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A number of results have been established for differential
algebra,” and so it comes clear in the case of characteristic zero,
but the case of nonzero characteristic was investigated only in a
few papers. Among them, Kolchin (2) considered the basis theorem
for systems of ordinary or partial differential polynomials over a
differential ring, and Seidenberg (8) considered some basic theorems
in the ordinary differential situation. In the following we shall
generalize the results of Seidenberg in the partial differential situ-
ation. Our basis theorem is a generalization of the Kolchin’s result
if it is restricted to differential polynomials over a differential field.
This restricted=case seems useful in the application.

1. Differential polynomials. By a differential ring is meant
aring R with a finite number m of given differentiations 4, ---, 4,
which are mutually commutative. According as m=1 or >1, we
shall say that R is an ordinary or a partial differential ring. The
differential ideal which is generated by a subset @ of R will be
denoted by [a]. The semiprime (or perfect) differential ideal
generated by a will be denoted by {a}. By a differential field is
meant a differential ring which is a field; its characteristic p
may be arbitrary.

Let § be a differential field and X, ---, X, a finite number »
of independent differential indeterminates over . The differential
ring of all differential polynomials over % will be denoted by R=
F{X, -+, Xi}. Dealing with differential polynomials, it is useful to
introduce a linear order relation < for differential polynomials (cf.
Ritt (7) and Kolchin (2)). We define it below after some prelimi-
nary definitions.

1) A complete bibliography up to 1948 may be found in Ritt (7). To it may be
added subsequent literatures: Herz (1), Okugawa (3-5) and Seidenberg (8); and
Kolchin’s works (especially, the one which is quoted in the footnote of p. 105).
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Let U=d™.--0,nX; and V=4...,*» X, be two X-derivatives.
U is called lower than V (U< V) and V higher than U (V >U)
if and only if one of the following conditions are satisfied: 1) i<
J, 2) i=j and the total order 37 k; of U is less than the total
order > k; of V, 3) i=j, total orders of U and V are equal and
the first nonzero value of the differences k,— A,, ---, k,.— h., is positive.

Let A be a differential polynomial in R and U an X-derivative.
Then A can be written in the form

(1) A=A+AU+A.U+---+A,U* (A,#0),

such that, for p=0, the A are polynomials over ¥ of X-derivatives
other than U, and such that, for p #0, the A are polynomials over
& of U? and X-derivatives other than U and 0<k<p—1. We
shall say that U is contained in A effectively, provided %> 0.

If some X-derivative is contained in a differential polynominal
A effectively, the highest of such X-derivatives is called the leader
of A. If A has the leader U with the expression (1) for A rela-
tive to U, then A, is called the initial of A and the formal partial
derivative dA/0U=A,+2A,U+---+ kA, U*" is called the separant
of A. When no X-derivative is contained in A effectively, we say
that A lacks the leader.

Definition. Let A and B be two differential polynomials. If
both of A and B lack the leader, then A~ B (A is of the same
rank as B). If. A lacks the leader and B has the leader, then A
<Bor B>A (A is lower than B, or B is higher than A). If A
and B have the leaders U and V respectively and if U< V, then
A<B. If A and B have the same leader U and if A=A,+---+
A,U" and B=B,+---+B,U* are the expressions as (1) relative to
U, then A<B or A~B according as i<k or h=Fk.

The concepts of a differential polynomial being reduced with
respect to another differential polynomial, a chain, the linear order
relation for chains, the characteristic set and the reducedness of a
differential polynomial with respect to a chain are defined as in
Ritt and in Kolchin, using the order relation for differential poly-
nomials defined above.

2) We shall have occasions to make use of an order relation with respect to
an assigned one .Y; of the indeterminates. In this case, we neglect the X-derivatives
other than X;-derivatives (or such X-derivatives are adjoined to the basic field §)
and the order relation is defined in like manner concerning to X;-derivatives only.
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2. Allowable ideals. In this and the next sections, we con-
sider the chain theorem and the decomposition theorem for semiprime
differential ideals of R=%{ X,, -, X.}. These theorems do not hold
true in general®. Seidenberg (8) has shown in the ordinary dif-
ferential situation that these theorems hold true for “ allowable”
semiprime differential ideals. We prove that they hold true for
allowable semiprime differential ideals also in the partial differential
situation. The proof can be done by a modification of the proof
of Kolchin (2). Therefore, we shall sketch only the line of our
proof. Our results are new only when m>1 and ¥ is an imperfect
field. Hence, for the sake of simplicity, our description will mainly
be intended to apply only to that case, although it would be easy to
reform them so as to cover all cases.

If & is perfect, every semiprime differential ideal of R wil be
called allowable. To define allowable semiprime differential ideals
for imperfect {, let R, be the ring of all polynomials over ¥ of
pth powers of all X-derivatives, and let z,z, -~ be a p-basis of
%/%* which is fixed hencefore throughout this paper for conve-
nience, and w,, w,, --- all power products of z, z,, --- of eXponents
not exceeding p—1, so that w,, w,, --- is a linear basis of ¥/&”. Then,
a semiprime differential ideal m of R is called allowable if A=
StAw e mnR, with A, € R* implies A, € m for each «. The de-
finition does not depend on the choice of the p-basis z.

In the case of imperfect ¥, a differentiation 3/9z, in R can be
defined, for each ¢, such that dz,/9z,=1, 0z,/dz,=0 (x#¢) and 3U/9z,
=0 for every X-derivative U. A semiprime differential ideal m of
R is allowable if and only if wmnR, is closed under every diffeventi-
ation 9/dz..

The notation of ““ allowable ” is connected with the separability.
Following Chevalley, a set (x)=(x,, -, x,) of quantities x; over ¥
(elements of some differential extension field of %) is called separable
over § if and only if ¥(x) (the minimum differential extension
field of ¥ containing x, -+, x,) and ¥'/? are linearly disjoint over
&. Itis proved (Seidenbarg (8)) that a nonunit prime differential
ideal b of R is allowable if and only if the generic point (x) of p is
separable over .

The intersection of any number of allowable semiprime dif-

3) Examples may be found in Seidenberg (8), pp. 185-186.
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ferential ideals of R.is plainly an allowable semiprime differential
ideal. Hence, if a subset a of R is given, it determines the minimum
allowable semiprime differential ideal containing «; this will be
denoted by {a},. Clearly {a} C{a}, in general. If § is perfect,
then {a}={a}, for every a. We define {a}® (1=0,1,2,---) in-
ductively by the rules; 1) {a}“={a}, and 2) {a}“*? is the semi-
prime differential ideal which is generated by {a}® and all
(successive) derivatives for the differentiations 3/dz, of elements
of {a}¥NnR,. Then, we can easily prove that {a}®C {a}®¥C.--
C{a}¥c-- and that U,2,{a}¥={a},. If an allowable semiprime
differential ideal m has a finite subset @ such that m={a},, we
shall say that m has a finite basis @.”

L2t m be a nontrivial allowable semiprime differential ideal.
Then, m contains certainly differential polynomials G having the
leader with the initial not contained in m. In fact, let G, be a
nonzero differential polynomial of m of the least possible total degree
in the X-derivatives. The total degree is necessarily positive. G,
has clearly the leader for p=0. For p#0, if G, lacked the leader,
G, could be written as G,=3G.w, with G, ¢ mnR? and every G*
would be contained in m, contradicting to the minimal property
of G,. Thus G, has the leader in all cases, and as its initial is of
lesser total degree, the initial is not contained in m.

Consider the totality @ of all such differential polynomials G,
and let 4=(A4,, ---, A,) be a characteristic set of o, which will be
called a modified characteristic set of m. Let the separant and the
initial of A, be S; and I, respectively (i=1,---,7). The I are not
contained in m. We prove that so are the S,. In fact, let us denote
by U, the leader of A, and write A,=H;+---+H,U* (Hu=1,; k
being dependent on ) as in (1) of §1. In the case k=1, S;=1L
is not contained in m. In the case k>1, S; has the initial 2H,=
kI, which is not contained in m and S: is reduced with respact to
A, hence S; cannot be contained in m. '

Now; we consider, for each i (1<{i{<#) which.is such that
some of the X,-derivatives are contained. (in the usual sence) in
A, -+, A,, the set of X,derivatives which are not higher than the
highest X,-derivative contained in the A’s, and the ring  of poly-
nomials over § of all X-derivatives in these sets. We can prove

4) Cf. Theorem 1 of the next section.
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that therve exists for every G ¢ m a set of nonnegative integers s,, -,
Sy by, +++, t. such that we have the congruence

¢)) She- Seln I G=0 mod[mng],
where [mNG] is the differential ideal generated by mny in R.

Remark. Tt will be easily seen that, for p=0, the congruence
holds true with respect to med [A,, -+, A,]. The proof in the general
case can be carried out by an easy modification of the proof of
Kolchin (2).

LEMMA 1. If a and B are two subsets of R, then {a}.n {B}.
={a-B},, where a-83 denotes the set of all products of elements of
a with those of B.

Proof. 1f § is perfect, this lemma is nothing but the well
known fact that {a} n{B}={a-B}, hence we suppose ¥ imperfect.
It suffices to prove the inclusion {a-38}, 2{a!,n{B},. To this object,
we shall prove inductively the inclusions {a-3}, 2 {a}® n{B}® (2
=0,1,2,---). By the same fact used above, {a}“n {B}*={a-B}
C {a-B}.. Now, assume {a-B},2 {a}®n {B}® for a nonnegative
integer 4, and let us deduce the inclusion {a-f8!, 2{a}**"n{B»,
We denote by &’ the set consisting of all elements of {a}"¥ and
all derivatives for the differentiations d/3z of elements of {a}*®n
R,, and by 3’ the set of all elements of {3}"¥. Again by the fact
used above, {a}**"nNIRIVY={a'}n{f'}=1{a’-B’}. Hence, it is suf-
ficient to prove the inclusion a'-3'C {a-3!,. Let A’ be any
element of a’. If A’e {a!®, then A'B' C{a} P n {BIVC {a-8}..
On the other hand, suppose A’ ¢ {a}!™. Then, there is an element
Ae{al®nR, such that A’ is a derivative of A for the differenti-
ations 9/3z,. For any element B’ ¢ 3/, we have B'A € {a} “ n{p}®
Ci{a-B}, and B'*-Ae{a-B}.nR,. Hence, B'*-(3A/32) =3(B'"-
A)/oz. € {a-B},, and [B'(3A/3z))? ¢ {a-B},. Therefore, B'(0A/dz,)
€ {a-B3},. Repeating appropriately the differentiations 9/dz,, we
get at B'A’ ¢ {a-3},.

LEMMA 2. Let 0 be a subset of R, and P an element of R. If
{6, P}, has a finite basis, then therve is a finite subset a of & such
that {6, P},={a, P},.

Proof. Let B be a finite basis of {a, P},. Then, there is a
nonnegative integer 4 such that 3C{o, P}“. To begin with,
suppose 4=0. Then BC (g, P)" for a sufficiently large integer .

5) If v is asubset of R, we define (t)» (1=0, 1,2, ---) inductively by the rules
that 1) (1)@ is the set 7t itself and 2) (7)*t) is the radical indeal of [(T)®]. It
is known that UZ.,(7) M ={7}.
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Suppose #£>0. Then, there exists a nonnegative integer 7 such
that the »th power of every element of 3 is contained in [(a, P)®~"].
Hence, a finite subset ¥ of (4, P)**~" can be chosen such that the
rth power of every element of 3 is a linear combination of 7-
derivatives over R. Therefore, 3 C {ry}C{a, P}, and io, P}.,={8}.
c{rt.c{o, P},. Thus {o, P},={r}.. Hence, we see that, if A=
0, # may be supposed zero and 3 may be supposed to be a subset
of ¢, P. If we denote by a the set of all those elements of 3 which
are contained in o, then 3 C (e, P)®C (a, P)®, and {0, P}.= {8}
C {a, P},c {0, P},. Consequently {o, P},={a, P},. Now suppose
4>0. If we prove the existence of a finite subset v of {g, P} >~
which is a finite basis of {o, P},, the proof of our lemma is com-
pleted. Let t be the set consisting of {a, P}~ and all derivatives
for the differentiations 4/dz, of elements of {a, P}*""n®R,. Since
{z} = {6, P} M, there is a nonnegative integer £ such that 8 C (z)™.
Hence, we can prove as above the existence of a finite subset ¢ of
T such that {e},={ag, P},. The set ¢ consists of two parts ¢, and
e, Where ¢, is a finite subset of {g, P}“~" and each element E’ of
€, is a derivative for the differentiations 3/9z, of an element E €
{o, P}*""nR,. Let e, be the finite set of all such E, and 7 the
union of ¢, and e,. Then ¢ C {7}.C {0, P}, and consequently {7},
=}0, P}, with v C {g, P},

LEMMA 3. Let o be a subset of R and P, Q two elements of
R. If both {ao, P}, and {6,Q}, have finite bases, and if P, ---, P,
Q,, -, Q. are elements of ¢ such that {c, P},=|{P, -, P, P}, and
{0, Q.= 1{Q,, -, Q, @, then {6, PQ}.,={P, ---, P, Q, -, Q, PQ}..

Proof. We see immediately that {0, PQ}.C {a, P}.n {c, @},
={P,--,P,P},n{Q,-,Q, Q.= {P,Q,P.Q,, - P.Q,PQ,-, PQ,
PQ,, -, PQ, PQ}, (by lemma 1) C{P, -, P, @, -, Q, PQ}..

3. The decomposision theorem. In this section, we prove the
basis theorem, the chain theorem and the decomposition theorem
for ailowable semiprime differential ideals of R=% {X,, ---, X..}.

THEOREM 1 (Basis theorem). FEvery allowable semiprime dif-
Jerential ideal of R has a finite basis.

Proof. We suppose the existence of allowable semiprime dif-
ferential ideal without finite basis and deduce a contradiction. By
Zorn’s lemma, there is a maximal such ideal m. Let 4=(4,, -,
A,) be a modified characteristic set of m, and S;, I, the separant
and the initial of A.,(!=1,---,7), and & as in §2. Then, there
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exists for every G € mn a set of nonnegative integers s, #; such that
S - I'»G=0 mod[mng). Hence, we get the inclusion S;---S,
I Imc{imng},. While, § is the polynomial ring over § of a
finite number of X-derivatives. Therefore, the ideal mN in J
has a finite basis @ in the usual sense, and we get at once the
equality {(mn&}.={a}..

Now, by the maximality of m, both {m, S:}. and {m, .}, have
finite basis for each i. Hence, by Lemma 3 of §2, {m, S,---S. [,
I} . has also a finite basis. By Lemma 2 of §2, we can choose a
finite subset 3 of m such that {m,S,--L}.={S,--I, 8}.. We see
immediately the inclusions

In‘.’_g n- {lny Sl"'lr‘}a ; m- {Sl"'l"y B}n ,g—_ {Sl"'lpn‘, mB}a c {a) ’g}n

and m C {a, 8}.. Thus, m has a finite basis a, 3 which contradicts
to the assumption. q.e.d.

Now, we can easily deduce the following two theorems.

THEOREM 2 (Chain theorem). Ewvery ascending chain of semi-
prime differential ideals of R contains only a finite number of dis-
hnct terms.

TrEOREM 3 (Decomposition theorem). Ewvery allowable semi-
prime differential ideal wm of R is an intersection of a finite number
of allowable prime differential ideals p,,---,p, of R. If these prime
ideals p,, ---, p, are chosen irredundantly, they are uniquely determined
by m up to their order.

4. Differential dimension. To introduce the theory of di-
mension, Seidenberg (8) called a quantity x “ differentially algebraic”
over an ordinary differential field ¥ if and only if ¥{(x) is a finite
extension of . This definition is appropriate only for ordinary
differential field. For partial differential field, it does not cover
the notion of being differentially algebraic which has been used
in the case of characteristic zero. We shall adopt the following
definition.

Definition. A quantity x is called differentially algebraic over
a differential field % if and only if x annihilates a nonzero differential
polynomial G(X) over %. A quantity x is called differentially S-
algebraic over ¥ if and only if x annihilates a differential polynomial
G(X) over ¥ containing some X-derivative effectively.”

6) For the ordinary differential case, our * differentially S-algebraic"’ implies
Seidenberg’s “ differentially algebraic.”
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PROPOSITION. Let x be separable (in the sense of §2) over .
Then, x is differentially S-algebraic over & if and only if it is dif
Jferentially algebraic over .

Proof. Suppose x differentially algebraic over . Then, the
set of all differentials polynomialsG(X) over § with G (x) =0 forms
a nontrivial allowable prime differential ideal p. Hence, p contains
a differential polynomial G,(X) containing some X-derivative effec-
tively. q.e.d.

We cannot establish in general the theory of dimension with
respect to ‘“differentially algebraic”, but we can do it with respect
to “ differentially S-algebraic”, and the notion of dimension in this
sense is useful for us. If we agree to call a quantity » dependent

on a set of quantities #,, ---, #, when u is differentially S-algebraic
over §{u,, ---, #,), then it is sufficient for our purpose to prove the
following properties :
i) Each u, is dependent on u,, -+, #,.
ii) If w is dependent on #,, ---, #,, v and not on #,, ---, u,, then
v is dependent on u,, -+, u,, w.
iii) If w is dependent on v, ---, v, and if each v; is dependent
on u, -+, #,, then w is dependent on u,, ---, #,.

Property (i) is trivial. Properties (ii) and (iii) can be proved
- by modifying the method of Raudenbush (6).

Thus, the concept of differential dimension can be established.
Now, let %, ---,x, be a finite set of quantities which is separable
(in the sense of §2) over a differential field ¥. If p is the set of
all differential polynomials G(X) in R=%{X,, ---, Xi} with G(X)
=(, then p is a nonunit allowable prime differential ideal of R.
Suppose it nonzero ideal. Let 4=(A, ---, A) be a modified
characteristic set of p, and U the leader of A, (i=1, ---,f). Each
U, is a derivative of some one of the X’s; let the number of such
X’s be s, and X, ---, X, be the other X's (#+s=n). If we denote
by X all those X-derivatives which are not U,derivatives for any
7, then we can conclude that the corresponding a-derivatives x™
are algebraically independent over . In fact, assume that x® are
algebraically dependent over ¥ and let G,(X*®) be a nonzero poly-
nomial of X over § which is contained in p and whose number
of terms is as small as possible, and furthermore whose total degree
is as low as possible. Then, G, must have the leader and its initial
cannot be contained in p. This contradicts to the definition of 4.
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Therefore, §(x?) is purely transcendental over %, and so is §(x,
-+, %), If u, is the a-derivative corresponding to U;, then $F(x,
e, 2y =F (D) (wy, -, ) and F(x, -+, x.) is separable algebraic
over {F(x™). Flx, -, x.) is differentially algebraic over F(a, -,
%) and we see that 7 is the differential dimension of ¥ {x,, ---, %)
over §. As % (x, -, x,) is separable over § and F(x, -, % ) 18
purely transcendental over %, %(x, -, %.) is also separable over
F (%, -+, %, ). Thus we have proved:

THEOREM 4. Let x,, -+, x, be a finite set of quantities which is
separable over a differential field % and v the differential dimension
of ¥{x, -+, %) over . Then, the x; can be renumbered such that
Flx, -+, x,) is purely transcendental over ¥ and that ¥ {(x, -, x,) is
separable and diffeventially algebraic over F{x,, - -, x.).

It is now not difficult to prove:

THEOREM 5. Let v be a nonunit allowable prime differential
ideal of R=%{X,, ---, X.}. If the differential dimension r of p (ie.
of the generic poinl of p over %) is positive, and if G is a given
differential polynomial not contained in p, then theve exists an allowable
prime differential ideal of R of differential dimension r—1 which
contains p and does not contain G. (Cf. Seidenberg)

5. The theorem of the primitive element. In this section,
we prove the theorem of the primitive element which generalizes
the corresponding theorem of Seidenberg (8).

THEOREM 6. If a differential field ¥ has no finite linear basis
over the subfield %, of constants, and if u and v arve differentially
S-algebraic over %, then theve exists an element w in Fu,v)=7(w).

The theorem can be proved by the two lemmi below, follow-
ing the lines of Seidenberg’s proof.

LEMMA 1.* Let &, -+, & be a finite number s of elements of a
differential field ¥ with m given differentiations 6., ---,0,. In order
that 3., .-+, &, shall be linearly dependent over the subfield ¥, of con-
stants, it is necessary and sufficient that the matrix (0, ---0,*5,) of
the &-derivatives of fotal orders <s has a rank <s.

Proof. For s=1, the lemma is trivial. Suppose s>1 and as-
sume that our lemma is true for s—1. We prove only the sufficiency
of the condition for s. There exists a nontrivial linear relation

*) It is found in correcting the press that this lemma is already used by Kol-
chin [Proc. Amer. Math. Soc., vol. 3 (1952)].
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SHacor 0,M8=0) (S k<s) with ¢, €% We can suppose that
¢, -+, are linearly independent over ¥ and consequently that
c,=1. For Sk<s—1, we get 0=0,(3%., ;0% -0, &) =3"510,¢;-
04 - a0, 3, (j=1,---,m). By the induction assumption, we see
that d,¢,=+--=d;¢,.,=0 (j=1, -+, m).

LEMMA 2. When a nonzero differential polynomial G(X,, ---, X.)
over a differential field % is arbitrarily given, we can choose elements
Xy oy X0 O F such that G(X)#0 if and only if ¥ has no finite linear
basis over the subfield %, of constants.

Proof. Suppose that § has a finite linear basis ¢,, -+, §, (linearly
independent) over %,. Let X be a differential indeterminate over
&, and consider the matrix (0,%r -+ 8,/ &, ---, 8,1 ... 8,5 m&, 041 ... 5, %m
X) (Zk<s+1). By lemma 1, every minor determinant of degree
s+1 vanishes if we substitute for X any element of . But, since
the matrix (8, .- 0,=£;) (21k<s) has the rank s, there exists
among minor determinants of degree s+1 of the former matrix a
nonzero differential polynomial of X.

Conversely, suppose that § has no finite linear basis over J.
It suffices to prove that, if a nonzero differential polynomial G(X)
over ¥ of a single indeterminate X is given, we can choose an
element x € ¥ such that G(x) #0. Let s be the total order of G(X),
and take ¢,¢, -, ¢, €% linearly independent over §,. We can
prove the existence of ¢, ¢, -, ¢, € ¥, such that x=3%_,c;é, has the
desired property. Assume inductively that there are such constants
¢; for every differential polynomial of X over ¥ of total order <s
and of total degree less than that of G. (For the differentiai poly-
nomial of total degree zero, the existence of such constants is
trivial.)

Suppose that G contains some X-derivative effectively. If G(x)
=G(3].c.§;)=0 were satisfied by every choice of ¢; € {,, its formal
partial derivatives with respect to ¢; would be all zero”, and we
should get

S0 0G(x) /3 (0 -+ 0,kmx) 0 -o- 3,508 =0 (i=0,1, -+, 5).

Ir,+~--<+kms:‘

As the matrix (6, -+ 0.5«¢;) (SJk<s+1) has the rank s+1,
0G(x)/3(8 -+ 4, *=x) would vanish for all ¢, €F,. Thus a con-

7) Notice that ¥, must have infinitely many elements even when p£0: If we
take » € § such that % ¢ o, then 3P € Fo is nonalgebraic over the prime field.
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tradiction to the induction assumption would take place.

Suppose, next, that G is of the form G=3,w.G? (G,: differen-
tial polynomial of X over %). As there is a nonzero G,(X) and
G, is of lesser total degree than G, we choose c; € § such that
G.(x)#0 and consequently G(x)#0.

Proof of Theovem 6. Let / be a differential indeterminate over
%{u,v). Since # and v are differentially S-algebraic over F(4),
so is u+Av over ¥ <«>. Hence, there are differential polynomial
P(X:4) over ¥ which contain some X-derivative effectively and
for which P(u+4v;4)=0. Let P(X;A) be such a differential
polynomial which is as low as possible in X, and 0,%1 --- 4,» X its
leader and S its separant. Differentiating P(u + Av; 4) =0 formally
in 8% ..-0, 4, we get

Su+Av; ) v+Q(u+Av; A)=0
(QX; M =0P(X;4)/3(0/ -+ 3,/ A)).

Since S(u+Av; A)#0, we see that v € §(4, u+Av). By the proof
of Lemma 2, we see that 41 €% can be chosen such that S(u+4v;
A) #0. Therefore, v € F{4 u+)=7(u+4), and w=wu+2v has the
desired property.
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