Bohr-Jessen process and functional limit
theorem

Satoshi Takanobu

Abstract The Bohr—Jessen limit theorem states that for each o > %, there exists an
asymptotic probability distribution of log¢(o + v/—1-). Here ¢(-) is the Riemann zeta
function, and log ¢(+) is a primitive function of ¢ /¢ on some simply connected domain
of C. In this paper, we generalize this limit theorem to a functional limit theorem and
show a similar limit theorem for a continuous process {log (o + \/jl-)}0>1/2, which
we call the Bohr—Jessen functional limit theorem.

1. Introduction

The Riemann zeta function ¢(-) is defined on the half-plane {s € C;Res > 1} by
the Dirichlet series

— 1
(1) (=3 —,

n=1
where n® = e*!°2™_ This function is holomorphic there and is also expressed by
the Euler product

1

(1.2) )= 11

1-1/p*

p:prime

Moreover, ¢(-) is analytically continuable to a meromorphic function on the whole

complex plane C that is holomorphic except s =1 and has a simple pole at s =1

with residue 1. Let us denote this meromorphic function by the same ((+).
About zeros of ((+), it is well known that

{zeros of ()} N{s € C;Res > 1} =10,
{zeros of ((-)} N{s € C;Res <0} ={-2,—4,—6,...},
and it is conjectured that
{zeros of ((-)} N{s€C;0<Res <1} C {8 € C;Res= %}

This is well known as the Riemann hypothesis and remains unsolved. Since
C(s)#£0on {s€C;Res > %} under this hypothesis, the log zeta function log ((-)
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can be defined as a holomorphic function on G’ = {s € C;Res > 1} \ (1,1] with
the derivative (’(s)/((s) and the value log(w?/6) at s = 2. Unfortunately, the
Riemann hypothesis is not yet proved to hold valid at the moment, so a modifi-
cation of this definition is necessary. In fact, in place of G’, we only have to take
a simply connected domain G of C such that G contains {s € C;Res > 1} but
no zeros of ¢(-).

When o > 1, it is easily seen from (1.1) that |((c + /—1t)| < (o) (Vt €R).
Thus, ((o + /—1t) takes the value in the closed disc with center at origin
and radius ((o). Then how is the case when o <17 In the early 1910s, H.
Bohr obtained many results about the behavior of {(-) on the strip {s € C; % <
Res < 1}. Among them, the following is an answer of the question above (see
Bohr [1]).

FACT 1.1
For 2 < o <1, the set {log((c ++v/—1t);t € R with o ++/—1t € G} is dense in C.

Indeed, since ((o 4+ v/—1t) = €°8¢(@HV=1) it ig seen from this fact that the set
{¢(0 ++v/—1t);t € R} is dense in C (see Bohr and Courant [2]). According to
whether o > 1 or o < 1, the behavior of ((¢ + v/—1-) changes drastically.

Bohr studied the value distribution of ¢(+), which motivated him to develop
the theory of almost periodic functions. It was in the 1930s that he, together
with B. Jessen, arrived at the following result (see Bohr and Jessen [3]).

FACT 1.2
Let R be any closed rectangle in C with edges parallel to the axes. Then, for
each o € (3,00),

1
lim ﬁu(t €[-T,T];0 + V-1t € G,log (o + V—1t) € R)

T—o0

exists. Here p is the 1-dimensional Lebesgue measure.

This is the original version of the Bohr—Jessen limit theorem. The current version
is stated in terms of the convergence of probability distributions.

FACT 1.3
For T'> 0, let Ur be a real-valued random variable uniformly distributed on
[—T,T), and for o € (3,00), put a complex-valued random variable X7 (o) as

(1.3) X1(0) :=1g(0 + vV—1Ur)log (o 4+ vV—1U7).

Then the distribution of X7(c) on (C,B(C)) is weakly convergent as T — oc.
Here B(C) is the Borel o-algebra of C.

This proof can be found in Jessen and Wintner [6], Borchsenius and Jessen [4],
Lauriné¢ikas [9], [10], and [11], Matsumoto [12] and [13], and so on.
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From Fact 1.3, it is natural to ask the following questions:

(a) What is its limit distribution?

(b) For 3 <oy <+ <0, <oo, is the joint distribution of (Xr(o1),. ..,
X1 (0,)) weakly convergent as T — 00?

(c¢) In general, how is the convergence of a stochastic process {XT(O-)}U>1/2
as T — oco?

In [18], a probability space (R, By (R®),P) of large volume was prepared
(see Proposition 2.1), on this space a complex-valued random variable

X (o) :Z—log(l - %)

P

was defined (see Definition 2.1), and its distribution was shown to be the limit
distribution. Here and hereafter, Zp is the sum extended over all primes. Thus,
the question (a) is solved!

In this paper, the questions (b) and (c) are considered. In Section 2, it
is shown that a stochastic process {X(0)},>1/2 has a continuous modification
{X(0)}ou1 /2 (see Theorem 2.1). This complex continuous process is called the
Bohr-Jessen process. In Section 4, it is shown that the distribution of a continu-
ous process {X1(0)} o1 /2 is weakly convergent to that of a continuous process
{)N((U)}J>1/2 as T — oo (see Theorem 4.1). This limit theorem is called the
Bohr—Jessen functional limit theorem. In Section 3, to make up our argument,
the path space C((3,00) — C) is viewed. Note that X7 () and X(-) are both
C((3,00) — C)-valued random variables.

Before closing this introduction, let us mention a related result of Lau-
rin¢ikas [11]. As a simple consequence of Theorem 4.1, we have a limit theorem for
¢(+) that the distribution of a continuous process {{(0++v/—1Ur)} 5512 is weakly
convergent to that of a continuous process {eX(?)},_;/, as T — 0o (see Corol-
lary 4.1). This is a weak version of [11, Theorem 5.1.8], which stated the weak
convergence of the distribution of a holomorphic process {¢(s+ \/—_1UT)}R65>1/2
as T'— oo. This is originally due to B. Bagchi. Our target in this paper is not {(+)
itself but log (). In the definition of log((-), zeros of ((-) are troublesome. At
the moment when the Riemann hypothesis is still unsolved, the defining domain
of log((-) does not always contain the half-plane {s € C;Res > %}. So we must
pay attention to zeros of ((-) in taking its logarithm. To this end, we restrict
ourselves to a real variable o > 1 in log {(- ++/—1Ur). Also, for the same reason,
it seems that our Theorem 4.1 does not follow from [11, Theorem 5.1.8] as a
corollary.

We express our sincere thanks to the referee who pointed out that Theo-
rem 4.1 is closely concerned with [11, Theorem 5.1.8] and recommended that we
refer to the connection between them.
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2. Bohr-Jessen process

A continuous function f:R — C is said to be almost periodic if the following
holds:

VaeR, 31 € (a,a +1)
s.t. supyer |[f(E+7) — f(t)| <e.

Let B be the set of all real-valued almost periodic functions. For T > 0, let Pr
be a uniform distribution on [-T,T], that is,

Ve>0, Jl=1(e)>0 s.t. {

(2.1) Pr(E) ([-T,TINE), Ee€B(R).

Here B(R) is the Borel o-algebra of R. For fi,..., f, € B, let P:(Ffl""’f") be an
image measure of Pr by the continuous mapping R >t — (f1(t),..., fn(t)) € R™.

S

Then, for each & = (&,...,&,) € R™, its characteristic function P%fl’”"f")(f) is
convergent to the mean value M (e*/jlzz;lgifi) of an almost periodic function
R3¢t eV IXin&ifil) ¢ C as T — oo. Since, by Bochner’s theorem,
M (eV=1Ei=16fi) is a characteristic function of a probability measure P(1:/n)
on (R, B(R™)), P}f tefn) g weakly convergent to this probability measure as
T — co. A family {PU1-/n): £ f, € B,ncN} of finite-dimensional proba-
bility measures satisfies the consistency condition: for 1 <i<n+1, m; : R*"*1 —
R™ being 7'(‘1‘(1’1, RN ,IEn+1) = (I’l, s i1y L1y - - - ,In+1),

PUofntr) g o7l = P(flynwfi—l’fiﬁ»l;~~'7fn+1)’ VFi, .o Vfng1 €B.
K3

Therefore, applying Kolmogorov’s extension theorem (see Kotani [8, Theo-
rem 4.22]), we can obtain the following proposition.

PROPOSITION 2.1
For distinct f1,...,fn €B, let (s, . f.) :RE 5 R"™ be

T vty (@1 peB) = (g1, 21,),

and let B (RB)T = o(my; f €B). Then there exists a unique probability measure
P on a measurable space (R®, By (R®)) such that

{vneN and Vfy,... N fn €B with f; # f; (i#J),

-1 — Pf1sfn)
Pomy gy =P

For A € R\ {0}, let e(A\) : R® — C be
(22) 6()\) = TeosAx + V—1Tgin s

where cos A- and sin A denote periodic functions ¢ — cos A\t and ¢ + sin At, respec-
tively. A complex-valued random variable e()) is uniformly distributed on the

TBk (RB) is called the Kolmogorov o-algebra on RE.
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unit circle of C; that is, Vf : C — C that are bounded Borel measurable

2
23) P lfe0)] =55 [ 1T

Here and hereafter, EF¥ stands for expectation with respect to P. If a real
sequence {A;}5°, is linearly independent over Q, a sequence of complex-valued
random variables {e(\;)}5°, is independent and identically distributed (i.i.d.).
When A, = —logp;, where p; is the ith prime number, {—logp;}5°, is linearly
independent over Q by the uniqueness of prime factorization. Then we have the
following claim.

CLAIM 2.1
For s € C, Res > 1, 372, —log(1 — (e(—logp;))/pS) is convergent P-almost
everywhere. Here

(2.4) 1ogz::/ d—w, z€C\ (—00,0].
1 w

Proof

Fix s € C, Res > 3. Since, for each prime p, |e(—logp)/p*| =1/p?°* < 1/vV2<1,
and thus 1 —e(—logp)/p® € C\ (—00,0], —log(1l — e(—logp)/p®) is well defined.
By (2.3),

EF [flog(l — w)}

pS
1 27 V=1t
=— - log(l _ ¢ ) dt
2m Jo ps
1 —log(1— 2/p")

= dz
271'\/—1 |z|:1 Z—O

(@ change of variables: z = e¥ 1]

:—1og(1 — ]%)

[© —log(1 — 2z/p*) is holomorphic on {z € C; |z| < v2}]
=0.

Also, by | —log(1 —z)[ <|2|/(1 = |z]) (2] <1),
—logp) 2 1/pRes 2 2Res 2 1
[ -1oe(1 - ) < ) = (gwi) e
0g ps —\1— 1/pRes — \2Res _ 1 p2 Res
From the convergence Zp 1/p?Re$ < 0o and the independence of {—log(1l —

e(—logp)/p*)}p, we apply Proposition 2.2 below to have the assertion of
Claim 2.1. O
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DEFINITION 2.1
For simplicity, let D ={s € C;Res > 1}. For s € D, put

X(s) ::Z—log(l - w).

pS

THEOREM 2.1
We have that {X (s)}sep has a continuous modification. Namely,

IX:DxREC

(i)  for each (wy)sen € RE, s X (s, (xf)sem) is continuous (in fact

; holomorphic),
s.t. ~ ~
(ii) for each s€ D, X(s,-) is Bk (R®)-measurable and X (s,-) = X(s,")
P-almost surely.
Proof

For w e C, |w| < 1, put

w?
R3(w) := —log(l —w) —w — -

Note that |Rs(w)| < (1/3)[|w|>/(1 - |w])] (Jw| < 1), since Rz(w) = w? fol[tg/
(1 —tw)]dt. For each s € D,

X(s) Zzp:—log(l— %)

2 (—logp) | 1x~e(-] logp)
— e\—logp —logp) ogp
=S R S (),

p P
Since
e(—logp) 1 1 1
‘R ( ps )’551_1/pResp3Res’

>, Rs(e(—logp)/p?) is absolutely convergent on {s € C;Res > 1} and holomor-
phic there.

Then, {e(—logp)}, and {e(—logp)?}, are independent and of mean zero,
respectively. And, since

ZE‘”[

ZEPH 1ng) H Z#<oo ifRes>i7
P

we apply Proposition 2.2 below to see that

—1 1 1
ng)‘}—z}m<oo ifR€S>§,
p
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Z m is convergent P-a.e. if Res > 5,
ps
p

—1 2 1

E w is convergent P-a.e. if Res > vk
p S

P

Now let

—1
Qo := m {the series Z 1/2?1;/2 is convergent}.

From the above, P(€) = 1. On Qo, the series Y e(—logp)/p'/*T/™ is con-
vergent for each n € N, and thus, by Proposition 2.3 below, Zp e(—logp)/p® is
convergent on D = {s € C;Res > 1} and holomorphic there. Also, since

Z‘ —logp ’ Zp2;05<oo (se D),
p

> €(—logp)?/p** is absolutely convergent on D and holomorphic there.
By putting all this together, the desired continuous (in fact, holomorphic)

modification X is as follows:

T(s) = >, —log(l - %) on Qo,
0 on RE\ Q. O

DEFINITION 2.2
We call X the Bohr—Jessen process (in the wide sense).

In general, for a sequence {©p}p.prime Of independent complex-valued random
variables such that each ©, is uniformly distributed on the unit circle of C,
we call a continuous modification of {3 —log(1 —©,/p*)}sep the Bohr-Jessen
process. The restriction of ©, = e(—1logp) is not necessary for this definition only.
But, to make the argument in Section 4 clear, we do so in this paper.

We here gather two propositions cited in the proofs of Claim 2.1 and Theo-
rem 2.1.

PROPOSITION 2.2

Let {X,}521 be a sequence of real-valued random variables defined on a proba-
bility space (Q, F, P). Suppose that

« {Xn;n=1,2,...} are independent,

- X, is square integrable, that is, E[X2] < oo (Vn),

- Yoo Var(X,) < oo, where Var(X,) is the variance of X,, that is,
Var(X,,) = E[(X,, — E[X,])?].

Then >.°7 (X, — E[X,]) is convergent P-almost everywhere; that is,

n=1

27]:[:1(Xn — E[X,)]) is convergent as N — 0o P-almost everywhere.
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For the proof, see It6 [5, Theorem 4.2.1], Sato [16, Theorem 10.1], or Stroock [17,
Theorem 1.4.2].

PROPOSITION 2.3

Let 0 € R, and let {an}2, be a complex sequence. Suppose that the series
ooy an/n? is convergent. Then, for 0 <@ < 5 the Dirichlet series Y~ | an/n®
is uniformly convergent on {s € C;|arg(s —o)| < 0}. Thus, this Dirichlet series
is convergent on {s € C;Res > o} and holomorphic there.

For the proof, see Kawada [7, Section 6.1] or Tenenbaum [19, Chapter II.1, The-
orem 3.
From [15], we know the central limit theorem

X(o)
VCs

1
— the standard normal distribution of C as o\ 37

the distribution of

where Cyy 1= 1 >, 1/p*?. Since, for each A >0,

P(|X(0)] < 4) :P(\ﬁg < jé*)
A

<

<p(

‘)j(cig) ), 1/2 <o <oy,

letting o\ % and then og % yields that

v Co,

limsupP(|)~((a)| <A) < limsupP

X (o) A
oN\(1/2 oN\1/2 (‘\/Cia = )

VCo,

< // ie_(””2'~'yz)/2d:ndy
/w2+yQSA/ /Cao 2w

1
—0 3500\5,

or, equivalently,

01\11%1/213(|)?(a)| >A)=1, VA>0.

This can be interpreted as the weak law of large numbers

(2.6) lim )N((a) =00 (= point at infinity) in probability

oN\1/2
Our problem is to show the strong law of large numbers or, generally, to view
the behavior of X (o) as o\ % P-almost surely. Unfortunately, this is still open.
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3. Path space C((3,00) — C)

In what follows, restricting the domain of X to (%, 00), let us call {)z(o)}(» 1/2 the
Bohr-Jessen process. Thus, for each (zf)fep € RE, )Af(, (zf)rem) € C((3,00) —

C), where C((3,00) = C) is the set of all continuous paths w: (3,00) 3t —

27
w(t) € C.

CLAIM 3.1
We have that C((3,00) — C) is a Polish space.

Proof

We divide the proof into four steps:

(1) Let K be the set of all nonempty compact sets of (5, 00). For w € C((3,00) —
C), put

Uy ke:= {ZGC((%,OO) %(C);rtréz}g(’z(t) fw(t)| <s}, Kek,e>0,

B (w) :={Uyp ke K €K,e>0},

Ky,...,K, €K,
B(w) = Uw,Kl,sl m"'mUw,Kn,en§ €1y.--,En >0,
n=1,2,...

Then {B'(w)}wec((1/2,00)—c) satisfies the conditions of a subbase for C’((%7
o0) — C):

- W E Uf,K,€7

c2€Uyke=>3K, €K, 3, >05s4. U, k., o, CUy ke,

z5€z
so that {B(w)}yec((1/2,00)—c) generates a topology O of C((3,00) — C) where
o=-{UuviBc U Bw}
veB weC((1/2,00)—C)

In this case {B(w)}wec((1/2,00)—c) becomes a system of local bases of a topolog-
ical space (C((%,00) = C),0).
(2) (C((3,00) = C),0) is metrizable.

@ Indeed, taking {K,}°; C K so that

(3.1) K,CKpi1 (Yn>1),
(3.2) U K. = (%oo)
n=1
we define
(3.3) dw,z):= Z %(gﬁf‘w(ﬂ —z()]) A1, zwe C((%,oo) — C).

n=1
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Then d(-, ¥) is a metric on C((%,00) — C), and the topology O(d) introduced by
d coincides with O. The first assertion is obvious. The second assertion is checked
in the following way:

Let w € C(4,00) — C), and let & > 0. Take ng € N so that 1/2" < /2. From
the implications

€
2 €Uy Kk, c/2n1 = max |2(t) —w(t)| < 3 A1l

ng

— 1
éd(z,w):ZQ—n(tnelja{ﬂ ) —w(t)]) Al
n=1 "
no 1
:n:12—n(gg?(x| —w(t)|)/\1
1
+ D0 g (max|a(t) —w(n)]) A1
n=no+1
no 1
< 2 Q—n(trenlgico w(t) —z(t)]) Al
— 1
+ Y g [OK.CKy (1<n<ng)]
n=no+1
o= 1 1
< (2 57) e =00 — w0+ g5
cELc
2737 °

it follows that Uy k, c/2n1 C Nue := {z;d(z,w) < e}, which implies that
O@d) co.

Next we let wEC(( o0) = C), we let K € K, and we let € > 0. Since K C
(1,00)=Ur", K, and K is compact, 3ng € N such that K C Kn0 C Ky,. From
the implications

2 € Ny (en1)/2m0 = d(z,w) < 52/;01
Il
1
Z?(giﬂ ) —w(t)|) Al
= %(tren}?:( |z(t) — w(t)|) ANl < 52/201
(max| (t)‘)/\1<5/\1§1

tEn

t) —w(t 1<
ﬁtrenfgx()!z() w(t)| <enl<e
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= rtréa}g(’z(t) — w(t)‘ <e

=z E Uw,K,g,

it follows that Ny, (ca1)/270 C Uw,k,e, which implies that O C O(d). Therefore,
we have O(d) = O.

(3) (C((3,00) = C),d) is complete.

O Let {wy};2, € C((3,00) = C) be a d-Cauchy sequence, that is,
limkylﬂoo d(wk,wl) =0. By (33),

klllinoog?gﬂwk(t) —wi(t)]=0 (VneN).

This tells us that {wy()}2, is a Cauchy sequence of C for each ¢ € (3, 00). Thus,
Jw(t) € C such that limy_, o w () = w(t). Since, for n € N and ¢ € K,

2" d(wy, wy) > ’wk(t) - wl(t)| A1,
letting [ — oo yields that
|wi(t) — w(t)| A1<2" lim d(wg,w;) (t€K,).
l—00
Taking the sup in t € K,, yields that

(sup |wi(t) —w(t)|) A1<2" lim d(wg, w;).
teK =00

n

Letting k — oo, we see that

lim sup |wg(t) —w(t)]=0 (VneN).
k—=ooteK,,

This implies that w € C’((%,oo) — C), so that we have limy_, o d(wy,w) = 0,
which shows the completeness of (C((5,00) = C),d).

(4) (C((3,00) = C),d) is separable.

@ Let C[t] be the set of all polynomials of variable ¢ with complex coefficients.
From Weierstrass’s approximation theorem, it follows that, YVw € C ((%, o) — C),
VK € K, and Ve > 0,

IpeClt] s.t. Igé&}?df(t) —p(t)‘ <e.
Then let
(Q+V-1Q)[t]

o { ClY; all the coefficients of p are rational, i.e., of the form}

'r++/—1s (r,s€Q)

Clearly (Q + v/—1Q)[t] is a countable set, and from the above {p|(1/2,00);P €
(Q + v-1Q)[t]} is dense in C((5,00) — C). Therefore, (C((5,00) — C),d) is
separable. 0
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We have that X is a C((%,oo) — C)-valued random variable; that is, the map-
ping RE > () fep — X(., (zf)sen) € C((3,00) = C) is Bg (R¥)-measurable. The

image measure of P by this mapping is denoted by P o X ! as usual.

CLAIM 3.2
Let M,, (n=1,2,...) and M be probability measures on C((3,00) — C). If, for
3 <01 <03 <00 and VP : C([o1,02] — C) — R that are bounded uniformly con-
tinuous,

/ B (1] 1)) Mo (d0)
C((1/2,00)—C)

— Q(W[5y,0,)) M (dw) asn — oo,
C((1/2,00)—C)

then M, is weakly convergent to M as n — co. Here w|s, ,] 45 the restriction
of w to [o1,02].

Proof
Take {K,}32, C K as
1 1
Kn—[§+n—+1,n+1}7 n € N.
Clearly (3.1) and (3.2) are satisfied, so by (3.3) we define a metric d(-,*) on
C((3,00) = C). For each m € N and w € C(K,, — C), let w,, € C((3,00) — C)
be

Wi (t) ::w((t\/ (% + m;ﬂ)) A(m+ 1))
Since, for w, z € C(K,, = C),

max |wm (t) — Zm (t) ’

<maxick,, |w(t) —z(t)| fn<m,
teK,

=maxeek,, |w(t) — z(t)| if n>m,
it follows that

(3.4) AWy, 2m) < t%ll%},ﬂw(t) —z(t)].

Also, since, for w € C((%,00) = C),
w(t) = (wlk, )m(t) (t€Kn,n<m),

it follows that
1
(3.5) d(w, (w|k,, )m) < o
Now let M, (n=1,2,...) and M be those probability measures on
C((3,00) = C) as in Claim 3.2. Let ®: C((3,00) = C) — R be bounded uni-
formly continuous. For each m € N, define ®,,, : C(K,, = C) = R by ®,,(w) :=
D (wp,). By (3.4), ®,, is also bounded uniformly continuous. Also, by (3.5),

{<I>(w) — <I>((w K)m)’ < sup{‘q)(z) — (2

1
!/
. <\
;d(z,2") < 2m}
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Thus,

| / B (w) M, (dw) — / () M (d)
C((1/2,00)—C) C((1/2,00)—C)

= ‘/ (@(w) — @((W‘Km)m))Mn(dw)
C((1/2,00)—C)

—|—/ @m(w\Km)Mn(dw)—/ b, (wk,, )M (dw)
C((1/2,00)—C) C((1/2,00)—C)

+/ (0l )m) = (w)) M (dw)
C((1/2,00)5)

1
< QSup{|‘I>(z) —®(2)|;d(2,2') < Q—m}
+| [ Byl )M ()~ [ By (], )M (dw)
C((1/2,00)—C) C((1/2,00)—C)
— 0,
first n—o0
second m—»00
which shows the assertion of Claim 3.2. O

4. Bohr-Jessen functional limit theorem

At the moment, we do not know about the zeros of {(-) completely. To define
the log zeta function, we thus need some explanations. Put

(4.1) I':={teR\{0};30€(0,1) s.t. {(o +V—1t) =0}.

At most, I is countable, since each point of T is isolated, and I is symmetric, that
is, -I'=T". For each t €T, {0 € (0,1);¢(c + v/—1t) =0} is symmetric relative to

o= %; in other words,
Clo+V-1t)=0 = ((I—0o++v—-1t)=0.
DEFINITION 4.1

For each t €', put
oy :=sup{o € (0,1);{(0 + V—1t) =0}.

From the above, note that % <ot < 1. We then define

G:=C\ (U{a—l—\/—_lt;—oo<a§0t}U(—oo,1]>.

tel

DEFINITION 4.2

We have that G is a simply connected domain, G D {s € C;Res > 1}, and {(s) #0
(s € G). Then

2 s
(4.2) I(s) =log T +/2

¢(2)
%) dz, s€G@,
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is holomorphic and satisfies that 1(2) = log(72/6) and ((s) = €'*) (s € G). This
I(+) is called the log zeta function and is denoted by log((-).

Recall that Ur was a real-valued random variable uniformly distributed on
[-T,T]. Thus,

(4.3) P(Ur € E)=Pr(E), E€B(R) (see (2.1)),

where (Q, F, P) is a probability space on which Ur is defined. For % < o <00,
we defined Xz (o) by (1.3). From the implications

Ur¢T'U{0} =0c++vV—-1Ur € G (Vo €R)
SN . 1
= Xr(-) is continuous on (5, oo)

and Up ¢ I'U {0} almost surely, it is seen that Xp(-) € C((3,00) = C) almost
surely.

THEOREM 4.1
The distribution of {)N(T(a)}g>1/2 is weakly convergent to that of {X(O’)}0>1/2
as T — co. In other words, Po)?fl —SPoX!asT — 0.

Since, for each o € (%, 00), we called the convergence
Xr(0) = X(0) inlaw as T — oo

the Bohr—Jessen limit theorem, let us call the above theorem the Bohr—Jessen
fuILctional limit theorem, from which the name Bohr—Jessen process of
{X(0)}o>1/2 comes.

For the proof of Theorem 4.1, we need a definition which gives an approxi-
mation of ¢(-).

DEFINITION 4.3
For N €N, put
o
(4.4) Cn(s) ::gl—il/pf’ Res >0 (see (1.2)).

Clearly, {n(-) is holomorphic and has no zeros on {s € C;Res > 0}. And

al 1
(4.5) log (x(s) = Y —log (1 - E>

i=1

holds (see [18, Definition 5.3]).

"Log (N (-) is defined similarly to log((-); i.e., log{n(s) =log(n(2) + [5 (v (2)/¢n(2)) dz,
where log (N (2) is a usual logarithm.
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For T'> 0 and N € N, we define a continuous process {)ET,N(U)}UM/Q by

(4.6) Xr.n(0) :=logCy (o + V=1Ur).
We divide the proof of Theorem 4.1 into four steps.

STEP 1
For %<01 < o9 < oo and Ve >0,
lim limsupP( sup |)Z'T(a) f)~(T7N(0)| 25) =0.

N—oo T 500 oc1<0<02

For the proof, we need the following proposition.

PROPOSITION 4.1 (CARLSON’S MEAN VALUE THEOREM)

Let Y07 | an/n® be a Dirichlet series absolutely convergent on {s € C;Res > 1}.
Suppose that it is analytically continuable to a meromorphic function f(-) on
{s € C;Res > a} (where —oco < a < 1), suppose that f(-) is holomorphic except
at s =1 which is a removable singularity or a pole of f(-), and suppose that
f(s)=O0((|Ims|+2)°) except in some neighborhood of s = 1 where C' is a positive
constant. If

/T|f(a+¢j1t)|2dt=O(T) as T — oo,
-7

the following hold.

(i) Fora<o<oo, Yoo |an|?/n? < oco.
(il) For a <oy <oz < o0,

1 /7 ) . |an?
T/Q |f(a+\/—1t)| dt—z1 2g‘—>0 as T — o0.

n

sup
o1<0<o2

For the proof, see [14, Theorem 9.6] or [18, Theorem 6.3].

Proof of Step 1

We divide the proof into seven steps.

(1) Fix N € N. For simplicity, put

_ <
(n

where fx is meromorphic on {s € C;Res > 0} and is holomorphic except at s =1

which is a simple pole of fxn. By (1.2),

1
4. = il )
(4.7) fv(s)= D> —, Res>1
n>2;
pifn,...,pNin
This tells us that fy(-) is expanded in a Dirichlet series on {s € C;Res > 1} and
its convergence is absolute.

In(s): (s)—1, Res>0,
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Clearly, for Res > %, s#1,

|m@ﬂ=wﬂﬁ(—§)—ﬂ <(s HH MJ +1
(1 1/2) 1

(4.8)

,':]z

=1

Here we note that

(a) sup{%;f{es >3 |s—1] > 1} < oo (see [18, Lemma 6.2]),
(b) for L <a<1, flgmgT |C(a+ /—=1t)|2dt ~ 2T¢(2a) as T — oo (see [18,
Claim 6.3]).

From these and (4.8), it is easily seen that

|fN(S)| 1
_— > — — > —
Sup{(2 ‘I D Res ,|S 1| }<OO,

/T |fN(a+\/—_1t)|2dt=O(T) as T — 00.
-7

Therefore, it turns out that fy(-) satisfies the assumptions in Proposition 4.1
above. We thus apply this proposition to have that, for % <a<land a<o; <
09 < 00,

1

lim  sup —-|=0.
n

T— o0 01<o<0s

1 T
f/ [fn(o+ V=1t at— >
2 n>2;
pifn,....,pnin

(2) In the following, fix % <o < % < % < 09 < 00. Let 0g := %(% + 01), and let
03 =09+ % Clearly, % <ogg<o1< % < % < 0y < 03. By (1),

T

/|fN(a+\/—1t)|2dt— 3 %

% n>2; "
pifn,....,pnin

Fix 0 <7< 1A ((01-3%)/2[(03—00)/7]"?)> = ((01 = 5)/2[(03 —00)/
7]*/2)%. Take Ny = No(09,1) €N so that
(4.9) 3 L1

n2<70 2
n>pNg

lim sup =0.

T—o0 0’0<0’<0’3

Since n > py provided n>2 and py fn,...,pn1n,

1 1 1
> w2 (73)

n>2; n>pN

From the convergence above, it follows that, VN > Ng,
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3{FO(]V; 01302777) € [2) OO)

1 (T 2 1 n
s.t. sup —/ fn(oc+V—=1t)|" dt — — < o,
so<o<asl T 1/2| | 1’222; n2e 2
pitn,....pnin
VTZTO(Nao-laU27n)'
In conjunction with (4.9), we see that, VT' > Ty(N,01,09,7),
1 [T 2
sup = |fn(o+V=1t)|"dt
so<o<os 1 1/2
Y NIIIE T SR S
= sup (= N(o — - — —
op<o<os T 1/2 n>2; n2e n>2; n2e
p1fn,....pntn pifn,....pNin
n.,n
<4 2=n
p T

(3) Let N > Ny(00,7n), and let T > Ty(N,01,09,n). Put Kr C {1,...,|T| -1} as

k+1/2 o3 9
dt/ oc+Vv-1t)| do
K= k€{177|_TJ —1}; k—1/2 oo ‘fN( )|
< (o3 —00)yn
Let & = [(05 — 00)/7]"/?n/> [note that 0 < < (oy — 1)), and put Jr C [$ +
6, T — 5 — 0] as
1 1
Jri= Y k=5 +dk+3 -0
keKr

Then pu(Jr) > (|T] —1—/nT)(1 —26). For, by (2),
o3 T 9
(Ugao)nTZ/ao da/1/2|fN(a+ﬁt)| dt
T o3 9
— [t [ v VTP do
1/2 oo
[T]-1/2 o3 9
2/1 dt/go (o +VI0)| do

/2
@17~ <75 <T]

2
[T1-1 gy1/2 o3 )
= > / dt/ |fn(o+V-1t)|" do
k=1 Jk—1/2 oo

k+1/2

> > /k

ke{l,...,|T]-1}\Kr

dt/03|fN(o+\/—_1t)‘2do

—1/2
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> > (03 —00)v/n

ke{l,.... | T]—1}\Kr
=#({1,....[T] =1} \ K1) (03— 00)\/0
= (IT] =1 —#Kr) (o3 — 00) /1,

which implies that #K7p > [T'| — 1 — /nT. Since p(Jr) = (#Kr)(1 — 20), the
required estimate follows at once.

(4) Let N and T be as above. Then |fx(oc + —1t)] < '/, (0,t) €
[0‘1,0’2] X JT.

© Fix (o,t) € [01,02] X Jr. By the definition of Jr,
JkeKr st (a,t)e[al,ag]x[k—%+5,k+%—5]
Then, from the implications
|3’—(0+\/—_1t)‘§6
= |Res’ —o| <6, [Ims’ —t| <&
=0—-6<Res' <o+, t—6<Ims <t+4

1 1
=07 —6<Res' <oy+9, kf§§1m5'§k+§

1 1
=09 <Res’' <os3, k—§§1m5’§k+§,

it follows that

d-neighborhood of o + v/ —1t
={s';|s' = (o + V—1t)| <6}
C {s/ =o' +V-1t';(0',t') € [00,03] x [k 21 k+ 1} }

By Cauchy’s integral representation,

fn(o+V/=1t)?
1 NG
27V =1 S| —(o4/=Tt)|=r 8’ — (o ++/—1t)
1 27

=5 fN(U—l-\/—lt—&—re‘/?w)QdH, 0<r<éd.
T Jo

Taking the absolute value, we have that

27
(o +V=18)[" < %/ | (o + V=Tt +reV"10) | dp.
0

Multiplying this by r and then integrating it in r € [0, d], we have that
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— 202
0 2
:/ (o + V=10 *rdr
0
5 1 2w 2
g/ rdr2—/ (o + V=1t +reV"1)|" df
0 T Jo

1 27 6
:2—/ / | fn (o + V=1t + eV 1) *r dr do
m™Jo Jo

1
= —// |fN(J'—|—\/—1t’)}2dU/dt/
27 J S ot 4 =T — (04/=TH) <5

1 k+1/2 o3 9
< — dt'/ |fn(o’ +V=1t")|" do’
0

2T Ji1ye
1
< %(03 —o00)y/n  [© since k € Kr).
Thus, we obtain

|fn(o+V-11)| < (532 . %(03 _Uo)\/ﬁ>1/2

_ (03*00>1/27I1/4
0 0
03— oo\ /2 |
o [oum (252 ],
(5) Let N and T be as above. For ¢t € Jp \ ([ U{0}) and o € [01,02],

1/20
o+V-1teG and  |log((o+ V=1t) —log(n (o +V—1t)| < Jm

© First, on GN{s e C;Res> 0},

B 71_2 s CI(Z)
log((s) = log - + @) dz,
log G (s) = logcx (2)+ [ 45

Since ((s) = (fn(s) +1)¢n(s),

¢'(s) _ Cn(s) _ fau(s)in(s) + (In(s) + DCn(s) — Cn(s)
() Cnl(s) (fn(s)+1)Cn (s) (N (s)

and thus

(4.10) log((s) —log(n(s) =log((2) logQN(2)+/: In(2)

fn(z)+1 :
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Now let t € Jp \ (T U{0}), and let o € [01,02]. By the definition of T', o/ +
V=1t € G (Vo' € R). By the definition of G,

0<3e<d st {o'+V-1t"i|t —t] <e} CG.
From the continuity of fy on GN{s € C;Res >0} and (4),

|fn (o + /=1t < /20 <1

0<3 <e st
for o1 —e' <o’ <oa+¢ and |t/ —t| <€’

For o/ > % and t' € R,

|fn(o’ +V-1t")| = ‘ >
n>2;
pifn,....,pNtn

1
S
> no
n>2;
pifn,...pNtn

1
<> =

n>pN

1
o /=1t

(© (4.7)]

1 3
<Y am (07>
n>pPNg

<1 (© (4.9)]

<

N = N

Therefore, if we let
3
Go = {o” +V=1to' >0 -t —t| < 6’} u {cr' +vV-1t';0" > 5}
C GN{s;Res >0},

Gy is a simply connected domain of C and |fn(s)| < 1 on Gy, so that log(fn(s)+
1):= [} N =1 dw can be defined on Gy (see (2.4)), and

v fnl(s)
(log(f(s)+1)) = Fels) 1
holds. Since o + v/—1t, 2 € Gy,
o+v/—1t

mds = [log(fN(s) + 1)]2

[
2

= log(fN(s) + 1)|s=o.+\/jlt — log(fN(Q) + 1).
Noting that

¢(2)
(n(2)

log(fn(2)+1) =log =log¢(2) —log(n(2),
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1
|fn(o+V=1t)| < nt/?0 <1,
we have by (4.10) that
|log ¢(o + v=1t) = log (n (0 + V1)
= |log¢(2) — log ¢ (2) +log(fn(s) + 1) s—pp y= — l0g((2) +log (n (2)]

|fn(s)]
T 1-[fn(s)]
/20

1— 771/20 :

llog(w + 1)| < |_w||w| (lw] <1),

s=o++/—1t

<

(6) For each ¢ >0,
P( swp |Kr(o)— Xrn(o)] 2 <)

01<0<02
T|—1—/nT — oo\ 1/2
<1 41 LTIV () (T 00y e

T/ 2
Here N > Ny(og,n) and T > Ty(N,01,09,7).
(D Fix € > 0. This estimate is obtained in the following way:
P( sup |Xr(0)— Xrn(o)|>e¢)

o1<0<o02

=P( sup }1@(0 +v/—1Ur)log( (o 4+ —1U7)

—log{n (o + \/—_lUT)‘ >¢) (see (1.3) and (4.6))

=P(Ur ¢TU{0}, sup |log¢(o+V—1Ur)

01<0<02

—log¢n(c+ \/—1UT)‘ >¢)
[© Ur ¢ T U{0} P-almost surely, and then o +v/—1Ur € G (Vo € R)]

C
= ﬁu([fT, TIn(ru{o})
N { iug ‘10g§(0 +v/—1t) — logCy (o + \/—_lt)‘ > 5})
[@ Ur is uniformly distributed on [T, T]]

_ %M(JT n(ru{o})®

O{ sup |1og§(a+\/f_1t)flogCN(a+\/f_1t)|25})

01<0<o02

+ gn((—r) 0 (U {0))°



422 Satoshi Takanobu

N{ sup |10g§0+\/_t) logCN(0+\/_t|>5})

01<0<o09

+ 5T 710 (Jr U (=J0) 0 (DU {0)°

Nn{ sup |10g§0—|-\/—t) log(N(a+\/_t|>€})

01<0<09
T“(JT Nn(Tu {0})

Nn{ sup |logCU+\/_t) log(N(U+\/_t|>5})

QTu([fT, 1N (Jr U (~J7)° A (CUfo))°

N{ sup |log¢(o+v~1t) —log{n(o+V—1t)| > €})

c1<0<o02

@ Since — (U {0}) =T U {0},

1
+ —

e(—Jr)n (Cu{o})’e —tesrn(ruiop®.
Also log ((3) =log((s) (s € G) and log(n(3) =log(n(s) (s;Res > 0)

1 C

<1 2+ ﬁﬂ([ T, 70 (JrU(=Jr)") [© (5)]

1— 1/20
B 1
e T )

T —-1—-/nT

<1 y1/20 >€+1—H#\/ﬁ(1_25) [@ (3)]

1— 771/20

7| -1—-nT o3 —0p\1/2 4
R IL L N AL R
e T T w )

(7) In (6), letting T'— oo and then N — oo, we have

limsuplimsupP( sup |XT(0)—XT,N(U)‘ZE)

N—oco T—oo 01<0<02

_ 1/2
<1 12 < +1*(17\/ﬁ)<172(u) 771/5)

€
1-,1/20 = m

—0 asn\,0,

which is the assertion of Step 1.

STEP 2
For each N € N,

the distribution of {)?T,N(U)}U>1/2

N
_losn;
— the distribution of {Z —1og<1 — w)} 1o as T — oo.
a>

a
i=1 pi
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Namely, for 3 < o1 < 02 < 0o and V@ : C([o1,03] — C) — R that are bounded
continuous,

. = a e(—logpi)
Jim B[o(Zrn ()] = EF [@(;log(l -]
Proof
First, by (4.6) and (4.5)
- N V=1(=logp:)Ur
(4.11) XT’N(U):Z—log(l—ﬁ).
i=1 i

Next, by Proposition 2.1,

the distribution of (e‘/jl(_logp")UT)f\;1
(4.12)

— the distribution of (e(—logp;)) as T — 0.

N
i=1
For, since
the distribution of (cos(f1ogp1)UT,sin(flogp1)UT,
...7cos(—logpN)UT,sin(—logpN)UT)

:Pj(ﬂcos(—log;n)-,sin(—logpl)-,...,cos(—logpN)-,sin(—logpN)~) (SCC (43))

-1
—Po T (cos(—logp1)-,sin(—log p1)-,...,cos(— log pn)-,sin(— log px)-)

as T'— oo,
we have that for any bounded continuous function F:CN — R

E [F(e\/jl(_ 10g1>1)UT7 s eV—1(= lOgPN)UT)]

:/ F(al+\/—1b1,...,aN—|—\/—1bN)
R2N

— F(a1+\/—1b1,...,aN—|—\/—1bN)

R2N

Po7T71

(cos(—logp1)-,sin(—logp1)-,..., COS(*logpN)wsin(*logpN)-)(

day dby - - day dby)
=FF [F(e(—1logp1),...,e(—logpn))] asT — oo.

This shows (4.12).
The assertion of Step 2 is obvious from (4.11) and (4.12). O

STEP 3
The following convergence holds P-almost surely. As N — oo,

i—log(l—w):&f(a) on [og,0), Vo >l
pf- 05 ; 0 2

=1
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Proof
For this, see the proof of Theorem 2.1. O

STEP 4
For 1 <oy <03 <00 and V®: C([o1,02] — C) — R that are bounded uniformly
continuous,

lim E[@(%r())] = B [#(X()].

T—00

Thus, by Claim 3.2, Po X7' 5 PoX ! as T — .

Proof
Let 1 <01 <03 < oo, and let ®: C([o1,02] = C) — R be bounded uniformly
continuous. Then, Vp > 0, take € > 0 so that

Uél;pg)gjw(o) — z(a)} <e= |<I>(w) - <I>(z)| < p.
|E[o(Xr())] - E¥[2(X()]]
|B[@(Xr())] — E[2(XrnO)]| + [E[@(Xrn ()] - E¥[2(X()]]
<E[|2(Xr() - e(Xrn ()] +[E[e(Xrn())] - EP[2(X())]]

=E[|®(Xr() —2(Xrn()|; sup [Xr(o) = Xrn(0)| <]

01<0<o02

+E[|®(Xr() —2(Xrn ()| sup [Xr(o) = Xrn(0)] > €]

B[ (Rrn()] - EP[B(EO)]|

<p+2[®|P( sup |X7(0)—Xrn(0)|>¢)

01<0<02

IN

+[E[2(Xrn ()] - P [2(X())]],
where || ®[|oc = SUP e ((oy,00]—0) [P(w)]. Letting T' — oo, we have by Step 2 that

limsup| E[(Xr())] - £°[2(X()]]

< p+2||@]|limsup P sup |Xr(0) — Xrn(0)| >¢)
T—o0

(3 ten(1 - LB )] prpa (|

By Steps 1 and 3, the right-hand side — p as N — oco. Thus, letting p \, 0, we
obtain the convergence of Step 4. g
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COROLLARY 4.1
The distribution of a continuous process {{(o ++/—=1Ur)}5>1/2 is weakly conver-

gent to that of a continuous process {eX(7) = [1,(1- (e(—logp))/p7)  }os1/2 as
T — oo.

Proof

Note that Ur ¢ I' U {0} almost surely. This tells us that, with probability 1,
o ++v/—1Ur € G and so eX7(?) = ((o + /=1Ur) (Yo € R). From Theorem 4.1,
the assertion of the corollary follows at once. O
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