Smooth Fano polytopes arising from finite
directed graphs

Akihiro Higashitani

Abstract In this paper, we consider terminal reflexive polytopes arising from finite
directed graphs and study the problem of deciding which directed graphs yield smooth
Fano polytopes (SFPs). We show that any centrally symmetric or pseudosymmetric
SEPs can be obtained from directed graphs. Moreover, by using directed graphs, we pro-
vide new examples of SFPs whose corresponding varieties admit Ké&hler—Einstein met-
rics.

Introduction

Let P C R? be an integral convex polytope, that is, a convex polytope whose
vertices have integer coordinates, of dimension d. We say that P is a Fano polytope
if the origin of R? is a unique integer point in the interior of P.

- A Fano polytope is called terminal if every integer point on the boundary
is a vertex.

- A Fano polytope is called reflexive if its dual polytope is integral. Here, the
dual polytope of a Fano polytope P is the convex polytope consisting of = € R¢
such that (x,y) <1 for all y € P, where (x,y) is the usual inner product of R%.
When P is reflexive, the corresponding toric Fano variety is Gorenstein.

- When P is simplicial, the corresponding toric Fano is Q-factorial.

- A Fano polytope is called smooth if the vertices of each facet form a Z-basis
of Z4.

In particular, smooth Fano polytopes (SFPs) are always terminal, reflexive, and
simplicial.

Fano polytopes have been studied by many people. @bro [13] constructed
the so-called SFPs-algorithm, which yields the complete classification list of the
smooth Fano polytopes of dimension d for any given positive integer d. Casagrande
[2] proved that the number of vertices of a simplicial reflexive polytope is at most
3d when d is even and at most 3d — 1 when d is odd. Nill and @bro [11] classified
the simplicial reflexive polytopes of dimension d with 3d — 1 vertices. Reflexive
polytopes of dimension d were classified for d <4 by Kreuzer and Skarke [7], [8].
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The study of the classification of Fano polytopes of dimension 3 was done by
Kasprzyk [5], [6]. The combinatorial conditions for what it implies to be terminal
and canonical are explained in Reid [16].

In this paper, given a finite directed graph G, we associate a terminal reflex-
ive polytope Pg, which has been already defined in [15] when G is a tournament
graph and in [9] when G is a symmetric directed graph. We study the char-
acterization problem of directed graphs which yield SFPs (see Theorem 2.2).
Moreover, we show that any centrally symmetric or pseudosymmetric SFP can
be obtained from a directed graph (see Theorem 3.3). In addition, as an appli-
cation of Theorem 2.2, we provide new examples of SFPs whose corresponding
varieties admit Ké&hler—Einstein metrics (see Example 4.4). As we see in many
examples in Section 4, smooth Fano polytopes arising from directed graphs are
helpful to understand and useful to consider the combinatorics of SFPs.

1. Fano polytopes arising from finite directed graphs

In this section, we construct an integral convex polytope associated with a finite
directed graph and discuss the condition under which the directed graph yields
a Fano polytope. For most parts of this section, we refer to [4], [9], [14], and [15].

Let G = (V(G), A(G)) be a finite directed graph on the vertex set V(G) =
{1,...,d} with the arrow set A(G). Here an arrow of G is an ordered pair of two
vertices (i,7), where 1 <1i# j <d, and the arrow set A(G) of G is the set of all the
arrows of G. In particular, we regard (7,7) and (j,7) as distinct arrows. We also
define an undirected graph G from a directed graph G as follows: G consists of the
vertex set V(G) and the edge set E(G) ={{i,7} € V(G) x V(G): (i,5) or (4,i) €
A(G)}. We call a pair of two vertices without ordering {i,j} € E(G) an edge of G.
Throughout this paper, we allow that both (¢,j) and (j,7) are simultaneously
contained in A(G) and that @ is connected.

DEFINITION 1.1
Let eq,...,eq be the standard basis of R?. For an arrow €= (i, ) of G, we define

p(€) € R? by setting p(¢') = e; — e;. Moreover, we write Pg C R? for the convex
hull of {p(€): €€ A(G)}.

REMARK 1.2

In [15], P¢ is introduced for a tournament graph G, which is called the edge
polytope of G, and some properties on Pg are studied in [15, Section 1]. Similarly,
in [9, Section 4], P is defined for a symmetric graph G, which is denoted by P(j;[
and is called the symmetric edge polytope of G.

Let H C R? denote the hyperplane defined by the equation x; 4 ---+ x4 =0.
Since each integer point of {p(€): €€ A(G)} lies on H, one has Pg C H. Thus,
dim(Pg) < d—1. First, we discuss the dimension of Pg. A sequence I' = (41, ...,1;)
of vertices of G is called a cycleif i; # i for 1 < j < j' <l and either (ij,4;41) or
(4j41,1) is an arrow of G for each 1 < j <[, where 441 = i;. In other words,
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the edges {i1,is},{i,is},...,{is,i1} form a cycle in G. For short, we often
write I' = (é1,...,¢€1), where €; = (ij,4;41) or €; = (ij+1,4;) for 1 <j <I. The
length of a cycle is the number of vertices (or edges) forming a cycle. For a
cycle I' = (é1,...,€) in G, let A(F+) ={é e{el,....é}: ¢ =(ij,i41)}, and let
Aé_) ={éi,...,€e}\ Aif). A cycle T is called nonhomogeneous if \A§+)| + |A§_)|
and homogeneous if |A§f)| = |A£:)|, where | X| denotes the cardinality of a finite
set X. We note that two arrows (4, 7) and (j,4) form a nonhomogeneous cycle of
length 2, although these do not form a cycle in G. We also note that every odd
cycle is nonhomogeneous. (Here an odd (resp., even) cycle is a cycle of odd (resp.,
even) length.) The following result can be proved similarly to [14, Proposition 1.3]
and [15, Lemma 1.1].

PROPOSITION 1.3 ([14, PROPOSITION 1.3], [15, LEMMA 1.1])
One has dim(Pg) =d — 1 if and only if G contains a nonhomogeneous cycle.

We assume that G has at least one nonhomogeneous cycle.

Next, we investigate directed graphs which define Fano polytopes. Once we
know that Pg is a Fano polytope, one can verify that it is terminal and reflexive
(see [4, Lemmas 1.4, 1.5]). The following result can be proved similarly to [9,
Proposition 4.2] and [15, Lemma 1.2].

PROPOSITION 1.4 ([9, PROPOSITION 4.2], [15, LEMMA 1.2])

An integral convez polytope Pg C H is a terminal reflexive polytope of dimension
d—1 if and only if every arrow of G appears in a directed cycle in G, where a
cycle T is called a directed cycle if either A(F+) or Aé_) is empty.

Hereafter, we assume that every arrow of G appears in a directed cycle in G.
Notice that, by this condition, G has a nonhomogeneous cycle since every directed
cycle is nonhomogeneous.

EXAMPLE 1.5
Let G be a directed graph on the vertex set {1,2,3} with the arrow set {(1,2),
(2,1),(2,3),(3,1)}. Then G, p(€)’s, and Pg are as in Figure 1.

(0,1)

o
)
\J

PG (17'1)

Figure 1.
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We remark that the arrows (1,2),(2,3),(3,1) (resp., the arrows (1,2),(2,1))
form a directed cycle of length 3 (resp., length 2). In the picture of Pg, we ignore
the third coordinate of each integer point. Then the convex polytope Pg of this
example becomes a smooth (in particular, terminal and reflexive) Fano polytope
of dimension 2.

REMARK 1.6

In [4], terminal reflexive polytopes Qp arising from finite partially ordered sets
P are introduced. Let P = {y1,...,yq4} be a partially ordered set, and let pP=
P U {y0,ya+1}, where yo =0 and y441 = 1. Then we can regard P as a directed
graph on the vertex set {0,1,...,d+ 1} with the arrow set

{(i,j) 1 Y; COVers yl}
Identifying 0 with d + 1 as the same vertex, we obtain a directed graph Gp on
the vertex set {1,...,d+ 1}. Then Qp is nothing but Pg,. Therefore, terminal
reflexive polytopes associated with directed graphs are a natural generalization
of those defined in [4]. We can study these polytopes in Section 2 in a similar
way.

2. When is P; smooth?

In this section, we consider the problem of which directed graphs yield SFPs.
First, we prove the following result.

LEMMA 2.1

(a) Let C=(€1,...,€1) be a cycle in G. If there exists a facet F of Pg with
{p(é1),...,p(e1)} C F, then C is homogeneous.

(b) Suppose that (i,7) € A(G) and (j,i) € A(G). If p((3,7)) is contained in
some facet F of Pq, then p((4,1)) does not belong to F.

Proof
(a) Let ajx1 + -+ + aqgeqg = 1, where each a; € Q, and denote the equation of
the supporting hyperplane of Pg which defines a facet F. Let €; € {(i;,%5+1),
(1j41,%;)} for 1 <j <, where 4,41 =4;. It then follows that
1
+ —

Z(aij _a’i]‘+1) = Z (aij _a’ij+1) - Z (aij+1 _aij) = |A£7 )‘ - |A(C )| =0.
J=1 geald el
Hence, C' must be homogeneous.

(b) Similarly, we set ajx1 +---+aqxqg =1 as above and suppose that p((7,7))
lies on this supporting hyperplane. Then one has a; —a; = 1. Thus, a; —a; = —1.

This implies that p((4,7)) cannot be contained in the same supporting hyperplane.
O



Smooth Fano polytopes from digraphs 583

Next, we define two pieces of notation, uc and distg. Let C' = (é1,...,€]) be a
homogeneous cycle in G of length [, where €; is either (¢;,%;41) or (ij4+1,%;) for
1 <j <1 with 441 =41. Then there exists a unique function

He {ilv--wil}‘}ZZO

such that

- pe(ijr1) = pe(iz) =1 (resp., pe(ijy1) = pe(ij) +1) if € = (i, i41) (resp.,
6} = (ij+1,ij)) for 1 S_] < l;

 min({uc (i), .., pe (i1)}) = 0.

For two distinct vertices i and j of G, the distance from i to j, denoted by
distg (4, 4), is the length of the shortest directed path in G from 4 to j. If there
exists no directed path from ¢ to j, then the distance from ¢ to j is defined to be
infinity.

THEOREM 2.2

Let G be a connected directed graph on the vertex set {1,...,d} satisfying that
every arrow of G appears in a directed cycle in G. Then the following conditions
are equivalent.

(a) Pg is simplicial.
(b) Pg is smooth.
(¢) G possesses no homogeneous cycle C = (€1,...,€;) such that

(1) pc(ia) — pe(ip) < distg(ia, is)

for all 1 <a,b<l, where €; is (ij,ij41) or (ij41,1;) for 1 <j <l with 441 =11.

Proof

(a) = (c). Suppose that G possesses a homogeneous cycle C satisfying (1), and
let C'=(é1,...,€1) be such a cycle, where €] is either (¢;,4;41) or (ij41,4;) for
1< j <1 with 441 =4;. Then one has 22:1 g;p(€;) =(0,...,0), where g; =1
(vesp., q; = —1) if € = (i;,4j41) (resp., if € = (ij41,%;)) for 1 <j <I. Since
C' is homogeneous, one has 22:1 g; = 0, which implies that the integer points
p(€1),...,p(€r) are not affinely independent.

Let v; = p(€j) for 1 < j <I. To show that P is not simplicial, it suf-
fices to find a face of Pg containing vy,...,v;. Let ai,...,aq be integers. We
write H C RY for the hyperplane defined by the equation ayxy + -+ + agrg =1
and H(T) c R? for the closed half-space defined by the inequality ayz; + - +
aqgrqy < 1. We will show that for suitable ai,...,aq, we make H a supporting
hyperplane of a face F of Pg satisfying {v1,...,v} C F and Pg C H(H).

First, let a;; = puc(i;) for 1 <j <. It then follows easily that v; lies on the
hyperplane defined by the equation 22:1 a;;x;; = 1.

Next, we determine ay with k€ A={1,...,d}\ {i1,...,4i;}. We set

ap = max({aij — distg (44, k)} U {0})
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In particular, we have ar =0 when there is no ¢; with dists(i;, k) < co. Here, we
notice that one has

(2) Qg S a;m

where aj, = min({a;, + distq(k,i;/)}). In fact, if ax > aj, then there are i; and
i; such that distg(i;, k) < oo, distg(k,i; ) < oo, and a;; — distg(i;, k) > ai, +
distg(k,4;7). Since distg(ij, k) + distq(k, ;) > distg(é5,45/), one has that

MC(ij) — ,UC(ij’) =aq; — i, > distg(ij, k) + distg(k,ij/) > distg(ij,ij/).
This contradicts (1).

Now we finish determining the integers ai,...,aq. Since each v; lies on H,
to show that F is defined by #, it suffices to show that Pg C H(H).

Let (i,j) € A(G). When i € {i1,...,4} and j € A, one has that a; >
max({a; — 1,0}) by the definition of a;. Hence, a; —a; <1. If i€ A and j €
{i1,...,41}, then one has that a; <a; + 1 by (2). Hence, a; —a; <1. Let

B = {k € A:there is i; with distq(ij,k) <oo}  and
C = {k € A:there is ij with distg(k,i;) <oo}.
Again, let (i,7) € A(G). In each of the nine cases below, by a routine computation,
we can easily show that p((4,7)) is in H(H).
(1) ieB\C and je B\,
(3) ieC\BandjeB\C;

(2) ieC\Band jeC\B,
) (4) ieC\Band jeBNC;
(5) ieC\Bandj¢BUC; (6) ie BNC and je B\C;
(7) ieBNC and j€ BNC; (8) i¢ BUC and j€ B\C;
(9) i¢BUC and j¢ BUC.

For example, a routine computation of case (1) is as follows. When a; = 0,
since a; > 0, one has that a; —a; <0< 1. When a; > 0, since a; > a; — 1, one
has that a; —a; <1.

Therefore, it follows that H is a supporting hyperplane of a face of Pg which
is not a simplex.

(c) = (a). Suppose that Pg is not simplicial, that is, Pg contains a facet F

which is not a simplex. Let vy,...,v, be the vertices of F, where n >d — 1, and
let €1,...,€, be the arrows with v; = p(€;) for 1 < j <n. We write H C R? for
the supporting hyperplane a;z; + -+ - + agxqg = 1 defining F. Since vy, ...,v, are

not affinely independent, there is (r1,...,7r,) € R® with (r1,...,7r,) # (0,...,0)
satisfying >, r; =0 and }°7_ rjv; = (0,...,0). By removing r; with r; =0,
we may assume that Z;L/:l rjv; = (0,...,0), where r; #0 for 1 <j <n’ with
Z;il rj = 0. Let € = (i5,1}) with 1 <i;,i}; < d, and let G’ denote the subgraph of
G with the arrow set {€1,... ey }. If dege, (i) = 1 or degg (i) =1, then r; =0,
which is a contradiction. (For a graph H and its vertex v, degg(v) denotes
the number of arrows € in H such that & looks like (v,v’) or (v’,v).) Thus,
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degg (i) > 2 and deggy (i) > 2. By Lemma 2.1(b), since {p(éi),...,p(en )} C F,
it cannot happen that (i;,4) = (7, i) for some 1 < j # k <n’. Moreover, since
every vertex in G’ is at least degree 2, G’ is not a tree. Hence, G’ contains a
cycle, which should be homogeneous by Lemma 2.1(a).

Let C' = (€3,...,€;) be a homogeneous cycle in G, where €; is either (¢;,%;41)
or (ij41,4;) for 1 <j < with ;41 =4;. Our goal is to show that C satisfies the
inequality (1).

Let ' = (ko,k1,...,kmn) be a directed shortest path in G such that kg and
km belong to {i1,...,4;}. On the one hand, since ey, —ey,,, € Pg, one has
ag; —ay,;, <1for 0 <j<m—1. Hence, ay, — ax,, <m = distg(ko, k). On the
other hand, we have ax, — ar,, = pc(ko) — pe(km). Thus, pc (ko) — po(km) <
dist (ko, km ). Therefore, the required inequality (1) holds.

(a) = (b). Suppose that Pg is simplicial. Then there are just (d —1) vertices
in each facet which are linearly independent. Let M be the ((d — 1) x d)-matrix
whose row vectors vy, ..., vq—1 € Z¢ are the vertices of a facet of Pg, and let M’
be the ((d — 1) x (d — 1))-submatrix of M ignoring the dth column of M. From
the theory of totally unimodular matrices (see [17]), the determinant of M’ is
equal to +1, which means that Pg is smooth.

(b) = (a). In general, every SFP is simplicial. O

For a directed graph G, we say that G is symmetric if (4,i) belongs to A(G) for
every (i,7) € A(G), that is, 2|E(G)| = |A(G)|. Note that, when G is symmetric,
every arrow of GG is contained in a directed cycle of length 2, so Pg is always a
terminal reflexive polytope.

A connected undirected graph G is called two-connected if the induced sub-
graph with the vertex set V/(G)\{i} is connected for any i € V(G). A subgraph is
called a two-connected component of G if it is a maximal two-connected subgraph
in G.

For symmetric directed graphs, we obtain the following.

COROLLARY 2.3

Assume that G is a connected symmetric directed graph. Then the following con-
ditions are equivalent:

(a) Pg is simplicial;

(b) Pg is smooth;

(¢) G contains no even cycle;

(d) every two-connected component ofé is either one edge or an odd cycle.

Proof
(a) < (b). This equivalence follows from Theorem 2.2.

(a) = (c). Suppose that G possesses an even cycle C' of length 2I. Let C' =
(€iy,-- -, €iy ) be acycle, where e; = {i;,4,41} for 1 <j <2l with 4941 = 1. Since
G is symmetric, there are arrows (is,i1), (i2,13), (i4,%3), (i4,75),. .., (i21,21—1),
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(i21,41) in G. We define vy, ..., vy € R? by setting

v, = p((l_]"rlvzj)) j:1737"'721_15
J .. .
p((ljazj—‘rl)) ]:274772l
Then one has that

l l
ZUijl - Z'I}Qj = (O, .o ,0)
j=1 j=1

Thus, vy,...,vy are not affinely independent. Hence, we may show that there is
a face F of Pg with {v1,...,ve} C F.
Now, we have vy;_1 = —e;,,_, +€;,, and ve; =e;,; — €y, for 1<j<I.

Thus, vy,...,vy lie on the hyperplane H C R? defined by the equation z;, +
T, + -+ x5, = 1. In addition, it is clear that p(¢€) is contained in H(+) c R?
for any arrow € of GG. Hence, H is a supporting hyperplane defining a face F of
Pe with {vy,...,v9} CF. Therefore, P is not simplicial.

(¢) = (d). We prove this implication by elementary graph theory. Suppose
that there is a two-connected component of G which is neither one edge nor
an odd cycle. Let G’ be such a two-connected subgraph of G. Now, an arbitrary
two-connected graph with at least three vertices can be obtained by the following
method: starting from a cycle and repeatedly appending an H-path to a graph H
that has been already constructed (consult, e.g., [19]). Since G’ is not one edge,
G’ has at least three vertices. Thus, there is one cycle Cy and (m — 1) paths
To,..., T, such that G’ =C, U, U---UT,,. Since G’ is not an odd cycle, one
has G’ = C1, where C; is an even cycle, or m > 1. Suppose that m > 1 and C;
is an odd cycle. Let v and w be distinct two vertices of C; which are intersected
with I's. Then there are two paths in C from v to w. Since C is odd, the parities
of the lengths of two such paths are different. By attaching the path I's to one
or another of these two paths, we can construct an even cycle. Therefore, there
exists an even cycle.

(d) = (a). Suppose that each two-connected component of G is either one
edge or an odd cycle. Then there is no homogeneous cycle in G. Hence, by
Theorem 2.2, P¢ is simplicial. O

3. The case where G possesses ho even cycle

In this section, we show that every pseudosymmetric SFP can be obtained from
some directed graph whose corresponding undirected graph contains no even
cycle. This includes the case of centrally symmetric SFPs.

Let P C R? be a Fano polytope.

- We call P centrally symmetricif P=-P ={—-a:a € P}.

- We call P pseudosymmetric if there is a facet F of P such that —F is also
its facet. Note that every centrally symmetric polytope is pseudosymmetric.

- A del Pezzo polytope of dimension 2k is a convex polytope

conv({iel,...,iegk,i(el AR —l—egk)}),
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whose the corresponding variety is called a del Pezzo variety V2*. Note that del
Pezzo polytopes are centrally symmetric SFPs.
- A pseudo—del Pezzo polytope of dimension 2k is a convex polytope

conv({:l:el, ..., keqp,e1 + -+ egk}),

whose corresponding variety is called a pseudo—del Pezzo variety V2% Note that
pseudo—del Pezzo polytopes are pseudosymmetric SFPs.

. Let us say that P splits into P; and P, if P is the convex hull of two
Fano polytopes P; C R4 and P, C R% with d = d; + ds; that is, by renumbering
coordinates, we have

P = conv({(a1,0), (0,2) eR:a; €Py,ay €Ps}).

There is a well-known fact on the characterization of centrally symmetric or
pseudosymmetric SFPs.

THEOREM 3.1 ([18])
Any centrally symmetric SFP splits into copies of the closed interval [—1,1] or a
del Pezzo polytope.

THEOREM 3.2 ([3], [18])
Any pseudosymmetric SFP splits into copies of the closed interval [—1,1] or a
del Pezzo polytope or a pseudo—del Pezzo polytope.

We note that Nill [10] studies pseudosymmetric simplicial reflexive polytopes.
Somewhat surprisingly, we can give the complete characterization of centrally
symmetric or pseudosymmetric SFPs by means of directed graphs.

THEOREM 3.3

(a) Any centrally symmetric SFP is obtained from a symmetric directed
graph whose corresponding undirected graph has no even cycle.

(b) Any pseudosymmetric SFP is obtained from a directed graph whose cor-
responding undirected graph has no even cycle.

Proof

First, we prove (b). Let P be an arbitrary pseudosymmetric SEP of dimension d.
By Theorem 3.2, P splits into Py, ..., P, which are copies of the closed interval
[—1,1] or a del Pezzo polytope or a pseudo—del Pezzo polytope. Let Py,..., Ppy
be del Pezzo polytopes, let P41, .., Pm» be pseudo—del Pezzo polytopes, and
let P41, - -, Pm be the closed interval [—1,1]. Then the following easily follow.

. Let, say, P; be a del Pezzo polytope of dimension 2k;, and let G; be a
symmetric directed graph with its arrow set

AG) ={(i,i+1),(i+1,0): 1 <i <2k JU{(1,2k1 + 1), (2k1 +1,1) }.
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Then G, is an odd cycle, that is, there is no even cycle, so Pg, is smooth by
Corollary 2.3 and we can check that Pg, is unimodularly equivalent to P;.

- Let, say, P41 be a pseudo—del Pezzo polytope of dimension 2k;, and let
G’ be a directed graph with its arrow set

A(GY) = A(G)\ {2, 1)},

that is, we miss one arrow from G1. Then we can also check that Pg; is unimod-
ularly equivalent to P,/ 41.

- A directed graph consisting of only one symmetric edge yields the SFP of
dimension 1, that is, the closed interval [—1,1].

By connecting the above graphs with one vertex, we obtain the directed graph
whose corresponding undirected graph has no even cycle, and this yields the
required SFP P.

Moreover, del Pezzo polytopes and the closed interval [—1,1] are constructed
by symmetric directed graphs. Therefore, by Theorem 3.1, we can also find the
symmetric directed graph G such that G has no even cycle and Pg is unimodu-
larly equivalent to P for any centrally symmetric SFP P, proving (a). O

4. Examples of SFPs P

In this section, we provide some interesting examples of SFPs arising from directed
graphs.

EXAMPLE 4.1

Let G be a directed cycle of length d+ 1. Then Pg is an SFP whose corresponding
toric Fano variety is a d-dimensional projective space P?. The left-hand side
(resp., right-hand side) of the graph in Figure 2 yields an SFP which corresponds
to P® (resp., P3 x P3). Here each two-connected component of a directed graph
corresponds to each direct factor of the corresponding toric Fano variety.

EXAMPLE 4.2

(a) When G is a symmetric directed graph without even cycles, Pg is an
SFP whose corresponding toric Fano variety is a direct product of copies of P!
or del Pezzo variety V2* (see Section 3). For example, the left-hand side (resp.,

Figure 2. Directed graphs yielding P® and P? x P3.
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SN

Figure 3. Directed graphs yielding V* and P! x P! x V2,

SRR

Figure 4. Directed graphs yielding V* and P x V2 x V2.

right-hand side) of the graph in Figure 3 yields an SFP which corresponds to V*
(resp., Pt x P1 x V2).

(b) The left-hand side (resp., right-hand side) of the graph in Figure 4 yields
an SFP which corresponds to V4 (resp., P x V2 x ‘72)

EXAMPLE 4.3

In [1], the definition of a so-called symmetric smooth toric Fano variety is given,
which is important from the viewpoint of whether a smooth toric Fano vari-
ety admits a Kéhler—Einstein metric, and some examples of symmetric smooth
toric Fano varieties are provided in [1, Examples 4.2-4.4] (see also [12], which
gives examples of nonsymmetric smooth toric Fano varieties admitting a Kahler—
Einstein metric). Note that smooth toric Fano varieties corresponding to centrally
symmetric SFPs and direct products of copies of projective spaces are symmetric.

Let m be a positive integer, and let G; be a directed graph with arrow set

A(G1)={(1,2),(2,3),...,2m+1,2m+2),(2m +2,1),(1,m +2),(m +2,1)}.

Then Pg, is an SFP of dimension 2m + 1, which corresponds to the example of
the case with k=1 described in [1, Example 4.2].
Let G2 be a directed graph with arrow set

A(G2) = A(Gy) U{(1,2m +3),(2m +3,1), (m+2,2m + 3),(2m + 3,m + 2) }.
Then Pg, is an SFP of dimension 2m + 2, which is the example of the case with

k=1 described in [1, Example 4.3].

EXAMPLE 4.4
By generalizing the above graphs G; and G2, we obtain a new family of symmetric
smooth toric Fano varieties. For a positive integer m and nonnegative integers p,
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g with p > g, let G,y p 4 denote the directed graph on the vertex set {1,...,2m+
p+ q} with arrow set

A(Gmypyq) = {(172)7 (2,3),...,2m+1,2m +2),(2m + 2,1)}
U {(ik,ik11), (kg1,0x) s 1 <k < p}

U{(esdes)s Gera,de) : 1 <0< g},

where
1 it k=1, 1 if0=1,
w=92m+1+k ifk=2,...,p, and  jy=<{2m+p+{l ifl=2,...,q,
m+2 iftk=p+1, m+2 ifl=q+1.

Notice that G,,,1,0 = G1 and Gy, 2.1 = G2. It then follows from Theorem 2.2 that
Pa,, ., i an SFP of dimension 2m + p + ¢ — 1 if and only if the integers m, p, q
satisfy one of the following conditions:

(3) p+¢qisodd and m>¢>0 or m>pand ¢ =0.
Here, it is easy to see that Pg,, , , is unimodularly equivalent to the convex hull
of
e1,€a,...,€,,
—(e1+ex+ - ten+euni1), —(emi1 +emia+ -+ €2 —eamy1),
teomt2, €243, .., T€2mip, T(€2m+1 + €2mt2 + €2mi3 + - + €2mp),
Fe2mtpt1s T€2mtpt2s-- > T€URLprg—1,

+(€2m+1 + €2mp+1 T + €2mipiqg—1)-
Then there exists an automorphism o of order 2 defined by
o1(e;) = €ipm, o1(emyi) =¢€; for 1<i<m,
oi1(ej)=—e; for2m+1<j<2m+p+q—1.

There also exists an automorphism o5 of order m + 1 defined by

oa(e;) = ejt1, o2(€mti) =€mair1 for 1<i<m—1,
oa(em) = —(e1+ - +em +eznyi1),

o2(€2m) = —(emy1 + -+ €2m — €2m41),

oz(e;) =e; for2m+1<j<2m+p+qg—1

Since the common fixed point set of o1 and oy is only the origin, the smooth
toric Fano varieties corresponding to Pg,, , .
symmetric by [1, Proposition 3.1]. Thus, those admit Kéhler—Einstein metrics by
[1, Theorem 1.1].

where m, p, ¢ satisfy (3), are
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