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Let C„o be a  trajectory through the origin (1',̀  in the group-
space S  of a continuous transformation group G , .  Transforming
Ca 0  by two transformations with same parameters b ,  one of which
belongs to the second parameter-group and the other to the first,
we obtain two trajectories Cr and C,;°- )  respectively through the
same point 1): in  S. In  general they do not coincide with each
other. Therefore it is a question that under what conditions they
coincide : as curves or not only as curves but also point-wisely.
We shall study, in this paper, these conditions and their meaning
in the group theory. Nextly taking the case where they coincide
with each other as cnrves, we study the condition that C„0  may be
considered as a closed curve. For these research we shall use the
concept of connections. Namely, we treat S  as the space of affine
connection into which the so-called ( +)-connection is induced.

The notations in a previous paper [ 11 will be used also here.

1 .  Let G , be a  continuous group of transformations with r
parameters e and (it" be the first parameter-group of G , .  Let

c e -  r ( a 1 , a2) (re-=-1, •-•, r)

be the equations o f  (V - )  where WI are considered as parameters.
We represent, hereafter, these euations symbolically by

(1.1) a,= a, a,

The same equations, when a;' are considered as parameters instead
of tiL represent the equations of the second parameter-group



,-)(4 A c aa,)A (a)
de4

(1-3) — Art `3,c )
A ,;c4

(b, a, i9=1 , , r),

(b, a, g =1, • ,  r)

(I • 2)
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of G . The fundamental epuations of 0.3;.+ )  and the coefficients of
the ( )-connection are given by

respectively. We denote the space into which the (+)-connection
is induced by S .  S ince the curvature tensor of S ( +)  is zero, S ( ' )

is called "to be flat ", following Eisenhart 2 ] .
We shall denote, hereafter, by " a "  or " a " "  not only the

parameters a ' but also the point on S  having them as coordinates,
and accordingly " a,," or " au" "  the representative of the identical
transformation of G,.

(1.4) 13-4-72- + La N = 0
aar "  b

(b, a ,  , ,  •  •  •  ,  r),

the vectors ;4,, (a) ( h =1 ,  • • • , r), whose components are 21(a), • ••,
A ;(a) , are absolutely parallel. Accordingly, when a  curve C in
S( +) is developed on the tangential space at any point on C, all
the images of 71,(a) for any b  are parallel to each other. We
shall denote them, therefore, simply by '..) tb .

A  curve in S  whose differential equations are

(1 •5) da" ,,-  = - -u  A (a)
(It

(b, a=1 ,  • • , r)

is called a trajectory of S , where ub are constants one of which
does not vanish at least. From (1- 3), (1-1) and the well known
relations217,A,̀ ,'= , P,'„ we have

d'a" d a  (Jar+ - = 0
dt' dt d t

( a ,  d  =1, r),

so that any trajectory is a path of S .  S in c e  u " A J  generates a
one-parameter sub-group (V ) o f (V ) , the solutions o f (1 .5 ) sub-
jected to the initial conditions a"(0) --a;`, represent the point a"
which are the parameters of the transformations of G , with the
symbol uaXaf.
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2 .  We denote by T„ the transformation of G .  whose para-
meters are a". Let ab and a'b ' be segments each o f  which is
taken on two trajectories which may be coincident. These seg-
ments ab and a'b ' are called to be equipollent o f the first, or
second kind, if

Or

Consequently, when ab and a'b ' are equipollent of the first kind,
a a ' and b b ' are equipollent of the second kind, and vice-versa.
Take a certain curve G, we suppose, are represented by

.e(1), G  g  general curve not necessarily a  trajectory.
When the point a6 ( t)  on C„„ are transformed by the transforma-
tions of OW)  and (W.- )  with same parameters M, we have the points
b ( t )  and —bœ(1) which are given by

(2.1) b(0=b„a(t)

and

(2-2) b(t)=a(f )b„

respectively. Each o f them describes a  curve which we shall
denote by 0, 0+)  and CZ ) respectively. From (2.1). for any set of
t, and 1, o f  t w e  have the relations T ( ,,)  ( i  = 1 ,
2), consequently

(2.3) Two Try(t = T ,(1 2 )Try(1,- ) I .

If a';', and M are able to be connected by a segment of a trajectory,
then so are a ( t )  and I f ( t ) .  Hence, from (2.3), all segments
a(t)b(t) are equipollent of the second kind. Similarly, concerning

to the curve Ck- ) ,  all segments a(t)b(t) are equipollent of the first
kind.

When the curve G„„ is a  trajectory, the curves 0 0+)  and G,;(; )

obtained as above are called to be ( + ) and (-- )-parallel to C„,,
respectively. We will use these terminologies even when the
curve G not a trajectory,
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Furthermore, take another point b'ol. The point defined by

(2.4) h' (0 =b o'a(t)

describes a surve C As we have

b' (b,' b ) - ')b(t),

in virtue of (2.1) and (2.4), G obtained in transforming
b y  the transformation of (T - )  w ith  p a ra m e te rs  (b,' W ) ' .  It is
natura l therefore  to  ca ll them  to  be  ( + )-parallel to each other.
Similarly C:o

7 ) and CV w hich are (— )-parallel to  are Ca o respect-
ively called to be (—)-parallel to  each  o ther. Now, w e regard S
as the space of connection S( +) . W e have shown in the paper [1 ]

tha t the image aP of the infinitesimal vector d P  fro m  al( t )  to
e ( t+ dl) is g iven by

(2.5) 571:'= A :(a(t))  dalat dt}

on a certain tangential space, and the translation i (C )  which
transforms the image of the terminal point e ( t )  of C  to  th a t of
the initial point a l ( t ) ,  is given by

(2.6) t s (C) = — i. t2( a ( t ) )  d a l  dt 0bdt

w e have called this translation "the transform ation attached to
I f

Let P  b e  a point on Ca o  whose coordinates are a* (t) and Q
be the corresponding point on C V whose coordinates are

t h e n  i s  g iv e n  b y  (2.5) and similarly (T6 by

d b l  d t 0 b .dt

we have used the same vectors in (2.5) and (2.6), since taking
a curve which meets Ca„ and C.: ) , we can describe the two develop-
m ents of C,,„ and C V  on a sam e tangential space. From  (1.2)
and (2.2), we get
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dba —  A :(b(t))A (a(t)) 
d a r t  

.
dt dt

While A :A :=6 , hence w e have

fT6= IA :(a(t)) d
d
a; .

Comparing this result With (2.6) w e have

Theorem 1. T he transform ations attached to tw o (+)-parallel
curves are equal to each other.

3 .  Let us research for the conditions that 0,(; ) and which
a re  ( + ) a n d  (—)-parallel to  a  trajectory Ca u coincide with each
other, where bc,c̀ is any point in S .  As C  a  trajectory through
the  o rig in , it rep resen ts  a  ce rta in  one-parameter sub-group (V )

o f (SV). W hen C,;+)  a n d  0,7) coincide with each other as curves,
we can find a certain  t' (or t )  for any t(or t ')  such that

(3.1) (t) = bœ (f)

From  (2.1) a n d  (2.2), w e have

(2.2) b:1 a (t) a (f)

A s bo  is  a n y  point in S , this means that IN+ )  i s  an invariant sub-
group  o f  116;+) . Conversely, when acc(t) is  a  trajectory of an  in-
variant sub-group (*+ ) of N . ',  w e  have (3.2) and consequently
(3.1) for any If. Therefore we have :

Theorem 2 .  Let C7, )  an d  0 ,7 ' (through 14) be (+) and (— )-
parallel curve to a  trajectory (through the o rig in ) . A  necessary and
suff icient condition that a,+' an d  0» always coincide independent
o f  I f  i s  t h a t  Q .  i s  a  trajectory of a inv arian t sub-group OP- ) o f
CV )  .

When G,., consequentely 0,.(+) , is simple, it has no invariant sub-
group. Hence we have :

Corollary. W hen G,. i s  sim ple, that is to say , w hen the rank
of the matrix  cal:II  (a: co lu m n s; b , d : ro w s) is  r, th e re  are no
pair of  trajectories CZ' and  CZ' which coincide with each other.
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Let G , be a one-parameter sub-group which is generated by
a  symbol u 'X J  where u "  are constants one of which does not
vanish at least. When the rank o f HWY.% II is r— p ( p  2 ) the
equations

cu"? — 0 (a, b, d=1, • • , r),

where y" are unknowns, have p - 1  systems of solutions v 1 (i=1,
which are not proportional to u". Combining each one

of v,7) f  ( 1 = 1 ,  •  p —1) with le X„ f, ( p - 1) sets of two symbols
are obtained. These (p-1 ) se ts  generate ( p - 1 )  Abelian sub-
groups G(,),  respectively. The parameters o f each Guy2 form 2-
dimensional sub-space S(,), of S .  On each S ( 0 2  two points are
commutative, since S u r  i s  a group-space of an Abelian group.
Hence we have the next :

Theorem 3 .  L et ze`X „f  be a  sym bol of  a  one-parameter sub-
group  G , o f  G „, and G a  trajectory of NH, whose symbol is
u 'A „f .  If  the rank  of  the m atrix  H uac„1, H is r— p(r 2 ), then
there ex ist p - 1  2-dinzensional varieties S ( ,),  ( i=i, .• . ,p -1 )  s u c h
that if  b," is any  point on any  one of S(,)2 th en  CL,4 )  an d  0,7) coin-
cide point-wisely.

When a  sub-group G , o f G „ is commutative with all the
transformotions of G r, the G, is called exceptional. If the rank
of the matrix Ic1,1! is r— P ( r> p > i )  there are p  one-parameter
sub-group G( ,) , (i=1, • • p )  which are exceptional and these Gm i

form an Abelian sub-group G . Therefore we have :

Theorem 4 .  If  the  rank  o f  II cal, II i s  r — p  ( r> p  > 1 ) ,  then
there exists a p-dim ensional invariant variety  S ,, which has the next
properties: if  a  trajectory G n is tak en in  a ,  and 0,7 )  coincide
with each other as curves independent of 1V , and furthermore point-
wisely when, and only  w hen, b„' is in  S r .

In the above theorem, when the rank of the matrix is zero,
that is, when G,- is Abelian, Sr  is  S  itself and CL+ 1 and 0;; )  al-
ways coincide for any point N . This is evident from the fact that
the group-space of an Abelian group with ( + )-connection is
regarded as an ordinary affine space and both of N;. 4 . ) and IN - )

are isomorphic to the group of affine translations.

4 .  In this section we research for the condition that a trajec-
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tory C, 0 is to be closed in S when C;,„+) and C,V coincide with each
other as curves.

It is well known that every one-parameter group is isomorphic
to either the translation group or the toroidal group in 1-space.
Since C„0 is not only a  trajectory through the origin but also a
closed curve, it must represent a one-parameter sub-group which
is isomorphic to the toroidal group in  1-space; Hence we ean
choose a parameter t which defines the point aa(t)(0 t  1) on
Ca o , so as to get the following relations :

a(0) =a(1)=a,,

1 a(t,+t)=a(t,)a(t 2 )=a(t,)a(t,).

As G o+) and
we have also

(4-2)

are represented by (2.1) and (2-2) respectively,

b(0)—b(1)=b,„
b(t,+ t2) =1, 0a(t,+ = b(t,)a (4) = b(t)a(t)

( 4.3)
{ b(0)=b(1)=b,,

b(t, + = a(t,+ t,lbo =a(t,)b(t)=a(t,)b(t,).

From the first of (4-2) and (4.3) we know that both of and
are also closed.
When Q,: ) and C,V are coincident as curves, the point b 0 (t)

and hŒ(()  desctibe the curve in the same sense, when t increases.
In fact, when b)

0  is chosen infinitely near a„", by the relation

b(t)=b,a(t)--a(t)

I f ( t )  is infinitely near e(t), and so is it for b l ( t ) .  Hence when-
ever we choose boa sufficiently near a0 0 , C r+,) and 0,7) are described
in the same sense.

Now  we show that there exists a positive rational number
4 -( <1) such that, when t=-11 , b0 (t) does not coincide with ba(t).

Because, i f  boe(t) =1-f ( t )  fo r every positive rational number
P

then 0,;-) and 0,;- ) must coincide point-wisely, since the rational
numbers are every-where dense and b 0 (t) and b 0 (t) are conti-
nuous functions. This contradicts our supposition.

(4•1)



176 Nobuo Hone

Therefore we can take a point a" (4) on C t1 =-'1  s o

that the corresponding point b"(t,) on QV and i ( t 1) on CL- )  do
not coincide. We take on C p o i n t  aœ(t,), a3 (24), •••, aœ (Pti)
(=a 0"). Let b4 (t 1 ), • •-, b .(p t ,) (= b o a )  on 0 : 1  and R t1), •••, bœ (Pt)
(=b„") o n  CL- )  b e  the corresponding points to them. Let

>
a(t1)b(11)  and a( t 1)b(t 1)  be two segments of trajectories, then they
are (— ) and ( + )-parallel to a-  respectively. Let y, be a closed

curve formed by four segments a,,a(t,), a(t,)be (t,), b(1)b0 and boa„
oriented in the order indicated. Then from (2 .6 ) we have

-->
Since a„bo and a(t)b(t 1) are (+ )-parallel, and also (10(1(0  and b0b(t1)
from Theorem 1 we have

i ( ( 7 0 ) =Z7 * (a(t1)b(t1)),
and

,f(acia- a))=Y (bob(t,)).

Therefore we have

i(n )  =—
witi)b(Ei)

As C,0 is a trajectory, its differential equations are given by
(1 .5), where the constants u" are suitably chosen so that the con-
ditions (4 .1) are obtained in this case, too. They are also the
equations of CZ) .  suppose that the point b ( t 1)  on 0 -

0
- )  is repre-

sented by b" (t) when it is regarded as a point of C .  T h e n
t, by the assumption. Therefore we have

ei

(ri) A:u'A:dtPr,,-=ze(t,— 12)?1,, O.

Let yi be an oriented quadrilateral passing through its vertices
a"(t„_,), a(t), r)-(4) and b4 (t1 )  in this order. Then r; is ( + )-
parallel to r. Therefore by Theorem 1 we have
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( t= 2 ,

Consider a route y described by a moving point P as follows.
Firstly, P  makes q-circuits along C„., starting from 4  and passing
(1'40 , a0 (2t 1), -•-, a3 (P — 1 t1) in this order, and then returning to
a00 . Secondly, P  moves from dt, to b̀,̀, along ao k .  Thirdly, P
makes q-circuits along 0; in the opposite sense to that o f Ca..—
Finaly P comes back from 137, along boa°.

As the route y consists of y  r , •  ,  y  , „  we obtain

(4.4) Y(r)---PW(ri)

On the other hand the route y may be decomposed in Ca o ,
and 0 0. Since QV is ( + )-parallel to C, both of the transformations

attached to Ca ° and C,;„+ ) a r e  equal by Theorem 1. Thus we
have

(4.5)

The result (4-5) is contrary with that o f (4 .4 ). T h is  con-
tradiction is caused from either one of the two assumptions, (1)
Ca o is closed and (2) CZ' and C V  do coincide as curves but not
point-wisely. Consequently we have :

Theorem 5 .  L et C„,, be a  trajectory through the origin ao". If
C„,, is closed and 0+ )  an d  a -,') w hich are  ( + )  and (—)-parallel to
C,,  coincident w ith each other, then they  m ust coincide point-
wisely.

Theorem 6 .  I f  C,;+)  an d  C,V which are  ( + )  an d  (—)-paral-
lel to C,.  coincide as curves but not point-wisely, then C„,, is not
closed.

By Theorem 2, the condition that QV and CV coincide as
curves is equivalent to the condition that N± )  which is represented
by the trajectory Ca o  is an invariant sub-group of 03;», accordingly
that G, whose parameter-group is M i - )  is an invariant sub-group
of G ,. The condition that Cr;» and C V coincide point-wisely is
equivalent to the condition that above 6;+ ' (or GO is an exceptio-
nal group of 6 "  (or G,.). Furthermore the condition that C„,, is
closed is equivalent to the condition that G , is isomorphic to the
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toroidal group in 1-space. Hence expressing Theorems 5 a n d  6
in the terminologies of the group theory, we may state as follows.

Theorem 7 .  If  G , is an inv ariant sub-group o f  G , an d  iso-
m orphic to the toroidal group in  1-space, then G , is exceptional in
G,.

Theorem 8 .  I f  G , is  an  in v arian t sub-group o f  G , b u t  not
exceptional, then G ,  is  isom orphic  to  the translation group  in
1-space.
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