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Gabor multipliers for weighted Banach spaces
on locally compact abelian groups

By

S. S. PANDEY*

Abstract

We use a projective groups representation p of the unimodular group
GxG on L2(Q ) to define Gabor wavelet transform of a function f with re-
spect to a window function g, where G is a locally compact abelian group
and G its dual group. Using these transforms, we define a weighted
Banach H}l;"(g) and its antidual space H};’p(g), w being a moder-
ate weight function on G x G. These spaces reduce to the well known
Feichtinger algebra So(G) and Banach space of Feichtinger distribution
S6(G) respectively for w = 1. We obtain an atomic decomposition of
Hif(g) and study some properties of Gabor multipliers on the spaces
L*(G), HL(G) and HL " (G). Finally, we prove a theorem on the com-
pactness of Gabor multiplier operators on L*(G) and H};”(g), which
reduces to an earlier result of Feichtinger [Fei 02, Theorem 5.15 (iv)] for
w=1and G = R%.

1. Introduction

H.G. Feichtinger, in a resent paper [Fei 02, § 4], has initiated the study
of multiplier operators associated with expansions of arbitrary functions in
terms of translations and modulations of an analyzing vector with coefficients
as Gabor transform of these functions. According to his definition, if A is a
TF-lattice in R% x R4, {m(X)}rea a complex-valued sequence on A and g1, go
are any two L2?-functions, then the Gabor multiplier ,, associated with the
triple (g1, 92, A) and upper symbol m is given by

Gin(f) = Gyrgaran(f) = Y mN{f, m(N)g1)m(N) g2,

AEA

where 7(A) denotes a time-frequency shift operator for a A € A, which is a
point in the time-frequency plane R? x R<.
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Feichtinger [Fei 02], in fact, has paved a new way to move from function
space theory towards operator theory associated with Gabor expansions and
laid the foundation of the theory of Gabor multipliers, which arise from point-
wise multiplications of Gabor coefficients. He has discussed in detail the bound-
edness properties of Gabor multipliers between the function space L2(Rd), Fe-
ichtinger algebra So(R?) and its dual space Sj(R?).

More recently, Feichtinger and Nowak [FN 03, Chapter 5] have given the
first systematic and extensive survey of Gabor multipliers. As pointed out by
Feichtinger and Strohmer [FS 98, p.18], “the essential ingredients of Gabor the-
ory are the commutative (= abelian) group of translations in combination with
another commutative group, the so called dual group of modulation operators.
Hence it is possible to extend Gabor theory to the general setting of locally
compact abelian groups G, which includes all settings discussed above.”

The present paper is an outcome of the motivation provided by the above
remark of Feichtinger and Stréhmer. Since translation and modulation do not
commute, it is convenient to use projective group representation for the study
of time-frequency analysis on the phase space G X G , where G is a locally com-
pact abelian group and G its dual group consisting of all continuous characters
on G. Christensen [Chr 96] has employed the method of projective group rep-
resentation to generalize the well known FG-theory of atomic decomposition of
coorbit spaces.

In this paper, following Christensen [Chr 96], we use the concept of projec-
tive representation of G x G on L2 (9) to study time-frequency analysis on the
phase space G x G. In section 2, we present the notations and basic concepts for
use in the sequel. In section 3, we define a projective representation p of G x G
on L?(G) and use it to obtain the basic properties of the corresponding Gabor
transform of a function f with respect to a window function g. Section 4 deals
with the weighted Banach space HL"(G) and the space of its anti-functionals
H}UN7P (G), where w is a moderate weight function on the phase space G x G. In
case w = 1, these spaces reduce to the well known Feichtinger algebra Sy(G)
and the Banach space of Feichtinger distributions S§(G) respectively. Also,
in this section, we obtain an atomic decomposition of HL"(G) and use it to
prove the theorem (Theorem 8.1) on Gabor multipliers corresponding to that
of Feichtinger and Zimmermann [FZ 98, p.144] on the Euclidean space R%. In
the last section, we prove a theorem to characterize the compactness property
of Gabor multiplier operators on the space L?(G) and HL"(G). Our results in
Lemma 9.2 can be reduces to the corresponding result of Dorfler, Feichtinger
and Grochenig [DFG 02, Theorem 2 | for w = 1, G = R% and G = R?, while
Theorem 9.1 provides a generalization to an earlier result of Feichtinger [Fei
02, Theorem 5.15 (iv)].

2. Notations and basic concepts

_ Let G be a separable locally compact abelian group with the dual group
G consisting of all continuous characters on G. It is well known that G x
G is a locally compact group with respect to the product topology and the
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composition:

(z,0)(y,0) = (x +y, af);

for all 2,y € G and a, 8 € G. Here we use the same notations as in [Ru 67, p
6-7.] for (z,a). We assume that the group G and G are o—compact, so that all
index sets of G and G, partitions of unity and coverings are countable.

Also, it is known that I' = G x G is unimodular, i.e., the Haar measure on
I" is both left and right invariant and this measure is the product measure. A
non-negative and locally integrable function on I' is known as a weight function.
A weight function v on I' is called submultiplicative provided that

v(&1- &2) < v(61)v(€e)
for all &,& inT.

A weight function w on I is termed as v—moderate, if

w(é &) <cv(é) w (§2):V &, el

¢ being a positive constant. We assume that w(§) > 1,V€ € T.
Let LE(T"), 1 < p < oo, be the Banach space of all Lebesgue measurable
functions F on I with respect to the norm

@0 1Pl = ([ ([1Fer o) da)l/p<oo.

In case that p = 0o, then the corresponding p-norm is replaced by the essential
supremum such that

(2.2) [F[loo,w = ess sup,, ,cgua{lF (@, )] w(z, a)} < occ.

Let C’O(g X Q) be the space of all continuous functions on G x Q vanishing at
infinity.

We denote the translation (time-shift) operators on G by 7, x € G, such
that

T f(y) = fly—=); Vo,yeg.
The modulation (frequency-shift) operators M, a € Q, are define by

Ma f(y) = a(y) f(y)
=(y,0) f(y);Vy € G and a€g.

By virtue of these definitions, it can be easily seen that
(Tw f)/\ =M_, f

and

(Maf)/\:'rafa
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where f denotes the Fourier transform of f on G given by

Also, we have

which entails that the operators 7 and M are non-commutative.
The convolution F *x G of any two functions F' and G is defined by

(7+G) () = ([ PO £y Gan) (@ vemer.

provided the above integral exists, where L,, is the left translation such that
L, G(&) = Gln~' ).

It can be verified that Ll (T') is a Banach convolution algebra, not neces-
sarily commutative, and LP (') is a Banach convolution module over L. (T),
ie.,

LE(T) * Ly, (T) C LE(T), 1<p< oo,
and
1% Gllpw < [[Fllpw 1Gll1w

for all F € LP(T) and G € L} (T).

We denote by CY(T") and C.(T) the spaces of all continuous functions on
I" vanishing at infinity and with compact support, respectively.

We denote by £(X,Y) the space of all bounded linear operators T : X — Y
with the operator norm |[||T|||£(s,y) , Xand Y being any two Banach spaces of
functions or distributions. In case X =Y, we simple write £(X, X) as L(X).

3. Projective group representations and Gabor transforms

Let us denote by U(L?(G)), the set of all unitary operators on L?(G). On
the lines of Christensen [Chr 93, p. 67], we say that a projective representation
of G x G on L2(G) is a mapping p : G x G — U(L2(G)) satisfying the following
conditions:
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() p(0(e, 1)) =1,
where e is the identity element in G, 1 € G and O(e, 1) is the unit element
mgxg=rTI.

(ii) There exists a continuous function ¢ : G x G — C such that
pl(z, @) (z',a')]
=c(z,0) (&,d) p(z, a) p(z' «); Va,2' € G and a,o’ €G,

where C is the set of all complex numbers and ¢ is a positive constant
such that |¢(£.m)| =1 and ¢[£.0(e,1)] = ¢[O(e,1).§] =1, VEneT.

(iii) The mapping
(.’E, a) - <p($, a)fla f2>
is a Borel function on G x G for all fi, fo in L2(G).

In case ¢ =1, then p is a unitary representation.

Throughout this paper p denotes a projective representation of G x G on
L?(G) such that

[p(z, @) f1 (y) = 72 Mo f(y)
(3.1) =7 (af) (y)
=W —=a) f(y—x

for all ,y € G and o € G.

We denote the Gabor wavelet transform of f € L?(G) with respect to a
window function g € L?(G) by

Vy: L2(G) — C(9)
such that
Vy f(z,a) = (p (z,2)g, [)

(3:2) // (z,0) g(z) f(z) da dez,

where C(G) is the space of all complex-valued functions on G. Hence, as in
[Chr 93, p.18], we have

(3.3) /g /g (. 0) g, )2 dac de = | | |lg]?

for all f,g € L*(G).
This ensures that p is irreducible, if g € L2(G) \ {0}.
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Next, let f1 span p(z,a)g for all z € G and o € G. Then it is clear that

Vy fz,0) =0
= ||V fll2 = 0.
= || fll2 lgll2 = 0.
= f=0.

Throughout this paper we assume that p is an irreducible, unitary, continuous
and square-integrable projective representation of G x G on L?(G).

The Gabor transform as described in (3.2) is a linear mapping from the
Hilbert space L*(G) into the space of bounded and continuous functions on
G x G =T, because for f,g € L?(G), we have

Vo F(0) = Vo F(y ) = Vg f(z,0) = Vg f(a, ) (27, )]
= |Vy f(z,a) = (p(z,a) (2',a) g, f)|
= |Vy f(z,a) = {c(z,a) (2',a') p(z,a) p(z’, ') g, f)
= |Vy f(z,0)[1 = c(z,a) (z',0") p(z’,a")]]
— 0 as(z'a’) — 0(e, 1).

The following proposition will be useful in the sequel:

Proposition 3.1.

1 e operator satisjies e mierutning properiy.
i) Th tor V,, satisfies the interwini t

(3-4) Volp(7) f) = Ly(Vy f), Vv €T,
where L., is the left translation operator.

(ii) If = denotes the involution such that
Vo () = Vo F(7 ),
then

(3.5) Vo ff=Vryg.

(iii) If f1, f2, 91,92 € L*(G), then
Vgl fl * ng f2 = <gl7f2> V92 fl-

In case fi = f, fo=g1 = go = g and |g|2 = 1,
then the reproducing formula:

(3.6) Vo f * Vog=V, f

holds true.
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Proof. (i) From the definition of Gabor transform, we have

Ve H () = (p(¥)g, p(1) )
={p(v"" g, )
=Vof (v 1)
=L, (Vy £)(v")
= Vg(p('Y)f) = L’Y(ng)'

(ii) We have

Vo f*(v) =Vof(v1)
= (p(v g, )
=(p(Mf; 9)
=Vig(7)

= V,f* = Vyg.

(iii) From the definition of convolution, we have

(Vgu J1 % Vo f2)(7) = (Ly (Vgo f2)", Vi f1)
= (L~ (V1,92), Vg, f1)
<Vf( (7)g2), Vglf1>
=V 'V (p(1)g2), f1)
= (g1, f2){p(M)g2: f1)
= (g1, [2)Vgp F1(7)

(

j‘/571f1>‘<‘/_l]2f2 g1, f2>ngf1

Putting f1 = f, fo = g1 = g2 = g and ||g[]2 = 1, we get

Vof *Vof =Vyf

This completes the proof.

4. Atomic decomposition of weighted Banach spaces

241

We suppose that (p, L2(G)) is a projective representation of G x G on L?(G)

and define
AL(G) = {9 € L*(G): Vy g € Ly,(G x G)} # {0}.
Now, fixing a g € AL (G), we define

(4.1) HY'(G) ={f € L*G): V,f € LL(GxG)}
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and equip it with the norm
(4.2) 1F1H5" ()] = 1Vy FILL(G x G)]-

On the lines of Feichtinger and Grochenig [FG 89, p.317], it can be verified
that HL"(G) is a p-invariant Banach space. In case w = 1, the space HL"(G)
reduce to the well known Feichtinger algebra So(G), which satisfies a number
of highly useful functorial properties.

Let U be a neighbourhood of the unit element O(e, 1) in G x G. Since I' =
G x G is equipped with the product topology, we can choose neighbourhoodsM
of O(e) in G and N of O(1) in G such that

M x N CU.

A collection {z;}ier € G is called M-dense provided the family {z; M };cr
covers G, i.e.,

U a:,»M = Q
il
The collection {z; };es in G is called V-separated, if for some relatively com-
pact neighbourhood V' of the identity O(e) in G the sets (x;V);cs are pairwise
disjoint, i.e.,
z;VNz;V =¢ forall i#j.
The collection {z;};c;r € G is called relatively separated, if it is the finite
union of V-separated collections. A collection {z;};cs is called well-spread in
G provided it is both M-dense and relatively separated.

Throughout this paper we assume that the family {x;};cr is well-spread
in G. We now choose a finite N-dense collection {a;}7_; such that

{(zi, a;)} €G % G.

Hence it is clear that the collection {(x;,y;)} is U-dense and relatively
separated in G X Q

Let U be a compact neighbourhood of the identity O(e,1) in G x G. A
family U = (¢ ;)icr in C°(G x G) is called a bounded uniform partition of
unity of size U (U-BUPU) provided the following conditions hold true:

(i) 0<¥;; (z,0)<1;Viel,j=1,...,n, z€ G and a€eg.
(ii) There exists a well-spread family {(z;, a;)} in G x G such that
sup ;. ; C (zi, a5)U
forallieland j=1,...,n.
(iii)
Z vz, a) =1

iel,J=1,...,n
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We define the U-oscillation of V; g = G by

G%(m,a) = sup |G(y,pB) (z,a) — G(z,a)|.
(y.8)eU

We suppose that T is the convolution operator on L} (I') such that
TF=FxG,
where
F=V,f and G=V,g.

Next, on the lines of Feichtinger and Grochenig [FG 89, p.329], we define
an approximation operator Ty such that

n
Ty :F =) % (Wi F) L, a)G,
i€l j=1
which is composed of a coefficient mapping
F — (i j, Flier, jet,..n
and a convolution operator:

{Niier}j=r = > Xij L, ap G

iel j=1
n
= Zz/\i’j 5(331‘, Oz]‘) *G,
iel j=1
where 6(z;, a;) is the point measure at (z;, o).
Our aim is to prove the following two theorems:

Theorem 4.1.  IfTy i a net of U-BUPUs and the condition (4.2) holds
true, then

Jim [[(Ty = T () =0,

Theorem 4.2. If0 # g € AL"(G), then there exists a neighbourhood
Uy of the identity O(e,1) in G X G and a constant ¢ > 0, both depending on g,
such that for every well-spread (z;, a;) in G X G any function f € HL"(G) may
be expressed in the form

(4.3) F=>3 Nii(Hpia))g

icl j=1
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with

(4.4) DD Piglw(ziay) < ClLAH (9)]
iel j=1

and the series in (4.3) is absolutely convergent in the norm topology of HL"(G),
where

Aij = (i, Tg" Vof).

5. Necessary Lemmas
We shall use the following lemmas in the proof of our theorems:
Lemma 5.1. If G is continuous, then we have

1 li SILL M| = o.
(5.1) plim Gy | Ly (D)) =0

Proof. Let U be a neighbourhood of the identity element in I" such that
U C Uy.

= G <Gl

Hence, for any € > 0, there exists a compact set K in I' such that
(5.2) / GE () dE < ¢/2;
T\K

for all U C U,.
Since K is compact, G is uniformly continuous on it. Hence there exists a
neighbourhood U; C Uy such that

(5.3) GM@<@@%

holds true for all £ in K, where u(K) is the Haar measure of K and

w=sup w(y).
~yeK

Thus, on account of (5.3), we obtain

(5.4) LGMwmwm<d2
for all U C U;.

Now, combining (5.2) and (5.4), we get
|GHILL (D < e
for all U C U;.

= i G ILE (D) = o.
plim G E | Loy (D)l
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Lemma 5.2. Ifne U, then
|L, G — L¢ G| < L, G,
holds true pointwise, i.e.,
Gn'¢) = GEOI < Gh(n ')
forall( €.
Proof. We have

G~ = GE Q) < sup G(n™1¢) = Glun™"¢)|

= GH(n'0),
forneélU=&t=unt. O

Lemma 5.3. If G € L,(T), X = {(&;, oy)ici}j—y = (&) is any
U-dense family in T' and A = {(\ij)ier}j—1} is defined by \ij = ((¥i 5, F)),
then

F=>"3"Xij Lzia;) G € LL(G % G)
iel j=1
if and only if A € l;(zi’aj).

Proof. Let &, 1, ( be any three element of I'. Since w is a v-moderate
weight function on I', we have

w(n = ¢) < cv(Q) wn).
We put n—(=¢&,; = (zi.05), n€&,;U
and Co = sup¢y v(C).

Then we have

Hence we see that
[(¥i5, )| w(&i,5) < Colabig, w(n)|Fl),
which ensures that

AL =D Hebig, F)lw(éig)

iel j=1

<Coy > (Wi w|F)

i€l j=1
= Col| F| Ly, (D).
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Conversely, we have

I Y XL, ,GILL, M <Y 0> il 1L, ,GILL D))

icl j=1 icl j=1

<33 Paglw&) IGILL(T)

iel j=1

< ClIAL, D).

Hence the lemma holds true.

Lemma 5.4.  The set of operators {Ty }, where ¥ runs through the fam-

ily of U-BUPUSs, acts uniformly bounded on L. (T).

Proof. Let F € LL(T). Then we have

ITwF|L,,| I—IIZZ Vi, F)Le, ;G| Ly (D)

el j=1

—H ZZ Vi, I fz])*G |L11U(F)

i€l j=1

<ZN/

i€l

7'J

()i i ()L ;G dn) Lo, (@)

SN[ IO (26, G) LD

i€l j=1

<ZZsup 1 Le, , G ()| Loy (D)|{s,5, | F)

i€l j= 1%

<Coy. Zw(&‘,j)@/}i,j’ |F'])

i€l j=1
< Co| FI Ly, (D)
< CollAlLL | by Lemma 5.3.

6. Proof of Theorem 4.1

For F € L} (T'), we have
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(Tl — TR = | [ 35 (s F1o(e,) — Foey)« @ ) 1LLD)]

i€l j=1

<Y / (Le., G — LoG) F(n)n s (m)dn L4, (D)

el j=1 &ij

ST 1,6~ LG LDIF W iy

el j=1

< ZZsup IZe.,G — Le, ,uGILL (D) Wy, | F])

iel j=1"%

<Sup|\(G LuG)|Ly, IIZwau ) (i g, [F]) for w(§) =1

el j=1
< wu(G)CollF|Ly |,

where
wy(G) = sup [|(G — LuG)| Ly, ()|
uelU
is the modulus of continuity of G with respect to the norm || - |1 .

Hence, choosing U sufficiently small, we obtain

(T = D)Ly lll < Co wu(G)
—0 as U — Ofe,1).

Hence the theorem holds true. O

7. Proof of Theorem 4.2

Let g be a non-zero fixed element of A” (G), which is normalized by

lgll2 = 1.

Then we have

[F+Glliw < [Flhw [1Gl1w,
and, by virtue of the relation

Vof =Vyf xVyg,
we have
FelLlxG

if and only if F =V, f for a fixed element f € H. (G).
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Hence the convolution L. % G is a bounded projection from L. (T") onto
the closed subspaces of L * G.

Since from the definition
TF =FxQG,
the operator T acts as an identity operator on L} * G.

Hence there exists a net {Ty} of U-BUPUs, which is norm convergent to
T (by Theorem 4.1) and we have

Jim |7y~ T)|LL, G| =0,
Thus we may choose a > 0 such that
I(T — Tw)|Ly, * G|l <a <1
in a sufficiently small neighbourhood U of O(e, 1), which implies that
NTg I < (1 =a)~!
Hence we see that
Vof = F
= Tq,(T‘lF)

_ZZ Vi, Ty ' F)Le, ,G

el j=1

= =" (Wi Ty F)Vy (L, ,G)

el j=1

= Z Z(ﬂ%,p T\;lF>ngl(L£i,j Vy9)

i€l j*l

- ZZ Vi g, T 10(&i5)9 by (3.4).

el j=1

= Z Z Aiip(i, )9

iel j=1
Next, since

Ty'F el «G,
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we have

[Allw =D Nijw(@:, )

i€l j=1

=D (Wi Ty Fw(zs, )

i€l j=1
<Coy Y (Wi wlTy'Fl)
iel j=1
= Col| Ty ' Fll1w
< CIfHP (G,
for |75 < (1—a)™' <oco and
F= ng-

This completes the proof of the theorem.

8. Gabor multipliers for Banach spaces

Feichtinger [Fei 02], in a recent paper, has initiated the study of Gabor mul-
tipliers on the spaces L%(R%), So(R?) and S} (R?), R? being the d-dimensional
Fuclidean space. In this section we apply the concept of Gabor multipliers
to the spaces L2(G), HL"(G) and HL " (G), where HL “(G) is the space of
all continuous conjugate linear functionals on H%"(G). On account of these
definitions, it can be easily verified that the continuous embeddings

Hy'(G) = L*(G) — HL™(G)

holds true.

We suppose that a function f has a formal expansion of the form (4.4).
Then, as in [Fei 02, p.116], if g, h are any two functions in L?(G), a complex-
valued sequence {m(&; ;)ier}7—; is called a Gabor wavelet multiplier associated
with the triple (g, h, X) provided

(81)  Gmlf) = Gonxm(f) =D mlzi, ;)i ;(f)p(wi, o5)h,
i€l j=1

where X = {(zi,q;)ier}}—; is a well spread family in G x G. and \i;(f) =
(f, (p(zi, aj)g).

In case g = h, we simply write

Gm(f) = Gg,X,m~

We prove the following;:



250 S. S. Pandey

Theorem 8.1.  Let G, be a linear operator defined by (8.1). Then the
following results hold true:

(i) If f,g € L*(G), h € HL"(G) and m € I"(X), then G, € L(L*(G))
with

(82)  GwILLA @) < Cx B (@) [Im[l (X)]| - l91L*(9)]]
Cx being a positive constant depending on X.

(ii) For f,g € HL"(G), h € L*(G) and m € L*(X), we have
Gm € L(HL"(G)) with

(8.3) Gl £(HG @) < Cx [Ihll2 Ig1Hy (@) m]1*(X)]-
(i) If g € HE"(G); f,h € HL " (G) and m € 1L (X), then
Gm € L(HL(G)) with
(84) [1GmlLHy "G < Cx [RIHL (@) [mlle, (X lg1Hy" (G)]I-
Proof. (i) Using the definition (8.1), we have
G fl = 1D ml@i, a)Xij (£)p(wi, o)l

iel j=1

D> mwi, ) (Wi g, Ty Vo f)p(i, aj)hl

iel j=1

< osup Wi Ty Vaf) YO Ip(i, ag)h] m(ai, )

i€l j=12,...,n el =1

< Cx|fll2 llgllz NIRRT (G lImlwi, ;)]

iel j=1
< Cx || f ll2ll g lloll m [ 7(X) |
— Gm € ‘C(LZ(Q))

and the inequality in (8.2) holds true.
(ii) We have
G fl = 1D mlai, ;) (Wi g, Ty Vo £, o))
iel j

< sup <¢i,j7T\£1%f>ZZ|m(xi7aj)| p(@i, oj)h|

iel,j=1,2,....,n el
< Cx llglHy @) 1 F1HL " (@) m[2 (X)) |2
< Cx llglHL @) 1 F1HL " (@) m[2(X)| |2
for HY"(G) — ML, *(G)
= Gm € LMY (G))
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and the inequality in (8.3) follows.

(iii) As above, we have

G fl < sup | Wiy, Ty Vo) | D0 Imlwi, ag)] - [p(es, aj)hl
ie€l,j=1,2,..., n el j
< Cx llgHy" @) I1F1HL " @) ImlTL |l 1k H " (G)]
— G € L(H, "(9))

and the inequality in (8.4) is valid. O

9. Compactness of Gabor multipliers

If Y is a Banach space, then it is known that (cf. [La 71], p. 249) any
linear operator in £(Y') is compact provided it maps norm bounded subsets of
Y into compact subsets.

As in [DFG 02, pp. 38], we say that a bounded set {V; f : f € S} is tight in
L2(G x G) provided, for any given € > 0 , there exists a compact set U C G x G

such that

1/2

sup (/ | Vof(z,a) |2 dmda) < 00,
fes c

U® being the complementary set of U.
In this section we prove the following theorem on the compactness of Gabor
multiplier operators:

Theorem 9.1. If g.h € HL"(G), and S is any bounded closed subset
of L*(G) such that {V,f : f € S} is tight in L*(G x G), then Gy, is a compact
operator on L*(G) and HL?(G).

Incase g=h, w=1 and G = R?, then this theorem reduces to an earlier
result of Feichtinger [Fei 02, Theorem 5.15(iv)] for Gabor multipliers.

We shall use the following lemma in the proof of our theorem, which is an
extension of an analogous result of Dorfler, Feichtinger and Grichenig [DFG
02, Theorem 2] on d-dimensional Euclidean space:

Lemma 9.2. A closed and bounded set S C L*(G) is compact if and
only if the set {V,f : f € S} is tight in L*(G x G).

Proof. The proof follows on the lines of Dérfler, Feichtinger and Gréchenig
[DFG 02]. Since our setting is on a locally compact abelian group, it is necessary
to give a proof.

We suppose that S C L?(G) is compact. Thus there exists a finite number
of functions f1, f2,..., fj, say, such that

. €
min (f-flla<y. V€S

1Ly
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Next, since V,f; € L*(G x G), we may find a compact set U C (G x G)
such that
2

/ WV, (2, a) | do < &
UC 4
for 7 =1,2,...,n, where U° is the complementary set of U in G x G.

Hence, Vf € S, we have

1/2
(/ |V, f(z, )| dx da) < min
Ue J

=1,2,....,n

(/ WVold = i) o) do da)m

1/2
( \Vy fi(z, )| do da) 1

< _min flf = fillz + €/2.
J=1,2,.

<e.

Conversely, we assume that the set {V, f: f € S} is tight in L*(G x G).
Hence, for any given € > 0, there exists a set U C G x G such that

(9.1 / \Vy flz,0)|? dodr < e ¥V f€8S.
UC

Let {fm}men be a sequence of functions in S. Since S is bounded in
L?(G), it is weakly compact in L?(G). Thus the sequence {f,} has a weakly
convergent subsequence {f,, } = {f.}, say, such that

fu—f as v — oQ.
= (f,,h) — (f,h) as v — o0, Yhe L*G).
Now, putting h = p(x, a)g, we obtain
(9.2) V, fo(z,0) =V, f(z,0) as v —o0; Yz €G and a € G

Also, applying Cauchy-Schwartz inequality, we obtain

Vo(f = f)@, )| <C|If = full2
< Csup(|lfull2+ [1/1l2)

ch

where C' is a positive constant not necessarily the same at each occurrence.
Thus the restriction of [V, (f— f,)|? to U is dominated by C?X € L'(G x
Q), where Xy is the characteristic function of U.
Hence, on account of (9.2) and the dominated convergence theorem, we
have

(9.3) /U|Vg(f —f) (z,a)]Pdr do — 0 as v — oo
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for all f € S.
Finally, combining (9.1) and (9.3), we obtain

0 1 1
Vlggollf = full2 < C l}g{.lo”‘/g(f_ fo)ll2

<c ! llim (/ Vy (f = 1) (z a)|2dmda>1/2
> g v y
V—00 U

V—00

s ([ 105 @) @W]

< C7H0 + 2¢).
Making ¢ — 0, we get

T [f ~ full2 = 0.

= Every sequence {f,,} in S has a convergent subsequence.
= S is compact. O

Proof of Theorem 9.1. By virtue of the above lemma, H}U’p (G) is a com-
pact subset of L?(G). Hence, on account of Theorem 8.1(i), any operator
G, € L(L?*(G)) maps norm bounded subsets of L?(G) onto HY "(G) for all
m(z;, ;) = 0 as 1 — oo.
= G,, is compact on L?(G).

Also, from Theorem 8.1 (ii), it follows that G,, € L(HL"(G)) is compact.
This complete the proof of the theorem. O

The author is highly thankful to the referee for a number of useful sugges-
tions to improve the paper.
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