Relation between differential polynomials
and small functions

Benharrat Belaidi and Abdallah El Farissi

Abstract In this article, we discuss the growth of solutions of the second-order nonho-
mogeneous linear differential equation

F+ AL(2)e"* '+ Ao(2)e f = F,
where a, b are complex constants and A;(z) # 0 (j = 0,1), and F' # 0 are entire func-
tions such that max{p(A;) (j = 0,1),p(F)} < 1. We also investigate the relationship
between small functions and differential polynomials g¢(z) = d2 f" +d1 f’ +do f, where
do(z),d1(z),d2(z) are entire functions that are not all equal to zero with p(d;) <1 (5 =
0,1,2) generated by solutions of the above equation.

1. Introduction and statement of results

Throughout this article, we assume that the reader is familiar with the funda-
mental results and the standard notation of the Nevanlinna value distribution
theory (see [14], [20]). In addition, we use A(f) and A(f) to denote, respectively,
the exponents of convergence of the zero-sequence and the sequence of distinct
zeros of f, p(f) to denote the order of growth of f. A meromorphic function ¢(z)
is called a small function with respect to f(z) if T'(r,) =o(T(r, f)) as r — 400,
where T'(r, f) is the Nevanlinna characteristic function of f.
To give the precise estimate of fixed points, we define the following.

DEFINITION 1.1 ([18, p. 192], [23])

Let f be a meromorphic function, and let z1,29,...(|z;| =7;, 0<ry <1y <)
be the sequence of the fixed points of f, each point being repeated only once. The
exponent of convergence of the sequence of distinct fixed points of f is defined
by

+oo
7(f) :inf{T >0: Z |z 77 < —I—oo}.
j=1
Clearly,
o N =)

r—+00 logr
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where N(r,1/(f — z)) is the counting function of distinct fixed points of f(z) in

{lz] < r}.
For the second-order linear differential equation
(1.2) f"+e 7 +B(2)f =0,

where B(z) is an entire function, it is well known that each solution f of the
equation (1.2) is an entire function and that if f;, fo are two linearly independent
solutions of (1.2), then by [9, Lemma 3], there is at least one of fi, f2 of infinite
order. Hence, most solutions of (1.2) have infinite order. But equation (1.2) with
B(z) = —(1+4 e~ #) possesses a solution f(z)=e* of finite order.

A natural question arises: What conditions on B(z) will guarantee that
every solution f # 0 has infinite order? Many authors, Frei [10], Ozawa [21],
Amemiya and Ozawa [1], Gundersen [11], and Langley [17], have studied this
problem. They proved that when B(z) is a nonconstant polynomial or B(z) is
a transcendental entire function with order p(B) # 1, then every solution f # 0
of (1.2) has infinite order.

In 2002, Z. X. Chen [6] considered the question: What conditions on B(z) when
p(B) =1 guarantee that every nontrivial solution of (1.2) has infinite order?
He proved the following results, which improved results of Frei, Amemiya and
Ozawa, Ozawa, Langley, and Gundersen.

THEOREM A ([6, p. 291])

Let Aj(2)#0 (j =0,1) and D;(z) (j=0,1) be entire functions with max{p(A;)
(1=0,1),p(D;) (j=0,1)} <1, and let a,b be complex constants that satisfy
ab#0 and arga # argb or a=cb (0 < c<1). Then every solution f %0 of the
equation

(1.3) F"+ (D1(2) + A1(2)e®) f' + (Do(z) + Ag(2)e?) f =0

is of infinite order.
Setting D; =0 (j =0,1) in Theorem A, we obtain the following result.

THEOREM B

Let Aj(2) #0 (j=0,1) be entire functions with max{p(A;) (j=0,1)} <1, and
let a,b be complex constants that satisfy ab# 0 and arga # argb or a=cb (0 <
¢ < 1). Then every solution f#0 of the equation

(1.4) F' 4+ Av(2)e [+ Ag(2)e” f =0

is of infinite order.

THEOREM C ([6, p. 291])

Let Aj(z)#0 (j =0,1) be entire functions with p(A;) <1 (j=0,1), and let a,b
be complex constants that satisfy ab#0 and a=cb (¢>1). Then every solution
f#0 of the equation (1.4) is of infinite order.
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Consider the second-order nonhomogeneous linear differential equation
(1.5) "4+ A1(2)e® f + Ag(2)eb* f = F,

where a, b are complex constants and A;(z) #0 (j =0,1), F(z) are entire func-
tions with max{p(A4;) (j =0,1),p(F)} < 1. In [22], J. Wang and I. Laine have
investigated the growth of solutions of (1.5) and have obtained the following.

THEOREM D ([22, p. 40])

Let Aj(2) #0 (j =0,1) and F(z) be entire functions with max{p(4;) (j =
0,1),p(F)} <1, and let a,b be complex constants that satisfy ab#0 and a #b.
Then every nontrivial solution f of equation (1.5) is of infinite order.

The first main purpose of this article is to study the growth and the oscillation
of solutions of the second-order linear differential equation (1.5). We prove the
following results.

THEOREM 1.1

Let Aj(z) #0 (j =0,1) and F # 0 be entire functions with max{p(A4;) (j =
0,1),p(F)} <1, and let a,b be complex constants that satisfy ab#0 and a #b.
Then every solution [ of equation (1.5) is of infinite order and satisfies

(1.6) () =A(f) = p(f) = oo

REMARK 1.1

The proof of Theorem 1.1 in which every solution f of the equation (1.5) has
infinite order is quite different from that in the proof of Theorem D (see [22]).
The main ingredient in the proof is Lemma 2.12.

REMARK 1.2
If p(F) > 1, then equation (1.5) can posses solution of finite order. For instance
the equation

f//+e—zfl+ezf:1+62z
satisfies p(F) = p(1 + €?*) =1 and has a finite order solution f(z)=e* — 1.

THEOREM 1.2

Let Aj(2) #0 (j=0,1) and D;(z) (j=0,1), F(2) #0 be entire functions with
max{p(A4;) (=0,1),p(D;) (=0,1),p(F)} <1, and let a,b be complex constants
that satisfy ab#0 and a #b. Then every solution f of the equation

(1.7) I+ (Dl(z) + Al(z)eaz)f’ + (Do(z) + Ag(z)ebz)f =F

is of infinite order and satisfies (1.6).

REMARK 1.3
In [22], J. Wang and I. Laine studied equation (1.7) and obtained the same result
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as in Theorem 1.2 but under restriction that the complex constants a,b satisfy
ab# 0 and b/a < 0.

REMARK 1.4
Setting D; =0 (j =0,1) in Theorem 1.2, we obtain Theorem 1.1.

THEOREM 1.3

Let Aj(z) (j =0,1), a,b satisfy the additional hypotheses of Theorem 1.1, and
let F(2) be an entire function such that p(F) > 1. Then every solution f of the
equation (1.5) satisfies (1.6) with at most one finite-order solution fy.

Many important results have been obtained on the fixed points of general tran-
scendental meromorphic functions for almost four decades (see [24]). However,
there are few studies on the fixed points of solutions of differential equations.
It was in the year 2000 that Z. X. Chen first pointed out the relation between
the exponent of convergence of distinct fixed points and the rate of growth of
solutions of second-order linear differential equations with entire coefficients (see
[5]). In [23], Wang and Yi investigated fixed points and hyperorder of differential
polynomials generated by solutions of second-order linear differential equations
with meromorphic coefficients. In [16], Laine and Rieppo gave an improvement
of the results of [23] by considering fixed points and iterated order. In [18], Liu
and Zhang have investigated the fixed points and hyperorder of solutions of some
higher-order linear differential equations with meromorphic coefficients and their
derivatives. Recently, in [2], [3], Belaidi gave an extension of the results of [18].

We know that a differential equation bears a relation to all derivatives of its
solutions. Hence, linear differential polynomials generated by its solutions must
have special nature because of the control of differential equations.

The second main purpose of this article is to study the relation between
small functions and some differential polynomials generated by solutions of the
second-order linear differential equation (1.5). We obtain some estimates of their
distinct fixed points.

THEOREM 1.4

Let Aj(2) #20 (j=0,1) and F # 0 be entire functions with max{p(4;) (j =
0,1),p(F)} <1, and let a,b be complex constants that satisfy ab# 0 and arga #
argb or a=cb (0<c<1). Let do(2),d1(2),d2(2) be entire functions that are not
all equal to zero with p(d;) <1 (j=0,1,2), and let p(z) be an entire function
with finite order. If f is a solution of (1.5), then the differential polynomial
gy =dof" +dif +dof satisfies N(gs — @) = 0.

COROLLARY 1.1

Let Aj(z) (=0,1),F(2), d;(2) (=0,1,2), a,b satisfy the additional hypotheses
of Theorem 1.4. 1If [ is a solution of (1.5), then the differential polynomial
gr=dof" +dif +dof has infinitely many fized points and satisfies T(gy) = co.



Relation between differential polynomials and small functions 457

Now, let us denote

(18) o] = d1 - dgAleaZ, Qo = do — dngebz,
(1 9) b1 = dgA%@Q(LZ - ((dgAl)/ + ady A1 + dlAl)eaz
' — dngebz + do + dll,
(1.10) Bo = d2 AgA1e“TV* — ((dyAg) + bda Ag + d1 Ag) e’ + dj,
(1.11) h= a1 — aofh,
and
ar (¢ = (doF) —an F) = Bi(p — doF)

1.12 = .
(112) v :
THEOREM 1.5

Let Aj(z) (j =0,1), dj(z) (1 =0,1,2), a,b satisfy the additional hypotheses
of Theorem 1.4, and let F(z) be an entire function such that p(F) > 1. Let
©(z) be an entire function with finite order such that ¥ (2) is not a solution of
equation (1.5). If f(z) is a solution of (1.5), then the differential polynomial
gy =dof” +dif' +dof satisfies Mgy — @) = oo with at most one finite-order
solution fy.

Next, we investigate the relation between small functions and differential poly-
nomials of a pair of nonhomogeneous linear differential equations, and we obtain
the following result.

THEOREM 1.6

Let Aj(z) (j=0,1), dj(2) (=0,1,2), a,b satisfy the additional hypotheses of
Theorem 1.4. Let Fy # 0 and F» # 0 be entire functions such that max{p(F;) : j =
1,2} <1 and Fy —CFy £0 for any constant C, and let ¢(2) be an entire function
with finite order. If f1 is a solution of the equation

(1.13) F"+ Ay (2)e® [+ Ag(2)e” f = Fy

and fo 1s a solution of the equation

(1.14) P+ A2 f 4 Ag(2)eb f = B,

then the differential polynomial gy, —cy,(z) = d2(fy’ — Cf3) + du(fi — Cf3) +
do(f1 — Cf2) satisfies XN(gp,—c, — @) =00 for any constant C.

2. Preliminary lemmas

We need the following lemmas in the proofs of our theorems.

LEMMA 2.1 ([12, p. 90])
Let f be a transcendental meromorphic function of finite order p, let T' = {(k1, j1),
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(k2,42),-- s (km,Jm)} denote a finite set of distinct pairs of integers that satisfy
ki>j; >0 fori=1,...,m, and let € > 0 be a given constant. Then the following
estimations hold.

(i) There exists a set Eq C [0,27) which has linear measure zero, such that
if ¥ €10,27) — Ey, then there is a constant Ry = Ry1(v)) > 1 such that for all z
satisfying argz =1 and |z| > Ry and for all (k,j) € T, we have

k
(2.1) /() | < sl
)
(ii) There exists a set Ey C (1,00) which has finite logarithmic measure
Im(Ey) = {'roc((xE2 (t))/t)dt, where x,, is the characteristic function of E,
such that for all z satisfying |z| ¢ F2 U[0,1] and for all (k,j) €T, we have

F®(z)

(2:2) 7O (z)

< ‘Z|(kfj)(pfl+€).

LEMMA 2.2 ([8, p. 755])

Let f(z) be a transcendental meromorphic function of order p(f) = p < +oo.
Then for any given € > 0, there exists a set Es C [0,2m) which has linear measure
zero, such that if ¥4 € [0,27)\ E3, then there is a constant Ro = Ra(11) > 1 such
that for all z satisfying argz =11 and |z| =r > Ry, we have

(2.3) exp{ "} < |f(2)] < exp{r"T}.

The next lemma describing the behavior of e”'(*) where P(2) is a linear polyno-
mial, is a special case of a more general result in [19, p. 254].

LEMMA 2.3 ([19, p. 254])

Let P(z) = (a+1i8)z, (a+i8#£0), and let A(z) £0 be a meromorphic function
with p(A) < 1. Set f(z) = A(2)eP®), 2z =re? §(P,0) = acos — Bsinf. Then
for any given € > 0, there exists a set E4 C [0,27) which has linear measure zero,
such that if 0 € [0,27)\(E4U Es), where E5 ={6 € [0,27) : §(P,6) =0} is a finite
set, then for sufficiently large |z| = r, we have the following.

(i) Ifé(P,0) >0, then

(2.4) exp{(1—¢&)d(P,0)r} <|f(2)| <exp{(1+¢e)5(P,0)r}.
(ii) If 6(P,0) <0, then
(2.5) exp{(1+¢)d(P,0)r} <|f(z)| <exp{(1—¢)d(P,0)r}.

LEMMA 2.4 ([4])
Let Ag,Aq,...,Ax—1, F #Z0, be finite-order meromorphic functions. If f is a
meromorphic solution with p(f) = oo of the equation

(2.6) FO 4 A fE D o A+ Aof = F,
then A(f) = A(f) = p(f) = oo.
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LEMMA 2.5
Let a,b be complex numbers such that ab# 0 and arga # argb ora=cb (0<c<
1). We denote index sets by

Al = {Oaa}7
Ay ={0,a,b,2a,a + b}.

(i) If Hj(j € A1) and Hy #0 are all meromorphic functions of orders that
are less than 1, setting W1(z) = 3,5 Hj(2)e’*, then Wy(z) + Hyeb* £0.

(ii) If H;j(j € A2) and Hap #0 are all meromorphic functions of orders that
are less than 1, setting Wo(z) =37, Hj(2)e’*, then Wa(z) + Hope?¥ £0.
Proof
We prove only (i) (for the proof of (ii), see [8]). We divide this into two cases.

Case 1. Suppose first that arga # argb. Set p(Hy) = < 1. By Lemma 2.2,
for any given £ (0 <& <1 — f3) there is a set E3 which has linear measure zero
such that if argz =6 € [0, 27)\ E3, then there is R = R(f) > 1 such that for all z

satisfying arg z =6 and |z| =7 > R, we have
(2.7) |Ho(z)| < exp{r’*<}.

By Lemma 2.3, there exists a ray argz =0 € [0,27)\E3 UE4U E5, EsUEy, E5 =
{0 €10,27) : 6(az,0) =0 or §(bz,0) =0} C [0,27) being defined as in Lemma 2.3,
FE3 U E4 having linear measure zero, F5 being a finite set, such that

0(az,0) <0, 0(bz,0) >0,

and for the above e, we have for sufficiently large |z| =r:

(2.8) |Hpe"?| > exp{(1 —€)d(bz,0)r},

(2.9) |Hoe®| <exp{(1 —¢)d(az,0)r} <1.

If ¥y (z) + Hyeb® =0, then by (2.7)-(2.9), we have

(2.10) exp{(1 —¢)d(bz,0)r} <|Hpe?| < exp{r’T} + 1.

This is a contradiction by 8+ & < 1. Hence W, (z) 4+ Hye?* Z0.
Case 2. Suppose now a =cb (0 <c¢<1). Then for any ray argz =0, we
have

0(az,0)=cd(bz,0).

Then by Lemma 2.2 and Lemma 2.3, for any given € (0 < e <min((1 —¢)/4,1 —
B3)) there exist E; C [0,27) (j =3,4,5) such that Es3, E4 has linear measure zero
and Fj is a finite set, where F3, F4, and E5 are defined, respectively, as in case 1.
We take the ray argz =46 € [0,27)\E3 U E4 U E5 such that 6(bz,6) > 0, and for
sufficiently large |z| = r, we have (2.7), (2.8), and

(2.11) |Hoe®| < exp{(1+¢)cd(bz,0)r}.
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If Wy (2) + Hpe®® =0, then by (2.7), (2.8), and (2.11), we have

exp{(l — 5)(5(bz,0)r} < |Hye®|
(2.12)
< exp{r?T} + exp{(1 +¢)cd(bz, 0)r}.

By 6+e <1 and 4e <1 — ¢, we have, as r — +o0,

exp{r’+e}
exp{(1 —)d(bz,0)r}

(2.13) —0,
exp{(1+¢)ci(bz,0)r} 0
— 0.
exp{(1 —¢)d(bz,0)r}
By (2.12)-(2.14), we get 1 < 0. This is a contradiction; hence W1 (2) + Hye?* # 0.
O

(2.14)

By interchanging a and b in Lemma 2.5, we easily obtain the following.

LEMMA 2.6
Let a,b be complex numbers such that ab# 0 and a =cb (¢ > 1). We denote index

sets by
Ay ={0,0}.

If H;(j € A1) and H, #0 are all meromorphic functions of orders that are less
than 1, setting U1 (z) =3, Hj(2)e’*, then Wi (2) + Hoe® #0.

LEMMA 2.7 ([15, p. 344])

Let f(z) =37 ganz" be an entire function, let u(r) be the mazimum term, that
is, p(r) =max{|an|r"; n=0,1,...}, and let v¢(r) be the central index of f, that
is, v§(r) = max{m; u(r) = |am|r™}. Then

(215) 1) = log (r) < llog (r)]? < flog Mr, )

holds outside a set Eg C (1,+00) of r of finite logarithmic measure.

LEMMA 2.8 ([7, p. 55])

Let f(2) be a transcendental entire function. Then there is a set E; C (1,+00)
which has finite logarithmic measure, such that for all z with |z| =r ¢ [0,1] U E7
at which |f(z)|= M(r, ), we have

(2.16) ‘ I

z) s
f(s)(z)‘ <2r® (seN).

To avoid some problems caused by the exceptional set, we recall the following
lemma.

LEMMA 2.9 ([13, p. 421])

Let g: [0,400) = R and h: [0,+00) — R be monotone nondecreasing functions
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such that g(r) < h(r) for all v ¢ [0,1] U Es, where Eg C (1,+00) is a set of finite
logarithmic measure. Let o> 1 be a given constant. Then there exists an ro =
ro(a) >0 such that g(r) < h(ar) for all r >ry.

LEMMA 2.10

Let Aj(2)#0 (j =0,1) and D;(2) (j=0,1) be entire functions with max{p(A;)
(1=0,1),p(D;) (j=0,1)} <1, and let a,b be complex constants that satisfy
ab#0 and arga # argb ora=cb (0<c<1). We denote

(2.17) Ly=f"+ (D1(2) + A1(2)e*) f' + (Do(z) + Ag(2)e") f.

If f £0 is a finite-order entire function, then p(Ly) > 1.

Proof
We suppose that p(Ly) <1, and then we obtain a contradiction.

(i) If p(f) = p <1, then
F"+ (D1(2) + A1(2)e®) f' + (Do(z) + Ag(2)e”) f — Ly =0
has the form
Uy (2) + Hye" = f" + Dy(2)f + Do(2)f — Ly
+ A1 (2) f'e™ + Ag(2) fe?* =0,

and this is a contradiction by Lemma 2.5(i).
(ii) If p(f) =p > 1, we rewrite
L f// f/
(2.18) Tf =5+ (D1(2) + Ai(2)e™) Tt Do(z) + Ag(z)e".

Case 1. Suppose first that arga # argb. Set
max{p(Ly), Dj(2) (j=0,1)} =B < 1.
Then, for any given € (0 <e <1 — ), we have, for sufficiently large r,
(2.19) Lyl <exp{r”*},  |Dj(2)] <exp{r"*} (j=0,1).

By Lemma 2.7, we know that there exists a set Eg with finite logarithmic measure
such that for a point z satisfying |z| =r ¢ Eg and |f(z)| = M (r, ), we have

(2.20) vy(r) < [log M(r, f)]*.
Since f is a transcendental function, we know that vs(r) — co. Then for suffi-
ciently large |z| =r we have |f(2)| = M(r, f) > 1; then by (2.19),
L
(2.21) ‘Tf‘ < |Ly| < exp{rP+e}.

Also, by Lemma 2.1, for the above ¢ there exists a set Fy C [0,27) which has linear
measure zero, such that if § € [0, 27) — Ey, then there is a constant Ry = Ry (0) > 1
such that for all z satisfying argz =6 and |z| > Ry, we have

f )
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By Lemma 2.3, there exists a ray argz =60 € [0,2m)\E1 UEy U Es5, E5 = {0 €
[0,27) : §(az,0) =0 or 6(bz,0) =0} C [0,27), Ey U Ey having linear measure zero
and Fs5 being a finite set, such that

d(az,0) <0, d(bz,0) >0
and for any given € (0 <e <1— (), by (2.19) and (2.22) we have, for sufficiently
large |z| =7,
(2.23) |Age"?| > exp{ (1 —)é(bz,0)r},

’ (D1 (2) + A1 (z)e“) f%

(2.24) <P e exp{rf T} 4P e exp{(1 —€)d(az,0)r}
< 9pp—lte exp{r[”s}.
By (2.18), (2.19), (2.21), and (2.22)~(2.24), we have

exp{ (1 —¢)d(bz,0)r} < |Age’*| < 2exp{r?Te}
(2.25)
+ 2Tp_1+6 eXp{7ﬁ+5} + T?(p—l-‘rs).

This is a contradiction by 5+ ¢ < 1. Hence p(Ly) > 1.
Case 2. Suppose now that a =c¢b (0 < ¢ < 1). Then for any ray argz =06,
we have

0(az,0) = cd(bz,0).

Then, by Lemma 2.1 and Lemma 2.3, for any given € (0 < e <min(2(1 —¢)/(1+
¢),1—0)), there exist E; C [0, 2m) (j =1,4,5) such that E1, E4 has linear measure
zero and Fj is a finite set, where E1, Fy, and Fs are defined, respectively, as in
case 1. We take the ray argz =6 € [0,27)\E1 U E4 U E5 such that §(bz,0) >0
and for sufficiently large |z| =r, we have (2.23), and by (2.19) and (2.22), we
obtain

‘(Dl (Z) + Al(Z)eaZ) ff‘/‘ < Tp*1+6 eXp{T'BJrE}
(2.26)
+rP e exp{(1 4 ¢)cb(bz,0)r}.

By (2.18), (2.19), (2.21)-(2.23), and (2.26), we have
exp{(1 —¢)é(bz,0)r}
< |Ape™|
(2.27) < 2exp{rPTe} 4P e exp{rPte}
+rP e exp{(1+¢)cd(bz,0)r} + r2lp—1+e)

< 3rP e exp{rfte} 4 ppoite exp{ (1 +¢€)cd(bz,0)r} + p2lo—ite),
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By e (0<e<min((1—-1¢)/2(1+4¢),1 —f)), we have, as r — +00,

rP=1+e exp{rfte}

(2.28) exp{(1—e)d(bz,0)r} "
pp—1+e exp{(1 +¢)cé(bz,0)r} .

(2.29) exp{(1 —¢)d(bz,0)r} v

(2.30) Al '

R
exp{(1 —¢€)d(bz,0)r}
By (2.27)—-(2.30), we get 1 <0. This is a contradiction. Hence p(Ly) > 1. O

LEMMA 2.11

Let Aj(2)#0 (j=0,1) and D;j(z) (j=0,1) be entire functions with max{p(A;)
(1=0,1),p(D;) (j=0,1)} <1, and let a,b be complex constants that satisfy
ab#0 and a=cb (¢>1). If f #0 is a finite-order entire function, then Ly,
which is defined in (2.17), satisfies p(Ly) > 1.

Proof
First, if f(z) =C #0, then

Ly = (Do(z) + Ao(2)e"”)C.
Hence p(Ly) =1, and Lemma 2.11 holds.

If f# C, we suppose that p(Ls) <1 and then we obtain a contradiction.
(i) If p(f) =p <1, then
F"+ (D1(2) + A1(2)e®) f' + (Do(z) + Ag(2)e”) f — Ly =0
has the form of
Ui (2) + Hoe® = "+ D1(2)f' + Do(2)f — Ly
+ Ag(2) feP* + Ay (2) fe?* =0,
and this is a contradiction by Lemma 2.6.
(ii) If p(f) = p > 1, we rewrite
L "
(2.31) —fi, = f—, + (Do (2) + Ag(2)e”) i/ + Di(2) + A1 (2)e*”.
7 f
By Lemma 2.1, for any given € (0 <e <min((c—1)/2(c+1),1—()), there exists
a set Fy C [0,27) which has linear measure zero, such that if 6 € [0,27) — Ej,

then there is a constant Ry = R1(f) > 1 such that for all z satisfying argz =0
and |z| > Ry, we have

(=) -1
2.32 ‘ ’g M iasd
(232 | <
Also, by Lemma 2.8, there is a set E7 C (1,+00) which has finite logarithmic
measure such that for all z with |z| =r ¢ [0,1] U E; at which |f(z)| = M (r, f),
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we have

(2.33)

For any ray argz =6, we have
0(az,0) = cd(bz,0).

By Lemma 2.3, there exists a ray argz =0 € [0,2n)\E1 UE, U E5, E5 ={6 €
[0,27) : 6(az,8) =0 or 6(bz,0) =0} C [0,27), Ey U Ey having linear measure zero
and Fs5 being a finite set, such that

d(az,0) =cd(bz,0) > 0,
and by (2.19), (2.21), (2.33), and Lemma 2.9, for sufficiently large |z| = r we have

(2.34) |A1e%?| > exp{(1 — )cd(bz,0)r},
(2.35) %% < 2rexp{rf*e},

(2.36) ‘ (Do(2) + Ag(2)e"?) %’ < 2rexp{r’te} +2r exp{(1+¢e)d(bz,0)r}.

By (2.19), (2.31), (2.32), and (2.34)~(2.36), we have
exp{(1 —&)cd(bz,0)r} < |Ae™|

<2r exp{r5+€} + exp{r*8+5} + 27 exp{r5+6}
(2.37)
+2rexp{(1+¢)d(bz,0)r} +r*~1*e

< 5rexp{r®te} + 2rexp{(1 +¢)d(bz,0)r} +r 1=
By e (0 <e <min((c—1)/2(1+¢),1 - 3)), we have, as r — +0o0,
rexp{rfte}

(2.38) exp{(1 —e)cd(bz,0)r} ;
rexp{(1 +¢)o(bz,0)r}

(2.39) exp{(1—¢)cd(bz,0)r} ;

(2.40) o "

exp{(1—€)co(bz,0)r}
By (2.37)—(2.40), we get 1 <0. This is a contradiction. Hence p(Ly) > 1. O

Setting D; =0 (j =0, 1) in Lemmas 2.10 and 2.11, we obtain the following lemma.

LEMMA 2.12
Let Aj(z)#0 (j =0,1) be entire functions with max{p(A;):j=0,1} <1, and
let a,b be complex constants that satisfy ab##0 and a #b. We denote

(2.41) Ly=f"+ A1(2)e" [’ + Ag(2)e"* f.
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If f #0 is a finite-order entire function, then p(Ly) > 1.

3. Proof of Theorem 1.1

Assume that f is a solution of equation (1.5). We prove that f is of infinite
order. We suppose the contrary p(f) < co. By Lemma 2.12, we have 1 < p(Ly) =
p(F) <1, and this is a contradiction. Hence, every solution of equation (1.5) is
of infinite order. By Lemma 2.4, every solution f satisfies (1.6). O

4. Proof of Theorem 1.2
By using Lemma 2.10, Lemma 2.11, and a proof similar to that of Theorem 1.1,
we obtain Theorem 1.2. (I

5. Proof of Theorem 1.3

Assume that fy is a solution of (1.5) with p(fo) = p < co. If f; is another finite-
order solution of (1.5), then p(f1 — fo) < 0o, and f; — fo is a solution of the
corresponding homogeneous equation (1.4) of (1.5), but p(f1 — fo) = co from
Theorems B and C; this is a contradiction. Hence, (1.5) has at most one finite-
order solution fy, and all other solutions f; of (1.5) satisfy (1.6) by Lemma 2.4.

([

6. Proof of Theorem 1.4

Suppose that arga # argb or a =cb (0 < c < 1). We first prove p(gs) = p(daf” +
dif" 4+ dof) = co. Suppose that f(z) is a solution of equation (1.5). Then by
Theorem 1.1, we have p(f) = co. First, we suppose that ds #Z 0. Substituting
['=F — Aje®* f' — Ape® f into g5, we get

(3.1) gf — doF = (dy — daA1e™) f' + (do — d2Age) f.

Differentiating both sides of equation (3.1) and replacing f” with f” =F —
Aje® f' — Ageb f, we obtain

gy — (doF) — (di — dp A1e**)F
(32) = [doA?e®™ — ((d2A1)' + ada Ay + d1 A1) e — dyAge® +do + dy] f
+ [daAgA1el® ™7 — ((daAg)’ + bdaAg + d1 Ag) e + dp) f.
Then by (3.1), (3.2), (1.8), (1.9), and (1.10), we have

(3.3) o f' +aof =g —doF,
(3.4) Buf' + Bof =gy — (doF) — (dy — dy Aye®*)F.
Set

h = a180 — o
(35) = (dl — dgAleaz) [dngAle((H_b)Z — ((dng)/ + bd2A0 + dle)ebZ + dg]
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— (do — dngebZ) [dzA%@Qaz — ((dQAl)/ + ado A1 + dlAl)eaz
- dngebz +do + dll] .

Now check all the terms of h. Since the term d3A3Ape(%tY? is eliminated,
by (3.5) we can write h = Wy(z) — d3A2e%%%, where Wy(2) is defined as in
Lemma 2.5(ii). By dy #0, Ag #0, and Lemma 2.5(ii), we see that h # 0.
By (3.3), (3.4), and (3.5), we obtain

_ oq(g} —(doF') — a1 F) — B1(gy — doF)

(3.6) f . .
If p(gs) < o0, then by (3.6) we get p(f) < oo, and this is a contradiction. Hence,
plgy) = oo.

Set w(z) =dof” +dif' + dof — . Since p(¢) < oo, then p(w) = p(gy) =
p(f) = oc. In order to prove A(g; — ¢) = oo, we need to prove only \(w) = oo.
By gy =w + ¢, we get, from (3.6),

_ ar(w' + ¢ — (doF) —an F) = B1(w+ ¢ — do F)

(3.7) f " .
So
aw’ = fLw
(3.8) [= — ¥,
where

(@ = (doF) —ay F) = Bi(p — daF)

Substituting (3.8) into equation (1.5), we obtain

aq

W w" + pow” 4+ prw’ + pow

3.9
( ) :F—(’(ﬁ”—I—Al(Z)eaz’l//-i-Ao(Z)ebz’l/J):A,
where ¢; (j =0,1,2) are meromorphic functions with p(¢;) < oo (j =0,1,2).
Since p(1)) < 0o, by Theorem 1.1 it follows that A#0. By a3y 20, h £ 0, and
Lemma 2.4, we obtain A(w) = A(w) = p(w) = oo, that is, A(gy — ¢) = 0.

Now suppose do =0, dy Z0 or do =0, dy =0, and dy # 0. Using reasoning
similar to that above, we get A(w) = A(w) = p(w) = oo, that is, A(g; — ) = oco.

O

7. Proof of Theorem 1.5

By the hypothesis of Theorem 1.5, ¥(2) is not a solution of equation (1.5). Then

(4.1) F— (@' + Ay (2)e® Y + Ao(z)ebzz/)) Z0.

By reasoning similar to that in the proof of Theorem 1.4, we can prove Theo-
rem 1.5. (|
REMARK 4.1

The condition “i(z) is not a solution of equation (1.5)” in Theorem 1.5 is nec-
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essary, because if ¥(z) is a solution of equation (1.5), then we have

F— (9" 4 A1 (2)e™ ) + Ag(z)e?* ) =0.

8. Proof of Theorem 1.6

Suppose that f; is a solution of equation (1.13) and that f; is a solution of
equation (1.14). Set w= f; — Cfy. Then w is a solution of the equation w” +
Ay (2)ew’ + Ag(2)e?*w = F) — CF,. By p(Fy — CFy) <1, Fy — CFy #0, and
Theorem 1.1, we have p(w) = co. Thus, by Theorem 1.4, we obtain

(5.1) Mgp—c, — ) =0,
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