ nAp : Hp ! Hp

Hence, the spectral properties of Qp in terms of the tensor product representation,
are obtained by Theorem 2.7 (and its corollaries), once a decomposition into
irreducibles of ðpform;3�

C ðT �
p MÞÞ is found, that is to say, once a partition of

dimC 3�
C ðT �

p MÞ ¼ 22m is fixed (hereafter, dim ¼ dimC ). Notice that the basis

fhðkÞGj;n g of Theorem 2.7 diagonalizes Qp for all e A R.
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Examples. . When m ¼ 1, we have dim 30
C ðT �

p MÞ ¼ dim 32
CðT �

p MÞ ¼ 1

and dim 31
C ðT �

p MÞ ¼ 2, whence the pattern

30
CðT �

p MÞ !
Lp

32
CðT �

p MÞ !
Lp

0; 31
C ðT �

p MÞ !
Lp

0:

Hence the partition of 22 we are looking for is n ¼ ð2; 1; 1Þ.
. When m ¼ 2, we have dim 30

C ðT �
p MÞ ¼ dim 34

CðT �
p MÞ ¼ 1,

dim 32
C ðT �

p MÞ ¼ 6, dim 31
CðT �

p MÞ ¼ dim 33
C ðT �

p MÞ ¼ 4,

whence the pattern

30
C ðT �

p MÞ !
Lp

32
C ðT �

p MÞ ¼ Im Lpj30
C ðT �

p MÞ lKer Lpj32
C ðT �

p MÞ !
Lp

34
C ðT �

p MÞ !
Lp

0;

31
C ðT �

p MÞ !
Lp

33
C ðT �

p MÞ !
Lp

0; with dimC Ker Lpj32
C ðT �

p MÞ ¼ 5:

Hence, the partition of 24 we are looking for is n ¼ ð3; 2; 2; 2; 2; 1; 1; 1; 1; 1Þ.

Since M is compact we may regard the point p A M as a parameter, and
consider

Q ¼ ðDD� þD�DÞe n IW �
C ðMÞ þ IW

L2 ðRnÞ nA;

as an operator acting on L2ðRn;3�
C ðRnÞÞnW�

C ðMÞ, that is the space of finite
linear combinations of tensor-products of elements of L2 and of W�

C ðMÞ, and
hence we may think of the W�

CðMÞ-part as parameters, separately from the
Rn-part. This gives no problem for M is compact and by virtue of the Leb-
esgue dominated convergence theorem. (When M is not compact, one may use
W�

SðMÞ.) Again, we can then use Theorem 2.7 (and its corollaries) to write
down the spectrum of Q. Notice, moreover, that we may solve by explicit
Hilbert-space methods, equations such as

Qa ¼ b; b A SðRn;3�
C ðRnÞÞnW�

C ðMÞÞ;

where (with standard notation and with ðx; yÞ A Rn �M)

bðx; yÞ ¼locally X
jI j¼j; jJj¼k

fI ðxÞgJðyÞ dxI n dyJ ; fI A L2ðRn;CÞ; gJ A CyðM;CÞ:

One may finally proceed further to consider Q as an (unbounded) operator on the
space of sections L2ðRn �M;3�

C ðT �RnÞn3�
C ðT �MÞÞ. However, in this case

things are more delicate, for Q is no longer elliptic, and the spectrum is no longer
discrete.
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