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STABILITY AND QUANTUM PHENOMENEN AND LIOUVILLE

THEOREMS OF p-HARMONIC MAPS WITH POTENTIAL1

Zhen-Rong Zhou

Abstract

In this paper, we discuss the stability and the pointwise gap phenomenen of p-

harmonic maps with potential. Stability theorems of p-H-harmonic maps from or into

general submanifolds of the shpere and the Euclidean space are established, and Sealey’s

quantum theorem is extended. We also discuss the conservation law and the Liouville

theorems of p-H-harmonic maps. As a consequence of our stability theorem, we not

only generalize Leung’s stability theorem to rather general case, but also improve it by

replacing the sectional curvature bound by a Ricci curvature bound. In order to discuss

the gap property of p-harmonic maps, we establish a Bochner-typed formula which is

used by some authors in a uncorrect form.

1. Introduction

Let Mm and Nn be Riemannian manifolds, u : M ! N a smooth map, H
a smooth function on N. We call u a p-harmonic map with potential H or a
p-H-harmonic map if it is a critical point of the p-H-energy:

Ep;HðuÞ ¼
1

p

ð
M

jdujp �
ð
M

H � u:ð1Þ

If H is constant, a p-H-harmonic map is called p-harmonic. A 2-harmonic map
is called harmonic. Hence p-H-harmonic maps are a generalization of the usual
ones.

In this paper, we always assume that all initial manifolds are compact and
that pb 2.

Y. L. Xin in [13] proved that any stable harmonic map from Sm ðm > 2Þ
is constant and P. F. Leung in [8] proved that any stable harmonic map from
Mm ðm > 2Þ to a hypersurface of Euclidean space is constant. Q. Chen in
[2] generalized them to harmonic maps with potential. Ohnita in [9] verified that
stable harmonic maps from or into minimal submanifolds of the sphere is
constant if the Ricci curvatures of the submanifolds are bigger than half the
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dimensions. In Section 3, we investigate the stability of p-H-harmonic maps
from or into general submanifolds of the sphere and the Euclidean space. Even
back to original harmonic maps, our results are new and optimal.

H. C. J. Sealey in [10] demonstrated a quantum theorem on harmonic maps.
A. M. Matei in [6] discuss the quantum properties of p-harmonic maps. In
Section 4, we investigave quantum phenomena of p-H-harmonic maps. Our
method is di¤erent from A. M. Matei’s. We use a di¤erent Bochner formula
which is verified in Section 2.

Y. L. Xin in [14] used conservation law to obtain a Liouville theorem for
harmonic maps and Q. Chen in [2] generalized Karcher and Wood’s theorem to
harmonic maps with potential taking use of the same technique. In Section 5,
we introduce a stress p-energy tensor and discuss the corresponding conservation
law, and obtain two Liouville theorems of p-H-harmonic maps.

2. Preliminaries

In the following, we denote the exterior di¤erential operator on bundle-
valued r-forms by d, its adjoint by d�. We use ‘ and h ; i stand for connections
and inner products, respectively, of various vector bundles which are evident
according to the contexts,

P
for summation of repeated indices.

2.1. The first variation
Let u : Mm ! Nn be a smooth map, ut its variation, c ¼ ðdut=dtÞjt¼0 the

variational field. Then

dEp;HðutÞ
dt

����
t¼0

¼ �
ð
M

htp;HðuÞ;cið2Þ

where tp;HðuÞ ¼ tpðuÞ þ grad H � u, tpðuÞ ¼ �d�ðjdujp�2
duÞ. Therefore, the

Euler-Lagrange equation of Ep;H is

tp;HðuÞ ¼ 0:ð3Þ

Theorem 1. Let M be a Riemannian manifold, u be a p-H-harmonic
map from M. If Hess H � ua 0, then duei A Ker Hess H � u. Especially, if
Hess H � u < 0, then u is constant.

Proof. By the Euler-Lagrange equation we have

hdd�ðjdujp�2
duÞ; jdujp�2

dui ¼ hdðgrad H � uÞ; jdujp�2
duið4Þ

¼ h‘u�1TN grad H � u; jdujp�2
dui

¼
X

jdujp�2h‘u�1TN
ei

grad H � u; dueii

¼
X

jdujp�2h‘TN
duei

grad H; dueii

¼
X

jdujp�2 Hess Hðduei; dueiÞ:
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On the other hand,ð
M

hdd�ðjdujp�2
duÞ; jdujp�2

dui ¼
ð
M

jd�ðjdujp�2
duÞj2:ð5Þ

So, we have ð
M

X
jdujp�2 Hess Hðduei; dueiÞ ¼

ð
M

jd�ðjdujp�2
duÞj2ð6Þ

from which we can draw the conclusion of the theorem. Q.E.D.

2.2. The second variation
Let ust be a variation with double parameters s and t, v ¼ ðqust=qsÞjs¼0; t¼0

and w ¼ ðqust=qtÞjs¼0; t¼0 the variational fields. Let epðuÞ ¼ ð1=pÞjdujp be the p-

energy density and EpðuÞ ¼
Ð
M

epðuÞ the p-energy. Set Fðx; s; tÞ ¼ ustðxÞ. Then
by a standard calculation, we have

q2EpðustÞ
qsqt

����
s¼0; t¼0

¼ ðp� 2Þ
ð
M

jdujp�4
X

h‘eiw; dueiih‘ej v; duejið7Þ

þ
ð
M

h‘wv; d
�ðjdujp�2

duÞi

þ
ð
M

jdujp�2
X

hRNðduei;wÞv; dueii

þ
ð
M

jdujp�2h‘v;‘wi:

On the other hand,

q2H � ust
qsqt

����
s¼0; t¼0

¼ h‘w grad H; viþ hgrad H;‘wvið8Þ

¼ Hess Hðw; vÞ þ hd�ðjdujp�2
duÞ;‘wvi

where we used the Euler-Lagrange equation. Therefore we obtain

q2Ep;HðustÞ
qsqt

����
s¼0; t¼0

¼ ðp� 2Þ
ð
M

jdujp�4
X

h‘eiw; dueiih‘ej v; duejið9Þ

�
ð
M

Hess Hðv;wÞ

�
ð
M

jdujp�2
X

hRNðduei;wÞduei; vi

þ
ð
M

jdujp�2h‘v;‘wi:
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This implies

q2Ep;HðutÞ
qt2

����
t¼0

a ðp� 1Þ
ð
M

jdujp�2j‘wj2 �
ð
M

Hess Hðw;wÞð10Þ

�
ð
M

jdujp�2
X

hRNðduei;wÞduei;wi:

In the following, we will denote ðq2Ep;HðustÞ=qsqtÞjs¼0; t¼0 by Ip;Hðv;wÞ.

2.3. Bochner formulas
Bochner type formulas are important in harmonic maps theories. There are

several versions of these formulas for p-harmonic maps. Here, we introduce two
of them which will be used in this paper.

Let V be a vector bundle over a Riemannian manifold Mm, fei; i ¼ 1; � ;mg
a local field of orthonormal tangent frame on Mm such that ‘ei ej ¼ 0 at a
fixed point under consideration. For any V-valued 1-form s, we have (see
[3])

1

2
Djsj2 ¼ hDs; siþ j‘sj2 �

X
hRV ðei; ejÞsðeiÞ; sðejÞið11Þ

þ
X

hsðRicM eiÞ; sðeiÞi:

Here Ds ¼ �ðd�dþ dd�Þs. Let s ¼ jdujp�2
du which is a u�1TN-valued 1-form.

Substituting it into the above formula, we have

1

2
Djduj2p�2 ¼ hDðjdujp�2

duÞ; jdujp�2
duiþ j‘ðjdujp�2

duÞj2ð12Þ

�
X

jduj2p�4hRNðduei; duejÞduei; dueji

þ
X

jduj2p�4hdu RicM ei; dueii:

If p ¼ 2 and u is harmonic, then the first term of the right hand side above
vanishes. But for general p, it does not. Generally,ð

M

hDðjdujp�2
duÞ; jdujp�2

duið13Þ

¼ �
ð
M

jd�ðjdujp�2
duÞj2 �

ð
M

jdðjdujp�2
duÞj2

¼ �
ð
M

jtpj2 �
ð
M

jdðjdujp�2
duÞj2:

If u is a p-H-harmonic map, then the above equality becomes as
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ð
M

hDðjdujp�2
duÞ; jdujp�2

duið14Þ

¼ �
ð
M

jdujp�2
X

Hess Hðduei; dueiÞ �
ð
M

jdðjdujp�2
duÞj2

where we have used (6). Integrating (12) and then taking (14) into account, we
have

0 ¼ �
ð
M

jdujp�2
X

Hess Hðduei; dueiÞ þ
ð
M

jS‘ðjdujp�2
duÞj2ð15Þ

�
ð
M

jduj2p�4hRNðduei; duejÞduei; dueji

þ
ð
M

jduj2p�4hdu RicM ei; dueii

where S‘ðjdujp�2
duÞ denotes the symmetric part of ‘ðjdujp�2

duÞ.

Remark. In general, ‘ðjdujp�2
duÞ is not symmetric. But it can be decom-

posite into a summation of symmetric and anti-symmetric parts. In fact, we
have

‘ðjdujp�2
duÞðX ;YÞð16Þ

¼ 1

2
ðð‘ðjdujp�2

duÞÞðX ;YÞ þ ð‘ðjdujp�2
duÞÞðY ;XÞÞ

þ 1

2
ðð‘ðjdujp�2

duÞÞðX ;YÞ � ð‘ðjdujp�2
duÞÞðY ;X ÞÞ

¼ S‘ðjdujp�2
duÞðX ;YÞ þ dðjdujp�2

duÞðX ;YÞ

and

jS‘ðjdujp�2
duÞj2 þ jdðjdujp�2

duÞj2 ¼ j‘ðjdujp�2
duÞj2:ð17Þ

The following formula of Bochner type is also needed in this paper:

1

p
Djdujpð18Þ

¼ ‘eihtðuÞ; jduj
p�2

dueii� htðuÞ; tpðuÞiþ jdujp�2j‘duj2

� jdujp�2
X

hRNðduei; duejÞduei; dueji

þ jdujp�2
X

hdu RicM ei; dueiiþ ðp� 2Þjdujp�2j‘jduj j2
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whenever jduj0 0. Here tðuÞ :¼ t2ðuÞ. This formula deduce easily from the
sequel three equalities; it can also be found in [12].

1

p
Djdujp ¼ 1

p
Dðjduj2Þp=2 ¼ 1

2
jdujp�2Djduj2 þ ðp� 2Þjdujp�2j‘jduj j2;ð19Þ

1

2
Djduj2 ¼ hDdu; duiþ j‘duj2 �

X
hRNðduei; duejÞduei; duejið20Þ

þ
X

hdu RicM ei; dueii;

jdujp�2hDdu; dui ¼
X

‘eihtðuÞ; jduj
p�2

dueii� htðuÞ; tpðuÞi:ð21Þ

3. Stability

A p-H-harmonic map is called stable, if ðq2Ep;HðutÞ=qt2Þjt¼0 b 0 for all
variations ut of u.

Now, we suppose that Mm be a submanifold of the Euclidean space Rmþk0 .
In order to examine the stability of p-H-harmonic maps from Mm or into Mm,
we need to establish the second varational estimates.

Let fXA;A ¼ 1; . . . ;mþ k0g be an orthonormal base of Rmþk0 , each member
of which is a constant vector, and let fei; i ¼ 1; . . . ;m; em; m ¼ mþ 1; . . . ;mþ k0g
be a local orthonormal field of frame of Rmþk0 around a point x of Mm, of
which, restricting to Mm, the first m members are tangent to Mm, and the others
are normal to Mm. We can let such that ‘ei ej ¼ 0 at a fixed point under con-
sideration. Denote the tangent part and the normal part of XA by X T

A and X N
A

respectively. Then

X T
A ¼

X
hXA; eiiei ¼:

X
viAei;

XN
A ¼

X
hXA; emiem ¼:

X
v
m
Aem:

ð22Þ

It is not di‰cult to checkX
vBA v

C
A ¼ dBC A;B;C A f1; . . . ;mþ k0g

‘M
ei
X T
A ¼

X
v
m
Ah

m
ij ej

ð23Þ

where h
m
ij is the second fundamental tensor of Mm in Rmþk0 .

In fact,

dBC ¼ heB; eCið24Þ

¼
X

hXA; eBiXA �
X

hXA; eCiXA

¼
X

vBA v
C
A ;
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‘M
ei
X T
A ¼ ð‘Rmþk0

ei
X T
A ÞTð25Þ

¼ ð‘Rmþk0

ei
ðXA � X N

A ÞÞT

¼ �ð‘Rmþk0

ei
X N
A ÞT ¼ AeiX

N
A ¼ h

m
ij v

m
Aej:

Let Nn be any Riemannian manifold. On it, we always take a local field
of frame fea; a ¼ 1; . . . ; ng near a point under consideration. We have

Lemma 1. Let u be a p-H-harmonic map from Mm to N n. then

X
Ip;HðduX T

A ; duX T
A Þð26Þ

a ðp� 2Þ
ð
M

X
Hess Hðduei; dueiÞ

þ ðp� 1Þ
ð
M

jdujp�2
X

h
m
jkh

m
iihduej; dueki

� 2ðp� 1Þ
ð
M

jdujp�2
X

RM
ij hduei; dueji

þ ðp� 2Þ
ð
M

jdujp�2
X

hRNðduei; duejÞduei; dueji

where RM
ij is the Ricci curvature tensor, and RNð� ; �Þ is the Riemannian curvature

operator of N n.

Proof. From (23), we have

‘eiðduX T
A Þ ¼

X
v
j
Að‘ei duÞej þ

X
v
m
Ah

m
ij duej:

Taking use of this together with Gaussian equation of Mm, we get

X
j‘ðduX T

A Þj2 ¼ j‘duj2 þ
X

h
m
ij h

m
ikhduej; duekið27Þ

¼ j‘duj2 þ
X

h
m
jkh

m
iihduej; dueki

� RM
jk hduej ; dueki:

On the other hand, by (23) again, one has

X
hRNðduei; duX T

A Þduei; duX T
A i ¼

X
hRNðduei; duejÞduei; dueji:ð28Þ

Substituting (27) and (28) into (10), we reach
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X
Ip;HðduX T

A ; duX T
A Þa ðp� 1Þ

ð
M

jdujp�2j‘duj2ð29Þ

þ ðp� 1Þ
ð
M

jdujp�2
X

h
m
jkh

m
iihduej; dueki

� ðp� 1Þ
ð
M

jdujp�2
X

RM
jk hduej; dueki

�
ð
M

jdujp�2
X

hRNðduei; duejÞduei; dueji

�
ð
M

X
Hess Hðduei; dueiÞ:

Integrating both sides of (18), we knowð
M

jdujp�2j‘duj2 a
ð
M

htðuÞ; tpðuÞið30Þ

þ
ð
M

jdujp�2
X

hRNðduei; duejÞduei; dueji

�
ð
M

jdujp�2
X

RM
ij hduej; dueii

¼
ð
M

X
Hess Hðduei; dueiÞ

þ
ð
M

jdujp�2
X

hRNðduei; duejÞduei; dueji

�
ð
M

jdujp�2
X

RM
ij hduej; dueii

where we have used
Ð
M
htðuÞ; tpðuÞi ¼

Ð
M

P
Hess Hðduei; dueiÞ. Insert (30) in

(29). Then the lemma follows.

Lemma 2. Let u be a p-H-harmonic map from Nn to Mm. Then

Ip;HðX T
A ;X T

A Þa ðp� 1Þ
ð
N

jdujp�2
X

ui
au

k
a h

m
ikh

m
jjð31Þ

� p

ð
N

jdujp�2
X

RM
ik u

i
au

k
a �

ð
N

DMH � u

where we have denoted duea ¼
P

ui
aei.

Proof. By (23), we have ‘eaX
T
A ¼ ‘M

duea
X T
A ¼

P
ui
a‘

M
ei
X T
A ¼

P
ui
av

m
Ah

m
ij ej .

So by (23) again together with Gaussian equation, we have
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X
j‘eaX

T
A j2 ¼

X
ui
au

k
a h

m
ij h

m
jkð32Þ

¼
X

ui
au

k
a h

m
ikh

m
jj �

X
ui
au

k
aR

M
ik :

We easily check X
hRMðduea;X T

A Þduea;X T
A i ¼

X
RM

ij u
i
au

j
a;ð33Þ

and X
Hess HðX T

A ;X T
A Þ ¼

X
Hess Hðei; eiÞ ¼ DMH:ð34Þ

Inserting (32), (33) and (34) in (10), we obtain the estimate of Lemma 2.

Now we are in a position to discuss the stability.

Theorem 2. Let Mm be a submanifold of Rmþk0 with the second fundamental
tensor h

m
ij . Set Am ¼ ðhm

ij Þ, l ¼ the maximal eigenvalue of
P

AmAm, and h ¼ the

mean curvature vector of Mm in Rmþk0 . Let N n be a Riemannian manifold with
k as the upper bound of the sectional curvatures.

(i) Assume that u is a stable p-H-harmonic map from Mm to Nn. If RicM >
ð1=ð2ðp� 1ÞÞÞððp� 1Þmjhj

ffiffiffi
l

p
þ ðp� 2Þkjduj2Þ and ðp� 2Þ Hess H � ua 0, then u

is constant.
(ii) Assume that u is a stable p-H-harmonic map from Nn to Mm. If RicM >

ððp� 1Þm=pÞjhj
ffiffiffi
l

p
and DMH � ub 0, then u is constant.

Proof. By Lemma 1 and the assumptions, we haveX
Ip;HðduX T

A ; duX T
A Þð35Þ

a ðp� 1Þ
ð
M

jdujp�2
X

h
m
jkh

m
iihduej; dueki

� 2ðp� 1Þ
ð
M

jdujp�2
X

RM
ij hduei; dueji

þ ðp� 2Þ
ð
M

kjdujpþ2:

It is easy to checkX
h
m
jkh

m
iihduej; duekið36Þ

a
X
j;k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
m

ðhm
jkhduej; duekiÞ

2

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
m

X
i

h
m
ii

 !2vuut
amjhj

ffiffiffi
l

p
jduj2:
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Therefore X
Ip;HðduX T

A ; duX T
A Þ

a

ð
M

½ðp� 1Þmjhj
ffiffiffi
l

p
þ ðp� 2Þkjduj2 � 2ðp� 1Þr�jdujp

ð37Þ

where r is a Ricci lower bound of Mm. From this estimate, the first part of the
theorem is proven.

The proof of the second part follows from Lemma 2 and an estimate similar
to (36). Q.E.D.

Theorem 3. Let Mm be a submanifold of Smþk0 with the second fundamental
tensor h

m
ij . Set Am ¼ ðhm

ij Þ, l ¼ the maximal eigenvalue of
P

AmAm, and h ¼ the

mean curvature vector of Mm in Smþk0 . Let N n be a Riemannian manifold with
k as the upper bound of the sectional curvatures.

(i) Assume that u is a stable p-H-harmonic map from Mm to Nn. If RicM >
ð1=ð2ðp� 1ÞÞÞððp� 1Þmþ ðp� 1Þmjhj

ffiffiffi
l

p
þ ðp� 2Þkjduj2Þ and ðp� 2Þ Hess H �

ua 0, then u is constant.
(ii) Assume that u is a stable p-H-harmonic map from Nn to Mm. If RicM >

ððp� 1Þm=pÞðjhj
ffiffiffi
l

p
þ 1Þ and DMH � ub 0, then u is constant.

Proof. Regard Mm as a submanifold of Rmþk0þ1. Then Lemmas 1 and 2
can be used. Denote the second fundamental tensor of Mm in Rmþk0þ1 by h

m
ij ,

where m ¼ 1; . . . ;mþ k0 þ 1. Note that we take emþk0þ1 to be the unit outward
normal vector of Rmþk0 . Then hmþk0þ1

ij ¼ �dij . So similar to the proof of
Theorem 2 we can verify Theorem 3. Q.E.D.

Remark. Theorem 2(ii) can be regarded as a generalization and an improve-
ment of Leung’s stability ([8]); Theorem 3 extends the Ohnita’s theorem ([9]).
Theorems 2 and 3 origins from Y.-L. Xin’s and Leung’s stability theorems (see
[13] and [8]).

4. Pointwise quantum theorem

For harmonic maps, Sealey obtained a pointwise quantum theorem (see [10]).
Here we generalize his result to p-H-harmonic maps.

Theorem 4. Let u : Mm ! Nn be a p-H-harmonic map such that Hess H �
ua 0. Suppose that RicM bB > 0, and that the sectional curvatures KN of N are
not more than another positive number A, and that the rank of u is not great than q.

If jduj2 a ðq=ðq� 1ÞÞðB=AÞ, then we have jduj ¼ 0 or jduj2 ¼ ðq=ðq� 1ÞÞðB=AÞ.
And the latter implies that u is totally geodesic.

Remark. Matei in [6] proved that EpðuÞa ððq� 1Þ=qÞðA=BÞEpþ2ðuÞ for p-
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harmonic maps and the equality implies that u is constant or geodesic. On
the other hand if jduj2 a ðq=ðq� 1ÞÞðB=AÞ, then Matei’s inequality becomes an
equality. Hence we have that u is constant or geodesic. In the following we
give a di¤erent proof of this theorem for p-H-harmonic maps.

Proof. By (15) we have

0b�A

ð
M

jduj2p�4jduei5duejj2 þ B

ð
M

jduj2p�2:ð38Þ

By the assumption on the rank, without loss of generality, we can suppose that
dueqþ1 ¼ � � � ¼ duem ¼ 0. We have

X
jduei5duejj2 ¼

X
hduei; dueiihduej; dueji�

X
hduei; dueji

2ð39Þ

a jduj4 �
Xq
i

hduei; dueii
2

a jduj4 � 1

q

Xq
i

jdueij2
 !2

¼ q� 1

q
jduj4:

Hence

0b

ð
M

jduj2p�2
B� q� 1

q
Ajduj2

� �
ð40Þ

from which we have jduj ¼ 0 or jduj2 ¼ ðq=ðq� 1ÞÞðB=AÞ. When jduj2 ¼
ðq=ðq� 1ÞÞðB=AÞ, all inequalities above become equalities. Hence by (15) and
(38), we get S‘ðjdujp�2

duÞ ¼ 0, and hence ‘du ¼ 0 since jdujp�2 ¼ const.
Q.E.D.

For a p-H-harmonic map u with Hess H � ua l, then by Bochner formula
we have

0b

ð
M

jdujp jdujp�2
B� l� q� 1

q
Ajdujp

� �
:ð41Þ

When p ¼ 2, we obtain the following

Theorem 5. Let u : Mm ! Nn be a harmonic map with potential H, where
Mm and Nn are as in Theorem 4, and Hess H � ua l, 0a l < B. If jduj2 a
ðq=ðq� 1ÞÞððB� lÞ=AÞ, then jduj ¼ 0 or l ¼ 0 and jduj2 ¼ ðq=ðq� 1ÞÞðB=AÞ.
The latter implies u is totally geodesic.
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Proof. By (41), if du0 0, then jduj2 ¼ ðq=ðq� 1ÞÞððB� lÞ=AÞ. Thus (41)
becomes as an equality which implies that u is totally geodesic. Q.E.D.

Remark. In Theorems 4 and 5, when jduj2 ¼ ðq=ðq� 1ÞÞððB� lÞ=AÞ, then
M is a Riemannian product of two totally geodesic submanifolds, one of which
is a q dimensional space form. Here q ¼ rank u.

5. Conservation law and Liouville theorems

5.1. Conservation law
Set u : ðM; gÞ ! ðN; hÞ be a smooth map whose tangent map is du and

cotangent map is u�. Define stress p-energy tensor by

Sp;u :¼ epðuÞg� jdujp�2
u�h:ð42Þ

Then, for any X A TM

ðdiv Sp;uÞðX Þ :¼ ð‘eiSp;uÞðei;XÞð43Þ
¼ ‘eiSp;uðei;X Þ � Sp;uðei;‘eiX Þ � Sp;uð‘ei ei;XÞ

¼ ‘ei

1

p
hduej; dueji

p=2hei;Xi� hjdujp�2
duei; duXi

� �

� epðuÞhei;‘eiXiþ jdujp�2hduei; du‘eiXi

¼ ðjdujp�2h‘ei duej ; duejihei;Xiþ epðuÞhei;‘eiXi

� h‘eiðjduj
p�2

dueiÞ; duXi� jdujp�2hduei;‘ei duXiÞ

� epðuÞhei;‘eiXiþ jdujp�2hduei; du‘eiXi

¼ jdujp�2hð‘ei duÞej; duejihei;Xi

� hð‘ei jduj
p�2

duÞei; duXi� hjdujp�2
duei; ð‘ei duÞXi

� hjdujp�2
duei; du‘eiXiþ jdujp�2hduei; du‘eiXi

¼ jdujp�2hð‘XduÞej; dueji� hð‘ei jduj
p�2

duÞei; duXi

� jdujp�2hduei; ð‘ei duÞXi

¼ �htpðuÞ; duXi

where tpðuÞ ¼ �d�ðjdujp�2
duÞ ¼ ð‘eiðjduj

p�2
duÞÞðeiÞ.

divðepðuÞXÞ ¼ h‘eiðepðuÞX Þ; eiið44Þ
¼ hð‘ei epðuÞÞX ; eiiþ epðuÞh‘eiX ; eii

¼ ‘XepðuÞ þ epðuÞh‘eiX ; eii;
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‘XepðuÞ ¼
1

p
‘Xhduei; dueii

p=2ð45Þ

¼ jdujp�2hð‘XduÞei; dueii

¼ jdujp�2hð‘ei duÞX ; dueii

¼ h‘eiðduXÞ; jdujp�2
dueii� jdujp�2hdu‘eiX ; dueii

¼ ‘eihduX ; jdujp�2
dueii� hduX ; ð‘eiðjduj

p�2
duÞÞeii

� jdujp�2hdu‘eiX ; dueii

¼ divðjdujp�2hduX ; dueiieiÞ � hduX ; tpðuÞi

� jdujp�2h‘X ; u�hi;

where ‘XðV ;WÞ :¼ h‘VX ;Wi. Hence we have

divðepðuÞX Þ ¼ divðjdujp�2hduX ; dueiieiÞ � hduX ; tpðuÞið46Þ

� jdujp�2h‘X ; u�hiþ epðuÞh‘eiX ; eii

¼ divðjdujp�2hduX ; dueiieiÞ � hduX ; tpðuÞi
þ hSp;u;‘Xi:

If Supp X is compact, by Green formula, we haveð
M

ðdiv Sp;uÞðXÞ þ
ð
M

hSp;u;‘Xi ¼ 0:ð47Þ

Take DHM, we haveð
qD

epðuÞhX ; ni ¼
ð
qD

jdujp�2hduX ; duniþ
ð
D

ðdiv Sp;uÞðXÞð48Þ

þ
ð
D

hSp;u;‘Xi;

where n is the outward normal vector field of qD.

5.2. Liouville theorems
Let u : Mm ! Nn be a map. For any fixed x0 A Mm, rðxÞ denotes the

distance function from x0 to x, BRðx0Þ stands for the geodesic ball with radius R
and center x0. We say that the energy of u is divergent slowly if there exists a
positive function cðtÞ with

Ðy
R0
ðdt=tcðtÞÞ ¼ y ðR0 > 0Þ, such that

lim
R!y

ð
BRðx0Þ

eðuÞðxÞ
cðrðxÞÞ < y:ð49Þ
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In this section, we prove two Liouville theorems. One is for p-harmonic
maps and another for p-H-harmonic maps.

Theorem 6. Let Mm be a complete, simply connected Riemannian manifold
with non-positive sectional curvature K. Assuming that K satisfies

(1) �a2 aKa�b2, where a > 0, b > 0 and ðm� 1Þb� pab 0; or
(2) �A=ð1þ r2ÞaK a 0, where 0 < A < ð1=4Þð2m=p� 1Þ2 � 1=4.
If u is a p-harmonic map ðm > pÞ from Mm whose energy is divergent slowly,

then, u is constant.

Proof. By the definitions, we have

hSp;u;‘Xi ¼ ðepðuÞhea; ebi� jdujp�2hduea; duebiÞh‘eaX ; ebið50Þ

¼ epðuÞh‘eaX ; eai� jdujp�2hduea; duebih‘eaX ; ebi:

Let X ¼ rðq=qrÞ, then

‘q=qrX ¼ q

qr
;ð51Þ

‘esX ¼ r‘es

q

qr
¼ r HessðrÞðes; etÞet;ð52Þ

h‘eaX ; eai ¼ 1þ r HessðrÞðes; esÞð53Þ

where fes; q=qrg is the orthonormal frame field of BRðx0Þ. Substituting (51), (52)
and (53) into (50), we have

hSp;u;‘Xi ¼ epðuÞð1þ r HessðrÞðes; esÞÞð54Þ

� jdujp�2hdues; duetih‘esX ; eti

� jdujp�2
du

q

qr
; du

q

qr

� �
‘q=qrX ;

q

qr

� �

� jdujp�2
du

q

qr
; duet

� �
h‘q=qrX ; eti

� jdujp�2
dues; du

q

qr

� �
‘esX ;

q

qr

� �

¼ epðuÞð1þ r HessðrÞðes; esÞÞ

� jdujp�2hdues; duetir HessðrÞðes; etÞ

� jdujp�2
du

q

qr
; du

q

qr

� �
:

Under the assumption in Theorem 6, by Hessian comparison theorem
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b cothðbrÞðg� drn drÞaHessðrÞa a cothðarÞðg� drn drÞð55Þ
we have

hSp;u;‘Xib epðuÞð1þ ðm� 1ÞðbrÞ cothðbrÞÞð56Þ

� jdujp�2ðarÞ cothðarÞhdues; duesi

� jdujp�2
du

q

qr
; du

q

qr

� �

¼ jdujp�2 m� 1

p
ðbrÞ cothðbrÞ þ 1� p

p

� �
du

q

qr
; du

q

qr

� �

þ jdujp�2 1

p
þm� 1

p
ðbrÞ cothðbrÞ � ðarÞ cothðarÞ

� �
hdues; duesi

b
m� p

p
jdujp�2

du
q

qr
; du

q

qr

� �

þ jdujp�2 1

p
þ r cothðbrÞ m� 1

p
b� a

� �� �
hdues; duesi

bCepðuÞ

where C is a positive constant.
Under the assumption (2), by Hessian comparison theorem, we also have

hSp;u;‘XibCepðuÞ:ð57Þ
In fact, in this case, the Hessian comparison theorem is

1

r
ðg� drn drÞaHessðrÞa b

r
ðg� drn drÞð58Þ

where b ¼ 1=2þ ð1=2Þð1þ 4AÞ1=2. Applying it to (54), we have

hSp;u;‘XibmepðuÞ � jdujp�2bhdues; duesið59Þ

� jdujp�2
du

q

qr
; du

q

qr

� �

¼ m� p

p
jdujp�2

du
q

qr
; du

q

qr

� �

þm� pb

p
jdujp�2hdues; duesi

bCepðuÞ

as desired.
For any fixed x0 A Mm, take D ¼ BRðx0Þ. Then on qD, n ¼ q=qr. Hence

we have
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ð
qD

epðuÞhX ; ni�
ð
qD

jdujp�2hduX ; dunið60Þ

¼
ð
qD

RepðuÞ �
ð
qD

Rjdujp�2
du

q

qr
; du

q

qr

� �

aR

ð
qD

epðuÞ:

More precisely, we haveð
qD

epðuÞhX ; ni�
ð
qD

jdujp�2hduX ; dunið61Þ

a
ðp� 1ÞR

p

ð
qD

jdujp�2
ep�1ðujqDÞ:

From (43), (48), (56), (57) and (60) or (61), we have

R

ð
qBRðx0Þ

epðuÞbC

ð
BRðx0Þ

epðuÞð62Þ

or

ðp� 1ÞR
p

ð
qBRðx0Þ

jdujp�2
ep�1ðujqDÞbC

ð
BRðx0Þ

epðuÞ:ð63Þ

If u is not constant, thenð
Beðx0Þ

epðuÞ ¼: EðeÞ > 0:ð64Þ

So when Rb e, we have from (62)ð
qBRðx0Þ

epðuÞb
CEðeÞ
R

:ð65Þ

Therefore

lim
R!y

ð
BRðx0Þ

epðuÞðxÞ
cðrðxÞÞ ¼

ðy
0

dR

cðRÞ

ð
qBRðx0Þ

epðuÞð66Þ

bCEðeÞ
ðy
0

dR

RcðRÞ

bCEðeÞ
ðy
R0

dR

RcðRÞ ¼ y

which is a contradiction. Q.E.D.

Remark. From (63), if ujqBRðx0Þ ¼ P, then u is constant. This is a gen-

eralization of Karcher and Wood’s result. For p-H-harmonic maps, we have
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Theorem 7. Let Mm be as in Theorem 6, BRðx0Þ be a geodesic ball of Mm

with radius R and center x0. Assume that u is a p-H-harmonic map from BRðx0Þ
to N n with ujqBRðx0Þ ¼ P, where P A Nn satisfies HðPÞ ¼ maxy AN n HðyÞ. Then, u
is constant.

For p ¼ 2, this theorem is proven by Qun Chen in [2]; for general p, the
proof is similar. For completeness, we prove it as follows.

Proof. From (43), (48), (56), (57) and (61), we have

ðp� 1ÞR
p

ð
qBRðx0Þ

jdujp�2
ep�1ðujqBRðx0ÞÞð67Þ

b

ð
BRðx0Þ

div Sp;uðXÞ þ
ð
BRðx0Þ

hSp;u;‘Xi

b

ð
BRðx0Þ

r
qH � u
qr

þ C

ð
BRðx0Þ

epðuÞ:

Let Jðy; rÞ dydr be the volume element of BRðx0Þ in polar coordinates around x0.
Because ðq=qrÞðrJðy; rÞÞ > 0 (see [2]), we haveðR

0

r
qH � u
qr

Jðy; rÞ dr ¼ RJðy;RÞHðPÞ �
ðR
0

H � uðy; rÞ q
qr

ðrJðy; rÞÞ drð68Þ

bRJðy;RÞHðPÞ �HðPÞ
ðR
0

q

qr
ðrJðy; rÞÞ dr

¼ 0:

Hence ð
BRðx0Þ

r
qH � u
qr

¼
ð
qBRðx0Þ

ðR
0

r
qH � u
qr

Jðy; rÞ dr
� �

dyð69Þ

b 0:

By (67) and (69) and ep�1ðujqBRðx0ÞÞ ¼ 0, we have
Ð
BRðx0Þ epðuÞa 0. Q.E.D.
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