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1 .  L e t  be a non-compact region on an open Riemann surface
F, such that its relative boundary Po consists o f  a  finite number
of closed analytic curves on F. Now le t  w (P) be  a  single-valued
analytic function on R , satisfying a condition

(1) lim I w(P)Iro
We consider an  arbitrary compact ring domain G c  ,  whose boun-
dary consists of P„ and P, where V is composed o f a  finite number
of closed analytic curves and separates T o from the ideal boundary
a of R .  If  w e put

Max I w ( P )  M(1') ,
then we have

(2) log I w (P)I (P,1',G) log M (P), for P E  G,
where w ,(P)=-.--- w(P, 1', G ) denotes the harmonic measure of /' with
respect to G. Namely, since w(P, I', G ) log M( I') —log I w (P) I  is
single-valued, harmonic in  P E  G— S (where S =E { P; w (P)=0, P
c G+ Po + 1'1) and > 0 for P o n  r,, r and arbitrarily large in the
neighborhood of S , hence we easily obtain ( 2 )  by U s ? .  o f th e  ma-
ximum principle for harmonic function in compact region.

2 .  W e fix  a n  arbitrary  point P, E  G  and consider the  level
curve f'°:  ( 1 . 1 0 ( P ) . - -- - ( 0 0 ( P 0 ) .  T hen  / '" consists o f  a  finite number
of closed analytic curves (occasionally with multiple points) on G and
separates I from 1'. Clearly it contains a curve passing through P,.
In  following we shall denote the ring domain (on R )  by R(17")
which is surrounded by two disjoint arbitrary boundaries 1 ' and
P .  Let R (Po, l'")-=-G*, where r ,  is homologous to Vo , then

(P, I  G) /  (Po) .
is clearly the harmonic measure V ' w ith  respect t o  G *  and it5
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Dirichlet integral taken over G* has the value

=
-

1 
•

1 
(3) DG * [ot]= DG*[(0,;]/(0G2 (Po) dri;

(6,2 (POI PGj  G

=--- D,PoGyto,,,(13
0),

where iLG denotes the conjugate harmonic function of wu. Let ra
and te, denote the harmonic moduli of G* and G respectively, then
we have

(4) log p a =27r/D,[(0,], log r 0 = 27r/D0 * [4 ].

From  (2 ), (3 ) and (4) we get

co, (Po) =log 7G/log tt

(5 ) log lw (P0)I log 7G  log M(P) 
log PG

W e shall next prove that sup log r, < co (for r.-+a).
3 . Let r̂G be an analytic curve which connects the point Po to  P
and lies in a domain (neighboured at P o )  of G—G*. e.g. i s  a
level curve ( (, =constant) passing through Po . Now we take a
z - c irc le  V .,%(cG) w ith  center Po i . e .  the image mapped on its
local parameter circle I z I < 1 i s  the disc  K , :  I z  <  r, <1 . Let
r" denote an analytic arc which issues from Po and is contained in

n Let

Ô---=R(Po, rG +  i)

If we consider the harmonic measure + P, G), then we
have for P  E G*

co, (P)_>..
and easily obtain

aw-r 0 d s ,
P o  an

When the function u  is harmonic in a ring domain R=R(r, r)  with analytic
boundaries r .  I v  and has the boundary value zero on r  and log p h on  /v, where

constant A n is so chosen that —
Ou

ds=2x, then p E  is called the harmonic modulus
r an

of R . (see, L. Sario  [5 ]). Then  w e note that lo g p R = 2 7 a u (r , r ) ,  where An(r, r')
denotes an extremal distance between r  and r  with respect to R (cf. V. Wolontis [6]).
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where r (/ denotes the harmonic modulus o f â .  Therefore, it is
sufficient to  prove that sup log K a ) .  Suppose now  sup  log

YG ' r=co, th e n  th e re  e x is ts  a  sequence o f  dom ains {G „ }  n=1,
Gg  G 0 :--- -G D V .,,), such that lim  log r'G c o .  H e re ,

n-+ co

we shall use the following Lemma.
L em m a. If  U ,, U 2,-- is an  inf inite sequence of  function all

harmonic in  a dom ain D on open R iem ann suiface and uniformly
bounded in D , then toy  any  com pact closed region B  on D , there
exists a subsequence taken from the given sequence which converges
uniformly in  B  to a  lim it function harmonic in B.

Pro o f . Since B  is closed compact region in D, there exists a
covering of B  with a finite number of 2,-circles V22, (i=1  ,2, • ,  n),
where r„( <1) is so chosen that all .172,',,° c D .  At f irs t, s in ce  //5 1

(j=1, 2 ,— ) is uniformly bounded sequence in  121 1 <2r0 ,  by usual
Lemma in plane-domain (e.g. cf. Kellogg [1 ]) w e take  from  {Ui }
a subsequence {U,„,} pr = i, • •, w hich converges uniformly in
K,.,1 = (z 1 } <r„). N ext w e take from  {U1, 1 } a  subsequence {(T,p2 }
p2=1, 2,•••, which converges uniformly in  K,.0

2 .  And so on. Then,
the sequence {U„„„} p„=1, 2,— obviously converges uniformly to a
limit function harmonic in B . q. e. d.

Now, since  1;) is  a n a ly tic , e a c h  p o in t on l',, has a definite
neighbourhood, in w hich any one of harmonic measures w7,. (P)
can be harmonically continued across by the principle of reflec-
t io n . Lét be  a compact closed region on d,+ i,— ( V + B 7 „ )
containing B;,„ (where B denotes the boundary of V',.) and I . S in ce
{(0 . } are all harmonic and uniformly bounded in a domain D
hence by above Lem m a w e can take a  subsequence {wi n i } (for
simplicity, we write again in the following) from ,
which converges uniformly in -9) to  a limit function w and there-
fore uniformly

a(l) o n  r 0 ,

an dn

3where denotes the inner normal with respect t o  G .
an

Since

Di)n [ip i)  ]= f   ds= 27r/log r 1 ' —O (for  n— oo),
v . an
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aw aw hence j . - - d s = 0 .  Moreover, as  0 on therefore 
an an an

0  throughout I .  i.e. ib (conjugate harmonic function o f (0 )  is
constant on ro, thus the derivative of analytic function 2----(0+ i(7)
vanishes on T o and therefore everywhere in T h i s  happens
only in the case, when .f2 reduces to a constant and thus 0) is equal
to zero in .9). Therefore fo r given e > 0 , there exists a large
number no, such that for n >  no

(oi n  (P) e P E

Fix a number no, such that
(6)

Since (0i)N (we write simply (0N )  is single-valued, harmonic function
in ON — 17710 which is equal to 1 on rGiv and _< s on Bpoi, hence the
level curves f,i,v : (0 ,=p  (g 1 )  lying in V,!. surround always
a curve 1'N . Therefore in local parameter disc K ,1 0 : jz i  <1 , we
have always

(7) 2ro

where L denotes the image of :1,7 on the z-plane. Put IdA,--(0 ,+
i(7-) ,  and consider kV  as another local parameter at Po. Since

di5 A r 5_ I di; V= 1 d7 AT" = a vJ (LN ) (LN)+r ' "- •fr

where (4 )  denotes the image (on (0,=p) of L, hence by using the
Schwarz's inequality to (7 ), we have

(8 ) 4  r o
2_<f di 54 d z  I 12 d  N  a —

d

—
z  

(1(7),(Lf;') • ( L J - d P ( L )  c l l d ,

Integrating (8 )  from e  to 1 with respect to p(--=(,),) then we obtain

4 ro
2 (1— e) a, ( L A T )  1 1  1 2c1(7)N  dw„,

i.e.
4 ro

2 (1— E)/n> 0

which contradicts to (6). q.e.d.
4 .  From (5 ), thus we have
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loglw(Po) I_< (sup log r o  i i m   log M (/ ') 
log PG

Suppose now that the ideal boundary a of has zero harmonic
measure, then log te,,-- 00 (for and conversely, hence we can
conclude finally the following theorem by the usual approximation
and limiting process.

T heorem . L et F be an open R iem ann surface with two disjoint
boundaries ro and c",'•, such that the harmonic measure of  a,  is zero,
i.e. there ex ists a f inite num ber of  closed analy tic curves I' on F,
separating l'o from rca , and f or th is P',  R ( P  ,1))=-). Let
w (P) be a  single-valued analytic function o n  F satisfying

li MIW(P)
pu

then, if +

li m   logM (r)  _ 0, where P G  denotes the harmonic modulus
 log PG  .

of  G= R (I", = r e i f  P , is analytic),

the  f un c tio n  w (P) is  bo un ded , su ch  that Iw (P)I,m  f o r P E  F
(Maximumprinciple holds).

Corollary . L e t  F  be a R iem ann surface w ith null boundary .
N ow , let w (P) be a  single-valued analytic function bounded in F,
then w (P) reduces to a  constant.

Proof. For an arbitrary point P  E F, (P) —  w (P0)1 <6, P E
Take then by the theorem w (P) P E F, q.e.d.

R em ark . Let iv(z) be a regular function in z co, a n d  e =Maxrod .!=a

I W  (2 )  —  (0 )  I , M (Y )= ---  M a x  I w ( 2 )  I. S ince log log  r  i f

ii m   log M (r)  ( = E l m   T ( r )  ) 0, then we have by the theorem I w(z)
 l o g  Y log r
— w (0) I <  e , for z  co, i . e .  w (2 )  =const.
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