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The rationality problem for four-dimensional
linear actions

By

Hidetaka KITAYAMA and Ailichi YAMASAKI

Abstract

Let G be a finite subgroup of GL(4,Q). Let G act on the rational
function field Q(z1, x2, 3, z4) by Q-automorphism defined by the linear
action of variables. Linear Noether’s problem asks whether the fixed
field Q(z1, 2, x3,24)€ is rational (i.e. purely transcendental ) over Q.
So far some partial results have been known, but in this paper we will
give the almost complete results of this problem. One of motivations of
this problem is the relation to the inverse Galois problem.

1. Introduction

In this paper, we will show the almost complete results of the rationality
problem for linear actions (Problem 2 below) for n = 4 and K = Q. (See
Theorem 1.1.) In this section, we will explain the background of this research.
First, we state the rationality problem in general case:

Problem 1. Let K be a field and G be a finite subgroup of
Autg K (x1,...,2,), where K(x1,...,2,) is the rational function field with
n variables over K. Then is the fixed field K (x1,...,2,)% rational over K ?

In case of n = 1, it is well known that Problem 1 is affirmative for arbitrary
K and G by Liiroth’s theorem. In case of n = 2, if K is an algebraically
closed field of characteristic 0, then Problem 1 is affirmative for arbitrary G by
Zariski-Castelnuovo’s theorem. However, if n > 3, then this problem is very
difficult and few general results are known. Note that there are many cases
where the results for Problem 1 for two groups are different even if they are
isomorphic to each other as abstract groups. For example, the following two
actions are both of order 2:

0 .Tr1+— —X1,T2 F— —T2,T3 — —I3,
aq a2 a3
T.:X1 = —, T2 —,T3— —,
x1 T2 €3
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and the fixed field K(x1,x9,23) is clearly rational over K. However, it is
known that K(x1,x2,x3)7 is not rational over K if [K( /a1, /as,+/a3) : K| >
8."

In this paper, we restrict ourselves to the significant special case of Problem
1, which is often called ”linear Noether’s problem” and is related to the inverse
Galois problem.

Problem 2 (linear Noether’s problem). Let K be a field and G be a
finite subgroup of GL(n, K). If we define a G-action on K(z1,...,2,) by

o(z;) = Zaijxi (=1,...n) for Yo = (a;;) € G,
i=1

then is the fixed field K (z1,...,z,)" rational over K ?

Whether Problem 2 has an affirmative answer or not depends on the pair
(K,G). In this paper, we will consider the case K = Q, because it is the
most difficult and important case. Our main theorem is as follows.

Theorem 1.1.  Problem 2 for K = Q and n = 4 is affirmative for all
groups except for 6 conjugacy classes of (4,26,1), (4,33,2), (4,33,3), (4,33,6),
(4,33,7) and (4,33,11) in the GAP code. The problem is negative for (4,26,1)
and (4,33,2).

In general, for mutually conjugate subgroups G and Gs of GL(n,Q), linear
Noether’s problems are the same by changing variables. So we have only to
consider the conjugacy classes of finite subgroups of GL(n, Q) and we have 227
ones in the case of n = 4. See [1]. So far some partial results have been known,
but in this paper we will give the almost complete results of this problem.

We just mention some relevant results. First linear Noether’s problem for
n < 3 has been proven to be affirmative.

Theorem 1.2 (Oura, Rikuna [21]). If K = Q and n = 3, Problem 2
for any G has an affirmative answer.

For K = Q and n = 4 it is known that Problem 2 is negative for a group
G which is isomorphic to the cyclic group Cs. (See [11].) So the results of the
other groups attract the attention of many mathematicians.

Theorem 1.3 (Plans [22], Rikuna [23]).  Problem for K = Q and n =
4 has an affirmative answer if G belongs to the conjugacy class (4,32,5) or
(4,32,11) in the GAP code, which is isomorphic to SL(2,3) or GL(2,3) respec-
tively.

Theorem 1.4 (Kang [12]).  Problem 2 for K = Q and n = 4 has an
affirmative answer if G is a non-abelian group of order 16."2

*1This theorem has been proved in more general condition by Saltman [24] and Kang [13].
*2The results of this paper [12] contain the case other than K = Q and n = 4.
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In the previous paper, we have shown the following result as a generaliza-
tion of Theorem 1.4.

Theorem 1.5 (Kitayama [17]).  Problem for K = Q and n = 4 has an
affirmative answer if G is a 2-group which is not isomorphic to Cs.

Theorem 1.6 (Yamasaki [25]).  Problem for K = Q and n =4 has an
affirmative answer if G is a nonsolvable or reflection group.

Our previous results, Theorem 1.5 and 1.6, are the partial results of linear
Noether’s problem for K = Q and n = 4, which show that the problem has
an affirmative answer for 73 conjugacy classes out of 227 ones and a negative
answer for only 1 class. In this paper, we will prove Theorem 1.1, which is the
almost complete results of linear Noether’s problem for K = Q and n = 4.

Finally, we explain one of motivations of Problem 2. It is an application
to the inverse Galois problem, particularly an explicit construction of generic
polynomials, which are defined as follows.

Definition 1.1 ([15], [19]). A polynomial f(t1,...,tm;X) € K(t1,...,
tm)[X] is called a generic polynomial for G-extension over K if it satisfies the
following conditions:

(1) Gal(f(t1,...,twm; X)/K(t1,... tm)) ~ G,
(2) for every G-extension of infinte fields L/M with M D K,
L =Sply, f(a1,...,am;X) for some ay, -+ ,a, € M.

Explicit construction of generic polynomials has been studied by many
mathematicians as the most important problem in constructive aspects of the
inverse Galois problem with the aim of applying it to algebraic number theory
(c.f. [11]). Whether a generic polynomial for G-extension over K exists or not
depends on the pair (K, G). In fact, there are some cases where it doesn’t exist.
For example, if K = Q and G is abelian, then a generic polynomial exists if
and only if G has no elements of order 8 (Lenstra [20]). On the other hand,
general results for non-abelian groups are not known and few results for each
individual groups are known.

In this situation, the explicit affirmative answer of linear Noether’s prob-
lem for (K,G) produces a generic polynomial explicitly as follows. If lin-

ear Noether’s problem is affirmative, that is, K(z1,...,2,)¢ is purely tran-
scendental over K, then there is a K-isomorphism ® : K(x,...,2,)¢ —
K(ty,...,tn). Let f(X) € K(21,...,2,)9[X] be a defining polynomial of G-
extension K (x1,...,7,)/K(z1,...,2,)¢ and define

F(tla"'7tn;X) = (p(f(X)) € K(t177tn)[X]

Theorem 1.7 (Kemper, Mattig [16]).  F(t1,...,t,; X) defined above is
a generic polynomial for G-extension over K.

Thus linear Noether’s problem is the most effective way to construct generic
polynomials for groups of small order.
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Remark 1.  Our motivation to Problem 2 is not only the existence proof
and construction of generic polynomials. Note that an affirmative answer of
Problem 2 is not a necessary condition for the existence of generic polynomials
and it is possible that Problem 2 has different results for two groups which are
not conjugate to each other, even if they are isomorphic as abstract groups. So,
we should consider all of 227 conjugacy classes of finite subgroups of GL(4, Q).

Notation.
We define the matrices as the following way.

1 0 0 0 1 0 00
| 0 -1 00 |0 100
271 0 o 10" "1o0 0 10

0 0 0 1 0 0 0 1

0 1 00 0 10 0
| 1100 | L 000
371 o o 1o ™" o o010

0 0 0 1 0 0 0 1

00 10 100 0

(o001 oo o011
Tl 1000|7010 0
010 0 0010
000 -1 00 1 0
100 -1 1000
“=10o10 -1 |°%T10001

001 -1 0100

1000 11 1 1

0001 1 1 -1 —1
s=lo 100 | "=|1 1 1 1|/

00 1 0 1 -1 -1 1

ch = yeay , m' = ymy , ¢ i= ey, €y = YCaY , Cs = YCa.
2. Preliminaries
We recall some results which are used repeatedly throughout this paper.
Theorem 2.1 (Kang, Hajja [8]).  Let L be a field and G a finite group
acting on L(x1,...,Zy), the rational function field of m variables over L. Sup-

pose that
(1) for any o € G,o(L) C L;
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(2) the restriction of the action of G to L is faithful;

(3) for any o € G,

o (Tm)

where A(o) € GL(m, L) and B(c) is an m X 1 matriz over L
Then there exist z1,...,2m € L(x1,..,2m) such that L(xi,...,Tm)

., Tp) is called homogeneous of

= L%(21, .0, Zm)-
., Zn] homogeneous

Let K be a field. An element f € K(z1,
degree d if it can be written as f = g/h with g,h € K|z,

and deg(g) — deg(h) = d. We write
, )| f is homogeneous of degree 0} U {0}.

xn)O = {f € K(‘Tla s
Let G be a finite subgroup of GL(n, K).

K(l’l, .
..., x,)9 is rational over K.

Theorem 2.2 (Kemper [14]).
< Tn)§ 48 rational over K, then K(xq,

If K(Jil, ..
When we use Theorem 2.1 and Theorem 2.2, there are some cases where

we can reduce the linear Noether’s problem to the following problem.
Let K be a field and G

Problem 2.1 (monomial Noether’s problem).
..., y) by

a finite subgroup of GL(n,Z). Suppose G acts on K (z1,
o(xi) == ai(o) [[ 25 ,ailo) e K*, i=1,...,n, Vo =(a;;) €G
J=1

, T, )¢ rational over K ?

Then is the fixed field K (1, ...
Particularly, the case «;(0) =1 for Vo € G and Vi, is called purely mono-

mial Noether’s problem.
For this problem, the following theorem holds.

Theorem 2.3 (Hajja, Kang, Hoshi, Rikuna [4, 5, 6, 7, 10]).
(1) All 2-dimensional monomial Noether’s problems are affirmative.
(2) All 3-dimensional purely monomial Noether’s problems are affirmative.

The following theorems are often useful.
Let K be any field and o a K-
. Then

Theorem 2.4 (Hajja, Kang [7])
automorphism of K(x,y) defined by o(x) = a/x,0(y) =b/y, (a,b € K*)

K(z,y)') = K(u,v) where
B S S ot
ab xy*%
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Let ¢ be an n-th root of unity and o a Q({)-automorphism of
Q) (x1,...,xp) defined by =1 +— x2 +— ...z, +— 7. For fe€
Q) (21,...,2,)'7, we define a set [flcon; := {all conjugates of f over
Q(x1, .., 20)' '} and ¢(f) == t[f]con;-

Theorem 2.5 (Masuda [18], Hoshi [9]).  Suppose that there exist ele-
ments ai, . ..,a; € Q(C)(z1,...,2,)'7) such that
(1) QO (@1, 2n)' " = Q(¢)([aileonsli = 1, 1)

(2) Yisy tlai) = n.
Let wi1, ... Wi, (a;) be a basis of Q({)NQ(w1, ... ,20)$%) (a;)/Q. Then it is also
a basis of Q(x1,...,2,) (a;)/Q(z1, ..., 2,)') and if we write

(a;)
a; = Zmi,jwi,j (mi’j e(@(9[;1’_._736”)(0))7
j=1

then Q(x1, ..., 2,)%) = Q(ms li=1,...,t, j=1,...,u(a;)).
3. Main results

3.1. Groups of order 3 x 2"

In this subsection, we consider subgroups of GL(4,Q) of order 3 x 2™.
There are 104 conjugacy classes. Among them, generators of 3-Sylow groups
are cz-type for 79 classes, and c3ch-type for 25 classes. See section 4.

First, we shall study on the former 79 classes.

Theorem 3.1.  Let Gy = (c3,ca,meq, cy,m'). If {c3) < G < Gy, then
Q(z1, w9, w3, 74)% is rational over Q. (This theorem covers all of 56 conjugacy
classes whose 3-Sylow groups are normal.)

Proof. Gy acts on Q(ach96279537:r4)<03>7 since (c3) is normal in Gy. First
we shall determine Q(z1, zo, x3, 14) ).

cs acts trivially on (x3,24), so that @($1,$2,$3,x4)<03> — (Q(l’h
22)(%3)) (23, 24). c3 acts on (z1,%2) as 1 > —xa — —(T1 — X2) — Ty, SO
the following y; and s, belong to Q(z1,25)().

1 1 1 To 1 — X2 i z1

h=———-—- y Yo = — —
X1 T2 T1 — T2 X1 T2 Tl — T2

We have Q(z1,22) = Q(z1,72) = Q(y1, 72), and y2 is a rational function of

22 with the denominator quadratic and the numerator cubic, so that [Q(£) :

Ql(yg)] = 3. Therefore [Q(z1,22) : Q(y1,92)] = [Qy1, £2) : Q(y1,¥y2)] = 3, thus

we get Q(y1,y2) = Q(a1, 7).

The action of Gy on (y1, y2, T3, 24) is as follows. ¢ and m’ act on (x3,x4)
as usual, while ¢o and mey act on (y1,y2) as ¢z : y1 — —y1, Y2 — Y2 and
meq Y1 —Y1, Y2 — —Y2 + 3 so that yo — 3 — —(y2 — 3). Therefore Gy acts
linearly on (y1,ys — %, x3,24). It follows that Q(x1, z2, v3,24)¢ is rational over
Q by applying the results of linear Noether’s problem for order 2" (Theorem
1.5). =
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Theorem 3.2. If generators of 3-Sylow groups are csz-type, then
Q(z1, 2o, w3, 24)C is rational over Q even when 3-Sylow groups are not nor-
mal.

Proof. There are 23 conjugacy classes in question. The largest group is
My, the group of all orthogonal matrices whose entries are integers. #(Mp) =
384, and any other group is conjugate to a subgroup of My in GL(4,Q).

The smallest group is (g1, ¢, mm’), which is isomorphic to 24. Identifying
them, we shall denote this group with 4. 21 groups out of 23 ones contain 24,
but other 2 groups do not.

Q(z1, 72, v3,24)¢ is rational if Q(1, v2, 23, 24)§ is rational (Theorem 2.2),

so we shall discuss the rationality of Q(xl,x27x37m4)oG. Note that coch acts

.. chmm’ .
trivially on Q(x1, 2, 3, x4)0. Mo acts on Q(x1, x2, x3, :c4)((, 2 >, since (cg, ch,

/ ’
. . . . Co,mm
mm’) is normal in My. First we shall determine Q(x1, z2,x3, :r4)(<] 2 )

: x z T
SIHCG Q(m1,$2,$37.’£4)0 - Q(y17y27y3) Where Y1 = x_ivy2 = x_fvyé = ﬁv
and since 0/2 acts as Y1 — Y1, Y2 — —Y2, Yz — —yY3 and mm’ acts as Y1 = Y1,
(cy,mm”)

Y2 — Y2, Y3 — —y3, we have Q(z1, 2, x3,4), = Q(z1, 22, 23) where
2 = Y2Ys _ T34 — Y1Ys _ Z2%4 — Y1Y2 __ x2Zx3
Y1 T1T2’ Y2 r123’ Y3 T1T4 "
The normalizer of 4 in My is My := (4, cach, mch, m'c)) and we have
My = (M, ). The action of My on (21, 22, z3) is as follows.
g1 21 2 23 2
micy: 21 21, 29 & 23
Mehy iz —21, Z2 > —Z22, 23— —23
. 1 1
v Rl ooy 22 B 22, 23 2 oo

From this, we observe that M acts linearly on (z1, 22, 23). Thus if 24 <
G < M, then Q(x1,xy,x3,24)C is rational over Q by applying the results of
3-dimensional linear Noether’s problem (Theorem 1.2).

Since M; /4 ~ Cy x Cy x Cy, there are 16 subgroups of M; containing
4. Any two of them are not conjugate in GL(4,Q), so that we have settled
the problem for 16 conjugacy classes.

Let My := (2y4,7). We have [Ms : 4] = 8 and the 2-Sylow group of M> is
obtained from that of 24 by adding cach, v and g1vg; . This 2-Sylow group is
normal in My, so My acts on Q(z1, 22, 23)”’9”9;1).

—1 1 1
We see that g1yg; = acts as 2z — T 22 b L, 23—z, therefore

(191797 1) — (O Waws wiws wiwy — z1=1 , _ z—l
Q(z1, 22, 23) 1) =Q 2uws wits ik ) where wy = A we = 277 and
ngl

w3 = 27, We can easily check that all of g1, m’c}y and mch act purely mono-
mially on (“Ji)—?“, Wis Witz ) gq that if My < G < My, then Q(x1, o, 73, 24)¢

is rational over QTUZ Simgé3 My/Msy ~ Cy x Cy, there are 5 subgroups of My
containing Ms. Any two of them are not conjugate in GL(4,Q). Therefore we
have 5 more conjugacy classes for which linear Noether’s problem is affirmative.
Now, the problem has been settled for 21 conjugacy classes.

Remaining 2 groups do not contain 24, and isomorphic to GL(2,3) and
SL(2,3) respectively. It is already known that linear Noether’s problem is

affirmative for these groups (Rikuna [23]). O
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Next, we shall study the case where generators of 3-Sylow groups are cscs-
type.

Theorem 3.3.  Let Gy = (c3¢k, ca, ¢, meam/cy,v). If (each) < G < Gy,
then Q(z1, o, x3,74)% is rational over Q.

(This theorem covers 15 conjugacy classes out of 18 ones whose 3-Sylow
groups are normal).
To prove this theorem, we need the following lemma.

Lemma 3.1 (Rikuna [23]).  Define Q-automorphism p over Q(s,t), the
rational function field of two variabes, by p : s — t, t — % Then Q(s,t)? =
Q(u,v) where

- t(s33 — 23t —s) + 1) _ s(s33 —t*(3s —t) + 1)
“= s2t2(s2 — st +t2) — st(s+t) + 1’ v s2t2(s2 — st +12) — st(s+t) +1°

Proof of Theorem 3.3. G acts on Q(wl,xQ,xg,x4)<c3c‘3>, since (csch) is
normal in G;.

Just as in the proof of Theorem 3.1, we have Q(z1,z2,x3,%4)
= Q(y1,ys, i—f, i—;) where 7; is the same as in the proof of Theorem 3.1
and ys3 is the y-image of y;. Since c3cf acts trivially on (y1,ys), we have
Q(yh%; 2_37 i_i)<6363> = (Q(%’ %)<C3CS>)(ylvy3)'
c3cy acts as 22— — 22 = 1 — 2L and similarly on #4, so that putting
: 2 2 I:i T Tq
s = (£2)/(2) = 822 o, maps stot = (1-2)/(1-2) = L(2-1)/(2-1).

From this, we see that Q(%2,24) = Q(s,t) and c3ch acts as s +— ¢ — & > s.

H’ xr3 t
Using Lemma 3.1, we get

T2 Tdylescs) = Q(u,v)

.7}1’.7}3

where u, v are given in Lemma 3.1.

It is easy to verify that Gy acts on Q(y1,ys) and Q(u,v) separately, and
the action is linear on Q(y1,ys3), namely co : y1 — —y1,Y3 — Ys, C : Y1
Y1, Y3 — —y3, meam'cy s yr = —y1,y3 > —y3 and v 1 Y1 < 3.

On the other hand, co and ¢, act trivially on (u,v). The action of meym/c)
and ~ are rather complicated. Both of meym/c) and v act as s — % Since
v commutes with csch, v acts as ¢ — 1, and since the conjugate of csch by
megm’cy is (cach)?, megm/cly acts as t — st. Replacing s by r = st, the actions
are meam'cy ir > tand yiri— Lt 1

u and v are written as functions of r and ¢ as follows
33— 3r2t? 3 413 it — 32t 4 rtt 4t

YT R S ) —rt(r A ) 1127 P2 — 2 ) —rt(r 4 £2) £ £

From this we observe that mcym’c) keeps = invariant, v maps 2 to =

and megm’cyy acts as u < v. Especially (co,ch, megm’cyy) acts linearly
on (y1,ys3,u,v), so that if (c3ch) < G < (c3ch,ca,ch,megm/c)y), then
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Q(z1, 2o, w3, 24)C is rational over Q by the results of linear Noether’s prob-

lem of order 2". This condition on G is satisfied by 8 conjugacy classes, for
which the problem has been settled.

Next, we shall show that by a suitable change of generators of Q(u,v), v
acts linearly on the new generators. From the facts observed above we see
that meqm/cjy acts as u — %,v — % and 7 acts as u — % v — £ for some

v
B € Q(u,v). By a computer calculation, we see that B = ;v .

Let w = u+v, then Q(u,v) = Q(u, w) and v maps w to —w. Since v maps
. 2
u to E = il__+( Ty = 11411-4-3%27 putting U = 1:;?’;{ u, we have Q(u,w) =

Q(U,w) and v maps U to #
Extend the coefficient field from Q to Q(y/—3), then since 3w? + 1 =

(vV-3w+1)(—vV/—3w+1), wehavey : Vi =V for V = % Denote the

conjugate on Q(v/—3)/Q with ~, then V = % also satisfies vy : V s —V

and (V, V) become generators of Q(v/—3)(U,w). Thus V 4V and % become
generators of Q(U,w) and v acts as V £V +— —(V £ V).

From this we see that if (esc) < G < (esch,ca,ch,7), then
Q(xq, w2, 23,24)C is rational over Q. This condition on G is satisfied by 2
more conjugacy classes, for which the problem has been settled.

Next, we shall study the case where meym'’cy € G. G acts on
Qy1, ys, u, v){mea™ea) since (cch, megm/cy) is normal in Gy, We shall de-
termine Q(y1,ys, u, v)<m°’4m/cﬁl>.

Define a = u + % and 0 = v + % then both « and g belong to
(@(u,v)“’w“m/CZL> and 6 = 2, so that Q(u,v) = Q(u,g). Since o = u +
1w =4l yz; We have [Q(u,2) : Q(a, 2)] = 2 so that

v uZ—uv+uv2 u 1—3—0—( '« b«
[Q(u,v) : Q(a, B)] = 2. This implies Q(«, 3) = Q(u, v)<mc4m,c:1> therefore
Q(yl,yg,u,v)mcwl,cil) = Q(a,b,a, B) where a = y;(u — —) b=ys(v— E)

G acts linearly on (a, b, a, 3) as follows. ¢y keeps b, @ and (8 invariant and
maps a to —a. ¢, keeps a, « and [ invariant and maps b to —b. v acts as a < 3
and a < —b.

Therefore if {czch, meam/c)) < G < Gy, then Q(x1, zo, 23, 24) is rational
over Q. This condition on G is satisfied by 4 more conjugacy classes, for which
the problem has been settled. The number of solved classes is now 8+2+4 = 14.

The only remained class is G = (c3¢h, yc2, megm/cyy). Since cad) 6 G, G
acts on Q(u,v yl, y3)<‘3202> which is equal to Q(u, v, 21, 22) where z; = y? + y2,

G

zp = L. meym/cyy acts as u < v, Y1 — —y3, Y3 — —y1 so that it keeps
. B 1 . u—v _ _ z2—1
z1 invariant and maps 2o to P Put u; = wro V1 = U+, G2 = P

then meym/cyy acts as u; — —ug, v; — v, (o — —(a2, so that we have
’r 7
Q(U, v, 21, 22)<m04m A = Q(U%, V1, 21, U1<2)-
Now, we shall check the action of yeco on (u%,vl,zl,ulcg). vco acts as

uy +— —up so that u? — u?, v; »—>%+% = “u";”B: % = ;ilwhere
— 1 Ui
A= 3u2+1, z21 21, G2 —% SO that u1(s — C—; = ulc Therefore vyco acts

monomially on (Q(u}, z1))(v1,u12), the rational function field over Q(u}, z1)
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with two variables v1,u;Cy. This assures the rationality of Q(z1,2o,x3,24)%
by Theorem 2.3(1). O

Together with 7 conjugacy classes whose 3-Sylow groups are not normal,
there remain 10 conjugacy classes not yet studied. We shall discuss on these
groups later in subsection 3.4.

3.2. Groups of order 9 x 2"
In this subsection, we shall consier the subgroups of GL(4,Q) of order
9 x 2", There are 45 conjugacy classes. (See Chapter 4).

Theorem 3.4.  Let Go = (c3, ¢k, ¢, ¢y, meq, m'cl, ). If {c3,c5) < G <
Ga, then Q(x1, 2, 73,74)¢ is rational over Q. (This theorem covers all of 39
conjugacy classes whose 3-Sylow groups are normal).

Proof. Gg acts on Q(xl,xz,xg,arél)@&c@, since (cs, c4) is normal in Gs.
First we shall determine Q(x1, z2, x3, x4)<c3’cé>.

Just as in the proof of Theorem 3.1, we have Q(z1,xs,x3,24)(
= Q(y1, Y2, v3,z4), where y; and yo are the same as in the proof of Theo-
rem 3.1. Since ¢} acts on (x3,x4) in the same way as ¢z on (21, z3), we obtain
Q(x1, w2, 23, 24)) = Q(y1, Y2, y3, y4) Where y3 and y4 are the v-image of 1,
and yo respectively.

co and mey act trivially on (ys,ys4) and act on (yi,y2) as ¢z : y1 —
—y1,y2 = Y2 and mey Y1 — —y1,Y2 = —y2 + 3. ¢ and m'cy act triv-
ially on (y1,y2) and act on (y3,y4) in the same way as ¢y and mey on (y1,y2).
7y acts as Y1 <> Y3, Y2 <> Ya.

Thus G4 acts linearly on (y1,ys — %, Y3, Ya — %) It follows that Q(x1,x2,
x3,24)% is rational over Q by applying the results of linear Noether’s problem
for the groups of order 2™ (Theorem 1.5). O

We shall study later in subsection 3.4 on the remaining 6 conjugacy classes
whose 3-Sylow groups are not normal.

3.3. Groups of order 5n

In this subsection, we shall consider the subgroups of GL(4,Q) of order
5n. There are 11 conjugacy classes (see Chapter 4). Among them, 6 classes
contain (c5) as normal subgroups, and 5 classes are non-solvable. It is already
known that linear Noether’s problem is affirmative for the latter 5 non-solvable
classes. (Yamasaki [25]).

The former 6 classes are as follows.

(c5) ~ Cs, (5, cachy) =~ Cho, (c5, meam/cyy) ~ Ds,

<057026/2,m04m/621”y> ~ D1, <0570’4> ~ Oy x Cs, <C5,U4,620/2> ~ Cy x Cho.

Here c5 acts as x1 +— xo +— T3 — x4 — —(a:1 + X2 + x3 +x4) — x1 and o4 acts
as 1 — X — Ty — T3 — Xq.



The rationality problem for four-dimensional linear actions 369

Theorem 3.5. If G is one of the above siz groups, then Q(x1,xs,
x3,24)C is rational over Q.

Proof. First we shall determine Q(x17m2,x3,x4)<c5>. Extend the coeffi-
cient field from Q to Q(¢), where ( is a primitive fifth root of unity. Then we

have Q(C)(x1, z2, 3, 24) = Q(¢)(y1, y2,¥3, ya) where
Y; =1 —|—le‘2 +<2j$3 —|—C3j5€4 — C4j(a:1 + X9 + 3 —|—a:4).

Since ¢5 acts as y; — (ly;, Q(O)(y1,Y2,y3,y4)(s) is generated by
{1 ys2ys2yy*|(n1, m2, ng,na) € L} where L = {(n;) € Z*| > jn; =0 mod 5}.
L is generated by {(-1,1,0,1), (0,—1,1,1), (1,1,-1,0), (1,0,1,—1)}, so that

Q(¢)(x1, w2, 3, 24)') = Q(C) (21, 22, 23, 72) Where 21 = B 29 = yzg4, z3 =
iy, uiys

ys 0 4 ya
Let 7 be the automorphism of Q(¢)/Q defined by ¢ + (2. Then, 7

maps y; to yo; (identifying yo; with y;» such that 25 = j' mod 5), so that
T acts as 21 — 22 — 24 — z3 — 2z therefore {z;} are mutually conjugate in
Q(C)(‘Tla z2,T3, $4)/Q($1, Z2,T3, 1'4)~

Now from Theorem 2.5, we see that if z; = mi¢ 4+ maC? + msC® + mal?,
m; € Q(x1, z2, T3, $4)<05>, then Q(.’El, X9, T3, .T4)<cs> = Q(mq, ma, ms, m4). We
shall show that all of cach, megm/c)y and o4 act linearly on (myq, ma, ms,my).

coCh acts as y; — —y;, so that z; — —z;, therefore m; — —m;. meam/cjy
acts as y; — (yy; so that z; < 24,20 < 23, therefore m; < my, ma < ms.
o4 acts as y; C2jy3j, so that 21 — 23 — 24 — 29 — 27 therefore mp; — mqg —

myg — M3z — My.
This shows that G-action on (mi,mg,ms,my) is linear and thus
Q(x1, 2,23, 24)C is rational over Q. O

3.4. Groups of Crystal system 33

In this subsection, we shall consider the remaining 16 conjugacy classes
which belong to the crystal system 33. The actions of these groups are much
more complicated than ones of other crystal systems, so hard calculations are
required for the study of them. .

The largest group in question is My, the group of all orthogonal matri-
ces whose entries are half-integers. #(My) = 1152, and any other group is

conjugate to a subgroup of M,

15 classes out of 16 ones contain @) = (¢, j), which is isomorphic to the
quaternion group, where i = c4c),j = mm'cyy, i° = j2 = —1 (= cach),
ij = —ji (= put k). The conjugation by m’' maps @ to Q1 = (41,7,), where
11 = cuc)ych, J, = chy. We see that Q N Q1 = {£1}, and @ and @1 commute
with each other.

An element of order 3 is given by a = —%(1+i+j—|—k), and the conjugaction
by a maps ¢ — j — k — <. Similarly oy = —%(1 + 41+ Jj, + k1) , where
k1 = 1171, is also of order 3, and acts on @1, just in the same way as « on Q.

oo = 3(i+7)(41+J) is of order 2, and the conjugation by ag maps i < j,

k — —k, i; < j;, k1 < —k1, so that the conjugation by kag maps « to o?.
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The only class which does not contain @ is G = {(a, ki1ag). (@) is normal
in G and (kiyag)? = ky so that kijag is of order 8, thus G ~ Cg x C3. But
the linear Noether’s problem is negative for this group by the following reason.
If Q(x1,22,73,24)¢ is rational over Q, then Proposition 5.1.7 and Theorem
5.2.5 in [11] lead to the existence of a generic polynomial for (Q,Cs), which
contradicts to the well-known result of [20]. For detail, see Chapter 5 of [11].

The other 15 classes contain Q). The normalizer of @ in ]\70 is My, =
(Q,Q1,a,a1,qp), and we have My = (M;,m'). First we shall find suitable
generators of Q(x1, xs, x3, x4)82 on which M; acts in a simple way.

Mo acts linearly on P5, the space of all homogeneous quadratic polyno-
mials. P, is ten dimensional, and spanned by {z;z;|1 < 4,j < 4}. Since
(Q,Q1)/{£1} is commutative, ¢,j,4; and j, are simultaneously diagonalized,
and P, is decomposed into the direct sum of one dimensional spaces as follows.

wo = 22 + 23 + 23 + 13, invariant by all of 2, 5,%1,7;
y11 = 3(23 + 23 — 23 —2%), invariant by ¢ and 4;
Y12 = T1T4 — T2T3, invariant by ¢ and 7,
Y13 = 123 + ToZy4, invariant by ¢ and k1
Y21 = T1ZT4 + ToT3, invariant by 7 and %,
Yoo = (23 + 2% — 23 —23), invariant by j and j,
Y23 = T1To — T3T4, invariant by 7 and k;
Y31 = T1T3 — TaT4, invariant by k and %
Y32 = T1T9 + T3T4, invariant by k and j;

yss = 5(#1 + 2 — 23 — 23), invariant by k and ky

From this and the previous observations on conjugations, we have
Qi Y11 > Y21 Y31 Y11, Y12 o —Y22 > Y32 Y12, Y13 = —Y23 > —Y33 > Y13,
a1: Y11 = —Yi12 > Y13 B Y11, Y21 > Y22 = —Y23 > Y21, Y31 F —Y32 > —Y33 > Y31,
Qo: Y11 < Y22, Y33 > Y33, Y12 <> —Y21, Y13 <> Y23, Y31 <> Y32
m': Y11 — Y11, Y22 > Y22, Y33 > Y33, Y12 <> —Y21, Y13 < Y31, Y23 > Y32
(the sign £1 is calculated separately).

We shall determine Q(z1, x2, 3, a:4)0Q. First note that Q(z1, x2, x3,24)0 =

Q(z1,22,23) where z1 = 22, 20 = 7%, z3 2. Put ur = y13/y12, then
u; € Q 1?1,.’172,1}3,31‘4)82 and u; = (1 + 2122)/(22 — z1) implies Q(z1,22) =

Z322)/ 1+ 23 — 22 — 2222) implies Q(21, 22, 23) = Q(21, 22, uz) = Q(21,u1, uz).

Since Q(Zl,ZQ,Z%) = (@(21,22,23)<C2> and @ acts on it, Q(zy, 22, 23)(? ) =
Q(zl,ul,ug ( uy, usg)( )Q7 so that by Liiroth’s theorem, we get
Q(21, 22, 23)'@ C2> = Q(UMUZ; ) where a = Trg(z1) = 21 — & — 22 + i

z
(Trg = Trq(zy,22,25) /Q(21,20,25)@ ) But a computer calculation shows that

(
(zl,ul) uz = Y23/Y22 also belongs to Q(xl,xg,xg,x4)0Q and ug = (21 —
(

_ —4(ug + uz)uy Ut _ Yo3 _ Y33
a = 5 for uy = ==, ug = ==, ug = ==,
uguy + uq (ugus + 1) — ug Y12 Y22 Y32

thus we get Q(21, 22, 23)'@ ¥} = Q(uy, ug, u3). (Note that (Q,ch) = (Q,41)).
This field has the index 2 in Q(z1, 29, 23)?, and the result of another com-
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puter calculation:

(urug + Nw? 4+ u? for w — Y13

Uq =
? u{(ur1ug + Dw? + ugug} Y11

shows that Q(uy,us,us) = Q(u1,uz, w?), so we have Q(z1, 22, 23)? = Q(uy,
Ug, W). ,

As seen here, the action of « on Q(z1, 29, 23)<Q7’1> is much simpler than
the action on Q(z1, 22, 23)%, so we shall assume ; € G.

Theorem 3.6. Let Gy = (Q,a,%1) and Mg = (Go,Jq1,a001). If Gy <
G < My, then Q(x1,x,x3,24) is rational over Q. (This theorem covers 5
conjugacy classes).

Proof. Mg acts on Q(:rl,xg,303,,304)(%@’11> = Q(u1, u2, us) where uy = %7
U2 = %7 usz = % .

Q Mmaps as uj > Ug — —ug — U1, Jp maps as up — —up, Ug — —Ug, U3
—ug, and agay maps as u; < —L , U3 — —u— Since (G, j1) acts linearly on
(u1,ug,uz), the theorem is true for G = Go and G = (Go,d1)-

Jiopon acts as uyp — -, ug i, so that (Gg,j,apa1) acts purely
monomially on (ug, ug, —ug), hence the theorem is true for G = (Go, j;xp01).

From the action of j, above, Q(uy,uz, u3)91) = Q(vy, vy, v3) where v; =
UgUg, V2 = UU3, V3 = Uiug. Then both of @ and apa; act purely monomially on

(v1,v2, —v3) as follows. a : vy — vy — —v3 — v1 and apag : v < %,113 — %

This implies that the theorem holds for G = Mg by applying Theorem2.3 (2).
The proof for the fifth group G = (Gop, apay) is rather complicated. Let
01,02,03 be the fundamental symmetric polynomials of wu,us, —u3, namely

)

01 = U1 + Uy — U3, O3 = Uil — UIU3 — UgU3, O3 = —UIUU3. Since a acts

as a cyclic permutation of (uy,us, —us3), Q(ur, uz,us3){® = Q(t1,t2,t3) where
o4 A 1.2 1 2 3

t, = o1, tog = 0—27 ts = o1y O3 = 03 = 307, 03 = 03 — 30102 + 5707, A =

(u1 — u2)(u1 + us)(uz + ug), and the relation of, = —1t% — %t% holds.

We shall check the action of agay on Q(t1, ta,t3).
_ o2 a1 _1 -4
apay acts as 01 — —22, 03 — 7L, 03— — - and A — —%. Since oh +

3
2 1 1
50105 = 03 — 50102, the action of apa; maps o3 + 50102 to —0—5(03 + 50102)

hence ws := tt—é is invariant by agoy;.
2+5t1
Put wy = t9 + %tl then we have Q(t1,t2,t3) = Q(t1,ws, ws). We shall
study the action on wy. wy = (03 — §0102)/0h = (03 — §0102)/(02 — $07) is

mapped to — (o3 — §0102)/(0301 — $03), which is equal to

t+2t tt+1t+9t+1t2 _ 41 L
2T gn T T T 9 ) T Qw1+ &

Put w1 = 03, then Q(tl,tg,t?,) Q(w1, w2, w3) because 03 = 03+ 3 Loroh+
+of = (- t2 )(tg + i)+ =t = { - 4w2w§ — 2wy — 2ty)? }(w2 +

7
5t1) + o td (1 - —w3)t1 - 2—? 5(1+ 5-w3).
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Since o3 +— —0%’, the action of apay is monomial on Q(ws)(wy,ws), the
rational function field of two variables wy,wq over Q(ws). This implies that
Q(wy, wo, w3){*0) = Q(m17x27m3,x4)(<]G°’°‘00‘1> is rational over Q in virtue of

Theorem 2.3(1). O

Theorem 3.7.  Let Mg = (Go,Jy,01). If Mg < @G, then Q(z1, 2,
x3,24)C is rational over Q. (This theorem covers 4 conjugacy classes).

Proof. As shown in the proof of Theorem 3.6, we have Q(xz1,zs,
(Qi1,31) _ _ _ _

T3,T4) Y = Q(v1,vq,v3) where v1 = ugugz,ve = ujus,vs = ujug, and
« acts as vy — vy — —v3 +— vy while agaq acts as v %,’03 — L.

o
Due to the relation mentioned before Theorem 3.6, ’

(U1U2 —+ 1)w2 -+ u% Y13
uz = 5 for w = ==,
ur{(urug + 1)w? + ujug} Y11
3\ 2 21— . . . .
we have (%) ?2% Multiplying with the image by o, we get
: 2 ujus . 3 . .
(% %) = G i1y hence %% = 227 (The sign £1 is calculated sepa-
rately). Therefore, the action of «y is calculated as follows:
Y13Y23 Y11Y21 vz +1
V3 = U1Ug = = — = — .
Y12Y22 Y13Y23 v3
v — 1 1)271

Since oy commutes with «, we get v; —
To make the action of a; simpler, we shall extend the coefficient field from

Q to Q(v=3), and put

vy + w? v + w? —v3 + w? ~1++/-3
alz ’a2: 7@3:77w:7.
U] +w vy +w —vg +w 2

'l)2l—>

Then « acts as a; — ap +— a3z — aj and o acts as a; — w?a; (i = 1,2,3)

while aga; acts as a1 — %,ag — ail7a3 — % Denote the conjugation in

Q(v/-3)/Q with ~, then @; = a% (1=1,2,3).

Since ar acts as a cyclic permutation of (a1, as, as), Q(v/=3)(a1, as, az)'™ =
Q(v/=3)(71, 72, 73) where 71,72, 73 are obtained from t1,ts,%3 in the proof of
Theorem 3.6 replacing w1, us, —uz by a1, as, as.

Just as in the proof of Theorem 3.6, we have Q(v/—3)(7i,72,73) =
Q(V=3)(&1,&2,&3) where &1, &, &3 are obtained from wy, w2, ws replacing t1, t2, t3
by 71,72, 73. Then, actions on (£1,&2,£3) are as follows.

ag: 51'—>§1,§2'—>w2€27§3'—>§3
aoar: & g bo 952 T 52753'—>§3

§1H§,§2 9521+ 52753 —&3
Since 1+ 5263 = (1 +§§3)(1—%§3), putting 11 = &1, m2 = (1—Y526)6,
s = (1= Y5283) /(1 + Y52&3), we have
ay e N2 o w3 1)
QoQy: 1M1 > n%ﬂ?z = wj,;'?’ﬂ]S =3

1 73
mer gt = N3 3
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3
Evidently Q(v/=3) (11,72, 13){*" = Q(v/=3) (11,75, n3) where ny = "—2 , and
75 is mapped to "3 by both apar; and ~. From this, we have Q(v1, va, v3)<°‘ a1> =

(\/ 77177727773) () = (\/ 777177’27773) 0= Q( 3:]’1_7_17772 + TI&

V=3(my — nZ)) Since Q(vi,va,v3)(*) = Q(a1, 22,23, 24))", the theorem
has been proved for G = Mg.

On the other hand, Q(\/_)(n1,77'27773)<°‘°a1> = Q(v/-3)(¢1, (2, (3) where

Co = (= 1/m)/ (mny =3 /mn), G2 = (13 —1s/m3) / (mny = 03 /mn}), G = ns.
)(M&aoal) _

Since (1, > and (3 are invariant by ~ also, we have Q(:cl,xg,:rg, T4
Q(¢1, ¢2,(3), so that the theorem is true for G = <M37 apay ).

The remaining two groups are ]T/fo and <M3, m'). Mg is a reflection group,
so that Q(ml,xg,ac37x4)]\7° is rational over Q. Q(ml,x2,$37x4)<]‘737m/> is its

quadratic extension, and also can be proved to be rational over Q. See Yamasaki
[25]. O

When i; € G, the linear Noether’s problem is more difficult. As mentioned
before, we have Q(x1, x2, 3, $4)82 = Q(%, %7 %), but the action of G is very
complicated for this generator system.

Theorem 3.8.  The linear Noether’s problem is affirmative for G =
(@ 1) and G = (Q, a1, k1ap).

Proof. Let up = 82 g9 = #3 g5 = Zﬁ (The notations are independent

Y12’ Y11’
of the ones in the proof of Theorem 3.6 and 3.7). ay acts as u; = % —
Y 1 — Y3,y o = Y23, , v
o ugr U2 = 2 o - and ug = Py but a computer
. 1
calculation shows that 2 = W Therefore t = ujuz is mapped to
ERE

t

Put s = glii? with ¢1, ¢9,c3,c4 € Q(u1,u2). Denoting the image by aq

with 7, we have

S 0D+

(1)t

Let us choose c¢1, ¢a,c3,cq4 properly to get s = s. From ¢ = ¢ — ¢} and
co = —cj, we get ¢1 + ¢} + ¢/ = 0. Similar equations hold for c3 and cy.
Therefore, for any ¢; € Q(u1,ug) such that ¢; + ¢} +¢f = 0, it is enough to put
. / _ /! —
Co = 701,03 = 701,04 =C1.
Now we get Q(u1,uz, 1)) = Q(s)(uy, uz) ().
Let vy = ﬂ - %, V2 = ﬁ - %7 then Q(u1,uz2) = Q(v1,v2) and

a1 acts as vy — vy — — (v + va) > vy, so that Q(vy,v2)(*) = Q(&1, &) where

51 _ 1 + l _ 1 : 52 _ (Ul — ’02)(2’01 +U2)(’U1 -+ 2’02).

v1 V2 U1+ U2 v1v2(v1 + v2)

This shows the rationality of Q(x1,r2, 73, a:4)éQ7a1>

proved for G = (@, a1).

, thus the theorem has been
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As for the group G = (Q, a1, ki), since the conjugation by « keeps
(Q, 1) invariant, we shall consider ay = aapa? instead of ag. Then kidg

_
acts as y11 < —¥Y12, Y13 — Y13, Y23 < —¥33, Y22 < —y31 so that u; = ﬁ
2 2 2
SUB = gy g = U2, s3 . MTWIWMUYS (Lo computer calculation),
Y11 Y22 Y31 uyuz (U —us)
2 2 2
ust+ui+u
hence ¢ — 24U

t—uy
This implies v < —(v1 + v2),v2 — vy S0 that & — &, & — —&. The

. . . — / .
action on s is complicated. Let s = fct,,tﬁrc with ¢ € Q(uq,u2) such that
¢+ ¢ 4+ ¢” = 0. Denoting the image by kjap with *, we have
. it — *:ugt—i—u%—i—u% :cs—i—c’
—" 4 e t—uf d's+c
From these three equations, we obtain s* = 953+92 where
9 dss+dy’
2 "2 2 / rx 2
dy = cfeus + M (uy +uz) — e+ Mg
dy = c*dus + c*e(u? +ul) — * + *eu?
ds = —"*cul — "' (u} +ud) + c*e — c*'ud
1w S 2 /" 2 2 / 2
dy = =" cuz — ™ e(u] +u3) + ¢’ — c*eu

We see that d5 = ds,ds = ds,di +ds =0. Put 5 =5 — %, then

d1 d2 - % d2 - % - idgdg — d1d4

B T T G td  hGtdtd & B

Replace each d; by (1+u;i+u1)2 and use the same symbol for the replaced

quantity, then we have d; = d;, hence each d; € Q(&1, &2). With a special choice
as ¢ = vy — v1, we get the following result from computer calculations again.

€5+27
2462 _are2 2 ]
1262 (462 -3(63+27))
ds = 16&] + 288} + 9(8€7 + 24&; — 3&5 +27)(&5 +27),
dads — dydy = 24(267 + 3(63 +27)) (4¢3 — 9(&1 + 3)(€2 + 27))°.
Therefore &5 = £ (A&3 + B)C? where C' € Q(&1,&), C* =C, A =18, B =

6(2¢2 + 81).
It has been proven in [17] that

[d;’s written below are divided by the common factor

1
3

az?+b

K(z,y)', 02— —x,y— (a,b € K)

is rational over K. So we see that Q(z1, x2, x3,4) is rational, namely
the linear Noether’s problem is affirmative for G = (Q, a1, k1cp). |

(Q,a1,k1a0)
0

There remain four groups for further analysis. They are (@, o), (@, o, ag),
(Q,a, 1) and (@, a, a1, k1ap). Up to the present, we have not succeeded to
find suitable generators of Q(z1, 2, xg,x4)§? for an effective analysis of these
groups.
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4. List of conjugacy classes of finite subgroups of GL(4,Q)

The following is a list of conjugacy classes of finite subgroups of GL(4, Q).
We refer to [1]. But the generators in [1] were changed by other ones so that we
can apply theorems easily. We omit groups of order 2™ from the list because
they all have been completed in Kitayama [17]. In the following table, the
symbol “A” means affirmative answer and “IN” means negative answer.

4.1. Groups of order 3 x 2™

Number Order Structure Generators Result
(4,8,1) 3 Cs c3 A by Theorem3.1
(4,8,2) 6 Cs 3, C2Ch A by Theorem3.1
(4,8,3) 6 D3 c3,mcy A by Theorem3.1
(4,8,4) 6 D5 c3, Chmey A by Theorem3.1
(4,8,5) 12 Dsg €3, CaCh, mCy A by Theorem3.1
(4,9,1) 6 Cs cs3,C2 A by Theorem3.1
(4,9,2) 6 Ce c3,Ch A by Theorem3.1
(4,9,3) 12 CexCo 3, C2,Ch A by Theorem3.1
(4,9,4) 12 Dg c3,C2,MCy A by Theorem3.1
(4,9,5) 12 Dsg c3,Ca2,Chmey A by Theorem3.1
(4,9,6) 12 Dg c3,McCq, Ch A by Theorem3.1
(4,9,7) 24 DgxCo €3,C2,Ch, MCy A by Theorem3.1
(4,11,1) 3 Cs c3ch A by Theorem3.3
(4,11,2) 6 Cs c3Ch, CaCh A by Theorem3.3
(4,14,1) 6 Cs cs,cam’ch A by Theorem3.1
(4,14,2) 6 Cs cs, chm’ A by Theorem3.1
(4,14,3) 6 D3 cs, comeam’ A by Theorem3.1
(4,14,4) 12 CexCo 3, Cach, chm/ A by Theorem3.1
(4,14,5) 12 Ds €3, CaCh, meachm’ A by Theorem3.1
(4,14,6) 12 Dg c3,mcq, cachm’ A by Theorem3.1
(4,14,7) 12 Ds €3, MC4Ch, Cachm’ A by Theorem3.1
(4,14,8) 12 Dg c3, mcey, chm’ A by Theorem3.1
(4,14,9) 12 Dg c3,Mmcach, cam’ A by Theorem3.1
(4,14,10) 24 DgxCs c3, meq, chm’, cach A by Theorem3.1
(4,15,1) 12 CexCy 3, ca, chm’ A by Theorem3.1
(4,15,2) 12 CexCo cs, ch,m/ A by Theorem3.1
(4,15,3) 12 CexCso c3,m’ca, ch A by Theorem3.1
4,154 12 D c3, ca, meam/ A by Theorem3.1
E4,15,5; 12 Dz cz, CZ, car;icun' A bz Theorem3.1
(4,15,6) 24  DgxCy 3, Ca, mcy, com’ A by Theorem3.1
(4,15,7) 24 DgxCo c3,Ch, mcy, cym’ A by Theorem3.1
(4,15,8) 24 CexCayxCy c3, C2, Clg, m’ A by Theorem3.1
(4,15,9) 24 DgxCs cs, ca, com’, meach A by Theorem3.1
(4,15,10) 24 DexCy c3,com’,mca, ch A by Theorem3.1
(4,15,11) 24 DgxCs cs, C2, Ch, mcam’ A by Theorem3.1
(4,15,12) 48 DgxCoxCy c3,c2,ch,m',mey A by Theorem3.1
(4,17,1) 6 D5 c3cs, ymeam/c A by Theorem3.3
(4,17,2) 12 Dg c3Ch, cach, ymeam'cy A by Theorem3.3
(4,20,1) 12 Ci2 c3,Cy A by Theorem3.1
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Number Order
(4,20,2) 12
(4,20,3) 12
(4,20,4) 24
(4,20,5) 24
(4,20,6) 24
(4,20,7) 24
(4,20,8) 24
(4,20,9) 24
(4,20,10) 24
(4,20,11) 24
(4,20,12) 24
(4,20,13) 24
(4,20,14) 24
(4,20,15) 48
(4,20,16) 48
(4,20,17) 48
(4,20,18) 48
(4,20,19) 48
(4,20,20) 48
(4,20,21) 48
(4,20,22) 96
(4,21,1) 6
(4,21,2) 12
(4,21,3) 12
(4,21,4) 24
(4,24,1) 12
(4,24,2) 24
(4,24,3) 24
(4,24,4) 24
(4,24,5) 48
(4,25,1) 24
(4,25,2) 24
(4,25,3) 24
(4,25,4) 24
(4,25,5) 48
(4,25,6) 48
(4,25,7) 48
(4,25,8) 48
(4,25,9) 48
(4,25,10) 48
(4,25,11) 96
(4,28,1) 12
(4,28,2) 24
(4,30,1) 12
(4,30,2) 24
(4,30,3) 24
(4,30,4) 24
(4,30,6) 48
(4,32,5) 24

Hidetaka Kitayama and Atichi Yamasaki

Structure
Ci2

Q12

D3 ><C4
Cr2xCo
D4 ><C3
Dia

D4 ><03
D3 XC4
Dy ><03
D2

Q12xCs
D6><C4
D4><D3
D4><D3
D4><D3
D12xCo
D4><D3

D6><D4
Cs

C6 XCQ
D¢
DeXCz
Ay
A4><Cz
Sa

Sa

54 XCQ
A4><CQ
A4 XCQ
Sa

Sa
AyxCoxCy
54 XCQ
SaxCy
54 XCQ
54 XCQ
S4 XCQ
54 XCQ XCQ
CIQ
D12
QIQ
D3><C4
D4><Cg

D4><D3
SL(2,3)

Generators

c3,C2C)

€3, Ch, mecacly

€3, MC4,ChCy

€3, C2,Ch, Ch

C3, 0/27 Cil, sz/

3, Ch, Cy, comeam’
cs, chey,m’

€3, Ch,MCy, CaCy

C3, Cl27 Cgml, CQCZI
c3,Ch, CaCy, meachm’
C3, m/, Cl27 CQTTLC4C£1
c3,Ch,com’, meacy
3, Ca, Ch, meacy
€3,C2,Ch, Cy, mcy

3, Cy, meq, com’
03,ci,m04,m'
c3,Ca,Ch,m’, ¢y
C3,C2, CIQ, Cil, mC4m'
c3,Ch, cam’, mey, cach
C3,C2, CIQ, m/, mcwﬁ
c3,meq,m, cy, ca
Cgcg, C2

€3C3, C2, Ch

c3ch, ca, meam/cly
€3¢, c2,ch, meam’c)
Ay = (g1, mm/, ch)
Aa, c2

Ag,m’cy

Ay, com’c)

Ay, co,m'ch

52[4,771

9147 Cam

Aq, mm’cy

As, comm’c)

Ql4, C2,Mm

A4, co, mm’c)

Ag,m, m'cy

Ay, m, com’c)y

Ay, com, m'c}y

Ay, com, mm/c}

My = (4, co,m, m'c})
CgCé,CQCIQ,’YCQ

c3cs, yea, meam’ cy
Cgcg, CQCIQ,’YmC4ml62162
c3ch, meam’cy, cach, yeo
c3Ch, Ca, Ch, Y

c3Ch, Ca, Co, ymeam’ cy
c3Cs, ca, Ch, vy, meam/cl
g1, cacy, yeamm/

Result

A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.1
A by Theorem3.3
A by Theorem3.3
A by Theorem3.3
A by Theorem3.3
A by Theorem3.2
A by Theorem3.2
A by Theorem3.2
A by Theorem3.2
A by Theorem3.2
A by Theorem3.2
A by Theorem3.2
A by Theorem3.2
A by Theorem3.2
A by Theorem3.2
A by Theorem3.2
A by Theorem3.2
A by Theorem3.2
A by Theorem3.2
A by Theorem3.2
A by Theorem3.2
A by Theorem3.3
A by Theorem3.3
A by Theorem3.3
A by Theorem3.3
A by Theorem3.3
A by Theorem3.3
A by Theorem3.3
A by [22], [23]
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Number Order Structure Generators
(4,32,11) 48 GL(2,3) g1, CaCy, yeamm', yeacy
(4,32,16) 96 My = (4,7)
(4,32,18) 192 My, m

(4,32,19) 192 My, m/c}

(4,32,20) 192 My, mm/c}
(4,32,21) 384 Moy = (Ma,m, m’c})
(4,33,1) 24 QsXCg Q, a1

(4,3372) 24 «, kiiao

(4,33,3) 24 SL(2,3) Q,«

(4,3374) 48 Q, a1, kiap

(4,33,5) 48 Go ={(Q,a,%1)
(4,33,6) 48 GL(2,3) Q,a, a0

(4,33,8) 96 Go, J,

(4,33,9) 96 Go, j 00
(4,33,10) 96 Go, apa

(4,33,12) 192

]% = <G(),j1,O(()O(1>

Generators

c3,Ch

C3, 6/3, CQCIQ

c3,Ch, camey

C3, CI3, Cgmlci

c3, 5, meam’cy

c3,Ch, Camcey, CaCh

3, Cs, cameam/ cly, cach
c3,Ch, comcey, chm/cly
3, C5, cachmey, chm/'c)
c3,Ch, chmeyq, com/c)
C3, 0/3, 020/27 c2mcy, C/lecﬁl
c3,Ch, Ca

C3, 6/3, C2, C/2

c3,C5, Ca, Chmey

C3, CI3, C2,MCq

c3,Cs, ca, meam’cy
c3,Ch, ca, chm’c)

c3,C5, C2,Ch, MCy

c3,Ch, Ca, Ch, meam’cy
c3,C5, Ca, mcach, m'cy
c3,Ch, ca,meq, m'cy
c3,C5, Ca, Ch, mca, m'c)
Cc3, Ch, Y

c3, Ch, cach, ymeam/c)
s, Cs, Y, meam’cly

c3, s, ymea, meam’cy
c3,C5, Cach, meam’cy, y
3, Ch, CaCh, yeames, meam’cl

4.2. Groups of order 9 x 2"
Number Order Structure
(4,22,1) 9 03><03
(4,22,2) 18 CexCs
(4,22,3) 18 D3><C3
(4,22,4) 18 D3sxCs
(4,22,5) 18
(4,22,6) 36 DsxCsg
(4,22,7) 36
(4,22,8) 36 DsxDs
(4,22,9) 36 DsxDs
(4,22,10) 36 DsxDs
(4,22,11) 72 Dgx D3
(4,23,1) 18 CG><03
(4,23,2) 36 CexCs
(4,23,3) 36 D3><Ce
(4,23,4) 36 D3sxCg
(4,23,5) 36
(4,23,6) 36 DsxCsg
(4,23,7) 72 DgxCsg
(4,23,8) 72
(4,23,9) 72 Dgx D3
(4,23,10) 72 Dgx D3
(4,23,11) 144  DgxDg
(4,29,1) 18 D3><C3
(4,29,2) 36 D3sxCg
(4,29,3) 36 D3 XD3
(4,29,4) 36
(4,29,5) 72 DG XD3
(4,29,6) 72
(4,29,7) 72

/ / ! !
C3,C3, CaMM Cq, YC2MC4

Result

A by [22], [23]

A by Theorem3.2
A by Theorem3.2
A by Theorem3.2
A by Theorem3.2
A by Theorem3.2
A by Theorem3.8
N (p.p. 370)

2

A by Theorem3.8
A by Theorem3.6
9

A by Theorem3.6
A by Theorem3.6
A by Theorem3.6
A by Theorem3.6

Result

A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
A by Theorem3.4
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Number Order Structure Generators Result

(4,29,8) 72 cs, s, cam/cy, yeachmeam'cy A by Theorem3.4
(4,29,9) 144 c3,Ch,Ccach,y,m'cy A by Theorem3.4
(4,30,5) 36 Q12xC3 3, C5, CaCh, ycameam'cy A by Theorem3.4
(4,30,7) 72 3, Ch, Y, C2,Ch A by Theorem3.4
(4,30,8) 72 3, Ch, CaCh, yca, comeam/c) A by Theorem3.4
(4,30,9) 72 c3, Cy, CaCh, meam/cly, ych A by Theorem3.4
(4,30,10) 144 3, Ch, Ca,Ch, meam’cly,y A by Theorem3.4
(4,30,11) 144 3, Ch, C2, Ch,ymey A by Theorem3.4
(4,30,12) 144 3, Ch, CaCh, chm/cy, ymey A by Theorem3.4
(4,30,13) 288 c3,C5, Ca, Ch, mca, m'cy,y A by Theorem3.4
(4,337) T2 Q.1 ?
(4,33,11) 144 Q,a,al,klao ?
(4,33,13) 288 ]\Zg =(Q,a,t1,J,,a1) A by Theorem3.7
(4,33,14) 576 M3, ooy A by Theorem3.7
(4,33,15) 576 Ms,m/ A by Theorem3.7([25])
(4,33,16) 1152 Mo = (Ms, m/, ap) A by Theorem3.7([25])
4.3. Groups of order 5"
Number Order Structure Generators Result
(4,27,1) 5 Cs cs A by Theorem3.5
(4,27,2) 10 Cho Cs, CaCh A by Theorem3.5
(4,27,3) 10 Ds cs, meam’ ey A by Theorem3.5
(4,27,4) 20 D5 xCs s, cach, meam/cyy A by Theorem3.5
(4,31,1) 20 Cs x Cy C5,04 A by Theorem3.5
(4,31,2) 40  Cox(Cs5 x Cy) c5,04,Cach A by Theorem3.5
(4,31,3) 60 As C5,7Y A by Yamasaki[25]
(4,31,4) 120 S5 C5,McC4 A by Yamasaki[25]
(4,31,5) 120 Sy C5, CaChmey A by Yamasaki[25]
(4,31,6) 120 As5xCs 5,7, C2Ch A by Yamasaki[25]
(4,31,7) 240  S5xCy C5,MC4, C2Ch A by Yamasaki[25]
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