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INTEGRAL MEANS FOR THE n’th DERIVATIVE OF

BLASCHKE PRODUCTS

Mirwan Amin Kutbi

1. Preliminaries

A Blaschke product BðzÞ associated with the sequence fakg is a function
defined by the formula

BðzÞ ¼
Yy
k¼1

ak

jakj
ak � z

1� akz

� �
;ð1Þ

where
Py

k¼1ð1� jakjÞ < y, and 0 < jakj < 1 for all k in N. This function is
regular and bounded whenever z is in U ¼ fz : jzj < 1g.

For 0 < p < y, the Hardy space Hp is defined to be the class of all
functions f regular in U for which sup0<r<1fð1=2pÞ

Ð 2p
0 j f ðreiyÞjp dyg1=p is finite.

In our paper [3], we have shown that if, for some a in ð0; 1=2Þ, we have

Xy
k¼1

ð1� jakjÞa < y;ð2Þ

then Protas’ consideration [5] of the boundedness of the integral means for the
first derivative of Blaschke products IðrÞ ¼

Ð 2p
0 jB 0ðreiyÞjp dy, when 0 < pa 1� a

can be extended for p > 1� a.
In 1976 C. N. Linden [4] gave a generalization to higher order derivatives of

a theorem of Protas, which gives a su‰cient condition for the n’th derivative
BðnÞðzÞ of an infinite Blaschke product BðzÞ to belong to the class Hp for each p in
ð0; ð1� aÞ=n� when a is in ð0; 1=ðnþ 1ÞÞ. He also gave some relevant coun-
terexamples to indicate to some extent that his results are the best obtainable for
general Blaschke products.

In this paper we extend Linden’s theorem [4] when n A N and p > ð1� aÞ=n
where a is in ð0; 1=ðnþ 1ÞÞ. To do this we extend our results obtained in [3] by
considering upper bounds to the integral means of the n’th derivative of certain
infinite Blaschke products for n > 1.

We note that in 1984 Kim [2] showed that if (2) holds for some a in
ð0; 1=ðnþ 1ÞÞ, then BðnÞðzÞ A Hp for all p in ð0; ð1� aÞ=n�. Our results obtained
when p > ð1� aÞ=n show that BðnÞðzÞ need not belong to Hp.
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The positive results are in the form of ‘‘little oh’’ inequalities and, as in the
case n ¼ 1 (see [3]), we indicate the extent to which these can be regarded as
being best possible by considering some counterexamples.

Throughout this paper, the symbol C denotes a positive constant, and Cð� � �Þ
a positive constant depending on the parameters indicated in ð� � �Þ. For clar-
ification we will, from time to time, distinguish various appearances of the
constants by using su‰xes such as C1;C2; . . . ;C1ð� � �Þ;C2ð� � �Þ; . . . : Also the
symbol eðrÞ denotes a positive function that tends to zero as r increases to one.
However it should be noted that for j ¼ 1; 2; . . . ; the terms C;Cj;Cjð� � �Þ and eðrÞ
may vary from one appearance to the next, but always there will be some implicit
means of finding them at each stage.

2. n’th derivative means for (1Ca)/nH pJ 1/n

Here, in the following theorem, we extend Linden’s theorem [4] for any
natural number n with ð1� aÞ=n < pa 1=n when a is in ð0; 1=ðnþ 1ÞÞ as follows.

Theorem 1. Let n be a natural number, and let fakg be a Blaschke sequence
such that (2) holds for some a in ð0; 1=ðnþ 1ÞÞ. Then, for any number p in
ðð1� aÞ=n; 1=n�, there is a positive function eðrÞ that satisfies the condition

lim
r!1

eðrÞ ¼ 0;ð3Þ

and such that

InðrÞ ¼
ð2p
0

jBðnÞðreiyÞjp dy <
eðrÞ

ð1� rÞnpþa�1
ð0 < r < 1Þ:ð4Þ

For the proof of this theorem we need the following lemmas. First we have
a well-known result.

Lemma 1 (See [6], p. 226). If x A ð0; 1ÞU ð1;yÞ, and y is a natural number,
then there are two positive constants C1ðxÞ and C2ðxÞ not dependent on y such
that

C2ðxÞ < ð1� rÞhðxÞ
ð2p
0

j1� reiyyj�x
dy < C1ðxÞ ð0 < r < 1Þ;

where hðxÞ ¼ maxð0; x� 1Þ.

In the next lemma, we generalize our result in Lemma 3 [3], for any natural
number J, and because of similarity the proof has been omitted.

Lemma 2. Let J be a natural number, and let fakg be a Blaschke sequence
such that (2) holds for some a in ð0; 1Þ. Then for any number p satisfying the
conditions pb a and Jpþ a > 1, we have
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Xy
k¼1

ð1� rkÞp

ð1� rkrÞðJþ1Þp�1
<

eðrÞ
ð1� rÞJpþa�1

ð0 < r < 1Þ;

where rk ¼ jakj and limr!1 eðrÞ ¼ 0.

In the following lemma, we establish the general derivative formula for the
product BðzÞ.

Lemma 3. Let BðzÞ be a Blaschke product. Then, for J ¼ 0; 1; . . . ; we have

BðJþ1ÞðzÞ ¼ �
XJ
s¼0

Xy
k¼1

J!ðsþ 1Þ
ðJ � sÞ! B

ðJ�sÞ
k ðzÞ ðakÞ

sþ1ð1� jakj2Þ
jakjð1� akzÞsþ2

;ð5Þ

where

BkðzÞ ¼
Yy
j¼1
j0k

aj

jaj j
aj � z

1� ajz

� �
:ð6Þ

Proof. The logarithmic derivative of BðzÞ can be used to give the formula

B 0ðzÞ ¼ �
Xy
k¼1

BkðzÞDkðzÞ;ð7Þ

where

DkðzÞ ¼
ak

jakj

� �
1� jakj2

ð1� akzÞ2
:ð8Þ

Then Leibnitz’s formula [1, p. 121] shows that

BðJþ1ÞðzÞ ¼ d J

dzJ
B 0ðzÞ ¼ �

Xy
k¼1

d J

dzJ
fBkðzÞDkðzÞgð9Þ

¼ �
Xy
k¼1

XJ
s¼0

J!

s!ðJ � sÞ!B
ðJ�sÞ
k ðzÞDðsÞ

k ðzÞ
( )

:

Note that, a simple application of the principle of mathematical induction
can be used to establish the formula

D
ðsÞ
k ðzÞ ¼ ðsþ 1Þ!ðakÞsþ1ð1� jakj2Þ

jakjð1� akzÞsþ2
ðs ¼ 0; 1; 2; . . .Þ:ð10Þ

Substituting (10) in (9) completes the proof. 9

The next two lemmas give upper bounds to the quantities jBðJÞðzÞj and
IJðrÞ ¼

Ð 2p
0 jBðJÞðreiyÞjp dyð1=ðJ þ 1Þ < pa 1=J; J A NÞ, respectively. These re-
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sults are actually due to Kim [2] but we give an alternative inductive proof
which does not require the more complicated appeal to partial products used by
him.

Lemma 4. Let BðzÞ be a Blaschke product. Then, for any natural number J,
we have

jBðJÞðzÞj < CðJÞ
X� Yl

s¼1

Xy
k¼1

1� jakj
j1� akzj1þls

( )" #
;ð11Þ

where
P�

is a finite sum taken over all l-tuples ðl1; . . . ; ls; . . . ; llÞ ðla JÞ for
which

l1 þ � � � þ ls þ � � � þ ll ¼ J;ð12Þ
and

1a ls a J for 1a sa l:

Proof. We proceed by using the principle of mathematical induction. The
required result is true for J ¼ 1, since

jB 0ðzÞj < 2
Xy
k¼1

1� jakj
j1� akzj2

(see Theorem 1 [3]).
Suppose that the conclusion of Lemma 4 is valid for all positive integers

up to J. Then by Lemma 3 we obtain

jBðJþ1ÞðzÞj ¼ �
XJ
h¼0

Xy
k¼1

J!ðhþ 1Þ
ðJ � hÞ!

ðakÞhþ1ð1� jakj2Þ
jakjð1� akzÞhþ2

B
ðJ�hÞ
k ðzÞ

�����
�����ð13Þ

< T1ðzÞ þ T2ðzÞ;

where

T1ðzÞ ¼ 2
XJ�1

h¼0

J!ðhþ 1Þ
ðJ � hÞ!

Xy
k¼1

1� jakj
j1� akzjhþ2

jBðJ�hÞ
k ðzÞj

< 2
XJ�1

h¼0

J!ðhþ 1Þ
ðJ � hÞ!

Xy
k¼1

1� jakj
j1� akzj1þðhþ1Þ

� CðJ � hÞ
X�� Yl

s¼1

Xy
k¼1

1� jakj
j1� akzj1þls

( )" #
ð14Þ

< CðJÞ
X
�

YL
s¼1

Xy
k¼1

1� jakj
j1� akzj1þls

( )" #
;ð15Þ
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the sum
P��

in (14) being taken over all l-tuples ðl1; . . . ; ls; . . . ; llÞ such that,
for given h in ½0; J � 1�, l1 þ � � � þ ls þ � � � þ ll ¼ J � h and 1a ls a J � h
for 1a sa la J � h, while the sum

P
�

in (15) is taken over all L-tuples

ðl1; . . . ; ls; . . . ; lLÞ for which l1 þ � � � þ ls þ � � � þ lL ¼ J þ 1 and 1a ls a J þ 1
for 1a saLa J þ 1.

Next, we consider

T2ðzÞ ¼ 2fðJ þ 1Þ!g
Xy
k¼1

1� jakj
j1� akzjJþ2

jBkðzÞjð16Þ

< 2fðJ þ 1Þ!g
Xy
k¼1

1� jakj
j1� akzj1þðJþ1Þ ;

since jBkðzÞj < 1.
Thus, substituting (15) and (16) in (13) and replacing the constants CðJÞ

and 2fðJ þ 1Þ!g by a bigger constant CðJ þ 1Þ end the proof of Lemma 4. 9

Lemma 5. Let J be a natural number, and let 1=ðJ þ 1Þ < pa 1=J. Then

IJðrÞ ¼
ð2p
0

jBðJÞðreiyÞjp dy < CðJ; pÞ
Xy
k¼1

ð1� rkÞp

ð1� rkrÞðJþ1Þp�1
;ð17Þ

where ak ¼ rke
igk .

Proof. Since pa 1, then by Lemma 4 we get

jBðJÞðzÞjp < CðJ; pÞ
X� Yl

s¼1

Xy
k¼1

1� jakj
j1� akzj1þls

( )p" #
:ð18Þ

Now we need to examine terms of the form

TðzÞ ¼
Yl
s¼1

Xy
k¼1

1� jakj
j1� akzj1þls

( )p

:ð19Þ

We apply Hölder’s inequality to get

ð2p
0

TðreiyÞ dya
Yl
s¼1

ð2p
0

Xy
k¼1

1� rk

j1� rkreiðy�gkÞj1þls

( )ts p
dy

" #1=ts
;ð20Þ

where ts ¼ J=ls.
Since ts p ¼ Jp=ls a Jpa 1, then for o ¼ y� gk we get

ð2p
0

Xy
k¼1

1� rk

j1� rkreiðy�gkÞj1þls

( )ts p

dya
Xy
k¼1

ð 2p
0

ð1� rkÞ ts p

j1� rkreiojð1þlsÞts p
do:ð21Þ

The inequalities 1a ls a J and p > 1=ðJ þ 1Þ imply
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ð1þ lsÞts p ¼ J þ J

ls

� �
pb ðJ þ 1Þp > 1:

Therefore, Lemma 1 yieldsð2p
0

j1� rkre
ioj�ð1þlsÞts p do < CðJ; pÞð1� rkrÞ1�ð1þlsÞts p;ð22Þ

and since ðð1� rkÞ=ð1� rkrÞÞpððJ�lsÞ=lsÞ a 1 for all Jb ls, it follows that

Xy
k¼1

ð2p
0

ð1� rkÞ ts p

j1� rkreiojð1þlsÞts p
do < CðJ; pÞ

Xy
k¼1

ð1� rkÞJp=ls

ð1� rkrÞðð1þlsÞJpÞ=ls�1
ð23Þ

¼ CðJ; pÞ
Xy
k¼1

ð1� rkÞp

ð1� rkrÞðJþ1Þp�1

1� rk

1� rkr

� �pððJ�lsÞ=lsÞ

aCðJ; pÞ
Xy
k¼1

ð1� rkÞp

ð1� rkrÞðJþ1Þp�1
:

Note that,

Xl

s¼1

1

ts
¼ 1

J

Xl

s¼1

ls ¼ 1:

Therefore, (20), (21) and (23) imply

ð2p
0

TðreiyÞ dy <
Yl
s¼1

CðJ; pÞ
Xy
k¼1

ð1� rkÞp

ð1� rkrÞðJþ1Þp�1

( )1=ts

< CðJ; pÞ
Xy
k¼1

ð1� rkÞp

ð1� rkrÞðJþ1Þp�1
:

Together with (18), this completes the proof of Lemma 5. 9

The proof of Theorem 1 follows since the result (4) is implied by using,
respectively, Lemma 5 and Lemma 2 with n in place of J, and noting that
p > a with Jpþ a� 1 > 0.

3. n’th derivative means for pI 1/n

In the following theorem we extend Theorem 1 when 0 < a < 1=ðnþ 1Þ
ðn A NÞ and p > 1=n as follows.

Theorem 2. Let n be a natural number, and let fakg be a Blaschke sequence
such that (2) holds for some a in ð0; 1=ðnþ 1ÞÞ. Then, for any number p > 1=n,
there is a positive function eðrÞ that satisfies the condition (3) and such that
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InðrÞ ¼
ð2p
0

jBðnÞðreiyÞjp dy <
eðrÞ

ð1� rÞnpþa�1
ð0 < r < 1Þ:ð24Þ

Let us first state the following lemma.

Lemma 6. Let BðzÞ be a Blaschke product. Then, for any z A U ¼
fz : jzj < 1g

jBðnÞðzÞj < CðnÞ
ð1� rÞn ðjzj ¼ rÞ

(see Lemma 4 [3] for the case n ¼ 1).

We are now ready to prove Theorem 2. For a suitable choice of a number
g so that ð1� aÞ=n < ga 1=n, Lemma 6 together with Theorem 1 imply

InðrÞ ¼
ð2p
0

jBðnÞðreiyÞjp dy <
Cðn; g; pÞ

ð1� rÞnðp�gÞ
eðrÞ

ð1� rÞngþa�1
a

eðrÞ
ð1� rÞnpþa�1

;

if Cðn; g; pÞa 1. If not, then replacing eðrÞ by eðrÞ=Cðn; g; pÞ initially completes
the proof. 9

4. General counterexamples in cases when (1C a)/nH pJ 1/n

Next theorem indicates the extent to which the inequality (4) with the con-
dition (3) is the best possible result that can be obtained for general infinite
Blaschke products.

Theorem 3. For a natural number n let a be in ð0; 1=ðnþ 1ÞÞ, and let eðrÞ be
a given positive function which is continuous on ð0; 1Þ and satisfies the condition
(3). Then we can find an infinite Blaschke product BðzÞ whose zeros fakg satisfy
the associated convergence condition (2), and for any number p in ðð1� aÞ=n; 1=n�
we have

InðrÞ ¼
ð2p
0

jBðnÞðreiyÞjp dy >
eðrÞ

ð1� rÞnpþa�1
;ð25Þ

for a sequence of values r increasing to 1.

To prove this theorem, we may consider a sequence of numbers frkg
increasing to 1 on ð0; 1Þ, and an associated sequence of integers fqkg so that
the Blaschke product BðzÞ has qk zeros of the form rke

i2pj=qk ð0a ja qk � 1Þ
equally distributed on fz : jzj ¼ rkg, according to the following definition:

BðzÞ ¼
Yy
k¼1

r
qk
k � zqk

1� r
qk
k zqk

¼
Yy
k¼1

bkðzÞ:ð26Þ
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We will make further qualifications on these sequences later. Note, however,
that the general convergence condition (2) will be equivalent to

Xy
k¼1

qkð1� rkÞa < y;ð27Þ

for some a in ð0; 1=ðnþ 1ÞÞ and n A N , and we will assume that this is so.
For a number s in ð0; 1Þ, we will first choose the sequence frkg in ð0; 1Þ

so that

1� rkþ1 ¼ sð1� rkÞ ðk ¼ 1; 2; . . .Þ:ð28Þ

We continue by assuming, without loss of generality, that the given function eðrÞ
is decreasing. If not, then we can replace it by e1ðrÞ ¼ supfeðxÞ : xb rg which
satisfies the same conditions as eðrÞ with the addition that e1ðrÞ is decreasing
and e1ðrÞb eðrÞ.

First we state the following lemma which will be used to show that, without
loss of generality, we can replace the decreasing function e by a smoother func-
tion to make our deductions easier to pick out dominant terms in BðzÞ. We
omit the proof for brevity.

Lemma 7. For a given positive decreasing function eðrÞ which is continuous
on ð0; 1Þ with limr!1 eðrÞ ¼ 0, there is a positive decreasing function dðrÞ satisfying
the conditions:

(i) dðrÞb eðrÞ ðr A ð0; 1ÞÞ,
(ii) limr!1 dðrÞ ¼ 0,
(iii) for each given number s in ð0; 1Þ

lim
r!1

dðrÞ
dð1� sð1� rÞÞ ¼ 1:

It would be interesting to note that, under the given conditions, the function
dðrÞ cannot be smaller than any positive power of ð1� rÞ.

By applying Lemma 7 to eðrÞ, we can find dðrÞ which satisfies the conditions
(i), (ii), (iii). It will be convenient to prove our result in terms of d rather than
e, which will be acceptable in view of condition (i). Consequently we define the
associated sequence of integers fqkg so that

qk ¼ ½ð1� rkÞ�adðrkÞ� ðk ¼ 1; 2; . . .Þ:ð29Þ

This means that, for large value of k, we can write

dðrkÞ
2

< qkð1� rkÞa a dðrkÞ ðkb k0; k; k0 A NÞ:ð30Þ

Henceforth, we should bear in mind that, our results will be valid as long
as
Py

k¼1 dðrkÞ converges, this, in fact, being equivalent to the convergence of
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Py
k¼1 qkð1� rkÞa. However, our specification of the smooth function d does not

ensure that this is so. In order to proceed further with such cases, it worth
noting that, our obtained results will be hold not only for the sequences frkg and
fqkg, but for all their subsequences. We also note that, due to the condition
limr!1 dðrÞ ¼ 0, we can choose a subsequence of natural numbers fksg such that

Xy
s¼1

dðrksÞ < y:

This, together with the condition dðrksÞb qksð1� rksÞ
a implies that

Xy
s¼1

qksð1� rksÞ
a
a
Xy
s¼1

dðrksÞ < y:

Further, we note that, the general inequalities obtained relating to BðzÞ in
(26) are also applicable correspondingly to the following Blaschke subproduct:

bðzÞ ¼
Yy
s¼1

r
qks
ks

� zqks

1� r
qks
ks

zqks
:

We proceed by proving the following lemmas. In the first one, which can
be easily proved by using the principle of mathematical induction, we establish
a general derivative formula for btðzÞ.

Lemma 8. Let btðzÞ be defined as in (26) with t in place of k. Then

b
ðJÞ
t ðzÞ ¼ �qtðrqtt � r

�qt
t Þ

zJ

XJþ1

h¼1

mh;J

ð1� r
qt
t zqtÞh

ðJ ¼ 1; 2; . . .Þ;ð31Þ

where each of mh;J is a polynomial of degree at most ðJ � 1Þ in qt with lead-
ing coe‰cient depending only on J, and mJþ1;J ¼ J!qJ�1

t .

The next lemma estimates the magnitude of what will be shown to be the
dominant term in the contribution of the integral InðrÞ in (25) for r ¼ rt ðt A NÞ,
when t is large.

Lemma 9. For a natural number J let p > 1=ðJ þ 1Þ. Then, for a sequence
of values r ¼ rt ðtb t0; t; t0 A NÞ increasing to 1, we have

C1ðJ; pÞqtð1� rtÞ1�Jp <

ð2p
0

jbðJÞt ðrteiyÞjp dy < C2ðJ; pÞqtð1� rtÞ1�Jp;ð32Þ

where btðrteiyÞ is defined as in (26).

(Note that, for some a in ð0; 1Þ we have from (29) that, qt a ð1� rtÞ�adðrtÞ
with limt!y dðrtÞ ¼ 0).
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Proof. Suppose first that 1=ðJ þ 1Þ < pa 1. By Lemma 8 we get

ð2p
0

jbðJÞt ðrteiyÞjp dyb
q
p
t ðr�qt

t � r
qt
t Þp

r
Jp
t

ð2p
0

mJþ1;J

ð1� r
2qt
t eiqtyÞJþ1

�����
�����
p

dy

�
XJ
h¼1

ð2p
0

mh;J

ð1� r
2qt
t eiqtyÞh

�����
�����
p

dy

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
:ð33Þ

Let F1ðrtÞ and F2ðrtÞ denote respectively the two terms that make up the right-
hand bracket of (33). Since ðJ þ 1Þp > 1, then Lemma 1 yields

F1ðrtÞ ¼
ð2p
0

mJþ1;J

ð1� r
2qt
t eiqtyÞJþ1

�����
�����
p

dy >
CðJ; pÞqðJ�1Þp

t

ð1� r
2qt
t ÞðJþ1Þp�1

:ð34Þ

To estimate F2ðrtÞ note that, since j1� r
2qt
t e iqtyj < 2, we get

F2ðrtÞ ¼
XJ
h¼1

ð 2p
0

mh;J

ð1� r
2qt
t e iqtyÞh

�����
�����
p

dy < C3ðJ; pÞqðJ�1Þp
t

ð2p
0

j1� r
2qt
t eiqtyj�Jp

dy:

If Jp < 1 then
Ð 2p
0 j1� r

2qt
t eiqtyj�Jp

dy is bounded above by a positive constant.
Otherwise we have 1a Jp < ðJ þ 1=2Þp, and it follows thatð2p

0

j1� r
2qt
t eiqtyj�Jp

dy < C4ðJ; pÞð1� r
2qt
t Þ1�ðJþ1=2Þp:

Thus we obtain

F2ðrtÞ < C5ðJ; pÞqðJ�1Þp
t ð1� r

2qt
t Þ1�ðJþ1=2Þp:ð35Þ

Since 1� r
2qt
t a 2qtð1� rtÞa 2ð1� rtÞ1�adðrtÞ, then we get from (34) and (35)

F1ðrtÞ � F2ðrtÞ >
q
ðJ�1Þp
t

ð1� r
2qt
t ÞðJþ1Þp�1

fCðJ; pÞ � C5ðJ; pÞ2p=2ð1� rtÞð1�aÞp=2ðdðrtÞÞp=2g:

For large numbers t, the right-hand side of the last inequality is asymp-
totically equal to CðJ; pÞqðJ�1Þp

t =ð1� r
2qt
t ÞðJþ1Þp�1, and substitution in (33) yields

ð2p
0

jbðJÞt ðrteiyÞjp dy >
q
p
t ðr�qt

t � r
qt
t Þp

r
Jp
t

CðJ; pÞqðJ�1Þp
t

ð1� r
2qt
t ÞðJþ1Þp�1

ð36Þ

¼ q
p
t ð1� r

2qt
t Þp

r
ðqtþJÞp
t

CðJ; pÞqðJ�1Þp
t

ð1� r
2qt
t ÞðJþ1Þp�1

bCðJ; pÞ21�Jpr
ð�qt�JÞp
t qtð1� rtÞ1�Jp

> C1ðJ; pÞqtð1� rtÞ1�Jp:
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On the other hand, for 1=ðJ þ 1Þ < pa 1, and for large numbers t, we haveð2p
0

jbðJÞt ðrteiyÞjp dya
q
p
t ðr�qt

t � r
qt
t Þp

r
Jp
t

XJþ1

h¼1

ð 2p
0

mh;J

ð1� r
2qt
t e iqtyÞh

�����
�����
p

dy

( )
ð37Þ

a
q
p
t ðr�qt

t � r
qt
t Þp

r
Jp
t

C6ðJ; pÞqðJ�1Þp
t

XJþ1

h¼1

ð2p
0

j1� r
2qt
t eiqtyj�hp

dy

< C2ðJ; pÞqtð1� rtÞ1�Jp;

since j1� r
2qt
t eiqtyj < 2, ðJ þ 1Þp > 1, and r

qt
t ! 1 as t ! y.

This together with (36), ends the proof of Lemma 9 when 1=ðJ þ 1Þ < pa 1.

We now consider the case when p > 1. Hölder’s inequality with (34) and
(35) yields

ð2p
0

jbðJÞt ðrteiyÞjp dy
� �1=p

b
qtðr�qt

t � r
qt
t Þ

rJt

8>>>>>>><
>>>>>>>:

ð 2p
0

mJþ1;J

ð1� r
2qt
t e iqtyÞJþ1

�����
�����
p

dy

 !1=p

�
XJ
h¼1

ð2p
0

mh;J

ð1� r
2qt
t eiqtyÞh

�����
�����
p

dy

 !1=p

9>>>>>>>=
>>>>>>>;

>
qJ
t ðr

�qt
t � r

qt
t Þ

rJt ð1� r
2qt
t ÞJþ1�1=p

fCðJ; pÞ � C5ðJ; pÞ21=2ð1� rtÞð1�aÞ=2ðdðrtÞÞ1=2g:

As t tends to infinity, the function dðrtÞ tends to zero, so that the right-hand
side of the last inequality is asymptotically equal to CðJ; pÞq1=pt ð1� rtÞ1=p�J .
Therefore ð2p

0

jbðJÞt ðrteiyÞjp dy > C1ðJ; pÞqtð1� rtÞ1�Jp ðp > 1Þ:ð38Þ

On the other hand, for p > 1, Lemma 6 with (37) can be used to get

ð 2p
0

jbðJÞt ðrteiyÞjp dy ¼
ð2p
0

jbðJÞt ðrteiyÞjp�1jbðJÞt ðrteiyÞj dy

a
CðJ; pÞ

ð1� rtÞJðp�1Þ

ð2p
0

jbðJÞt ðrteiyÞj dy

<
C2ðJ; pÞ

ð1� rtÞJðp�1Þ
qt

ð1� rtÞJ�1
¼ C2ðJ; pÞqtð1� rtÞ1�Jp:

Thus, Lemma 9 is proved. 9
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Lemma 5 applies to Blaschke products BðzÞ in general. We note the fol-
lowing immediate corollary which is relevant to the particular subproducts of
BðzÞ with the factor btðzÞ omitted.

Corollary 1. Let BðzÞ be a Blaschke products, and let BtðzÞ denote the
subproduct of BðzÞ with the factor btðzÞ omitted, where btðzÞ is defined by (26)
with t in place of k. Then

ð2p
0

jBðJÞ
t ðrteiyÞjp dy < CðJ; pÞ

Xy
k¼1
k0t

qkð1� rkÞp

ð1� rkrtÞðJþ1Þp�1
;

for 1=ðJ þ 1Þ < pa 1=J.

We can now complete the proof of Theorem 3. Write

BðzÞ ¼ btðzÞ
Yy
k¼1
k0t

bkðzÞ ¼ btðzÞBtðzÞ ðt A NÞ:ð39Þ

Then Leibnitz’s formula shows that

BðnÞðzÞ ¼
Xn
m¼0

Cn
mb

ðmÞ
t ðzÞBðn�mÞ

t ðzÞ ðn A NÞ:

Since pa 1, then for r ¼ rt, we get

InðrtÞb
ð 2p
0

jbðnÞt ðrteiyÞjpjBtðrteiyÞjp dyð40Þ

�
Xn�1

m¼0

Cn
m

ð 2p
0

jbðmÞ
t ðrteiyÞjpjBðn�mÞ

t ðrteiyÞjp dy:

Under the conditions (28) and (29) on rk and qk, respectively, we can easily (see
[3], pp. 93–94) show that jBtðrteiyÞj > 1=2. Then by using Lemma 9 in the case
J ¼ n we obtainð2p

0

jbðnÞt ðrteiyÞjpjBtðrteiyÞjp dy > C1ðn; pÞqtð1� rtÞ1�np:ð41Þ

In the case m ¼ 0, Corollary 1 yields, for J ¼ n, that

ð2p
0

jbtðrteiyÞjpjBðnÞ
t ðrteiyÞjp dy < Cðn; pÞ

Xy
k¼1
k0t

qkð1� rkÞp

ð1� rkrtÞðnþ1Þp�1
:ð42Þ
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Also, since np=m ¼ nðmþ 1Þp=ðmðmþ 1ÞÞ > 1=ðmþ 1Þ and 1=ðn�mÞb
np=ðn�mÞ ¼ nðn�mþ 1Þp=ððn�mÞðn�mþ 1ÞÞ> 1=ðn�mþ 1Þ, then by apply-
ing Hölder’s inequality in the cases 1ama n� 1, we obtain from Lemma 9 with
Corollary 1 that

Xn�1

m¼0

Cn
m

ð 2p
0

jbðmÞ
t ðrteiyÞjpjBðn�mÞ

t ðrteiyÞjp dyð43Þ

<
Xn�1

m¼0

Cðm; n; pÞfqtð1� rtÞ1�npgm=n
Xy
k¼1
k0t

qkð1� rkÞnp=ðn�mÞ

ð1� rkrtÞnpþnp=ðn�mÞ�1

8><
>:

9>=
>;
ðn�mÞ=n

:

Note that,

qkð1� rkÞnp=ðn�mÞ

ð1� rkrtÞnpþnp=ðn�mÞ�1
< qkð1� rkÞ1�np ðk ¼ 1; 2; . . . ; t� 1Þ;

and

qkð1� rkÞnp=ðn�mÞ

ð1� rkrtÞnpþnp=ðn�mÞ�1
<

qkð1� rkÞnp=ðn�mÞ

ð1� rtÞnpþnp=ðn�mÞ�1
ðk ¼ tþ 1; tþ 2; . . .Þ;

since 1� rkrt > 1� rt and npþ np=ðn�mÞ � 1 > 0.
Therefore, the left-hand side of (43) is bounded above by

Xn�1

m¼0

Cðm; n; pÞfqtð1� rtÞ1�npgm=nð44Þ

�
Xt�1

k¼1

qkð1� rkÞ1�np þ
Xy
k¼tþ1

qkð1� rkÞnp=ðn�mÞ

ð1� rtÞnpþnp=ðn�mÞ�1

( )ðn�mÞ=n

:

Thus, from (40), (41) and (44) we obtain

InðrtÞ > qtð1� rtÞ1�np �
(
C1ðn; pÞ �

Xn�1

m¼0

Cðm; n; pÞð45Þ

�
Xt�1

k¼1

qkð1� rkÞ1�np

qtð1� rtÞ1�np
þ
Xy
k¼tþ1

qkð1� rkÞnp=ðn�mÞ

qtð1� rtÞnp=ðn�mÞ

( )ðn�mÞ=n)
:

For any W > 0 (however small) there is a corresponding number K ¼ KðWÞ (with
K > 0) such that

dðrkÞ
dðrtÞ

< ð1þWÞ t�k ðt > k > KÞ:
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For large values of t and K, we have

Xt�1

k¼1

qkð1� rkÞ1�np

qtð1� rtÞ1�np
<

4ð1þWÞsnpþa�1

1� ð1þWÞsnpþa�1
;ð46Þ

for a suitable choice of s in ð0; 1Þ so that ð1þWÞsnpþa�1 < 1.
Further, for 0ama n� 1 ðn A NÞ, we get

Xy
k¼tþ1

qkð1� rkÞnp=ðn�mÞ

qtð1� rtÞnp=ðn�mÞ <
2sðnp=ðn�mÞ�aÞ

1� sðnp=ðn�mÞ�aÞ :ð47Þ

Hence, for a suitable choice of s in ð0; 1Þ so that

Xn�1

m¼0

Cðm; n; pÞ 4ð1þWÞsnpþa�1

1� ð1þWÞsnpþa�1
þ 2sðnp=ðn�mÞ�aÞ

1� sðnp=ðn�mÞ�aÞ

� �ðn�mÞ=n

a
C1ðn; pÞ

2
;

we obtain from (45), (46) and (47) that

InðrtÞ >
C1ðn; pÞ

2
qtð1� rtÞ1�np >

C1ðn; pÞ
4

dðrtÞ
ð1� rtÞnpþa�1

b
eðrtÞ

ð1� rtÞnpþa�1
;

if C1ðn; pÞb 4. If not, then by initially replacing eðrÞ by ð4=ðC1ðn; pÞÞÞeðrÞ we
get

InðrtÞ >
eðrtÞ

ð1� rtÞnpþa�1
¼ eðrÞ

ð1� rÞnpþa�1
ðr ¼ rtÞ:ð48Þ

This completes the proof of Theorem 3. 9

5. General counterexamples in cases when pI 1/n

The next theorem shows that the inequality (24) with the condition (3) is the
best obtainable for general infinite Blaschke products.

Theorem 4. For a natural number n let a A ð0; 1=ðnþ 1ÞÞ, and let eðrÞ be
a given positive function which is continuous on ð0; 1Þ and satisfies the condition
(3). Then we can find an infinite Blaschke product BðzÞ whose zeros fakg satisfy
the associated convergence condition (2), and for any number p > 1=n we have

InðrÞ ¼
ð2p
0

jBðnÞðreiyÞjp dy >
eðrÞ

ð1� rÞnpþa�1
;ð49Þ

for a sequence of values r increasing to 1.
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Proof. In order to prove this theorem we proceed by defining BðzÞ as in
(26), where the conditions (27) and (28) hold.

As previously, we shall prove our result in terms of d rather than e, which
satisfies the conditions (i), (ii) and (iii) which have been mentioned in Lemma
7. Further, we may assume, without loss of generality, that the definition (29)
with the condition (30) hold.

Write BðzÞ as in (39). Then Leibnitz’s formula can be used together with
Lemma 6 to obtain

Xn�1

m¼0

Cn
mb

ðmÞ
t ðrteiyÞBðn�mÞ

t ðrteiyÞ
�����

����� < C3ðnÞ
ð1� rtÞn

ð0 < rt < 1Þ:ð50Þ

Thus with p > 1=n we can choose a number g such that 1=ðnþ 1Þ < ga 1=n,
then (43) can be used with p replaced by g to get

ð2p
0

Xn�1

m¼0

Cn
mb

ðmÞ
t ðrteiyÞBðn�mÞ

t ðrteiyÞ
�����

�����
p

dyð51Þ

<
Xn�1

m¼0

Cðm; n; g; pÞ ðqtð1� rtÞ1�ngÞm=n

ð1� rtÞnðp�gÞ

Xy
k¼1
k0t

qkð1� rkÞng=ðn�mÞ

ð1� rkrtÞngþng=ðn�mÞ�1

0
B@

1
CA
ðn�mÞ=n8><

>:
9>=
>;:

In those cases where 1=n < pa 1 we can use (41) and (51) to show that

InðrtÞ ¼
ð2p
0

jBðnÞðrteiyÞjp dyð52Þ

b

ð2p
0

jbðnÞt ðrteiyÞjpjBtðrteiyÞjp dy�
ð2p
0

Xn�1

m¼0

Cn
mb

ðmÞ
t ðrteiyÞBðn�mÞ

t ðrteiyÞ
�����

�����
p

dy

> qtð1� rtÞ1�np �
(
C1ðn; pÞ �

Xn�1

m¼0

Cðm; n; g; pÞ

�
Xt�1

k¼1

qkð1� rkÞ1�ng

qtð1� rtÞ1�ng
þ
Xy
k¼tþ1

qkð1� rkÞng=ðn�mÞ

qtð1� rtÞng=ðn�mÞ

( )ðn�mÞ=n)

which is similar to (45) with p replaced by g inside the brackets f g. Therefore,
the same technique that was used in Theorem 3 to establish the result (48) can
be applied again to get

InðrtÞ >
eðrtÞ

ð1� rtÞnpþa�1
;ð53Þ

where limt!y eðrtÞ ¼ 0 and 1=n < pa 1.
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On the other hand, when p > 1, the technique that was used in Theorem
3 can be used, once again, together with Hölder’s inequality with (41) and (51)
to show that

fInðrtÞg1=p > fqtð1� rtÞ1�npg1=p

� ðC1ðn; pÞÞ1=p �
Xn�1

m¼0

ðCðm; n; g; pÞÞ1=p

Xt�1

k¼1

qkð1� rkÞ1�ng

qtð1� rtÞ1�ng

þ
Xy
k¼tþ1

qkð1� rkÞng=ðn�mÞ

qtð1� rtÞng=ðn�mÞ

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

ðn�mÞ=np8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

>
eðrtÞ

ð1� rtÞnpþa�1

( )1=p
:

Therefore

InðrtÞ >
eðrtÞ

ð1� rtÞnpþa�1
¼ eðrÞ

ð1� rÞnpþa�1
;

where r ¼ rt, limt!y eðrtÞ ¼ 0 and p > 1.
This completes the proof of Theorem 4. 9

6. Integral mean inequalities valid everywhere on [r0; 1)

We note that, if eðrÞ is fairly small, then Theorems 3 and 4 can hold
everywhere on an interval ½r0; 1Þ. As a sample of what is possible, we obtain
the following theorem.

Theorem 5. For a natural number n, let a A ð0; 1=ðnþ 1ÞÞ, and let eðrÞ be
a given continuous function on ð0; 1Þ and which for a constant number h ð>1Þ,
satisfies

0 < eðrÞa flogð1� rÞ�1g�h ð0 < r < 1Þ;ð54Þ

then, for some r0 in ð0; 1Þ, and for any number p > ð1� aÞ=n, we can find an
infinite Blaschke product BðzÞ whose zeros satisfy the associated convergence con-
dition (2) such that

InðrÞ ¼
ð2p
0

jBðnÞðreiyÞjp dy >
eðrÞ

ð1� rÞnpþa�1
; ðr0 a r < 1Þ:ð55Þ

Proof. Since eðrÞ is assumed to satisfy the condition (54), then we can
follow through the proofs of Theorems 3 and 4 by putting

dðrÞ ¼ flogð1� rÞ�1g�h:ð56Þ
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So, for the suitably chosen constant s in ð0; 1Þ we have

Xy
k¼1

dðrkÞ ¼
Xy
k¼1

ðk � 1Þ log 1

s

� �
þ log

1

1� r1

� �� ��h

< y;ð57Þ

as long as we assume that h > 1 and

1� rkþ1 ¼ sð1� rkÞ ðk ¼ 1; 2; . . .Þ:ð58Þ
Consequently, there is no need to take a subsequence frksg of frkg to ensure

the convergence of the series
Py

s¼1 dðrksÞ.
We point out that BðzÞ was considered to have qk zeros, for which we obtain

Xy
k¼1

ð1� jakjÞa ¼
Xy
k¼1

qkð1� rkÞa < y 0 < a <
1

nþ 1

� �
;ð59Þ

where qk ¼ ½ð1� rkÞ�adðrkÞ� for k ¼ 1; 2; . . . :
Thus, we have a Blaschke product BðzÞ with zeros satisfying the convergence

condition (59), while the inequality (55) holds for the sequence of values r ¼ rt
increasing to 1, when t is su‰ciently large. However, if for any natural number
t, we have rt a r < rtþ1, then we can use the increasing property of InðrÞ (as a
function of r) to get

InðrÞ ¼
ð2p
0

jBðnÞðreiyÞjp dyb
ð2p
0

jBðnÞðrteiyÞjp dy >
dðrtÞ

ð1� rtÞnpþa�1
>

snpþa�1dðrÞ
ð1� rÞnpþa�1

:

By redesignating the function d or initially writing dðrÞ ¼ s1�np�a �
flogð1� rÞ�1g�h in place of (56), we end the proof of the Theorem. 9

Thus, we can see that this type of results may be extended by the intro-
ducing of a logarithmic scale which ensures the convergence property (57). For
example, the condition (54) might be replaced by

0 < eðrÞa flogð1� rÞ�1g�1flog logð1� rÞ�1g�h

for h > 1 and 0 < r < 1.

The author would like to express his great appreciation to Dr. C. N. Linden,
for his help and continuous encouragement.
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