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This note is concerned with the relations betwen the F. K.
Schmidt’s “ Quasidifferente” ¥ of an inseparable extention and
“that of its subfield. This relation is quite similar to the Dede-
kind’s “ Differenten-Kettensatz”.?> And as a direct consequence
of this “Kettensatz”, I have obtained the generalized Riemann-
Hurwitz’s formula. )

I express my sincere gratitude to Prof. Y. Akizuki for his kind
encouragement through this work and I am also grateful to Prof.
T. Nakayama for his kind advices.

(I) Parastrophic matrix® and Schmidt’s “ Quasidifferente .
Let L be an algebraic extention of a given rational function-field
K=Fk(x), and let M be an intermediate field of L and K. Let &,
¥ and N=Fk[x] be integral domains of L, M and K respectively.
Then we may assume

T=R[w,, ...... ,w,), ©=Rw, ...... Wy vvnen s Won)
and M=Kw,, ...... W], L=Klw,, ...... s Winy sevens s Won]
and w; w4= Z"kaijkwk (l., j, k: 1, 2, ...... My eenn.. mn.)

Then the parastrophic matrix formed by this basis (w;) can be
written '

PAZ(ZkaijL}k)ij ’ (D
where 4,(k=1,...... ymn) are independent variables, and
a;,=0 for(i, j=1, ,m: k=m+1,...... , mn
...... ymn; j, k=1, ......,m
...... ymn; i, k=1, ......, m,

and (lw‘= aju
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We can easily verify that P, is regular®, and that if
u(w:) = (w;) A
(W) 7o=A"(w)"

soO we have
AT:PAAPA—I- (2) .
As L/K is a field, P,, is regular for each 4,=1" 1} ¢ K, in which

A} is not all zero.” Let

(W, eenenn s W)= (W, oee.. , Wom) Py (3)-
so we have easily

1/.(14)',-) — (w,‘) AT. (4)’

Consequently («’;) is a almost-complementary basis® of (w;).
Now let (4) and (') be two systems of elements of K, for which:
P,. and P,. are regular, and let (w”;) = (w;) P5"
then P)‘OAPAglzpunAPu;]v,
therefore Pi'PwA=APg' Py
considering upon the non-commutative Galois theory of simple:
algebras, this shows that there exists such an element 3 of L that

B(w;)=(w,)B and Pi'P,,=B i.e. Pi'=BP;', in other words
two almost-complementary basis (w";) and («';) are related by

(W) = (fw/) | (5)

(II) “ Quasidifferenten-kettensatz”. We can write P, in the
following form :

@ *
P =
=0 L),
where @, is regarded as the parastrophic matrix of (wj, ...... W)
For (4, ...... A2)=(0, 0,...... ,0) and &,.,=......=4,=0, we have
Q. 0
P0=
«=( 0 P )

with regular @, and R,. Using this parastrophic matrix we
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construct an almost-complementary basis (w';) = (w,)Ps', so we
have also (w';,...... S W) = (wy, «..... , W,) Q5. This shows that the
ideals ¢} and e, generated by («/,, ...... s W ey eenen W) and  (w'y,
...... ,w',) are related by ehex=¢3. As ¢} and ¢}, are uniquely
determined by L/K and M/K except principal ideals, that is so
for ek Therefore “ Quasidifferentes” bdj=(e})~" and b= (el)!
are related by dhLd)=03, where d}.= (ef) .

Considering (4) we have the

THEOREM 1. Two “ Quasidiffererentes” v, and b, are related
by

gﬂbm: (E) b;;‘l

where (§) denotes a principal ideal of L.

REMARK The prodf adopted in the above includes the proof
of the Dedekind’s “ Differenten-Kettensatz”. For example, if M is
the maximally separable subfield of L, we may regard b, as
Dedekind’s Differente. Clearly if M=K, it follows d%:~D.;.

(III) Riemann-Hurwitz’s formula. Using the theorem 1., we
have the Riemann-Hurwitz’s formula of the general case. For
let g, and gy be the genera of L and M respectively, then we
have?

2g,—2=deg.(d;) —2mn
2gy—2=deg.(by) —2m

by the definition of the genus due to Schmidt. So we have
THEOREM 2. Let L be an algebraic functionjield of one variable
over k, and M its subfield, then we have

2g,—2=deg.(d%) +n(2gx—2)
COROLLARY It jollows from ®.~1, that L=M.
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4) I have used *“almost-complementary” instead of Schmidt’s “ fastkomple
‘mentar .



