M. C. BELTRAMETTI, K. A. CHANDLER AND A. J. SOMMESE
KODAI MATH. J.
25 (2002), 139-150

REDUCIBLE HYPERPLANE SECTIONS, II
M. C. BELTRAMETTI, K. A. CHANDLER AND A. J. SOMMESE

Abstract

Let X be a smooth connected subvariety of complex projective space P". The
question was raised in [2] of how to characterize X if it admits a reducible hyper-
plane section L. In the case in which L is the union of r > 2 smooth normal crossing
divisors, each of sectional genus zero, classification theorems were given for dim X > 5
or dimX =4 and r=2

This paper restricts attention to the case of two divisors on a threefold, whose
sum is ample, and which meet transversely in a smooth curve of genus at least 2. A
finiteness theorem and some general results are proven, when the two divisors are in
a restricted class including P'-bundles over curves of genus less than two and surfaces
with nef and big anticanonical bundle. Next, we give results on the case of a projective
threefold X with hyperplane section L that is the union of two transverse divisors, each
of which is either P2, a Hirzebruch surface F,, or F2

Introduction

This paper is a sequel of [2], which initiated the study of a connected sub-
manifold X of complex projective space that has a reducible hyperplane section
L. As dim X increases so does the simplicity of the characterization. In [2] a
description is given of (X, L) for which L decomposes as 4| + --- + A, into r > 2
smooth components with normal crossings under the hypothesis that hl((ﬁ/i) is
equal to the sectional genus of A4; for each i. A complete result for the cases
n=4 and r =2; and for n > 5 was obtained. Further, in the case of » = 3 and
r =2 the situation in which the curve 4,MN A, has genus at most 1 was thor-
oughly analyzed. Here we investigate the more delicate issues presented by the
following specialization of the question.

PROBLEM. Let L be a very ample line bundle on a projective threefold X.

Suppose that L decomposes as a divisor into a sum L = A + B, where A and
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B are smooth connected surfaces meetmg transversely along a smooth curve
h=ANB. Assume that each of 4, B is either P2 or F,. Then describe (X, L).

We call & the hinge curve. The curve h is connected [2, Corollary 2.3].

In this paper we shall focus on the situation when % has genus g(h) > 2: we
refer to [2, Theorems 3.10, 3.11] for the cases when g(h) < 1. We also refer to
[2, S5, 7] for related results.

The organization of the paper is as follows. In Section 2, we present a
general finiteness theorem for a threefold X with an ample divisor L of the form
A+ B, where A, B are in a restricted class % of surfaces and meet transversely in
a smooth curve of genus > 2. The class % includes surfaces with nef and big
anticanonical bundle; and P'-bundles over either P' or an elliptic curve. The
finiteness theorem asserts that there is an ¢ > 0 such that the Kodaira dimension
of Ky+ (1/2+¢)L is —co. By a result of Fujita, this implies that (X L)isa
blratlonal transform of members of an explicit list of very spec1al pairs.

In Section 3, it is shown that if the divisors A, B are P? or scrolls over P,
then the restriction of the bundle Ky + L to the d1v1sors in big.

In Section 4, the Hodge Index type theorem for reducible divisors leads to
the elimination of the cases in which both 4 and B are among P> and the
singular quadrlc Fz with an isolated singularity.

Finally, in Section 5 we study the case when A is P2, the Hirzebruch surface
F,, or the singular quadric with isolated singularity Fz, and B = F,, under the
extra assumption that (4,L; i), (B,Lg) are scrolls.

The first author would like to thank the University of Notre Dame for its
support. The third author would like to thank the Duncan Chair of the Uni-
versity of Notre Dame for its support.

1. Background material

We work over the complex field C. Throughout the paper we deal
with projective varieties V', and follow the usual notation of algebraic geometry.
The book [1] is a good reference for standard results and notation of adjunction
theory.

For a line bundle L on an irreducible normal variety V' of dimension #n the
sectz;onal genus, g(L)=¢g(V,L), of (V, L) is defined by 2¢g(L) —2=(Ky+(n—1)L) -
L.

By F, with r > 0 we denote the unique P'-bundle over P' with a section E
taking on the minimal self intersection E> = —r on the surface. By F, we denote
F, with the section, which has self intersection —2, blown down. Note that F,
is isomorphic to any quadric hypersurface Q = P3 that has a single isolated sin-
gularity.

Let 7 be a normal r-Gorenstein (i.e., rK) is a Cartier divisor) projective
variety of dimension n and let D be a @-Cartier divisor on V such that x(D) = n.
We define the unnormalized spectral value of the pair (V,D) as



REDUCIBLE HYPERPLANE SECTIONS, II 141
u(V,D) :=sup{te Q|k(Ky +tD) = —0}.

We refer to [1, §7.1] for details.
The following result follows immediately from [2, §2].

~ Lemma L.1. Let L be an ample line bundle on a smooth projective 3-fold
X. Assume that there are two smooth connected divisors A, B on X. Assume
that A+ Be |L|, that A and B are rational, and that A, B intersect transversely in
a smooth curve h. Then h is connected, and h'(Uy) = h*(Oy) = 0.

2. A finiteness theorem

In this section we prove a general finiteness theorem for pairs (X' i)
consisting of an ample line bundle on a smooth projective threefold X, with |L|
containing a divisor D = 4 + B, having two irreducible components from a large
class % of negative Kodaira dimension surfaces. The class € consists of the normal
connected Gorenstein projective surfaces S with the property that given any smooth
connected Cartier divisor C on S, it follows that either h'(Oc) <1 or Kg- C < —1.

LemMa 2.1. The class € includes:

1. normal Gorenstein surfaces with —Ks nef and big; or

2. F., r =0, the r-th Hirzebruch surface; or

3. a P'-bundle over an elliptic curve.
In cases 1 and 2, smooth connected Cartier divisors C with h'(O¢) > 2 satisfy
Ks-C < -3.

Proof. Let C be a smooth connected Cartier divisor of S, i.e., let C be a
curve on § with C contained in Sy, the smooth points of S. We assume that
we are in the situation that 4'(0¢) > 2, since otherwise there is nothing to show.

First assume that —K is nef and big, and that the result is false, i.e., that
—Kg-C<2. We know that —Kg-C=0,1,2. If —Kg-C =0, then we con-
clude, using the Hodge Index Theorem, that C? < 0, which contradicts ' (€¢) >
2. If —Kg-C =1, then we conclude that C? > 3, which contradicts the Hodge
Index Theorem, i.e., C> < C?K2<1. If —Kg-C =2, then we conclude that C?> >4,
which gives equality in the Hodge Index Theorem, i.e., 4 < C> < C?K% <4. This
implies that numerically C ~ —Kg, which implies the contradiction Kg + C ~ 0.

For S a Hirzebruch surface the result is a straightforward check.

Assume finally that S is a P!-bundle over an elliptic curve Y. In this
case the section ¢ of minimal self-intersection satisfies e := —g2 > —1, and Kj
is numerically equal to —2¢ —e¢f for a fiber of the induced projection 7 :
S — Y. Since we are assuming that 4'(O¢) > 2, we know that numerically
C = ko +tf where k > 2. Moreover Kg-C >0 gives ke — 2t = 2ke — ek — 2t >
0. Since C? = —ek? + 2kt, we have the absurdity that 2 < 2g(C) —2 = Kg- C+
C?=(1—k)(ke—2t) <0. Q.E.D.
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One main result of the paper is the Finiteness Theorem 2.2. This theorem
shows that, if the hinge curve / has genus g(h) > 2, the pair (X, L) belongs to an
explicit list of very special cases described by Fujita (see [3, 4] and also [1, 7.8.1]).

Note in the following that the hypothesis that / is connected is automatically
satisfied if 4 and B are connected [2, Corollary 2.3].

Taeorem 2.2 (Finiteness Theorem). Let L be an ample line bundle on a
smooth projective 3-fold X Assume that there are two divisors A, B on X from the
class €. Assume that A+ B e |L| and that A, B intersect transversely in a smooth
connected curve h of genus g(h) > 2. Then u(X L) >1/2. In particular, X is of
Kodaira dimension —oo, and thus satisfies h3(0y) = 0.

Proof. For simplicity of notation, we omit ~’s in this proof. The genus
formula yields
(1) (Ky +L)-h=(Ky+ A+ B)-A-B=2g(h) -2,

r (K44 B4) - B4 =2g(h) — 2, and therefore, by definition of class %, one has
By By =2g(h) — 1, and similarly Ag- Ap > 2g(h) — 1. Then (1) gives

(2) Ky -h < =2g(h).
Now compute, for any real number ¢ 0 < ¢ < 1/(4g(h) —2),

(KH(;H)L).,_(KM g ,%L)

29 -2~ (3~

h

h

<2908~ 2~ (3¢ ) 4ot -2

= 1+ e(4g(h) —2) < 0.

Finally, for 4 = AN B on X, we have the normal bundle decomposition Nj/y =
Niju ® Nh/B and deg(Ny/4) = B?>-A=By-By>2g(h)— 1 by the above. It fol-
lows that h'(N,,/4) = 0 and N, 4 has not identically zero sections. Similarly for
Nyyg. Then Ny x is generically spanned by its global sections and h'(N, /x) =0.
Thus general deformation theory implies that the union of the deformations of
h on X contains an open set. Therefore the inequality (Ky + (1/2+¢)L)-h <0
proved above shows that u(X,L) > 1/2, cf. [1, 7.6.4]. Q.E.D.

A little more can be said on the case of P'-bundles over P' or surfaces with
nef and big anticanonical bundle.

PrROPOSITION 2.3.  Let L be an ample line bundle on a smooth projective
3-fold X. Assume that there are two smooth divisors A, B on X each of which
is either a P'-bundle over P' or a surface with nef and blg anticanonical bundle.
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Assume that A + B e |L| and that A, B intersect transversely in a smooth connected
curve h. Then H°(Ky + L) — HO(Kh) — 0.

Proof. Tensor the Koszul complex
0—>@X—>A(—BE—>2,—>L;I—>O

with K. Using the hypercohomology spectral sequence, we see that the desired
result w111 follow if we show that H*(Ky) = H'(Ky 4+ A) = H' (K + B) = 0.

The assertion H?(Ky) =0 follows from Lemma 1.1. To see that
HY(Ky + A) =0 consider the exact sequence

0Ky —Ky+Ad—K;— 0.

Now use Lemma 1.1 and the fact that A is rational. The argument for
H'(Ky + B) =0 is identical. Q.E.D.

One consequence of Proposition 2.3 is that, under the same hypotheses
with the added assumption that g(h) > 2, it follows that the Kodaira dimension
of Ky + L is at least one. This implies that the Kodaira dimension of Ky + 2L
is three and also that the restriction of Ky 4 2L to 4 (or B) is nontrivial. There-
fore [2, Theorems 3.6, 3.8] specialize to the following result.

THEOREM 2.4. Let L be an ample line bundle on a smooth projective 3-fold
X. Assume that there are two smooth divisors A, B on X each of which is either
a P! -bundle over P! ora surface with nef and blg anticanonical bundle. Assume
that A+ B e |L| and that A, B intersect transversely in a smooth connected curve
h of genus >2. Then there is a surjective morphism ¢: X — X, where X is a
smooth projective 3-fold, such that:
1. ¢ expresses X as the blowup of X at a finite set &, and there is an ample
line bundle L on X such that L= ¢*L — ¢~ (F);
2. Ky + 2L ~ ¢*(Kx +2L) where Ky + 2L is ample;
3. Ky + L is either nef and big, or (X, L) is a conic fibration over a surface
Y in the sense of adjunction theory [1], ie., there exists a morphism
v:X — Y with Ky + L = v*H for an ample line bundle H on a normal
surface Y,
4. ¢ is an embedding in a neighborhood of h; and
5. L=A+ B where A:=¢(A) and B:= §(B) are Cartier divisors meeting
transversely in ¢(h) and each having at most one point contained in the set
7.
From now on we usually abuse notation, and let 4 to denote ¢(h). We also
write hy (respectively /hp) to emphasize that we view /& as a curve on A (respec-

tively on B).

Lemma 2.5. Let (X, L), (X, L), A, B, A, B be as in Theorem 2.4. Then
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1. hf‘O(X) =0,i=1,2,3;
2. h'(Ky + A) = h'(Kx + B) =0 for all i >0; and
3. the restriction map gives the following isomorphisms

H°(Ky + L) =~ H* (K4 + hg) =~ H*(Kp + hp) = H*(K},).

Proof. Noting that the first reduction morphism, ¢, of Theorem 2.4 is bi-
rational, the first assertion follows immediately from Lemma 1.1 and Theorem
2.2.

To prove 2, consider the exact sequence

0—-Ky+B—Ky+L—Ky—0.

By the assumption on A, h°(K4) = h'(K4) =0, h*(K4) =1, h3(K4) =0. Thus
from the cohomology sequence associated to the sequence above we infer that
h'(Kx + B) =0 (and by symmetry h'(Ky + A) = 0) for all i > 0.

Item 3 follows immediately from the first two assertions. Q.E.D.

THEOREM 2.6. Let L be an ample line bundle on_a smooth projective 3-
fold X. Assume that there are two smooth divisors A, B on X each of which is
either a P! -bundle over P! or a surface with nef and big anticanonical bundle.
Assume that A+ B e |L| and that A, B intersect transversely in a smooth connected
curve h of genus g(h) >2. Let X, A, B, L be as in Theorem 2.4. Then
H°(Ky + L) spans Ky + L in a neighborhood of A+ B.

Proof. By Lemma 2.5, the desired spannedness of Ky + L will follow from
the spannedness of K, + hy and Kg—+ hg. From Theorem 2.4 we know that
Ky + L is nef (and hence K4+ hy and Kg+ hp are also).

First assume that 4 is a Pl-bundle over P'. Either the map ¢ of The-
orem 2.4 is an isomorphism on A, in which case 4 is also a P!'-bundle, or, by
[2, Theorem 3.6, 2.], ¢; expresses A as the blowup of 4 at one point. In this
latter case, A is the Hirzebruch surface F, and 4 := ¢(4) = P? (note that F, is
the only Hirzebruch surface with a —1-curve). Since Ky + L is nef, K4 + hy is
nef, and for either P? or P'-bundles over P', nef line bundles are spanned.

Now assume that —K,; is nef and big. Note that —K, is also nef
and big. Indeed, going to the first reduction map we have a birational mor-
phism ¢; : 4 — A where some disjoint —1 curves are collapsed. Writing —K; =
K;+2(—K), we see from the basepoint free theorem that —NK is spanned for
N > 0. Thus —NK, is spanned off the finite set equal to the image of the ex-
ceptional curves. This implies —K4 is nef. Since K2 > K/Zi’ bigness is clear.

Consider the line bundle /4. We would like to show by Reider’s Theorem
[6] that K4 + hy is spanned. Note that h3 =2g(hy) —2 — K4 -hy >2+3 =5 by
the hypothesis g(f4) > 2 and Lemma 2.1. Since /4 is a smooth curve of posi-
tive genus, and K, - iy < 0, we conclude that /4 is nef and big. Therefore by
Reider’s Theorem, either K4 + A4 is spanned, or there exists an effective Cartier
divisor Z = A4 such that either Ay -/ = 0 with /> = —1, or hy -/ =1 with /> = 0.
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In the former case, K4 -/ < 0, since K-/ <0 and K-/ + /% is even. This
contradicts the nefness of K, -+ /iy.

Finally consider the case & -/ = 1 with /> = 0. Note that since / is effec-
tive, we cannot have —K4 -/ = 0 by the usual Hodge index relation. Thus we
have K-/ < 0. Since K, -/ + /* is even, we have that K, -/ < —2. This im-
plies that (K4 + hy) -/ < —1, which contradicts nefness of K4 + /4. Q.E.D.

3. Some birationality results

3.1 (Working assumptions). Let L be a very ample line bundle on a 3-
fold X. Assume that there are two smooth transverse divisors 4, B on X with
A+Be|L| and A, Be{P* F,}. Assume that the hinge curve 7= A4 N B has genus
g(h) =2

From Theorem 2.4, we know that there exists the first AreductionA(X L),
¢: X — X, with Ky + 2L ample and Ky + L nef. If 4 = ¢(A4), B = ¢(B), then
A+ Be |L| and 4,Be {P? F.}. Furthermore we know by 5 of Theorem 2.4,
that neither 4 nor B is a fiber of ¢ and that 4, B meet transversely along the curve
¢(h) isomorphic to /.

LemMMA 3.2.  Assumptions and notation as in 3.1. The complete linear sys-
tems | K4+ hq| and |Kg + hg| map h generically one-to-one. In particular, K4+ hy,
Kg+ hp, and Ky + L are nef and big.

Proof: By Lemma 2.5, we see that |Ky + L| maps /& generically one-to-one
provided that each of the complete linear systems |K, + iy4| and |Kp + hig| map &
generically one-to-one.

Let us see that each of the linear systems map / generically one-to-one.
From 3 of Theorem 2.4, the restriction of Ky 4+ L of one of the divisors 4, B
is nef and big. (By ampleness of 4 + B either 4 or B surjects on the base.)
Assume for simplicity, that Kz + /g ~ (Ky + L), is nef and big. If B= P? or
Fy, the line bundle Kz + /p is ample, and indeed very ample.

Thus we may restrict attention to the hypothesis that B=F,, r>1.
Let & := E+rf. Then either Kg+ hg = aé + bf is very ample or b =0 and
Kp+ hg=aé. Thus |Kg+ hp| maps h generically one-to-one.

Next, we verify that Ky 4+ L is nef and big, using part 3 of Theorem 2.4,
together with its notation. If not, v maps & two-to-one onto a curve v(4) with all
restrictions of elements of H%(Ky + L) to h the pullbacks of sections of H,,. This
is a contradiction to the assertion that |Ky + L| maps / generically one-to-one onto
its image.

Finally, to see that (Ky + L), ~ K4 + h4 is nef and big, observe that the map
given by |K4 + hy| is generically one-to-one on /4,4, and the genus of the curve /4 is
not zero. Q.E.D.

The following is a corollary of the preceding lemma.
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Lemma 3.3.  Assumptions and notation as in 3.1. Assume A =F, and let
h=aE+bf on A. Then a > 3.

Proof. Note that a=h-f >0, and a # 1 since g(h) > 0. Assume a = 2.
Then (K4 +hy)-f=-242=0 and hence |(Ky + L),| = |K4 + h4| collapses 4
along the ruling f. This contradicts Lemma 3.2. Q.E.D.

4. The cone cases

The main result in this section is that the situation of a reducible ample
divisor L = A + B with both of 4 and B in {P?, F,} is very restricted. The proof
of this is based on the usual Hodge Index type theorem for ample divisors, which
yields in our case

(3) [(A+B)-A-A)(A+B)-B-B]<[(A+B)-4-B]*

with equality if and only if 4 is a rational multiple of B as homology class.

LemMma 4.1. Let L be an ample line bundle on a smooth connected projec-
tive threefold X. Assume that A, B are two reduced divisors on X that meet trans-
versely in a smooth curve h of genus g(h). Assume that A+ B € |L|, and that A, B €

{P2.F,}. Then g(h) <1.

Proof. Assume without loss of generality that g := g(h) > 2. In this case
the degree of 4 on A (respectively, on B) is uniquely determined by g.

First let us do the case of 4= B=P? Then /ye|0p:(d)| and hpe
|Op2(d)| where 2g—2=d(d—3). Note that d*=hj=B-B-A=hp-Ng/x. Thus
Npjxy = Up2(d), and similarly Ny/x = Op2(d). Plugging into equation (3), we get
equality. Thus 4 = AB as homology classes for some 1 € Q. Since 4% - B=d? =
B?- A, we see that 2 =1. Thus since L is ample and since L =24 =2B in
homology, it follows that 4, B are ample. The Lefschetz theorem yields Pic(X) =
Pic(4) = Z[0p:(1)]. Therefore Ky =~0x(c), (D‘X(A)z@x(a), where a>1 by am-
pleness. Then (Ky + A4), = K4 ~ 0p2(—3) gives KX+A Ox(c+a) ~ Ox(-3).
Therefore 1 +c <a+c¢= -3, or ¢ < —4. So X = P*? by the Kobayashi-Ochiai
Theorem [1, 3.1.6] and g = 0

The case of 4 = B =F, proceeds in the same way, except that one of the
possibilities allowed by the Kobayashi-Ochiai Theorem [1, 3.1.6] is (X,L) is
(P3,0p3(4)). In this case g = 1.

Fmally, consider the case when one of 4, B is P? and the other is F,. By
renaming if necessary we may assume that A P? and B= Fz Letting /g =
Ap = 0p(0) and hy = B4 = (4(d), we have that 42- B= 20, B>- A =d> Also
from d* =hj =B-B-A=hg- Npy we conclude that Ng/y = Op(d*/25). Sim-
ilarly we conclude that Ny y = 04(20%/d). Thus A°> =46%/d? and B* = d*/45”.
Again by equation (3), we conclude that A, B are positive multiples of L in
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homology and hence ample. Using the argument from the case when both are
P2, we see that X = P?. In this case g = 0. Q.E.D.

5. The cone and scroll cases

We keep again our working assumption as in 3.1. In this section we
consider the remaining case when both 4 and B are Hirzebruch surfaces, under
the extra assumption that (A,L;), (B,Ly) are scrolls, i.e., A, B are both scrolls
with respect to L.

We start with the following general lemma.

LemMA 5.1, Let L be a very ample line bundle on a 3-fold X. Let
A+ Be|L|, where A, B are two smooth divisors on X meeting transversely in a
smooth curve h of genus g(h) > 0. Assume that each of (4,L; j) and (B, L, p) is a
scroll or a cone ( from a vertex not contained in_h) over a sngooth curve CA, Cy,
respectively; with scroll (or cone) projections p; : A — Cy, pg : B — Cg respectively.
Then n = (pj, pg) : h — C; x Cg maps h isomorphically onto a smooth curve.

Proof. Let & = h be a subscheme of degree 2 (i.e., a pair of distinct points,
or a tangent subscheme supported at a single point). We show that 7 separates
¢ If not, ¢ is contained in a fiber of 7. Hence ¢ belongs to a fiber of p; and
one of pp, in which case the same holds true for the line / spanned by . But
since the intersection 4N B is transverse and connected, it follows that AN B = /.
This contradicts the hypothesis that g(4) > 0. Q.E.D.

THEOREM 5.2. Let L be a very ample line bundle on a smooth projective

threefold X. Assume that there exists two irreducible divisors A, B on X meeting
transversely in a smooth curve h, and such that A+ B e |L). Assume Sfurther that

1. (A,LA) is (P%,0p2(1)), or (Q,Ops(1 )o) with Q c P? the singular quadric

F;
and
2. (B,ié is a scroll over P'.
Then g(h) = 0.

Proof. Let us focus on the case where A =P? The case of 4 :E is

proved analogously Let Ny = A = (p>(d) denote the normal bundle of A in
X. Let hy=B;= 0p:(9). Further Tet denote by E a section of B with E? =

—r <0, and by & = E +1f for a fiber f of the scroll projection. We have BB =
ME& + Nf and hy = Ay = aé + bf for integers M, N, a, b. By Lemma 5.1 we
have g := g(h) = (a — 1)(6 — 1). Further, the formulae for the genus on A and B
yield the formulae 2g = (6 — 1)(6 —2) and 2g = (a — 1)(ar +2b — 2). Assuming
that g > 1, and hence that 6 > 3, ¢ > 2, immediately gives 6 = 2a and 4a = ar + 2b.
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Note that dd = A; - B; = B- 4> = A2 = a(ar + 2b) Combined with § = 24
and 4a = ar + 2b, we conclude that d = (5 Since L; = Up>(d +J), we get a con-
tradiction to L = Op2(1). Q.E.D.

Let us now specialize Lemma 5.1 to the case when A=F, B=F, Denote
by &; = E; +1f}, EA? = —r, f; a fiber of the ruling 4 = F, — P'; and similarly for
B. Write
(4) hi = a(E;+1fp) + b5 hy = a(Eg+sfz) + B,

on A, B, respectively,

By Lemma 3.3 we may assume a >3, o> 3. Furthermore, since / is a
positive genus curve on the Hirzebruch surfaces 4, B, we may also assume b > 0,
p=0.

By Lemma 5.1, Opi, pi(n(h)) = Op1,pi(a,a), and hence
() g(h) = (@ —1)(x —1).

The genus formula also yields

2g(h) = (a—1)(ar +2b - 2).
Therefore, from (5), we deduce that

(6) 20 = ar + 2b.

Similarly we find

(7) 2a = as + 2.

Combining (6) and (7), we have

(8) 2a0 = a(ar 4 2b) = a(as + 2/).
Write

Njjx = —ME;j+1fy) +pfys Ngjx = —1(Eg+ sfp) + of,

for integers 4, u, p, o. o o
Note that on 4 one has h2 :AZ-B:AA-BA:NA/X-hA. Since

h% = o’ + 20ff = a(as +2f) and Njy-hj=—air— b+ pa,
we find that a(as + 2f) = —air — Ab+ pa. Similarly, a(ar+2b) = —ous — uf + oo.
Then by (8) we have
9) 2a0 = —alr — Ab + pa = —ous — uf + oa.

Since (4, L; ) is a scroll, we also have I:A —A +B =Ny +h;)=E; +jf;.
On the other hand the coefficient of E; in the expression for ]\/ ¢+ hyis —/1 + a.
Therefore the last equality for L 1mphes a—A=1. S1m11arly the scroll condi-
tion for (B,L;) gives o —pu= 1. So from (9) we have

2a0 = —a(a—1)r— (a—1)b+pa=—a(a—1)s — (« — 1)f + oo
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. . b L .
Then in particular p =20+ (¢ — 1)r+b — - This implies p > 6 (with p =06
giving r = b =0), as well as « divides b, say, b =ab’.

In the same way, we find a—2a+(a¢— l)s—&—ﬁ—ﬁ. So =6 (with 6 =06
giving s = =0), as well as = af’.

Thus formulas (6) and (7) become 20 = a(r + 2b’) and 2a = a(s+2p'). From
this we find

(10) 4= (r+2b")(s+28).

Since b’, 8" >0 it follows that rs <4 and hence r,s e {0,1,2,3,4}.
The following theorem summarizes the discussion above.

THEOREM 5.3. Let L be a very ample line bundle on a 3-fold X. Let
A+ Be|L|, where A, B are two smooth divisors on X meeting transversely in
a smooth curve h of genus g(h) > 0 Assume _that A=F,. B=F, are Hirzebruch
surfaces.  Further assume that (A,L;) and (B, Ly) are scrolls over smooth curves.
Then r,s €{0,1,2,4} and the posszble values of the coefficients b = ab’, f = af’ as

in the expressions (4) of h as a curve of A, B respectively are listed in the table
below.

o~ 0 1 2 3 4
0 b =p = b'=0,p=2|b=0,p=1] vV
1 |bp=2 =0 v =1, =0/ |b=p=0
2 | =1,p8=0|b=0,8=1| b=p=0 | Vv
3 v v v v v
4 v b= =0 N v v

Proof. A purely numerical check, by using (10) and the symmetry between
r and s, gives the possible values for the integers r, s, b’, f’ in the table (the
symbol “y/” means that the corresponding case does not occur). For example,
if =0, equality (10) gives 2 = b'(s+28’). This leads to the cases (s,b',') =
(0,1,1),(1,2,0),(2,1,0) as in the first column. Thus we may assume r,s > 0.
For example, if r = 3, equation (10) gives 4 = 3(s +28') + 2b'(s + 2p’), so that
b" #0 and hence b’ > 0, this giving again a numerical contradiction. Q.E.D.
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