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1. Let § be a non-compact region on an open Riemann surface
F, such that its relative boundary /| consists of a finite number
of closed analytic curves on F. Now let w(P) be a single-valued
analytic function on §, satisfying a condition

1) lim | w(P)| < 1.

We consider an arbitrary compact ring domain G C §§, whose boun-
dary consists of /%, and I, where /' is composed of a finite number
of closed analytic curves and separates [, from the ideal boundary
S of . If we put

Max | w(P) |=M(1"),
then we have

2) loglw(P)| < w(P,1',G)log M(I"), for P e G,
where w,(P)=w(P, I', G) denotes the harmonic measure of /' with
respect to G. Namely, since o (P, I', G) log M(l")—log |w(P)| is
single-valued, harmonic in P € G—S (where S=E{P; w(P)=0, P
e G+Iy+ /%) and >0 for P on [, I'and arbitrarily large in the
neighborhood of S, hence we easily obtain (2) by usz of the ma-
ximum principle for harmonic function in compact region.

2. We fix an arbitrary point P, ¢ G and consider the level
curve 'Y wg(P)=w.,(P,). Then ['“ consists of a finite number
of closed analytic curves (occasionally with multiple points) on G and
separates [, from I". Clearly it contains a curve passing through P,
In following we shall denote the ring domain (on ¥) by R(I’[™)
which is surrounded by two disjoint arbitrary boundaries /' and
I'". Let R(I', I'“)=G*, where I'% is homologous to /7, then

wi=w(P, 1, G) /w.(P,)

is clearly the harmonic measure /' with respect to G* and its
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Dirichlet integral taken over G* has the value

(3) DG*[‘UT;]=DG*[(UH]/“)GB(P0) =

1 - 1 _
wGﬂ(Po)’j ) Jaae

= DG[‘”G]/‘“G(PO) ’
where @, denotes the conjugate harmonic function of wes. Let 74
and g denote the harmonic moduli* of G* and G respectively, then
we have
@) log pe=2n/D¢[ws], log 7=27/Dgy[w§].
From (2), (3) and (4) we get

we(P,) =log re/log
®) log [w(P,)| < log 7122 M )
log 6
We shall next prove that sup log 7 <o (for ['=).
3. Let 7% be an analytic curve which connects the point P, to I

and lies in a domain (neighboured at P,) of G—G*. e.g. 76 is a
level curve (w;=constant) passing through P,. Now we take a

z-circle V;2(cG) with center P, i.e. the image mapped on its
local parameter circle |z| <1 is the disc K,,: |z|<7<1. Let
79 denote an analytic arc which issues from P, and is contained in

AV, Let
G=R(I, r°+1)

If we consider the harmonic measure wz=w(P, 7"+ 1, G), then we
have for P ¢ G*

war (P) = 03 (P)
and easily obtain

16 < 7e’=2ﬂ/j Bz gs,
re on

¥ When the function # is harmonic in a ring domain R=R(I', V) with analytic
boundaries I, IV and has the boundary value zero on I’ and log ux on I, where

constant up is so chosen thatg Z—:ds=27r, then ur is called the harmonic modulus
P
of R. (see, L. Sario [5]). Then we note that logur=2rAn(I', I”’), where Ap(T', I'")

denotes an extremal distance between I' and I” with respect to R(cf. V. Wolontis [6]).
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where 7,/ denotes the harmonic modulus of G. Therefore, it is

sufficient to prove that sup log 7, <c. Suppose now sup log
G- G—>F
7¢/ =0, then there exists a sequence of domains {G,} n=1,

2, (G, G.2G=G> V}), such that lim log 7; =co. Here,
we shall use the following Lemma. o

Lemma. If U, U, is an infinite sequence of function all
harmonic in a domain D on open Riemann surface and uniformly
bounded in D, then foy any compact closed region B on D, there
exists a subsequence taken from the given sequence which converges
uniformly in B to a limit function harmonic in B.

Proof. Since B is closed compact region in D, there exists a
covering of B with a finite number of z-circles V%, (i=1,2, -+, n),
where 7,(<3}) is so chosen that all V7> cD. At first, since {Uj}

(j=1, 2,---) is uniformly bounded sequence in |z| <27, by usual
Lemma in plane-domain (e.g. cf. Kellogg [1]) we take from {U}
a subsequence {U,,} p,=1, 2,---, which converges uniformly in
K.!=(lz,| <7,). Next we take from {U,,} a subsequence {U:,}
p.=1, 2,---, which converges uniformly in K, And so on. Then,
the sequence{U,, } p.=1, 2, obviously converges uniformly to a
limit function harmonic in B. q. e. d.

Now, since I’ is analytic, each point on [} has a definite
neighbourhood, in which any one of harmonic measures wg (P)
can be harmonically continued across /7, by the principle of reflec-

tion. Lét D be a compact closed region on G,+I',— (Vi +By,)
containing B}, (where B denotes the boundary of V7.) and /. Since
{wg,} are all harmonic and uniformly bounded in a domain> .9,
hence by above Lemma we can take a subsequence {wg,} (for
simplicity, we write again {wg,} in the following) from {wg },
which converges uniformly in 9 to a limit function » and there-
fore uniformly

M__,éﬁ'_ on I,
on on

where ai denotes the inner normal with respect to G.,.
"

Since

D&,,[w?,-,,]=j a—g;;i’"—ds=2ﬂ/log 7o =0 (for n—o),

I'o
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hencej 20 45=0. Moreover, as 8—20 on I'), therefore %=

e 0N n
0 throughout /. i.e. @ (conjugate harmonic function of )
constant on I, thus the derivative of analytic function Z=w+i®
vanishes on I, and therefore everywhere in ®. This happens
only in the case, when £ reduces to a constant and thus e is equal
to zero in . Therefore for given ¢ >0, there exists a large
number #,, such that for n =>#, '

wi,(P)<e¢  PeBj,
Fix a number N = #,, such that
(6) Dg Jwi, J=0y<4ri(1—e) /7
Since wg, (we write simply wy) is single-valued, harmonic function

in G,— V72, which is equal to 1 on 7~ and < ¢ on B, hence the

level curves l:": wy=p (e < p<1) lying in V}, surround always
a curve y%~. Therefore in local parameter disc K/,: |z| <1, we
have always

) 2n, <[ Jdl c<p=<1),
I'P

where LY denotes the image of LY on the z-plane. Put £y=wy+
iwy and consider ¥, as another local parameter at P,. Since

' oy < ay=| dioy=3y.
}(L[A‘,) diy 4“3”“’ disy=| disy=dy

where (LY) denotes the image (on wy=p) of LY, hence by using the
Schwarz’s inequality to (7), we have

dz
® 4w “.[ @y 4 J wn dQNldUN j wn lag, 9%

Integrating (8) from e to 1 with respect to p(=wy) then we obtain

1
4 72(1—e)=0dy j j.(LN) Id!! I*doy dw, < 76,

ie.

0y =47 (1—e)/7>0
which contradicts to (6). q.e.d.
4. From (5), thus we have
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log M(I") _

loglw(P,)| < (sup log 7,) lim
r-g g log 1
Suppose now that the ideal boundary ¥ of § has zero harmonic
measure, then log ps— o (for '=%) and conversely. hence we can
conclude finally the following theorem by the usual approximation
and limiting process.

Theorem. Let F be an open Riemann surface with two disjoint
boundaries I', and X, such that the harmonic measure of ¥ is zevo,
i.e. there exists a finite number of closed analytic curves I" on F,
separating I, from S, and for this I, o(P,Y, R(I”,))=). Let
w(P) be a single-valued analytic function on F satisfying

lim|w(P)| =< m,

then, if
lim logM ([
-5 log 1
of G=R(I", I, (I"=T, if I, is analytic),

the function w(P) is bounded, such that |w(P)|<m jfor Pe F
(Maximumprinciple holds).

Corollary. Let F be a Riemann surface with null boundary.
Now, let w(P) be a single-valued analytic function bounded in F,
then w(P) reduces fo a constant.

Proof. For an arbitrary point P, € F, |w(P) —w(P,))| <e, P € V5,
Take I'y)=B3,, then by the theorem |w(P)—w(P)| <, P¢ F, q.ed.

Remark. Let w(2) be a regular function in 2% o, and ¢=Max

= 0, where p; denotes the harmonic modulus

Pyilel=6
lw(z) —w(0)], M(r)= lMax lw(z)|. Since log pe=Ilog 1 if
e f=r 0
limlo—gm(=lim—Tg)—)=O, then we have by the theorem |w(2)
== log 7 o log 7

—w(0)| e, for z#£ o, i.e. w(z)=const.
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