Generalized eigenvalue-counting estimates
for some random acoustic operators

Yoshihiko Kitagaki

Abstract For some discrete random acoustic operators, we prove Wegner estimates.
These estimates are applied to show some regularity of the integrated density of states.
Moreover, we prove the generalized eigenvalue-counting estimates by using Combes,
Germinet, and Klein’s method. As an application, the multiplicity of the eigenvalues in
some interval where the Anderson localization occurs is proven to be finite. For certain
models, Poisson statistics for eigenvalues and Lifshitz tails are also studied.

1. Introduction

In this paper, we consider the following random acoustic operator in the discrete
setting:

(1.1) Ay =V"(po+p,)V =40+ Y w, VIV,
yEZL

where V is defined by the discrete analogue of the partial derivative, V* is
its adjoint, py is a periodic term, and p, = Z’yEZd w~Il, is an Anderson-type
random perturbation. The operator A, is defined on ¢2(Z?) (for details, see Sec-
tion 2). In that section, we prove the Wegner-type estimate and the generalized
eigenvalue-counting estimate for this operator. We apply the Wegner estimate to
obtain some regularity for the integrated density of states (IDS). Moreover, we
use the generalized eigenvalue-counting estimate to show that the multiplicity of
the eigenvalues of (1.1) in some interval where the Anderson localization occurs
is finite.

Recently, Combes, Germinet, and Klein [9] have given a nice proof of the gen-
eralized eigenvalue-counting estimate for discrete random Schrodinger operators,
including the Anderson [4] model. This operator is defined by H, = —A +V,,,
where —A is the discrete Laplacian and V,, := Zwezd w11, is the random poten-
tial. Their eigenvalue-counting estimates give an upper bound of the probability
that the restricted random operator H> has n eigenvalues in an interval I. This
is an extension of the Wegner and Minami estimates. In this article, we use their
ideas to study random acoustic operators under the discrete setting.

Kyoto Journal of Mathematics, Vol. 51, No. 2 (2011), 439-465

DOI 10.1215/21562261-1214402, © 2011 by Kyoto University

Received March 16, 2010. Revised August 23, 2010. Accepted August 27, 2010.
2010 Mathematics Subject Classification: 47B80, 60H25.


http://dx.doi.org/10.1215/21562261-1214402
http://www.ams.org/msc/

440 Yoshihiko Kitagaki

The disorder associated with H,, is a type of diagonal disorder, while our
acoustic operator A, has a type of off-diagonal disorder. The random potential
V., in H,, is the sum of independent random rank-one operators; that is, the rank
of I, is just one. However, one difficulty in A, is that the rank of V*II,V in (1.1)
is more than two if d > 2. Therefore, we cannot use the method in [9] directly.
To treat our random operator A,, by applying the general spectral averaging
results in [11], [12], and [31], we generalize the method for the rank-one case to
the case when the rank is more than two.

It is well known that there are many works on the Anderson model H,,.
Wegner [43] estimated the expectation of the number of eigenvalues of HA in I.
This gives an upper bound of the probability that H2 has at least one eigenvalue
in I. First, this was used to show Lipschitz continuity of the IDS for H,, or to
give a bound of the density of states, the derivative of the IDS. Next, this was
also used as a key estimate to prove the Anderson localization rigorously. This
method is called the multiscale analysis (see, e.g., [8], [24], [28], [40]).

Figotin and Klein [21] proved the Wegner estimate for A, and showed the
localization via the multiscale analysis when the probability distribution - of w,
has a bounded density. Our Wegner estimate is an extension to the case when
i is general.

Minami [34] estimated the probability that H2 has at least two eigenvalues
in I and proved that the properly rescaled eigenvalues of HL{} behave accord-
ing to a Poisson point process. This was first shown by Molchanov [33] for
1-dimensional continuous random Schrodinger operators. It is natural that we
consider the application of our generalized eigenvalue-counting estimates. How-
ever, it is uncertain whether our estimate for A, is useful to study some behavior
for eigenvalues of A, since our result is a weaker estimate if d > 2 (see Section 2
for details).

Klein and Molchanov [29] used the Minami estimate as an important prob-
abilistic estimate to study the multiplicity of eigenvalues of H,,. Moreover, the
Minami estimate was generalized by [5], [9], and [25] to the probability that H2
has at least n eigenvalues in I for all n € N.

As relating works, Faris [18]—[20] studied a simpler random acoustic model:

- LA
NN

To show the Anderson localization, Faris gave the Wegner estimate for this oper-

(1.2) T, :

ator. In this article, this random operator is also discussed (see Section 3 for
details).

Our random operator A, in this article has the continuous version, which is
formally defined by —V(po +pu)V = Ao+ 74wy (—Vu, V) on L2(R%), where
po(z) is a Z%-periodic function and p,,(z) := > ezi Wyt (2) is an Anderson-type
random perturbation. In [22] Figotin and Klein gave the Wegner estimate and
applied this to prove the localization of acoustic waves. Unfortunately, the tech-
niques in this article do not work for this continuous model because of the follow-
ing. Although the operator —Vu,V is nonnegative as in the discrete model A,
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this is not a bounded operator. Thus, we cannot use the general spectral aver-
aging results in [11], [12], and [31] (see Proposition 2.1 in Section 2).

In [21], the method for the acoustic model was also applied to random
Maxwell operators M,,, formally defined by V* x (1/g,,)Vx on ¢2(Z3; C?), where
€, is the position-dependent random dielectric constant. The Wegner estimate
for M,, was given to prove the localization of electromagnetic waves (see [21] for
the discrete case and [13], [23] for the continuous case). In this article, we only
treat random acoustic models; however, the method in this article works also
for M,,.

This article is organized as follows. In Section 2, we first prove the Wegner
estimate for A, by using the general spectral averaging result. Next, we extend
the method of the article by Combes, Germinet, and Klein [9] for the operator A,
and prove the generalized eigenvalue-counting estimate. In Section 3, we study
the random operator T',,, including (1.2) as another acoustic model. To consider
the same problem for I',,, we introduce an auxiliary random Schrédinger operator.
In Section 3, we also state Poisson statistics for I',,. In Appendix A, we present
a simple proof of Lifshitz tails for T',,. In Appendix B, we discuss some relations
between A, and I',,, which are especially studied in the one-dimensional case.
In Appendix C, we verify a condition used in Section 3.

2. Main results

2.1. Generalized eigenvalue-counting estimate for A,
In general, acoustic operators are defined by

d
1,101 1,1, 1
(2.1) Agp = 7 Ev% = ;:1 —\/aaj 50 NG

acting on the Hilbert space £2(Z?). The multiplicative operators 1/y/a and 1/b
are defined by

1 1 1 1

2.2 — = —1II and — = —II
(2:2) NG Zr ; Zb
for some positive real numbers {a,},czas and {b,},cza, where IL, is an orthog-
onal projector to the Kronecker delta function &, (z) € ¢3(Z%), that is, IL, :=
|01) (04| = (d5,-)d,. The discrete analogue of the partial derivative 0; is defined
by (8;f)(x) := f(x) — f(z —e;) for f(x) € >(Z%) and j=1,...,d, where {e;}9_,
are the standard basis vectors in the lattice Z¢. The adjoint of 0; is given by
(05 f)(z) = f(z) — f(z + e;). The acoustic operator Ay, appears in the discrete
wave equation

0 (1)
ot?
We note that the coefficient a = {a,} ez« corresponds to the local propagation

speed and b= {b,},cza corresponds to the mass density. Refer to [13], [18]-[22]
for the physical interpretation.

+ Aabf(IL'7 t) =0.
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In this section, we consider the operator defined by
d
(2.3) A=V (o0 + )V = 30 (p0 + p)0;

Jj=1

on (?(Z%). We set pg is a periodic term defined by pg := > ez Gy1Ly, where
v+ ¢, is a nonnegative bounded periodic function on Z<¢. More precisely,
assume that there exists p = (p1,...,pa) € Z¢ such that ¢, = ¢ 1, for any
v,m = (ni,...,nq) € Z%, where np := (n1p1,...,nqpq). Let My be the upper
bound of {¢ }, ez, and set Ag := V*poV. We next set p,, as a positive Anderson-
type random perturbation defined by p,, := Zwezd wyIL,, where w = {w,}eczd
are nontrivial random variables taking values in the finite interval [m, M] for
some 0 <m < M < co. For v € Z9, let i~ be the probability distribution of the
random variable w,. We always assume that {w,},cza are independent. A, is

a nonnegative, bounded self-adjoint operator. If we assume that
(2.4) {wy },eza are identically distributed

with the common probability distribution p, then A, is a Z%ergodic operator.
It is known that there exist closed and nonrandom sets ¥, ¥,,, ¥,., and X,
of R such that ¥ =0(Ay), Zpp = 0pp(Aw), Tac = 0ac(Aw), and Xge = 045c(Au)
almost surely (see [21, Theorem 1], [8], [28], [37]).

To state the main theorems for A,,, we define S, (¢) by

Sy (t) :=supv([e,c+t])
ceR

for the probability measure v on R and ¢t > 0. For a Borel set J C R and a
self-adjoint operator T, we denote the associated spectral projection by xs(T).
For L € N, set a cube A = A1(0) centered at zero with side length L, that is,
A:={k€Z% | max;—19, al|ki| <L/2} CZ? We denote by A2 some self-adjoint
restriction of A, to the cube A. We realize A} simply by taking the matrix
elements A% (n,m) as (5,,A,dm) whenever both n and m belong to A. If we

let xa be the characteristic function on A, that is, xo = IL,, then we can

YEA
also write A% = yaA,xa. In Appendix B, we also use the periodic boundary

condition. We write E = E,, for the expectation with respect to w = {w;};cza-
We first state the following estimate.

THEOREM 2.1

Fiz Ey € (0,00). Let I be any bounded interval in [Fy,00). Then we have the
bound

(2.5) ETrx;(A3) < CwQa([T])|Al,
where Qa(|I]) = sup.,, Qa~(1]),

2d|gy oo 1| if 11y has a bounded density g,

(2.6) Qan(1]) = {8d(1+2d)5y7(|1|) otherwise,

and Cy is a constant which depends only on d, My, M, and E.
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REMARK 1
The above constant Cyy is given by (d + 1)*(My + M)?/EZ.

We next state the generalized eigenvalue-counting estimate for A,.

THEOREM 2.2
Fixz Ey € (0,00). Let I be any bounded interval in [Ep,00). For n=0,1,2,...,
we have the bound

2.7) P(Try (AY) > nd+1) < Ca(Qa(IDIAN",

where Cg is a constant which depends only on n,d, My, M,m, and Ey.

REMARK 2
The above constant Cg is given by

(d+1)2 DT (Mo + 29 M — 2/m +m)”
BTG + 1)

Let us explain that (2.7) is weaker than the corresponding estimate given in [9].
The generalized eigenvalue-counting estimate for H2 in [9] is the following: for
any n € N,

(2:8) P (Trxr(HS) > n) < —(QINIA])",
where Q(|I[) =sup, Q,(|/|) and

Q. (1)) = |gy|oolI|  if 14 has a bounded density g,
K 85, (|1]) otherwise.

1

Since we have P(Trx;(A%) >n+1) > P(Tryxs(A%) > nd + 1), (2.7) is a weaker
version of (2.8). However, (2.7) is the same type of estimate as (2.8) if d =1.
Moreover, (2.7) always gives the Wegner estimate by taking n = 0.

To state a corollary of Theorem 2.1, we introduce the IDS for A,. This
function is defined as follows. Since the spectrum of A% is discrete, we can define
the eigenvalue-counting function by N2 (E) :=Trx(—co p(AS5). If we assume
(2.4), that is, that {w,},cza are independent and identically distributed (i.i.d.),
we can show the existence of a nonrandom, right continuous, and increasing
function N4 such that

. NXE)
Na(B)= lm =5

for any point of continuity of N4(FE) and for almost all w. We call N4(FE) the
IDS for A, (see, e.g., [8], [21], [28], [37]). We say that the common probability
measure f of {wy},eze is a-Holder continuous if there are ¢ >0 and o € (0,1]
such that

(2.9) S,(t) < ct®
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for small ¢ > 0. From the definition of the IDS and Fatou’s lemma, it follows that

A _ NA /

1
< liminf —E[N2(E) — NA(E’
< liminf oo [N, (E) (£7)]

1
= liminf - B[Tr x (g, g (A
iminf BT 6 (40)

for any point of continuity £’ < E € R. By Theorem 2.1 and a-Hdolder continuity
of p, we have the following.

COROLLARY 2.1
Assume (2.4) and (2.9). Then the IDS for A, is a-Hélder continuous.

We next state an application of Theorem 2.2. We say that
(2.10) A, exhibits the Anderson localization in some interval I

if, with probability one, A, has only pure point spectrum in I and the corre-
sponding eigenfunctions decay exponentially. For = > 0, we let [x] be the integral
part of x. We prove the following result.

COROLLARY 2.2

Assume (2.4), (2.9), and (2.10). Then, with probability one, every eigenvalue of
A, in I has multiplicity less than or equal to [a~]d. In particular, if o> 1/2
and d =1, with probability one, every eigenvalue of A, in I is simple.

REMARK 3

Figotin and Klein [21] showed the localization for A, near the band edge of
the spectrum under some assumptions on the periodic operator Ay and on the
distribution of {w, },cza.

2.2. Proofs of Theorems 2.1 and 2.2
We quote an essential proposition to show the main theorems.

PROPOSITION 2.1

Let v denote the probability distribution of the random wvariable w. Let I be
a finite interval in R. Let H and B be two self-adjoint operators on a separable
Hilbert space H, and suppose that B is bounded and nonnegative. Then, for any
w € H and any k>0, we have the bound

[t Bttt + wB)Bep(d)
(2.11)
< {|B||Opg|oo|l|||g0||2 if v has a bounded density g,

4| Bllop(k + 11 Bllop)Su (11/E)|¢l*  otherwise,
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where || - ||op s the operator norm and || - || is the norm in H.

This is often called the spectral averaging (see, e.g., [11, 12, 31, 42]). Combes
and Hislop [11] and Kotani and Simon [31] studied the case when the probability
measure v has a bounded density. Combes and colleagues [12] proved the general
case. Since [12] considered the case k=1, (2.11) is slightly generalized (see [9,
Appendix] of for this extension). Now, we prepare the following lemma.

LEMMA 2.1

Let I =[a,b] be any finite interval in (0,00); then we have

(2.12) Trxr(AS) <CY Y (00, Byxa(AD)By6),
TEAVEK,

where C = C(a,d, Mg, M) = (d+1)(Mo+ M)?/a?, K, ={z,x+e1,...,x+eq} C
Z?, and B, is the restriction of V*IL,V to the cube A.

Proof
We first note that AA = (¢4 + wo)B, where A D A is defined by
w veA\dy v ) By
{k € Z¢| max;—y,_q|ki| <L/2+1}. We next expand the trace as Try(A}) =
0z, X1(AM)6,). By using the spectral measure u‘s” d\) for AD with respect
TEA w A w
to 0., we have

,,,,,

1 b
oo Ase) = [y @y < oz [ e )

Thus, since pg and p,, are bounded, we get

Mo+ M)?
Tr(ad) < TS S B (A2) B8,
€Ay yp €A

Now, we note that

VLV = Z|a* )70 |_Z|5 Gy, ) {0y = Oy—e,|-
Then, it is easy to see that for fixed x € A,

dé, — Zd_ Op—e; ify=u,

j=1

VL, Vo, = Q 05 — Ozte, ify=z+e;, j=1,2,....d,

0 otherwise.
Thus, we have B,d, =0 if v ¢ K,. By using
(02, Byy X1 (A3) By b
< %(@valeI(Aﬁ)Bmfm + (00, By, X1 (AS) By, 04)).

we complete the proof. O
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For j € Z¢, we write E,; for the expectation with respect to the random variable
wj. We also write wi := {w;}jeza\ (1} and write E, . for the corresponding
expectation.

Proof of Theorem 2.1
Let I = [a,b] C [Ep, o). Taking the expectation for (2.12), we get

(2.13) ETrx(AS) <CY > BBy (30, Byxi(AD)B,6.,).
rEAVEK,

Now, note that ||By|lop <2d and ||6,|| = 1. By using Proposition 2.1 with k=1
n (2.11), we can show that the right-hand side of (2.13) is less than or equal to

CY > EuiQan(I]) <CA+1)Qa(IT])IAl
reAvVEK,
where Q 4(|]) =sup, Qa~(|1|) and Qa(|I|) is defined by (2.6). This completes
the proof. 0O

To prove Theorem 2.2, we prepare the following lemma, which is a generalization
of [9, Lemma 4.1].

LEMMA 2.2

Consider the self-adjoint operator Hy = Hy + sB on a separable Hilbert space 'H,
where Hy and B are two self-adjoint operators on H, B is a nonnegative operator
satisfying rank B < d, and s € R. Let Ps(J) = x;(Hs) for an interval J, and
suppose that Tr Py((—o0,c]) < oo for all c€ R. Then, given a,b € R with a < b,
we have

Tr Py ((a, b)) <d+ Tr P((a,b])

for all0<s<t.

Proof
Let 0 < s <t. Note that for any ¢ € R we always have

(2.14) 0 < Tr Py ((—o0,c]) — Tr P, ((—o0,c]) < d.

The last inequality is a consequence of the min-max principle, proved similarly
in [28, Lemma 5.22]. We can also consider (2.14) as a bound of the spectral shift
function (SSF) &(X; Hs, Hy) for the pair (Hg, Hy). Since Hs; — Hy is an operator
of finite rank, we have the bound 0 < ¢(\; Hy, Hy) < rank(H; — Hy) < d. For the
general theory of the SSF, refer to [6]. Thus, we obtain

Tr Py ((a,b]) = Tr Py ((—o00,]) — T Py ((—o0, a)
< Tr P, ((—o00,b]) — Tr P, ((—o0, a))
= Tr Ps((—00,b]) — Tr P, ((—00,b]) + Tr P;((a,b))
§d+TrPt((a, b]). O
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Proof of Theorem 2.2

Let 14(w) be the indicator function of an event A. For n € N, we set the events
E, and A, by E, :={w | Trx7(A45) > nd+1} and A, :={w | [T1_o(Trx1(4%) —
kd) > Cp a}, where Cp, g =[],_,(kd+1). By E, C A,, and Chebyshev’s inequal-
ity, we have

P(TrXI(Af}) >nd+1) = /E 14, (w)P (dw)

n

<E [H (Trxr(AD) - kd)1g, (W)} /Cra.
k=0

When n =0, this is just the Wegner estimate (2.5). For the reader’s conve-
nience, we next consider the case n =1. By using Lemma 2.1, we first get

Tr xr(AS) (Trxs(AD) — d)1p, (w)

(2.15)
<CY Y (00, Byxi(AD) By 6,) (Trxs(AD) — d) 1, (w),
rEAYEK,
where C'=C(a,d, My, M) in Lemma 2.1. For w= (wfy-,ww) and v € A, we define
AE\%L,S) by AE\W*S) = >k @k Bi + 20p ., wk By + sB,,. For each v € Z¢, we take

a random variable w, with the probability distribution s, so that @, is inde-
pendent from all of the other random variables, and set 7., = &~ + M —m. Write
@ = {@y}yeze. By Lemma 2.2 with 7, > M > w,, we have that the right-hand
side of (2.15) is less than or equal to

cy > <6I,BWXI(A£)BW(590>TrXI(AE\w¢7Tw))1Ei(w#,u),

rzeAyEK,
where we set B = {(wy,7,) | Trxl(Ag\wL 7_7)) > 1} and used
<
(2.16) 1g, (w) <1p(wi,7y)

for any @, and w. Since Trx[(Af\

W'J\{-’T'Y)
taking the expectation with respect to w and @, and using Proposition 2.1, we
get

EsEu [Trxr(AS) (Trxr(AS) — d) 15, ()]

<CY > Es B [Eww[@m,Ble(AUAJ)Bwa]TTXI(A?%L,TW))lE; (wy57)]

g, (w#,ﬂ,) is independent of w,, by

rzeAvEK,
<CQA(INY Y Eo, Bur[Trxr(AlL . ))1p(wy, 7)),
rEAVEK,

where Q4 (|1]) = sup,, Qa~(|I]) and Q4 ,(|I]) is defined in (2.6). By using the
Wegner estimate (2.5), we get

Eo By [Trxr(AfL . )) e (0, m)] < C'(d+1)Qa(II])IAL

(w#,‘r

where C' = C(a,d, My,2M —m). We remark that supv{w#, 7y} =2M —m. This
completes the proof for n = 1.
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For the general n € N, we can proceed inductively as in [9]. Let us assume
that for all m, M with 0 <m < M and for all possible probability distributions
p of w., satisfying supp pu, C [m, M] for all v € Z¢,

n—1

(2.17) B[] (Texr(A2) - kd) 15, ()] < Ca(@a(I]IA)"

k=0
holds for n € N, where C,, = Cy(a,d, My, M, m) is defined by

n—1

) . d+1)2n
[ (Mo +27M1 —27m +m)2(a%n)
j=0

We remark that M > SUD., Wey and m <inf,w,. For each v € Z?, we take @ as
in the case for n =1. Then, from Lemmas 2.1 and 2.2, it follows that

n

(2.18) T (Trxs(AY) = kd)1g, (w)
k=0

is dominated by

CY Y (02, Byxu(A H Trxr(AS) — kd)1p, (w)

rzeAvEK,
n—1
<CY N (02, Byxa(AD)By6) [ (TrXI(A( o) = kd) 1 (Wi, 7)),
rzeANveEK, k=0
where we set E}, = {(w7,7,) | TrXI(A(wL TW)) >(n—1)d+ 1} and used
(2.19) g, (w) <1p (wy,7)

for any @, and w. Take the expectation with respect to w = {w,},czs and
© = {@y} eza. From Proposition 2.1, it follows that the expectation of (2.18) is
dominated by

n—1

ca(>. 3 Es EwL{H(TrXI(A?w#,TW)) kd)1p, , (wl, TW)]

zeEAYEK, k=0

<CQa(IN Y D Crl(QalIDIAN",
TEAYEK,
where C}, = Cy,(a,d, Mo, 2M — m,m). Note that 2M —m > sup. {w;y, 7y} and
m < inf,{w, 7, }. In the last line, we used the induction hypothesis (2.18) and
the fact that E! corresponds to E,_1. By C(d+ 1)C}, = Cy,11, we complete the
proof. O

2.3. Proof of Corollary 2.2
In this subsection, we prove that the multiplicity of eigenvalues for A, in some
localization region is finite by using Klein and Molchanov’s method [29].
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Proof of Corollary 2.2

We prove only the case for o =1 (see [9] for the general case). The proof is based
on two results (see [29, Lemmas 1, 2]). The first one is a probabilistic estimate
given by Theorem 2.2. The other is a deterministic result.

We say that ¢ € £2(Z%) is S-decaying if [¢)(x)| < Cy(1+|z|)~? for some Cy, >
0. If « =1 and § > 5d/2, we show that, with probability one, A, cannot have an
eigenvalue with d + 1 linearly independent (-decaying eigenfunctions. Pick g >
2d. For a scale L > 0, we cover an open interval I by 2([L9|1|/2] +1) < LY|I| +2
intervals of length 277 so that any subinterval J C I with length |J| < L™7 is
contained in one of these intervals. We consider the event By, j 4, which occurs
if there exists an interval J C I with |J| < L=9 such that Trx;(A%) >d+1. By
Theorem 2.2 with n =1, its probability can be estimated by

P(Br1q) < (L9I] +2)Cq(C(2L~9) L)
(2.20)
< C'(|I] 4+ 1)L+,
where C is the constant given in (2.7) and C,C’ are some constants independent
of L. Take Lj, = 2¥, and use (2.20) and the Borel-Cantelli lemma. It follows that
if ¢ > 2d, then for P almost every w there exists k(g,w) < oo such that the event
Br,.1,q does not occur if k > k(q,w).

Now, suppose that for some w there exists £ € I which is an eigenvalue
of A, with d + 1 linearly independent (-decaying eigenfunctions. As in the
proof of [29, Lemma 1], it follows that for L large enough A2 has at least d + 1
eigenvalues in the interval Jg = [E — er, E + €1], where ¢, = CoyL=P+d/2 for
an appropriate constant Cj independent of L. By > 5d/2, we can pick ¢
satisfying 2d < ¢ < 3 — d/2. Hence, we have e, < L™9 for all large L. However,
with probability one, this is not possible since the event Bg, r, does not occur
for large Ly. O

3. Random acoustic operator ',

3.1. Generalized eigenvalue-counting estimate for I,
In this section, we consider a simple acoustic model including (1.2). Our second
model T',, is the random self-adjoint operator defined by

1 1
vV Pw vV Pw
on (?(Z%), where Hj is a nonnegative bounded self-adjoint operator. The mul-
tiplicative operator 1/,/p, is defined as in (2.2). We also take the random vari-
ables w = {w, }, ¢z« as before. Since Hy is any bounded operator, we may choose

Hy=V*(1/b)V as in (2.1). Of course, this model includes the case
(3.1) Hy=-A

I, :

where —A is the discrete Laplacian defined by

(3.2) (—Af)@)= Y (fl@)~f®)

yilz—yl=1
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Faris [18]-[20] studied this random operator and Combes, Hislop, and Tip [13]
studied the continuous version of T',,.

We define the restriction of I',, to the cube A by Ff} =xal'wxa. We also
denote the IDS for I', by Nt as in the definition of N4 for A,. We first have the
following Wegner estimate and its corollary. This is an extension of the result by
Faris [18]-[20] to the case for general probability measures.

THEOREM 3.1

Fixz Ey € (0,00). Let I be any bounded interval in [Eg,00). Then we have the
bound

(3.3) ETrx;(T2) < Qr(/I])[A],
where Qr(|I|) = sup,, Qr(I]) and

|9~ oo 1| M/ Eo if 1y has a bounded density g.,

(34) Qr,(I)= {4(1+M/Eo)5u7(f) otherwise.

COROLLARY 3.1
Assume (2.4), (2.9), and (3.1) for T,. Then the IDS for T, is a-Hélder contin-

UOUS.
Next, we obtain the following generalized eigenvalue-counting estimate for T',.

THEOREM 3.2
Fiz Eg € (0,00). Let I be any bounded interval in [Eg,00). For n=1,2,3,...,
we have the bound

1 n
(3.5) P(Trx;(I3) 2 n) < — (Qe([I)IA])".
From Theorem 3.2, we have the following, which is proven as in Corollary 2.2.

COROLLARY 3.2

Assume (2.4), (2.9), (2.10), and (53.1) for T,. Then, with probability one, every
eigenvalue of T, in I has multiplicity less than or equal to [a~1]. In particular,
if a>1/2, with probability one, every eigenvalue of T, in I is simple.

REMARK 4

By using the multiscale analysis, Faris [18]-[20] showed the localization for T,
near the top of the spectrum under some assumptions on the distribution of
{wy}yeza (see also our example in Appendix C).

3.2. Auxiliary random Schrédinger operator
In this subsection, to prove Theorems 3.1 and 3.2, we introduce an auxiliary
Schrodinger-type operator defined by H,(E) = Hy — Ep,,. In fact, H,(F) is



Generalized eigenvalue-counting estimates for some random acoustic operators 451

an Anderson model if (3.1) holds. The main statement is the following proposi-
tion.

PROPOSITION 3.1
Suppose 0¢ I, :=[E — ¢, E 4 ¢€]. Then we have

(36) TrX[—nLe,nLe] (Hc{;\ (E)) < Tr XI. (Fg) < TrX[—Me,Me] (HS(E)) .

REMARK 5
Let Ny be the IDS for H,(F). Proposition 3.1 implies

(3.7)  Ng(me)— Ng(—me) < Np(E+¢€)— Np(E —¢€) < Ng(Me) — Ny (—Me),

which shows upper and lower bounds of the density of states for I',, in terms of
that for H,(E).

This idea was already used to study the IDS for continuous random Schrédinger
operators. For example, Hislop and Klopp [26] used the Birman-Schwinger—type
operator Z,(FE) as an auxiliary operator. Let us consider H, := —A +V,, on
L*(R%), where V,,(z) := > ez Wyty(z) 18 a standard Anderson-type random
potential and the sign of single site potential u,(z) is indefinite. For E <0, they
used the following inequality:

Tr X[E—¢,E+e€] (Hu/;\) < TrX[flfce,fl%»ce] (ES(E)%

where ¢ is some constant independent of A, €, and w. The Birman-Schwinger—
type operator Z,(E) is defined by Z,(E) := (-A — E)"Y2V, (A — E)~1/2,
Thus, they estimated the expectation of the number of eigenvalues near —1 (for
some application to random magnetic fields, see, e.g., [41, Lemma 2.1]).

Proof of Proposition 3.1
We prove only the second inequality. The same argument also applies to the first
inequality.

To estimate the number of eigenvalues of T'A in the interval I, we use the
Birman-Schwinger principle (see, e.g., [38]). Suppose that ¢, is an eigenfunction
of T'A with the eigenvalue A # 0 and A € I.. Then the function 1 defined by v =
(1/\/pw)dx satisfies HY (X)) = 0, where we set H,,(\) = Hy — Ap,,. Therefore, we
know that 0 € o, (H/} (X)) if and only if A € 0,,(I'5). By the assumption of p,,
we have HM(\) — Me < HN(E) < HA(\) + Me. Let p,()\) be the nth eigenvalue
of HA()). Similarly, let k,(E) be the nth eigenvalue of H2(E). By using the
min-max principle, we have

(3.8) fin(A) = Me < kp(E) < pin(\) + Me.

Now, take A, € I, satisfying p,,(A\,) =0. By (3.8), we have —Me <k, (E) < Me.
Hence, we obtain

#{n|pn(A\) =0 for some A€ I.} <#{n|kn(E) € [-Me, Me]}. O



452 Yoshihiko Kitagaki

As in Section 2, we first prove the Wegner estimate by using Proposition 3.1.

Proof of Theorem 3.1
We set [ =[E —¢,E +¢ and I = [-Me, Me]. From (3.6), it follows that
ETrx7(T'A) is dominated by
ETrx;(H)(E)) =Y E{(d,,x;(H)(E))d,).
YEA
Now, use Proposition 2.1 with B = Fll,, k=M, and ¢ = d,,; then we have the
bound

[ (H ()5, ()

(3.9) ]
< |9+]oc [ 1|/ E ] if iy has a bounded density g,
- 4+ M/E)S, (|I|/M) otherwise.
By (3.9) and |I| = M|I|, we complete the proof. O

We next prove the generalized eigenvalue-counting estimate for I',.

Proof of Theorem 3.2
We can prove Theorem 3.2 as we proved Theorem 2.2. Set I =[E —¢, E + €] and

I=[-Me, Me]. We also set
E,={w ’ Ty (T2) > n} and E, = {w ’ TrXf(HwA(E)) >n},

where we write H,, (F) = Ho— Ep,, as in Proposition 3.1 and H(FE) is its restric-
tion to A. Then, by Proposition 3.1, we have F, C E,. From Chebyshev’s
inequality and Proposition 3.1, it follows that P(Tr x;(T'A) > n) is dominated by

n—1 n—1

(310) BT (Tru(Td) —K)1s, ] < B[] (T (A (E) ~ )15 ]

Then, since H,(FE) is an Anderson model, the right-hand side of (3.10) can be
estimated similarly as in [9] from Lemma 2.2 and the spectral averaging (3.9).
We proceed by the induction on n € N and complete the proof. |

3.3. Poisson statistics for eigenvalues of T',,
As an application of Theorem 3.2, we state Poisson statistics for eigenvalues
of TA. TFollowing Molchanov [33] and Minami [34], we study a point process
defined by the rescaled eigenvalues of T'A.

We first introduce an important point process. A point process &, on R is
said to be the Poisson point process with intensity measure v if it satisfies the
following two conditions.

(a) For each bounded Borel set J C R, &,(J) obeys the Poisson distribution
with parameter v(J), namely,

J T
e v(J) v(J)

P(&(J)=r)= = r > 0.

)
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(b) If Jp,...,J, are disjoint, then &, (J1),...,&,(J,) are independent random
variables.

Now, let E:}k be kth eigenvalue of I'2 (k=1,2,...,|A|). For E € o(T,) and
E > 0, we define a point process 53’ r on R by the rescaled eigenvalue of Fi}
near E:
|A]
(3.11) 5 p(dt) = 25\A|(E:},ka) (dt).
k=1

We always assume (2.4) and (3.1); that is, the random variables {w, },¢cza are
independent and identically distributed (i.i.d.) by p and Hy = —A. Moreover,
we introduce the following assumptions

(H1) The common distribution p has a bounded density g.
(H2) There are finite constants C,D >0, s € (0,1), and I C R such that

(3.12) E|(8,, (T4 —2)716,)|" < Ce Plvl

for all z € C satisfying Rz € I, 3z # 0 and for all cubes A C Z%; (3.12) holds also
for T',,.
(H3) The IDS Nr is differentiable at E € I with n(E) := N/.(E) > 0.

By Minami’s method in [34], we can show the following statement.

THEOREM 3.3

Assume (H1), (H2), and (H3). Then, the point process §£7E (dt) converges
weakly, as |A| — 0o, to a Poisson point process with intensity measure n(E)dt.

REMARK 6
The above point process 537 g converges weakly to a Poisson point process in the
following sense. For any given disjoint bounded intervals Ji,...,J,, in R, we
have
m
n(E)|Js|)"
lim P(gi}E(Jl) =7r,... 7§£E(Jm) = rm) — H e—n(E)lJSIM
|A|—o0 ’ ’ e !

for all r1,...,7,, € N. For the reader’s convenience, in Appendix C we present

an example, and we prove that there exists an interval I C o(T',) such that the
condition (H2) is satisfied.

For the proof of Theorem 3.3, we use Minami’s methods in [34] for our acoustic
model T,,. We proceed as in [32, Appendix A]; hence, we need to prove two
propositions for T',,.

We fix o € (0,1) and divide A = A1 (0) into nz, boxes Aj = Ay(k;) of side £ ~
L centered at k; € Z%, that is, A = UjZ, Aj. Note that ng = [A]/|Aj] ~ L=e)d,
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For each j, we define point processes
1A,

€07 (dt) = Z5\A| 5 (1),

where Egjk is the kth eigenvalue of ij. Note that from our assumptions it

follows that {52%};21 are i.i.d. point processes. We consider the point process
defined by the superposition

€8 5 (dt) ZgwE (dt).

Moreover, we consider the random measure 64 .. defined by

9£7E(J) :=Trxaxs (|Al(Cw — E)) xa

for a Borel set J C R. We first prepare the following proposition, which corre-
sponds to [32, Proposition A.2] or [10, Lemma 6.1].

PROPOSITION 3.2
Assume (H1) and (H2). Then, for every f € C§°(R,dt), we have

(3.13) Jm E ’/f 2 (dt) — /f ey dt)H -0
and

(3.14) hm E ‘/f g (dt) — /f 9

To prove Proposition 3.2, we first recall a spectral averaging result for Ff}. It is
known that

(3.15) J@ourde) < [owS

y

for a Borel set J C (0,00), A C Z¢, and v € A. We remark that (3.15) also gives
another proof of Theorem 3.1 for the case when p has bounded density. We also
note that (3.15) holds for T',, and v € Z¢ (see [18], [20] for details). For every
Borel set J C R, it follows from (3.15) that

E€ p(J) < Clglool |-
Similarly, we have
EES p(J) <Clglcl|  and  E65 5(J) < Clglsol J)-

We next recall the Helffer-Sjostrand formula (see, e.g., [27, Appendix B] for
details). For f € C>®(R) and n € N, we set

— - ul £ (4 MENCGESE
[, Z/Rd FO )] (1 + )
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If {{f}}n < oo for some n > 2, then for any self-adjoint operator T' we have
(316) 1= [ i,
R

where z = x + iy, f (z) is an almost analytic extension of f to the complex plane in

the sense that it satisfies 9;f(z) =0 for z € R, and df(z) := (1/2n)d:f(z) dz dy
with 0z := 0, +10,. Moreover, for all p > 0, we have

(3.17) [ 4RI 7 < eof{r}), <oc
R?2
for n>p+ 1 with a constant c¢,, where |df(2)| := (1/27)|0: f(2)| dx dy.

Proof of Proposition 3.2

We prove only (3.13) since (3.14) will be proven similarly. As in [32], let vy, =
Blog L, where 8 > 0 is a fixed, big enough constant to be taken later. We set
int(A;) :={z € A; | dist(xz,0A;) > v} and wall(A;) :== A; \ int(A;). Then, we
have

B[| [ r0ae ") - [ 1€t = )] <1+na

where
L= > E[6 (AT~ E)oe)—(de, f(INTY — E))ds)]]
Jj=1zewall(A;)
and
L= Y B F(ATE — B)5) (6. F(AITY — )5,
j=1z€int(A;)

To estimate Iy, we use (3.15). Then, this yields that there is a constant C' > 0
independent of L such that I; < C|A|7? >y [wall(A;)], and this converges to
zero as L — oo.

To estimate I, we proceed as in [10]. By (3.16), I is dominated by

> |A\*1/ |Af B[ (6, (T8 = 22)7102) = (6, (TS — 20)7162)]]
J=1z€int(A;) R?
where we set z;, = F + z/|A|. We recall the geometric resolvent identity for I, :
(6., (T2 — ZL)715 ) = (80, (D7 — 20)"02)
A -1 Ay -1
= 3 o O 0= 2 8 (b, (0 = 22)7'60),

(y,y")

(3.18)

where the sum is over all pairs (y,y") with y € A\ A;, ¥ € Aj, and |y — /| =1.
From (3.18), wy > m, and the Holder inequality, it follows that for s € (0,1), I,
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is dominated by

mATY Y > [ e

Jj=1zeint(A;) (v,y)
(3.19) o

% (B[ (0e, (T8 = 20)716,)|") /2 (B|(6,0, (T — 21)716,)]") %,
where we use the bound [(8,, ('S — z)715,) (0, (Fﬁj —20) )] < S22
Note that |Szp|™' = |A||Sz|~! and that there are O(L*4=Y)) pairs (y,3) for
each A;. Then, by (H2) and (3.17), we have I, < O(L4(2-s)+a(d=1e=DuL),
Hence, if we choose vy, = Blog L and 8> D~(d(2 — s) + a(d — 1)), Iy converges
to zero as L — oo. O

Because of Proposition 3.2, it suffices to prove the following proposition to com-
plete the proof of Theorem 3.3. This corresponds to [32, Proposition A.3].

PROPOSITION 3.3

Assume (H1), (H2), and (H3). Then, the point process égE (dt) converges weakly,
as |A| — oo, to a Poisson point process with intensity measure n(E)dt.

Proof

By standard results from the theory of point processes (see, e.g., [14, Theo-
rem 9.2.V], [15, Theorem 11.2.V], [32, Theorem 2.3]), the weak convergence
of éj} g to the Poisson point process is equivalent to verifying the following three
conditions for all bounded intervals I:

(3.20) LILII;OJZIlIlaXnL P(fw w(1)>1) =0,
nr
(3:21) Jim Y TP(&7p(D) = 1) =n(B)]1]
j=1
nr A
(3.22) Jim P(¢,p(1)>2) =0.
j=1

Since fSJE(I) =TrXxpt1/A| (Fﬁj), (3.20) follows immediately from Theorem 3.1.
In addition, from Theorem 3.2 we have Eyil P({L?,JE(I) >2) < C|I|?>n;*"; hence,
(3.22) follows. Thus, the proof is finished if we verify the condition (3.21). By

using Theorem 3.2 with n =2 , we first have

lim ZP §m( )— hm E[§ s(D)].

L—oco
By (3.14) in Proposition 3.2, we next have

lim E[E2 ,(1)] = lim E[g2 (1)) = Jim [A] n(\) d\.
L—oo ’ L—oo £ L—oo E+1/|A|
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Finally, by (H3) and Lebesgue differentiation theorem, we complete the proof
(see [10], [32], [34] for details). O

Appendix A: Simple proof of Lifshitz tails for I,

In this appendix, as an application of Proposition 3.1, we discuss an asymptotic
behavior of the IDS for T',,. We always assume (3.1), that is, Hy = —A. To
guarantee the existence of the IDS, we also assume (2.4), that is, that {w,},czq
are i.i.d. by u. Recall suppp C [m,M] and m, M € supppu. Then we have
0(T'y) =10, Ex] almost surely, where Eo, =4d/m. Our aim is to show

1— Nr(E) = ciexp(—(c2 +0(1))(Ex — E)~%?)

as F | Ew, which is known as Lifshitz tails. See [8], [28], [37] for the Anderson
model. Note that the internal Lifshitz tails (see, e.g., [30]) for the continuous
version of A, were studied by Najar [35], [36].

THEOREM A.1
The IDS Nr satisfies
log(—1log(1 — Nr(Ex —€)))

d
Al li < ——.
(A1) IHEIL%UP loge - 2

REMARK 7
Moreover, if we assume that u([m,m + «]) > cx® for some ¢, § > 0 and sufficiently
small x> 0, then we can use the lower bound in Proposition 3.1 to get

(A.2) lim inf (281080 = Nr(Beo ) | d
' €l0 loge -2

Hence, by (A.1) and (A.2), we can determine Lifshitz exponent
o log(—1log(1 — Nr(Ew —€))) d

li =——.
61l0 loge 2

Proof of Theorem A.1
Choose E = E in (3.7). Then we have

NH(me) — NH(—me) < NF(Eoo + 6) — NF(Eoo — 6) < NH(ME) — NH(—MG),

where H,(Ex) = —A — Exp, and Ny is the corresponding IDS. This auxiliary
Schrodinger operator H,(Es,) is a nonpositive, bounded, and Z%-ergodic self-
adjoint operator, and we know that o(H, (F)) = [~ FecM,0] almost surely. By
Nr(Es +€) =Ny (me) = Ny (Me) =1, we get
1—Ngy(—me) <1— Np(Ex —€) <1— Ng(—Me).

This implies

) log(f log(l — Np(Ex — e)))

lim sup

€l0 lOg €

(A.3)
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log(—log(1 — Nu(—e¢))) .

= limsup
elo log e
Since H,(Fs) is an Anderson model, the right-hand side of (A.3) can be esti-
mated by standard arguments (see, e.g., [8, Theorem VI.2.7], [28]). O

Appendix B: Relation between A, and T,

In this appendix, let us consider the simplest 1-dimensional model. Our aim is to
compare A, = 0%(1/p,)0 with T'y, := (1/1/p)(0*0)(1/\/px); 1/p. and 1//pe
are defined as before. For the sake of simplicity, we assume (2.4), that is, that
{wy} ez are ii.d. by p. Hence, we know that o(A,) =oc(I'y) = [0, Es] almost
surely, where Eo, =4/m.

In the 1-dimensional case, each operator is represented by a matrix: A, =
T*T and 'y, = TT*. The matrix T" is defined by T'= (1/,/po)0, where

1 | 1/\/@o
VP 1/

We note that the 1-dimensional discrete Laplacian (3.2) satisfies —A = 9*0 =
00*. For L € N, set A:={k € Z||k| <L} CZ. We first define the ((2L + 1) x
(2L +1))-matrix by T = (1/4/p3)0*, where

1/,/w,L 0
= and 9M =

0 1/\/or

1

Veh

0 -1 1

We imposed the periodic boundary condition since we need to guarantee
oMM = (02)*9* = =AM, where —A? is the discrete Laplacian (3.2) with the
periodic boundary condition, that is,

2 -1 -1
AN =
-1 -1 2
Now, we quote a lemma in [16, Theorem 2].

LEMMA B.1
Let Hy and Hs be two separable Hilbert spaces. Let T be a densely defined closed
operator from Hi to Ho. Then, T*T on Hi and TT* on Hs are monnegative
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self-adjoint operators. These satisfy
0y(T*T)\ {0} = 0, (TT")\ {0}.
Moreover, for each A € o,(T*T) \ {0}, it holds that
dimker(T*T — X) = dimker(TT" — ).

We first have the following statements.

THEOREM B.1
Fixz Ey € (0,00). Let I be any bounded interval in [Eg,00). Then we have

ETryx;(A2) =ETrx(T5) < Q(I))|A|
and, for all n € N,

P(Trxr(A3) > n) = P(Trxs () ) < (QUIIAN",
where
Q1) = {|g|OOIM/E0 if u has a bounded density g,

414+ M/Eo)Su(|I]|) otherwise.
Proof
Suppose 0 ¢ I, and use Lemma B.1. Then we have
(B.1) Trx7(A2) = Try (TD),
where AN = (T2)*T» and TA = TA(T?)*. Thus, because of (B.1), as in the proof
of Theorem 3.1 and Theorem 3.2, we can analyze I'A. (]

We next have the following Lifshitz tail for A,,.

THEOREM B.2
The IDS N4 in the 1-dimensional case satisfies

log(—log(l — Ng(Fs — 1
limsup og( og( AlBox 6))) < ——.
€l0 loge 2

Proof of Theorem B.2
From (B.1), it follows that

Nao(E+€) —Na(E—€)=Nr(E+¢€)— Np(E —e).
Therefore, we choose = E,, and we obtain

log(—log(l — Na(Ex —€))) B log(—log(1 — Nr(Ex —¢€)))
log e N log e '

(B.2)

Use Theorem A.1 and (B.2) to complete the proof. O
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For the multidimensional case, it seems to be more difficult to apply the same
approach via Lemma B.1 since we need to study a random operator on the space
of vector-valued functions. Recall that the Maxwell operator M, is a random
operator defined on ¢2(Z3;C?). As T = (1/,/ps)V is the operator from ¢2(Z%; C)
to ¢2(Z4; C?%), then we will have to analyze the following random operator: TT* =

(1/vPw)Ho(1/Vpw), where

00F 005 ... 00
PR 0n0F 3203 - 0,0
0407 0405 ... 040

and 1/v/py, = Z»y(l/\/W)ﬁw where IT, = Z?Zl |67) (67| for the standard ortho-
normal basis {5!Y}jwzlzdd of ¢?(Z4;C%). Hence, if we proceed as in Proposi-
tion 3.1, we need to study the random operator H, (E) = Hy— Ep,, on (2(Z%; C9).
If d > 2, it is not clear how the IDS for H,,(E) behaves near the edge of its spec-
trum. Note that Hy is not elliptic if d > 2. However, our techniques in this
paper work for H:(E) := xaH,(E)Xa, where Ya 1= > e IL,, since the rank
of 1:[7 is just d and we can use Proposition 2.1. Therefore, we can obtain the
eigenvalue-counting estimates for A% := V*(1/\/po)xa(1/\/po)V corresponding

to HM(E).

Appendix C: Fractional moment bound and Localization

In this appendix, we check the condition (H2) in Theorem 3.3. Let us consider
(1.2) with (3.1), that is, ', with Hyp = —A. We assume that (2.4) and its common
probability measure p are distributed uniformly on [m,m + 1] for some small
parameter m > 0. We know that o(T',,) = [0, Es] almost surely, where Eo, =
4d/m. Since we proved the Wegner estimate (3.3) and the Lifshitz tail (A.1) near
E. =4d/m, we can show that Anderson localization occurs near Eo, by using
the multiscale analysis as in [18]-[20]. However, another method is well known.
This is called fractional moment analysis, which was started by Aizenman and
Molchanov [1], [3]. For continuous models, refer to [2] and [7]. By this approach,
we will show the following exponential decay estimate for the fractional moment
of the Green’s function G := (I'y, — 2)~!(z,y). The first key idea is to look at
powers of |G|® with 0 < s < 1. For the sake of simplicity, we take s =1/2. We
proceed as in [38, Chapter 13] (see also [17, Section 5.1.2]).

THEOREM C.1
There exist finite constants ¢,C, D > 0 such that
(C.1) E|(d,, (T — 2)716,)['/? < CemPlevl

for all z € C satisfying |z| > 16d?/c? and 3z #0, for all cube A C Z?, and for
all x,y € A. Note that ¢ is a universal constant, and C,D depend only on d,m.
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REMARK 8
(C.1) holds also for T',,.

Proof of Theorem C.1
By

(0'2) <6w7 (Fﬁ - Z)_15y> = wawy<6$a (_A - ng)_l(sy%

it is enough to study (6, (—A — zp)~16,). Since we can write —A = 2dI — hy,
where I is the identity operator and ho is defined by (hof) (i) = 3 ;= f(i + 1),
then we get

(C3)  (B2,0y) = (2 — 2wa) {0, (= A — 2p0) "0y) — (o0, (—A = 2p5) 7 3).

By the resolvent identity, there are o, 3 € C, which are independent of w., such

that

C4 Gay (A = 2pB) 716,y = ———

(©4) (0us (D = 29 18,) =

By the decoupling lemma (see [38, Lemma 13.3], [17, Lemma 5.1.14]), there exists
a universal constant ¢ > 0 such that

m—+41 1/2

/ ’(Qd — 2wy) a dwy
m /8 — 2Wg

(C.5)

m—+1
= C|Z|1/2/ ‘ﬁ —azw
m x

Note that (a +b)® <a®+b° if s € (0,1). By (C.3), (C.4), and (C.5), we get

1/2
dwy.

E|(3,, (—A - 2p8)7'5,)]
< (227 (0000 + 3 El(0ars (—A = 200)710,)[?).
l71=1

Now, we set §,(z) := (8,,0,) and n(z) := E|(d,, (A — zp2)~16,)[*/2. By (C.6),
we have

(C.6)

(1= (cl="*)" ho) (@) < (clz|"/%) 716, ().
Note that 0 < 2d(c|z|'/2)~! < 1. Since (1 — (c|z|*/?)"1hg)~! is positivity preserv-
ing (see [38, Lemma 13.4]), thus, we get

n(@) < (cl=2) 7 (1= (cl2/2) " ho) ™

by ()
< (C‘Z|1/2 _ 2d)71(2d(c|2‘1/2)71)|r_y‘.
By (C.2) and w, <m+ 1, we obtain

|1/2

E|(d,, (T4 —2)76,)| /" < Ce Plovl, O

Finally, let us state a relation between the localization and Theorem C.1.
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THEOREM C.2
Assume that the disorder parameter m satisfies 0 < m < c¢*/4d. Then T, has
only pure point spectrum in [16d?/c?, E,] almost surely.

Proof

We set (0o, (T — E —i0)7280) := lime o (00, (Tw — E — i€) 280). Theorem 3 in
[18], which is called the Simon-Wolff criterion (see [39]), implies that if, with
probability one,

(C.7) (60, (T, — E —i0)™28) < oo

for almost every E € I, then, with probability one, I',, has only pure point spec-
trum in I. By using (C.1), we can check (C.7). Set I = [16d?/c? E.]. For
z=F +ie with F €I and € > 0, we get
E|(60, (Tw — E —i€)*8o) |1/4
(C.8)
< Z EH((SO, (T, — FE— ie)_15I>|1/4\(6w, (T, —F— ie)_150>|1/4].

zEZ?

By using the Holder inequality, (C.8) is dominated by

3" (El{So, (T — E —i€) 1 6,)|/2) > (BI(6,., (To, — E i)~ 60)[V/2) 2.
$€Zd
By (C.1) for T,,, we know that E|(do, (T, — E —i¢)~280)|'/* is bounded. This
completes the proof. O
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