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On the characteristic classes of a submanifold
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In this paper, we first give some remarks on the differential
forms introduced in our previous papers"”, and we show secondly
that the forms can also represent the characteristic cohomology
classes of tangent and normal bundles over a submanifold imbedded
in a Riemannian manifold R", by integrating over suitable chains
in the tangent frame bundles over R".

§1. The formulas of obstruction cocycles
and deformation cochains

Consider a Riemannian manifold £2* of dimension # which we
shall suppose, as in previous papers, to be compact connected
orientable and of class ==4. The group of the tangent sphere
bundle ¥*~' over K" may be the proper orthogonal group, and
so any element of the associated principal bundle B’ of B~ can
be expressed by an »n-frame Pe,e,---e, which determines one of the
orientations of R™.

Take an even permutation o of n figures (1, 2, ---, ) and set
a(A)=4’ (A=1, 2, ---, n). Letusdenote any element of the tangent
(n—q)-frame bundle B? associated with ¥"~' by

Pe ey €y 00 €y € B,
And the natural projection : 8 —B?"' is defined hy
1P € G 0y  € g =Peg - €, € BT

Then, for any cross-section F' into the bundle B7~' defined on the

1) S. Takizawa: On the Stiefel characicristic classes of a Riemannian manifold,
these Memoirs, Vol. 28, No. 1 (1953).

2) S. Takizawa: On the primary difference of two frame funclions in a Rieman-
nian manifold, Ibid,
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(r—1)-dimensional skeleton K"~ of a cellular decomposition of K",
there exists an extension G of the cross-section pF: K"~'— 8" over
the 7-dimensional skeleton K'. From the linear differential formes
wy, 0 (=—wp) (A B=1,2, -+, n) which define the Riemannian
connexion and from its curvature forms ¢,. we construct the
form /777" (1<r<n) as follows:

. —1)" [3e-nl 1
I T G D LU
ralt-n 2 NG (r—2241)) " 7
where
- ) (7)
@ 1 I:%—*‘; €Ay Ag A,y 4D ! Liyas Ry a5, Oagapyr 04,y o1,
and
n!
(3) '9,5'2'='(’)AR+ E M40 Wy .

Q@=(r+1)/

Here, we altered the notations in the previous papers: namely the
present form //™™' and /I;~' were respectively denoted by //” and
@] in the previous ones.

It has been known that //;7' is an (r—1)-form on ¥'~". If

we set

4) —dil"' =4
£ becomes an 7-form on B and satisfies the relations
5) &=0 if v is odd, |
Or=_-2]1" if riseven and r<mn.

Then the Kronecker product of an 7-cell 4" of K* and the obstruc-
tion cocycle ¢(F) of a cross-section F: K''—= %! is given by

©® (=)=

4 Faam

II"“+j @& if r=n,

A

=j V/Aek if visodd and < n,
FoA”

—:—j. "+ [ & (mod 2) if vis even and < n.
Faa” - ”

<A
Further, the deformation cochain d(f,, h, f}) for two cross-sections

J, i  K"—®8" and a homotopy £ : filK"™' = fi|K"" is expressed
by

(M (=Dyd(fo, h.1)-Z

=j II"—j i if v is even or r=n—1,
Iy =" Jo =" .
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—[ - n"—j o+ (mod 2)
her Jfos" YETXD if v is odd and < n—1,
where 2" is an 7-cycle of K" whose coefficients are integers.

The general theory of fibre bundles assures that the cochain
¢(F) defined by (6) determines a unique cohomology class which
does not depend on the choice of F. This result can be however
easily proved from the formal relations (5) on the formes /I~
and £ 1t is obvious that ¢(F) is a cocycle when 7 is odd or 7
=n. If » is even and r<xn, for any (r+1)-cell 4"*', taking. an
extension G of ¢F over K’, we have

l)C(F) 'A"H:C(F) .84r+15:j ' 0O (mod 2)

aoart
==2[ 11=20(G)- 4.
GaA”

Since ¢(G)-4"*' is an integer, it follows that

oe(F)-4+=0 (mod 2).
This shows that ¢(F) is a cocycle. Secondly, let F and F' be two
c:osssection: K'~'—®~' and let z be an rcycle with integral

coefficients. It is trivial that ¢(F)-22—c(F")-2z=0, when 7 is odd or
y=n. If » is even and » < n,

c(Fyz—c(F)z=| - @ (mod2

J Gz

where G’ is an extension of ;F’ over K”. Since d(G, G')-2z" is an
integer, it follows that :

c(F) - Z—c(F')-z=0 (mod 2).

The cohomology class of c(F') is therefore independent on the
choice of F. Thus, the Kronecker product of the #th Stiefel class
C,(I") and a homology class Z”" is given by

®) (D" C(RYy-z2| @,

where z” is a cycle chosen to represent Z” and the equality “ *”

denotes “=" or “=(mod 2)” according as the (#—1)-th homotopy
group of the fibre is infinite cyclic or cyclic of order two,
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Moreover, it is possible to prove in the same manner, which
we shall omit here, that, if f, and f, be extendable over K'*', the
cochain d(f,, &, f;) is a cocycle whose cohomology class is inde-
pendent on the choice of the homotopy #.

§2. Frame bundles over a submanifold

Let B™ (m<n—2) be an m-dimensional closed orientable sub-
manifold of class =3 imbedded in R". The groups of the tangent
sphere bundle ™' and the norimal sphere bundle %*~' over R™
are proper orthogonal groups. Throughout this paper we shall set

m+p=n.

The elements of the associated principal bundle 2° and N° shall
be denoted by
Pee,--e,¢3' and Pe,,.e,..€, €N

Designating an orientation of ™ we can assume that the m-frame
Pe,e,---¢,, and the composite »n-frame Pe,---¢,.¢,,.,---¢, determine the
given orientations of R™ and R" respectively. Let 2* and 9 be
the (m—s)- and (p—s)-frame bundles associated with T”~' and
93! respectively, and we shall denote their elements by

P()s+lcs+:’"'()'m €T’ and P()mﬂemd-‘_’”")n—x €N

For a family of tangent (m—s)-frames Y CZ’, we define
families N(9R) Cc ¥*~' and N,(M) c B’ as follows:

Pesﬂ"'()memﬂ € N(:U“)’
if and only if Pe.,--e, ¢ M and Pe,,, € 9" ; and
P()S-H"'Pm')m%-l“"‘;z € M)(&J’n)’

if and only if Pe..,---e, e M and Pe,,.,---¢, € . When the family
9 depends on k parameters, N(2)) depends on k+p—1 parameters.
Similarly, for a family I cC N, we define families (W) C B+"~!
and T,(M) c B as follows:

Pe, e, e e TN,
if and only if Pe, ., --¢,_,€¢ M and Pe, ¢ "' and
Pee e, e € T, (D)
if and only if Pe,,.--e,_, €I and P(:]...pm €3". When M depends
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on k parameters, 7(2) depends on k+m—1 parameters. Setting
F=N,(T)=T,(N"),

we shall consider only on § the forms w4, v, and £,, given on
the principal bundle ®°.
Let us agree with the following ranges of indices:

A,B... =1’ 2, ey n;
i) j e =1’ 27 "','Wl;
a B =m+l, m+2, -, m+p=n.

Over a coordinate neighborhood U c R™, we take local cross-sections
t:U—-2Z and v: U—-N"; and set ,
tP=Pee, -, and vP=Pe,'. ¢\ for PelU.
We have then a repere mobile Pe)---¢, e, ---e, on UcC B™, and
any frame Pe,e,--¢, € § over U is given by
=3 ufj")’j“’ €= U536y and P=PeU,
3 [} .

where (u;) and (v.,) are proper orthogonal matrices. There exist
natural homeomorphisms of 7,(»U) and of N,(zU) respectively

onto the portions of bundles ' and N" over U. Let * and «*
denote respectively the dual maps of the inclusion maps

¢: ToU)->% and «: N,U)—F,
and we set
Oy=c*w,, =¥ w4y,
(9) N
Y=k 0., Qip=K 04y,
Then the forms w,, w,s on § over U are written
"):‘,:01‘:%: Ui;95, ")a=2 vaﬁﬂ;x:?a:()
R
(')ijzdij:}: du;, Ut 3 Ui Ui Prn
13 k.
(10) . -
Wi =3 Vay 0, =\T.ui_1 Pia Wg; = — Wy ,
®
Was =" AVyy Vay + i} Vay Vos o = Pus
T T,
Moreover we have
Q,=*80,=3] Wi U gy, 1" L,

ok
(11) !Jiaz};_\‘ Uaa‘* '(}l'.&:;uij’{*'yjﬂy !")ui:—'Qics
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2,.= Z; Voy Uss ¥ Lys=0* Ly,
(5] 00 0) =3 oo
lc*(z‘} Wi Wy5) =§‘] CoiPes
Now we set
O,=%(25+>] i wy),
Doy =r* (L +"2 Wz 53).

According to the above relations, it is clear that the forms 6;, ¢,
6,; are invariable under the change of local cross-section », and so
they can be regarded as the forms on ¥’ which are so-called the
differential forms of induced Riemannian connexion and its cur-
vature forms. Similarly ¢,, and @,, can be regarded as forms on
N

(12)

Decompose R into a finite cell complex L™ of class =3 so
fine that each cell ¢* may be included in a coordinate neighborhood
of R”, and let L° be its s-dimensional skeleton. For any cross-
section f:L7'—Z', there exists an extension ¢:L'—3° of pf,
where g/ :3~'—3" denotes the natural projection defined hy |

7
¢ P(’s()s-ﬂ"'"mzp("s-{-l”'am .

In the same way as we have constructed the (#—1)-form /7""' on
B, from #; and 6,; we can construct the (s—1)-form 47" on
-1, If we set —dAT'=F°, then € bhecomes a form on 2*, and
the formula (6) for tangent bundles over R™ are written

(13) (—1yer)exf a4

v fon® go®

Similarly, from ¢,, and #,,, we can construct the form #*' on

N If we set —d?"'=@°, then ¢ becomes a form on W, and

the obstruction cocycle ¢(f) of a cross-section f: L*~' -9 is given
by the formula

(14) | (—1)‘c(f)-o-*‘_i_j wuj o,
Jo0° g0
which was published by Yagyu®. .
Hence by taking arbitrary cross-sections ¢:L'—23* and ¢: L’

3) T.Yagyu: On the Whitney characieristic classes of the normal bundles, these
Memoirs, Vol. 28, No. 1 (1933).
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— %, and by choosing an arbitrary cycle 2z° which represents
a homology class Z' of B™, the s-th Stiefel class C, of RB" and the
s-th Whitney class W, of the normal sphere bundle over R™ are
expressed by the formulas

(15) ("1)60,-Z*;J o
md‘
(16) v wezz| o
VEM
Writing the form 6* and ¢° in detail, we get
(17)
( 1); 1 L € (_)(a) U (}(s) . .
- TTTL T ifa dgst1:on Viyia {3(4 Tg—yig l'f S s el}en,
O = | 2“7:'-’(%)[ ®
0 if s is odd,
(18)
(~1)':’ ’—1—— D €agayay12emmn Poray Potey - O o if s is even,
0 v if s is odd.
where
(19) (91(:;)= @u +1§1H ih ﬂhj ’
(20) ‘pc(:«) = (pas +:=—;;‘+?0ao Pos -

It is however possible to show that the characteristic classes
of the bundles over K™ may be expressed, without using the forms
on tangent or normal bundles, but in terms of the forms //"' on
B! by integrating over the suvitable cycles in ¥"7'. In the follow-
ing sections we shall make clear the relations between the classes
of the bundles over R™ and the forms //"~' on B .

§ 3. The characteristic classes of the normal bundles

Denoting by Pe,e,,.,---e,_, any element of the (p—s+1)-frame
bundle B**™"' over K" and defining the natural projection p: B+~
%94';:; by .

/“Pem CopprC u—-s:P"’m+l Cy Q‘H-m

the form //**"~' on B**™~' is now given by
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(21)

s+m— —'1 sem [hsm-n] 1 Stm—
R e R R G e g,
A I A3 (s+m—24+41))
where
(22) //,'{*"‘_'=('§ €Ay do Ay ymey m m b1 =g
(s+m) (s+m)
gA]‘;o N !JAS"A 1 Aoy WAgyyym* WAy, ym
and
(23) Q(H"l):-(-),m + E Wy Wop; .
O=m+1
Then, in view of (12) and (20) it holds in N° that
(24) VR=25"— 3 0o .

For a cross-section 7:L'—N* and an oriented s-cell o* of L™,
we have an oriented cell go* in 9. Then T (ys*), which is
homeomorphic to the topological product of o* and the (m—1)-
sphere S™~', may be regarded as an (s+m—1)-chain in 8+,
Therefore, to an s-chain y* of L™ with integral coefficients, an
(s+m—1)-chain T'(7;*) in B*"' corresponds, by considering that
the correspondence T is linear with respect to the cells of L™

Since T(go*) depends on s local parameters of 9%° and m—1
parameters #u,,;, the terms in the expressions of the forms /7{*"!
vanish in T(§¢*) except ones being 2/<_s and involving the factor

Am_l =W Wyt (')m,m-l .
Hence, according to (10) we have in T(ga*)

= stm—=1 __ m~1I (s+m 2/_1)!, . i a...
(2:)) II ( 1) ( ——‘2/)' %_)' €alag 212 n—s

(Z‘J Ztl Poagygr i ..(; uispus 17) Am—l’

(s +m) "+ m)
x X -

a@yxa “"A 1%

where #, =u,,;. On the exterior product of linear differential forms
¢ 4 possessing two indices, we shall introduce the following symbols:
‘/)AI’H['AW"'SI’AjQ:‘/}AM'z“'/‘ji’z(j)
and
‘/’,»1,;(:_. -u(j:()(j)5{'31132-”]}‘,;R(Ic\"'s('(,'](,'g TR0
= A A B By B €O € D RUY N

The form A" '=(—1)" "o mei:mmn gives the surface element
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of the tangent (m—1)-sphere S“' of R" over a point Pe R"
described by the unit vectors Pe,. Expanding (25), we have

][i+m_1=('—'1)"1_1(5’*'"1—2;‘_1)!2 > - 1 "‘Galag---asliwn—s

@ tyttgr-Fe=eoa [ VL Y

()is+m) . (s+m) Lyg, 22, .. z m=—1
x")"ndz ""2&—1““59“2“\'”“.9:1’-’1””’9“'"'(lm)ul "Us u,'m A"

It has been known that if u,, ., ---, #,, denote the components of
unit vectors whose origins are a fixed point in an m-dimensional
Euclidean space, the integral

I:S ulllunlﬁ...um[mA’"“'

S m—1

over the unit sphere S™' is zero unless all exponents L, I, ---, I,,
are even, and in the later case

- i ERAUARRA
et pr (M g kR k!
2% ( > +k)

where [;=2k, and k=k,+ k,+--- +k,. Integrating the form over the
tangent sphere S”' and employing a relation on the Gamma
function

)

for a positive integer x, we obtain if s is even

— —1)! s (—=D! (s+m—21—1)!
2 j peom-i=_ < DU (s+m=24—D!
(26) sm=1 2rempheem—n 55 4 (A(s+m—22+1))

x 3 7_1__77 ( ull‘lk,uz’.‘k‘;“,umﬁkmAm—l
o 51",—

kyrgt =32 (2R (2R, - (2F,)!

al OG+m), , OG+m)
X (%3‘ €ulag---u‘,|2~-'n—s"alag 'Jcta_‘auspailﬂmus;l(ﬂk,)i(ﬁk._v_)'“m('llc,,,,)

S B CS L 1

2’71':} A=0 /:! 1*'1'”"'2'*""'“‘m=;:r—A k]!kg!"'k",_!

(s +m) (s+m)
x (;:)ea,ag-"a_,lﬁmn—a 'Qalu;" : ""Qaglzlla__,k w“g}ﬂ""’a: @R D2 k) m Q)
and if s is odd
(27) | 0.
sm=1

On the other hand, expanding the expression of the form ¢* into
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which the ‘relations (24) are substituted, we can easily see that the
right hand side of (26) .coincides with —@°. Consequently it
follows that

(28) _ e = e,

sm—1

Taking into account that T'(Ho') is homeomorphic to Fo*xS™,
we get from (16)
(29) (__1)nW3.Zs ;j (],s=_j ”a+m—l.
gzs (2%
Thus we have obtained the formula which expresses the Whitney
classes of the normal sphere bundle over ™ in terms of the forms

11" on B,

§4. The Stiefel classes of a submanifold and some rér‘n'qus

Similar consideration as in the preceding section may be applyed
to the tangent bundle over R". We shall only sketch its outline.
Any element of the (m—s+1)-frame bundle ¥**~' is now denoted
by Pe,. e+, e,., and the natural projection p:B***~' -8 is
defined by

#P(s+les+. ‘ m(’nrl-l"’P’s-{-l()s%" ,m .
The form /757" on V+~' is now given by
Ili“,_l‘:z €‘.|,A(,, u,{.’a{-l«-vm-l-l,i )

s+ Agap—y
DE+p) () G+p) ety -
x4 Ayda !)Anx~|4o‘\(“,4.““m+l O iipymt
with
m

S+p) Y
QEin=20 ., +h>_, 1“)'“'“)/'”
=8+

Then it holds that
09 = 05— 3 0,0,

a=m+1

in ". Taking a cross-section 7:L*—Z*, we have now in N(yo*)

1
= (=D (s+p—22-1)I & e PP,
(@) 1 41,4 F=s-2h l]!ll...l | Tt te
X ggs:;:’:) Q(S:P)li A”i’k{rl S m'H(]‘)m'l'E(I ) (l )vm'H m+ v pAl’_

where v,=0,,11 «, and the form A”"'=(—1)""" 012150 mt10-1 EIVES
the surface element of the (p—1)-sphere S?~ described by the
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normal vectors Pe,,., at a point P ¢ R™. By a same calculation
as in the preceding section we get finally
(30) —| [Isri=6,

sr-1

and it follows that

(31) (-0 Cozz| == 1o
gz N(g2®)
We have thus obtained the formula which expresses the Stiefel
classes of a submanifold in terms of the forms //™' on ¥"~'. When
s=m, (31) coincides with Chern's formula.” The case s=1 is
trivial, since the class is zero.

It can be proved that the formula (30) and (31) also hold in
the case m=n—1 which was excepted in our considerations:
that is, we can regard the formula (5) as special case of (30) when
m=n—1. In fact, (5) may be rewritten as

(32) — I+ (=D =2 (r<n).

On the other hand, by changing the orientation of the vector
Peg..yy, the forms wg,,.y are transformed to —wy4, .+, and so /I~
to (—1)"//". Hence, the form in the braces of the left hand side
of (32) is nothing but the integrated form of //***~' over the 0-
sphere S" consisting of two normal vectors of R™ at a point.
Furthermore the relation (4) can be regarded as the formula
(30) for m=mn.

Consequently it has been made clear that the forms £7, & and ¢,
which represent the characteristic classes of various bundles induced
from the tangent sphere bundle over ER*, are systimatically derived
from the forms //” which are essential to represent the deformation
cochains of frame ficlds in R™

At the end of the paper, the author wishes to express his
sincere gratitude to Prof. J. Kanitani for his kind guidance and
encouragement throughout this work.

4) S. S. Chern: On the curvatura integra in a Ricmannian manifold, Ann. of
Math., 46 (1945), p. 679.



