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Abstract

Dolgopyat [4] showed that a class of Axiom A flows has exponential
decay of correlations for smooth observables, and Baladi-Vallée [2] gave
a nice interpretation of it on suspension semiflows of one-dimensional
expanding countable Markov maps. Avila-Gouézel-Yoccoz [1] extends
the result of Baladi-Vallée to higher dimensional systems.

In this paper we show that a class of non-Markov semiflows also has
exponential decay of correlations.

We prove that such exponential decay can be shown on an open
dense condition for the suspensions of piecewise expanding maps.

1. Introduction

1.1. Definitions

Let (X, B) be a measurable space, T : X — X be a map on X, and p
be a T-invariant probability measure. For real-valued functions ¢, on X, the
correlation function pg (n) is defined as

Po.p(n) =/¢'¢0T"du—/¢du/wdu.

The functions ¢, 1 are called observables.

It is well known that the asymptotic behavior of the correlation function
indicates chaotic or statistical properties of the iteration of T'. In particular, a
dynamical system given by 7T is mixing if py ., (n) converges to zero as n — .
The correlation function is said to enjoy exponential decay if there is a constant
a in (0,1), and for each ¢, 1) there is C(¢, 1) so that for all n € Z

lpg.p(n)| < C(¢,h)a™

holds.

A correlation function is also defined for a continuous-time dynamical sys-
tem. Let F; be a measurable flow or semiflow on X (where ¢ is the time vari-
able), and p be an Fi-invariant measure. When ¢, 1) are real-valued functions
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on X, the correlation function pg . (t) is defined as

Pe(t) =/¢-¢0Ftdu—/¢du/wdu.

The concepts of mixing and exponential decay of correlations are also defined for
continuous-time dynamical systems analogously to the discrete-time systems.

The study of statistical properties of continuous-time dynamical systems is
more difficult and less well understood than discrete-time dynamical systems,
because continuous-time dynamical systems have at least one dimensional neu-
tral direction, which is the flow direction.

The main purpose of this paper is to give a sufficient condition of the expo-
nential decay of correlations for suspension semiflows over piecewise expanding
maps without finite or countable Markov partitions. Here the suspension semi-
flow is a special class of continuous-time dynamical systems which is defined as
follows. Let T': X — X be a measurable map and p be a T-invariant measure.
Let r : X — Ry be a positive function with infr > 0 and assume [rdu < co.
Then, we define a new space X" as {(z,s) € X xRy | 0 < s < r(x)}/ ~,
where the equivalence relation ~ is generated by (z,7(x)) ~ (T(z),0), and
on the space X" the semiflow F; is defined as Fi(x,s) = (z,s +t)/ ~. We
can naturally define an Fj-invariant probability measure p" as pu x Leb/ [ rdu,
where Leb is the Lebesgue measure on R. This measure u" is frequently used
for suspension semiflows because it has a good relation to ergodic properties
of (T, ). For example, if (T, u) is ergodic, then so is (Fi, u”). The study of
suspension semiflows is important since we can understand many continuous-
time dynamical systems as suspension semiflows of the Poincaré maps of the
dynamical systems. Meanwhile, it should be noted that if r is constant, (Fy, u")
cannot be mixing even if (T, ) is mixing.

The so-called “cocycle condition”, which is given in the next subsection,
is often used for verifying the decay of correlations. It is, however, not easy to
use the cocycle condition in the case of non-Markov expanding semiflows. In
this paper, we introduce a new equivalent condition called the backward orbit
condition and use it to study the correlation decay of such semiflows.

1.2. Decay of correlation for countable Markov flows

In a paper [3], Chernov proved the stretched exponential decay of corre-
lations for geodesic flows on a Riemannian surface with non-constant negative
curvature. A condition called the Uniform Non-Integrability (UNI) plays an
important role in his paper. Later Dolgopyat [4] proved the exponential decay
of correlations for a larger class of flows using UNI and the Perron-Frobenius op-
erator. Pollicott [6] brought this method into the study of suspension semiflows
on surfaces with finite Markov partitions, and Baladi and Vallée [2] extended
it to those with countable Markov partitions. Avila, Gouézel and Yoccoz [1]
extended it to higher dimensional semiflows with Markov property and proved
that the UNT condition is equivalent to the cocycle condition. Tsujii [7] proved
the similar theorem by a different method.

Here, we recall the result of Avila, Gouézel and Yoccoz [1]. In later sec-
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Figure 1. X" and F;

tions, we shall use their result to obtain a new result which is applicable to a
different class of maps. Their result is about suspension semiflows of maps on
n-dimensional manifolds, but we only use it for maps on an interval.

Let 0 < -+- < ¢; < ¢i41 < --- < 1 be a finite or countable partition of
I=10,1] and T : I — I be a C? uniformly expanding map with respect to this
partition, i.e. T[(, ¢,.,) 8 C? for each i, T'|(c; ci41) €xtends to a homeomorphism
from [c;, ¢;4+1] onto I, and there are C' > 1 and p < 1 so that |h(z)—h(y)| < Cp"
for every inverse branch h of T". Let r be a piecewise C! roof function, i.e.
T|(cs,ei41) 18 C7 on each interval (¢, ¢;11) and infr > 0. Let H,, be the set of
inverse branches of T™ and H denotes H;. Let F; be a suspension semiflow
given by T and r. For n > 1, write 7™ =r 4+ roT +--- 4+ ro T 1,

We consider the following four conditions.

Condition 1 There is a constant K > 0 such that the inequality |h”| < K|h/|
holds for every h € H.

Condition 2 There is a negative constant o such that

Z supexp(—o(roh))|h'| < oo
heH

holds for any o > oy.

Condition 3 |/ o h||h/| < K for any h € H.
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Condition 4 (T,r) satisfies the cocycle condition, i.e. there is no v : I — R
and K : I — R satisfying r = uoT — u + K, where u is C! and K is
constant on each interval (¢;, ¢;41).

Theorem A (Avila, Gouézel and Yoccoz).  If T andr satisfy the above
conditions, then there is a unique T-invariant probability measure p which is
absolutely continuous with respect to the Lebesque measure. The measure [
satisfies [rdp < co. Moreover the correlation function for the suspension
semiflow Fy with respect to the induced measure p” decays exponentially fast
for any C* observables.

1.3. Statements of result
The following two theorems are the main results of this paper.

1.3.1. An equivalent condition to the cocycle condition Our first
result is to give an equivalent condition to the cocycle condition, which we call
the backward orbit condition.

Let T be a C? uniformly expanding map with respect to a finite or count-
able partition 0 < --- < ¢; < ¢j41 < --- < 1. Let r: I — Ry be a piecewise Ct
roof function.

We say (T, r) satisfies the backward orbit condition if there exist two back-
ward orbits {a,}°_ _ and {b,}°_ _ of zo, namely, 2o = ag = by, T(a,) =
apn+1 and T'(b,) = b1, such that the inequality

(1) > it z

k*O
holds.

Theorem 1.1.  IfT and r satisfy the conditions 1, 2, 3 in Theorem A,
then the cocycle condition is equivalent to the backward orbit condition.

We consider this theorem useful, because the backward orbit condition is
often easier to apply to suspension semiflows than the cocycle condition, as is
seen in the proof of Theorem 1.2.

1.3.2. About non-Markov system Our second result is about non-Markov
systems. The main idea lies in the fact that we can find a Markov structure in a
(non-Markov) piecewise uniformly expanding map, and hence in the suspension
semiflows. This idea is inspired by the tower dynamics [8].

Let 0 = ¢y < --- < ¢y = 1 be a finite partition of I. Let T : I — I be a
piecewise C? map and r : I — R be a piecewise C'' map, i.e. Tl (circisq) 18 C?
and 7| (¢, ¢,,,) is C* for each i. Assume 1 < 3 < |T”| <, infr > 0, supr < oo,
and sup |r’| < co. Let H be the collection of (T, c,,,1) "

We consider the following structure. Assume there are a subinterval of
I, say I = [a b], a finite or countable partition of I given by a < --- < d; <

diy1 << b and a function R : [ — Z such that R|, 4,,,) is constant for
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each i. Let R; = R|(4, ,,,)- Define T%(z) = TH®)(z) and assume T is a C?
uniformly expanding map with respect to the partition of . (T,{(di,di+1)}s, R)
is called a tower.

We consider a backward orbit of T#, {af}0___, i.e. TH(af}) = aff,, for
every k < 0. From the definition of a tower, there are an integer sequence
{pr}?__, and a backward orbit of T, {a, }%__ ., such that

g = Qo
and

akR € [dpkvdpk+1]
(1.2) R_
ak - a_(RPOJ’_“'J’_RPkfl)

hold for every k. We call {a,}°_

—_oo & backward orbit corresponding to
{ai e o

Here we also define the backward orbit condition for the tower. We say
T and r satisty the backward orbit condition for the tower if there are a point
xg € I, two backward orbits of T%, {a,,} and {b,,} of ¢, and their corresponding

backward orbits {a,}°___ and {b,}2___ such that

(oo} oo
(1.3) > oo ? Z
k*O 0
holds.
Theorem 1.2.  For a piecewise C? expanding map T, a piecewise C*

roof function r, and a tower (T,{(d;,di+1)}:, R), assume the following three
conditions:

Condition A There is a constant K such that |h"| < K[| holds for any
heH.

Condition B There is 8/ < 8 such that ., 3/~ < 400 holds.
Condition C T and r satisfy the backward orbit condition.

Then there is a T-invariant probability measure p on I which is absolutely con-
tinuous with respect to the Lebesgue measure on R. Moreover the correlation
function for the suspension semiflow Fy given by (T, r) with u" decays exponen-
tially fast for any C' observables.

Note that the condition B in the above theorem is satisfied if there is a
constant A > 0 such that Ai < R; for every i.

The result in this paper has an advantage over the previous existing results
in that we can apply it to the non-Markov (or hidden Markov) semiflows. The
cocycle condition is a good characterization of exponential decay of correlations
on Markov semiflows, but we cannot directly interpret the cocycle condition on
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the semiflow with tower structures. On the other hand, it is easy to consider
the backward orbit condition on the semiflow with tower structure as well
as Markov semiflows. Indeed, in the next subsection, we will give a sufficient
conditions for exponential decay of correlation for the suspension semiflows over
the beta-transformations as an application of the backward orbit condition to
non-Markov semiflows.

1.4. Applications

The backward orbit condition is an open dense condition, and hence expo-
nential decay of correlations is generically observed among the suspension semi-
flows for C? expanding maps. Theorem 1.2 extends this fact to non-Markov
dynamical systems.

As an example, we consider the [-transformation. Let T be the -
transformation for some 8 € (1,2), i.e. T is a map from I to I given by

B 0<z<43)
T(JU):{ Bz —1 (%gxgﬁ),

and r : I — R, be a C? function with infr > 0 and supr < co. Let F; be the
suspension semiflow given by T and r. We can easily find a tower structure in
the [-transformation (see Appendix for more details).

Theorem 1.3. Let F; be the suspension semiflow given by the -
transformation. If the roof function r is convex, then the correlation functions
for Fy with C' observables decay exponentially fast.

We have to show the existence of two backward orbits in Theorem 1.2,
which are in fact chosen to be the two backward orbits of 0, namely, one of
which is 0, 0, 0, ..., and the other is 0, %,.... Construction of the tower
structure and its properties are discussed in Appendix.

Another application is about genericity of roof functions. The next theo-
rem shows that there are a lot of expanding semiflows with exponential decay
of correlations.

Theorem 1.4. Let T : I — I be the B-transformation for some [ €
(1,2), and T be the set of all real-valued C* functions on I with its infimum is
greater than 0.

Then there exists an open dense subset S in T with C* norm such that for
all r € S the correlation functions for the suspension semiflows F| given by T
and r decay exponentially fast for C' observables on I".

We can easily show that the backward orbit condition in Theorem 1.2 is
an open dense condition from which Theorem 1.4 follows.

2. The backward orbit condition

In this section, we will prove the following lemma from which Theorem 1.1
immediately follows.
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Lemma 2.1.  The following two statements are equivalent under the
conditions 1, 2, 3 of Theorem A.

(i) There are a C* function u: I — R and a piecewise constant function
w : I — R which satisfiesr =uoT —u+ w.

’

(ii) For every ag € I, Y 1o, % is constant for all backward orbits

{an}h=—o of ao.

Proof. Tt is easy to show (ii) from (i), since 7’ = «' o T - T — v/ implies

(T*) (a—k) (T*) (a-x)

(
:i< u' (Ta_p)T" (a_y) u'(a_y) )
(

' (Ta_)T (a—y) u'(a—p) )

(T (Ta-p)T"(a—x)  (T*%)(a—)

(2.1) k=0
N wla—p+1)  u'(a—p)
= kZZO (Tkrfl)/(a_k_‘_l) (Tk)l(a_k)>
_ u' (T (ap)
(T)/(T(ao )7

and the last quantity depends only on ag, independent of choices of backward
orbits.

To show the converse, define a function v : I — R as follows. For ev-
ery a € I, choose one backward orbit of a, {a,}, and define v(a) as v(a) =
o %, which is independent of choices of backward orbits due to (ii).
Therefore this function is well-defined, and satisfies ¥’ = vo T - T — v from
the similar calculation of (2.1). Therefore, take u as the primitive function of

v which satisfies (i). O

3. Piecewise expanding maps and suspension semiflows

In this section we will prove Theorem 1.2.

3.1. Exponential decay of correlation for 7" and

Let rf(z) = r(B®) (). Let H® be the set of inverse branches of T#, HE
be the set of inverse branches of (T'®)", and h; = (T l(cireinn)) ' Tt is obvious
that h; = hjg, ., o---ohj,, where hj, ..., hj, are the elements of H. Let E
be the suspension semiflow given by T® and .

First we will prove that 7% and r’ satisfy the conditions of Theorem A.
Obviously T# is uniformly expanding.

Let h;, o -+ 0 h;, be an element of HF. The condition 1 is verified by
proving the followinglemma.
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Lemma 3.1.  The inequality

———(hi, 00 hy) ()

holds.
Proof. Let f and g be C?, then

(fog)"=(feg-g)
3.1
() =f"og-(4)+fog-g"

To prove the lemma, the above equality is used repeatedly.

(R, 00 hi,)" ()]
<, 0 hi,y 00 hig(@) - ((hi,_y 0 -+ 0 hy,y) ()7
+ |hj, o hi,_, 00 hi(x) - (h,_, 00 hy)" ()]
(from (3.1) and the triangle inequality)
< KB (h, 00 hig) ()]
+ |hj, 0 hi,_, 00 hig ()| - [(hi,_, 00 hyy)" ()]
(from the condition A and the Leibniz rule)
< KB (h, 00 hig) ()]
+ |h;n oh;, ,0--0h;(x)|
(Ihf,_, 0 hi,_y 00 hig(z) - ((hi,_y 00 hiy)'(2))?]
+|hi, _ ohi,_, o---ohi(x)-(h o hio)"(a:)D
(from (3.1) and the triangle inequality again)
< KB (hi, 00 hiy) ()
+ KB D|(h;, 00 hyy) (2)|
+1hi, o hi,_y 0o hiy (@) i, _ o hi,_,
“|(h

in—l

in—2 °

1

in—1

00 hiy)'(3)

00 hiy(z)|

in—2

IN

< KB 4 1) (R, 000 hyy) ()]

<

This is the desired inequality.
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1
sup r

For the condition 2, let o¢ = (log 8" —log ). If 0g < o, we have

Zsup((exp(—a o b)) i)

< exp(—oq - sup )|
< 2 _(exp(=00 up )|

3

< 3 (exp(—o0 - supr - R))5
< Z(ﬁ_l exp(—ag - supr))
= Zﬂ”Ri < +00,

which proves the condition 2.
The condition 3 is proved as

(P o hy)'| = |(rF) o )|
=|((r+roT+ - +roTR 1 oh)|
< sup |r'|(B7 4+ 57T

6—1
S sup |T/| . 1—7ﬁ*1
Finally, we will prove the condition 4. Observe that an element of H? can

be written as h 0--:0 fzio. Therefore, (7)™ o I is expressed as follows:

Tn—1
(3.2)
() o h
= (TR)(H) oh 0
(rFrrBoTh 4. B o (T Yoh

TRohin,lo"'ohi0+"'+'f‘ROhiO

in_lo...ohi

ino1 O 0 Ny

= TR|Imi1in 1 ohi, o0 hio tot 7ﬂR|ImlAu0 © iLio

— pRin_1) g flin_l ° flin_l 0.+ 0 iLio 4+t T(Rio)hio ° ilio

=(r+4+-+r oTRin—l_l) o lAzl-nfl o lAzl-nfl 0---0 ﬁio
+ (T +---4ro TRinfzil) o (TRin71 © ]/:Lin—l) o ]Alinfz o iLG71 ©:--0 }Alio
+(r 4 roTo o (Tt o hy oo hy,)oh,

= (T + -4 OTRi'n—lJ’_"""'RiO) oh

— p(Riy_ ++Rig) o
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We will choose {px}32, inductively as

ag € [dp,, dp,
(3.3) 0 € [dpos dpo+1]

G—(Rpy+-+Rp,) € [dpk+17dpk+1+1]'

Then we have

A—R,, = ilpo (a0)7

(3.4) o
A—(Rpg+++Rp;) = hyp, (@ Rpk,l)v

so that the sequence ag,a—r,, ,a-g,, —rR,,--- 18 a backward orbit of TE. Take
{an}i, as
(3.5) a1 = hy, 00 gy (29),
then

iLPo = hqgp,, ©-0hg,
(3.6) . "

hp, = hqnpk+-+n,,0 -0 hqnpk71+---+quo+17
and hence

= lim ((TR)(n) o innil O---0 hpo)/(l‘o)

=3 (rohg 0---0hy) (o)
= r(ap)
=2 Tyag)

from (3.2), (3.4), (3.5) and (3.6). This proves the condition 4.

As a result, T% and r’ satisfy the assumption of Theorem A, and hence
there exists a TR—lnvarlant probability measure i which is absolutely continuous
with respect to the Lebesgue measure on I and the correlation function for F}
and " decays exponentially fast for C'' observables on I.

=
Il
<]

3.2. The relationship between the suspension of the tower and the
suspension of the non-Markov map

In this subsection, we will show the existence of an Fi-invariant probability
measure p” and that the correlation function for F; and p” decays exponentially
fast from the result of the previous subsection. Similar idea is also used in [5].

The existence of a TF-invariant probability measure /i, which is absolutely
continuous with respect to the Lebesgue measure, is proved in the previous
subsection. Uniqueness of the invariant probability measure which is absolutely
continuous with respect to the Lebesgue measure and sup % < 00 are shown
in [8].
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We consider the following system 7' : A — A and 7 : A — R, which may
be thought of as an intermediate step from (7',7) to (T%, 7).

A={(z,n)elxZ|0<n<R(x)},

T ={ (e
7(z,n) =r(T"x).

Let F; be the suspension semiflow of T and 7. Define 7 : A = I, 7 : AT — I",

Figure 2. A™ and F}

and 7 : I™" — AT as
m(x,n) =T x,

w(x,n,t) = (T"x,t),
w(x,t) = (z,n,t —r™M(z)) (W () <t <+ (),

then we have
(3.7) noT=Tom,

(38) ’ﬁ'OFt :Ftoﬁ',
(3.9) foF,=F o,
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and # is a diffeomorphism from I ™ to AT. In other words, F, is conjugate to
F, and F, is semiconjugate to Fj.

Next we will define some invariant measures and show the relation of /i to
such measures. We define a measure fig on A as

70 (dp sy 1) x (10 (A X {E}) = f1(A)

on [dy,dp+1] x {k} for all n and k. The measure jig is T-invariant because in
the case k > 1,

fio(TH A x {k}) = fio(A x {k —1}) = i(A) = fio(A x {k})
and in the case k = 0,

ﬂ(]( T Ax {0}) Ho (l—ln(TiR"A) Np x {Rn - 1})

(3.10) =Y (T~ A) N [dn, dga])

(U (T A) 0 [dn, dga])
ﬂ((TR) A) = i(A) = jio(A x {0}).
Since sup d%[; 5 < 00, fig(A) < oo holds and hence we can define a normalized

measure of jig, which is denoted by ji. Let u be 7, fi. Because T is semiconjugate
to T', this measure is a T-invariant probability measure. We can prove

Tufi” =",
similarly to the proof of (3.10). We can also show
(3.11) L

because 7 is a diffeomorphism and |D#| = 1.

Letting qﬁ = ¢omo7 and w YomoT, we can verify that the correlation
functions for F} with observable ¢ and 1) are equal to the correlation functions
for F, with observable ng and w respectively, since

/¢'(1/)0Fs)d;f:/¢>«(z/;oFs)d(Trofr)*M
:/(¢oﬁoﬁ)-(¢oFsoﬁoﬁ)dmR

From this equality and the result of subsection 3.1, we conclude that the
correlation functions for F; and p” decay exponentially fast.
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Appendix

Here, we construct the tower structure of the S-transformation.

Assume T"(1) # % for every n. We define {R;}32, and {d; }22, inductively
as follows. Let p = %7 do =0,d; =p,and Ry = 1. Take R;;; > R; so as to
satisfy

TR (1) < p,..., TR+ 72(1) < p, TR+ 71(1) > p.
Since T is piecewise monotone, there is a unique d;12 > d;41 that satisfies
TRi(di+2) <p,... ,TR'i+1_2(di+2) <p, TRi+1_1(di+2) =Dp.

The partition {[d;,d;+:]}; and the sequence {R;}; define the tower from
the following lemma.

Lemma 3.2. d; — 1 asi— oo.

Proof. 1t suffices to show 1 —d;11 < d;11 — d;.
From the definition of R; and d;,

TR g0y (2) = BR-1 (z — dy)
holds.
Since
TRi—1 (1) <Py, TR1'72(1) <p, TRifl(]-) > D,

we have

BBz —d)  (z<dip1)
T4, (2) = { BBi(x —diy1) (x> dii)

for each i. We also have

lim TF(z) =1

$*>di+1 -0

since T =1(d;41) = p.
Therefore we have

Bfi(diyr —d;) =1
TR (1) =R (1 —diyy) < 1.

These two estimations lead 1 — d; 11 < d;4+1 — d;. O

Note that R;y1 > R; immediately implies R; > i for every ¢ and this is
sufficient for the condition B in Theorem 1.2.

If there exists a positive integer n satisfying T"(1) = %, we can find a
finite partition of I as above and we can construct the tower more easily.
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