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We consider here an analytic »-manifold V with a distance
function d(p, q) defined for all points p, g of V, satisfying the
following two axioms :

1. d(p, 9)=0 for p=gq,

2. d(p,q)=d(q,p);
at present we do not assume the so-called triangle axiom.

Further we suppose that there exists a coordinate neighbor-
hood U containing any pair of points p, ¢ and that the square of
d(p, q¢) is analytically expressed by the coordinates (x) and (y)
of p and ¢ respectively. Such a manifold V will be called the
space with analytic distance and denoted by S”. The function
g(x, y) defined by

g(x,y) = —% [d(x, ]

will be called fundamental function of the space S and we shall
investigate the properties of S* from the standpoint of the
differential geometry by means of the analyticity of the fundamental
function.

The space with analytic distance was formerly investigated
by one of my senior Tsutomu étake, who died about ten years
ago without publishing his note. In this paper we shall introduce
and develope his discussions.

§ 1. Tensors in the space S”.

It is natural by means of the geometrical meaning that the
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fundamental function g(x,y) of S" is invariant under a trans-
formation of the local coordinates
(1-1) ¥'=x"(x), ¥=y(9).

Such a trans‘ormation of coordinates is thought of as one in the
product S"XS”. A function of (x) and (y), which is invariant
under (1-1), is called a scalar. 1If we put

) )
(1-2) g=—, 8%y, Lu=-—;8%1Y),
ox dy

these are subjected to the transformations

_ o 3y"

gi=8a T g =8w ‘ai_:—,

If » functions #u, of variables (x, y) are subjected to the transfor-
mation

then #, are called the components of the covariant vector (#) with
respect to (¥). We define similarly a covariant vector with
respect to (y). In particular, the functions g; defined by (1:2)
are components of the covariant vector, which will be called the
slope vector with respect to (x) and g, is called the slope vector
with respect to (y).

The definition of a tensor of any degree is immediately given.
Thus, if quantities T;§ are subjected to the transformation

Ty =Ty OF 0% 0 3"
axt ox dy 0y

we call T;% components of the tensor (7°), which is covariant of
the first degree and is contravariant of the first degree with
respect to (x) and also to (y).

If we set

0 9g: _ 98w
i = x) = T )
&ip %'y g(x, y) 5y ax
then we see easily that the functions g;; are components of the
tensor, which is covariant of the first degree with respect to (x)
and (y). This tensor is called the relative metric tensor at the pair

of the points p(x) and ¢g(y). If there exists a region R of the
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space S", such that the determinet |g;; (%, ¥)| does not vanish at
any points (x) and (y) in R, then we shall say that the region R
is proper in S™. An euclidean space is proper in itself. Throughout
the paper it is understood that we consider a proper region alone.
Then we construct the inverse matrix (g’?) of (g,;), and it is
easily seen that g’ are components of the contravariant tensor,
which is also called the relative metric tensor.

In Riemannian geometry, we obtain from a given tensor,
making use of the covariant or contravariant components of the
metric tensor, tensors of the same degree but different character.
This process is usually called as rising the subscripts and lowing
the superscripts. Similarly in our case, we can obtain from a
given tensor, making use of the relative metric tensor, new tensors,
which shall be called to be conjugate to the given tensor. For an
example, we take a tensor 7T}, and then we have various types
of tensors as follows:

(9 — ie (&)
T =28wT5%,
TiWh=ghO T
and so on. Especially, from covariant components of the slope

vectors g, and g, we have contravariant vectors conjugate to
them, that is,

A o
g=g"gy, gV=g"g;,

these be called the contravariant components of the slope vectors.

If we contract a tensor by the slope vectors, then we obtain
new tensors of the lower degree. As an example, for a tensor
T %, we have

=T, Ti5%=gwT5%,

T =g T5%
and so on. This process will be called the degeneration of a tensor
and may be repeated till we have the scaler. This scalar will be
called the slope function of the tensor. Thus, for the above tensor
T;%,, the slope function is given by

T=T3"%gggne”.

It is clear that a slope function of a tensor is equal to one of
tensors conjugate to it. We see easily that the slope function of
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the relative metric tensor is equal to the slope function of the slope
vectors.

§ 2. Relative covariant differentiations.
The relative metric tensor g, of S* is transformed under
(1-1) as follows:
ox" 9y"
dx’ 9y
Differentiation of the equation with respect to x* and contraction
by g"? give

& =E8a

@@_ g’-‘(ﬁ — aéﬂ (] é«l(") axh axn 85: ’ agx” ax,’

ox* ox" ox* odx' Odx* = dx'dx* %"
Hence, if we put
2-1)™ (%, y) =289 gu) g,
then it follows
@1 X" _ 0% pi_ 0x" 0%° Pe.

dxax?!  oaxt 7 ox' o

Similarly, if we put

2:3) 'Sy (%, ) == 5;;) g,
then we have

Oy _ 0 pw 9V OV R
dydy oyt P ey gy OV

These I';; and I'§Y, are evidently symmetric with respect to sub-
scripts, and we call them the coefficients of linear connection of S*,
Making use of these quantities, we shall give a process, by which
we obtain from a tensor new tensors of higher degree.

We take first a scalar T'(x, y) and it is easily verified that the
quantities
aiy,‘ T :Ez‘; )

x a9y

define respectively components of the vector. Next, let 7 (x, y) be
a covariant vector with respect to (x), then the components are

(2-4) T..=
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transformed under (1-1) into 73 which are given by

— axu
T.=T,—2-
ox
Differentiating with respect to x’/ and substituting from (2-2), we
see that the quantities
Toy=2L T}
e
are components of covariant tensor of the second degree with
respect to (x). The tensor as thus obtained will be called the
derived tensor by means of the process of the relative covariant differ-

entiation with respect to (x). On the other hand, we see that the
quantities

T.,;;m= ZT

Y

are components of a tensor, which is covariant of the first degree

with respect to (x) and also to (y). This tensor is said to be

obtained from the original tensor by therelative covariant differenti-
ation with respect to (y).

The above processes may be clearly generalized to the cases

of tensors of any degree, and thus we have the derived tensors of

the given tensor. For instance, we take a tensor 7% and its

()
derived tensors are given by the following equations :

T k) _— a Tj’(s’)c) T « (K) T ik Jra
HOR ax n + ah

a@ * jh»
; T
(k) j(l) i(a) 7 (X)
le(l) T T, 3 y,, +Tj(1')l [ (@) () — Ta(a) P (l)(h)

Especially, for a scalar T'(x, y), its derived tensors are defined by
(2-4).
The derived tensors of the slope vectors are given by
o'g _ dg
gij=———2———=TIf, &i: =& »
ox'0x? ox*
(2-5)

d*g 0 y
o= 8 ay’ _af_;r(%)(d) s Bwii=&jw >

these satisfy the relations
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8::5=8j:ir Boiov=8p:mn, Liopp=8wp:-

For the relative metric tensor, we have as a consequence of (2-1)
and (2-3)

(2-6) gfm;k=0, Zo:w=0,
from which we have
2.7 g'P%,=0, g9 4=

Therefore the relative metric tensor is relatively covariant constant.
It follows that the processes of the covariant differentiation and const-
ruction of tensors conjugate to a tensor are commutative. Finally
we see, for the contravariant components of the slope vectors,

i _‘\ i __‘I.
(28) g :j"“O;y g():(J)—OJ

by means of (2-5), where d’s are the Kronecker’s deltas.

§ 3. Relative curvature tensors.
We consider first a contravariant vector #’(x, y) with respect
to (x). The derived tensor with respect to (x) is given by

. ou’
u =——tu"l’
J axj Jo

and hence we have

W gonm s S Tl S I 1
(L +1',5',1“,,L)
Accordingly, if we put
G Phaln =" =0l e,

then we have the following equation :
(3:2) W= =u Ul

However it is shown that the quantities as above defined by (3-1)
are identically equal to zero, and the same is true for I’.gym (%, ¥),
which are constructed from I"$y, similarly to (3-1). This facts
are verified by direct calculation, but we shall here prove them by
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applying the rule (3-2) to the relative metric tensor. The rule
can be applied equally well to tensor of any degree if only it is
contravariant of the first degree with respect to (x¥). Thus we
have the equation

g —8 "k s=8"" ez,
the left hand member be equal to zero as a result of (2-7).
Hence we have g*®[I'..;=0, from which the above statemens are

immediately proved. Consequently we have for any tensor (T")
the identity

(33) T-.-.-';j:k'— -'~'-.:k:j=O7
and also we obtain
Toovigw— 10w 0=0.
Next, differentiating a vector #’(x, y) covariantly with respect
to ¥’ and then y*, we have

2?2y’ ou®

_Fu | Ou’ ory
dx79yF = 9yF

9yt )

U= P:j+ua

On the other hand, by interchanging the order of the above differ-
entiations,

%y’ ou®
o = —— I
AU T VA W
Hence we put
. o) .
(3-4) ijk(n x, 5 :-337 Pj’k(x) y),

and it follows that
u'g—u w7 =uSaja -

Thus we can easily establish the general formula for interchanging
the order of differentiations with respect to (x) and (y). The
formula is illustrated, for a tensor T5;’, by the following equations :

(k) i (&
T8 nom = T58 on
_ b Qi i : )
(3:5) = Tj(fz() ' Seinomy — T: ((l)) Sj:‘h(m) — 7-‘_1((1')” S (ayf)(m)/,,
ik
+ TJ’((IE)) S(lg(})(m)ll ’

where S, is defined by the similar equation to (3-4). The
quantities S;i, and Sy are clearly components of tensors, which
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are called the relative curvature tensors, the former be (x)-component
and the latter (y)-component.

Let us find some identities satisfied by the components of the
relative curvature tensors. From the definition, we have

(3-6) Siko=Sih0 .
Next, if we apply (3:5) to the relative metric tensor, we have
ik 0= 8 0 4= — &ap Stk + iy Sitrr =0,
g% 0—8 0. =8""Sir0—8"" Sutor=0.

These equations and (3-6) are expressed in terms of the tensors
conjugate to the relative curvature tensors as follows:

Sioro=Swiors  SPho=SPur,  Siarn =Sk
from which we have
(3'7) Si(j)w) =Si<l)w) .
Next, we apply (3:5) to the slope vectors and then we get
Ziisiw— 8w g™ —8aStiw 5
i ir— 8w ik 0= & Sc\tnk -

Making use of (2-5) and (2-6), these equations are written in the
forms

iyt Siw =0,
go: i1+ 8w S nr=0.
The second terms of the above are tensors obtained from the

relative curvature tensors by degeneration by the slope vectors,
which are written as S, and S, respectively. Thus we have

og;.
f}jj +Slj(k)=0 ,

ag, G 4§
ox* +

If we apply the similar process to the contravariant components of
the slope vectors, then we have in virtue of (2.8)

) —
g (k):j+S-j(k)_0’
g%, u)"‘s(?u)k:o )

(3-8)

<f)(j)k=0 .

(3-9)
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where S%;, and S, are defined by

i — 3 (¢ __ (%)
Shw=g"Saiw,  SUn=8g Swipk -

§ 4. The Bianchi’s identities and the space
of constant relative curvature.

We shall give some identities satisfied by the derived tensors
of the relative curvature tensors. We have first from (3-4)

51
3y 8y"

A — i )
SM(!) L = _Si-k(u) r (l()'l ) -«

It implies that the equation
(4-1) N ?ijkw )
is satisfied. Next, covariant differentiation of the equation
Uiigsm—Wis 1= — UaSiw
with respect to x' gives
Uiiijmyii—Wii 0= _ua;zsﬂj(k)'—uasﬁj(m:l .

We subtract from the above the equation obtained by interchang-
ing indices j and /, and then the following equation is got as a
consequence of (3-3) :

Uiigew e~ Uit w09

= ua;jszgl(k) —Uq; lst‘-}j(k) - ua(Si.(fj(k) e S:'fz(/c) :j) .
The left hand member is expressed by means of (3:5) as

=(uz:;j;l;(k)+ua;JS;f((k)+uﬁ;asffz(k))

— (u; iyt ua;tst?j(lc) + ui:aSl’alj(lc)) ’
which is written from (3-3) and (3-6) in the form
=W ;S wy— Ua: e Sy -
Consequently we obtain
(4-2) Siw =St ;-

It is clear that we have the equations analogous to (4-1) and
(4-2) for (y)-components of the relative curvature tensors. These
equations are thought of as the generalizations of the Bianchi’s
identities satisfied by the curvature tensor of Riemannian geometry.
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The equations (4-1) and (4-2) give the following identities satisfied
by the tensors conjugate to the derived tensors, that is,

Sh(fmk) O S/»(r')j(n LR
(4_3) S( ! Gk (= (?)fj(l) P (RY
Shevsenr :1= Shinewyi s »
S()jk) z—S l(Ic) i
Next covariant differentiation of (3-8) with respect to ¥ gives
Sf:‘(k) ; wzsfj(z); *) -
We also obtain from (3:9)
Sfj(k):t=5fl<k):j-

Now, we consider such a space C" that the tensor Sy, are
expressed in the form

Siprn =8 Drwy + & Diwr »

where p;;, is a tensor. If follows immediately from (3-.7) that
bin=rg:y», r be a function of (x,y). Hence we have

(4-4) Sipre =1(8ip &ev + 8rip &) -

Covariantly differentiating (4-4) with respect to ™ and making
use of (4-3), we have p.,,=0. The similar process and (4:3) give
also ¢, ,,=0. Hence a scalar ¢ is constant. This result is similar
to the well-known theorem of Schur in Riemannian geometry.
The space C" as now considered will be called the space of con-
stant relative curvature and p in (4-4) the relative curvature.

§ 5. Riemannian spaces associating with S™.

It follows from the definition of the fundamental function of
STL

(5-1) g(x, x) =0
We shall prove the identities
(5-2) g:(x,2)=0, gy, x)=0

In fact, we see from (5-1)

3g(x %) _ <8g(x ) (ag(x ) )

(«, 2) (z, t)
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which is written in the form g:(x, x) + g+ (%, x) =0. Since g(x, ¥)
is symmetric function of (x) and (y), we have g:(x, x) =g (%, x),
from which it follows (5-2).

If (x) and (x+dx) are neighboring points, then the fundamental
function g(x+dx, x) is expanded as follows:

1 /9°g(x, y) R
g(x+dx, %) = ( £ ) dldy

Hence, if we put

. . *g(x, y)
(5 3) gtj(x) ax ax] - ’

then we have
(5-4) [d(x+dx, x)*=g,;(®) dx'dx’+ -,

where the function d(x, y) is the distance between (x) and (y).
We obtain from (2-5) and (5-2) g;;(x)=—g:.;(x,x). On the other
hand, we get

agi’(x’ x) = ag’(x’ y) agl (x» y)
ox’ ( ox’ >(‘:' 5 +< ay7 )
from which we obtain by means of (2-5), (5-2) and (5-3) —g;;(x)
+ gin(x, x) =0. Therefore we have

(5-5) ;i (%) = gi» (%, x):—g:f:j(x».x)-

It is clear that the functions g,;(x) are components of a covariant
tensor of the second degree with respect to (x), and the quadratic
form g;p’p’ is positive definite by means of (5-4). Therefore we
can define a Riemannian metric ds*=g;;dx’dx’ in an neighborhood
of a point (x) and thus we have a Riemannian space V*, the
underlying manifold be the same as S”. We call V* the Rieman-
nian space associating with S*. Any tensor of V" is thought of as
one of S*, whose components are functions of variables (x) alone,
and hence the tensor g;(x) as above defined is called the metric
tensor of S".

Let us find the relation between the coefficients of the linear

connection in V* that is to say, the Christoffel’s symbols { ]_zk}

constructed by the metric tensor g;; and coefficients of the linear
connection in S*. We obtain immediately by means of (2-1) and
2-3) I'ju(x, x) =1"§% (%, x). Also, from (5-5), we get

b
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0gi(x) _ 3g,m (x ¥) Bg,w (x y)
ax ( >(z .t)+< (t z) .

The right hand menber are written from (2-6) in the form
=gup (%, X) I'E(x, %) + 8wy (%, %) I’ §o (%, %)

Hence we have as a consequence of (5-5)

28D —g.x) i, 5) +8u(0) T3, ).

Since, in V" associating with S* the equation

E%igfizgu,-(x) {{F}®+ga®{ 5@,

is satisfied and both of I’} and { jzk} are symmetric with respect
to subscripts, then we conclude

(5-6) [el@=rieo=rgoews .

Further, we shall express the curvature tensor of V™ in terms of
the relative curvature tensors of S”. For this purpose we observe
first

R FAYe
{]k}( ) =( (x y)) +< ol (x,y))
axl N (z, £) (z, -t)
as a consequence of (5-6). The last term is equal to Sj, (%, x)
from (3-4). Hence, from the above equation and /7;,=0, it follows
that the curvature tensor Rj, of V*

a{i} af? . .
”f=£ﬁ‘ gﬂ*ﬁHUﬁﬁﬁHﬁ}
is given by
(5-7) Riu (%) = Sy (%, X) — Sji (%, %).

We consider a connected, complete, analytic Riemannian space
V™. In this space, there is at least one geodesic arc joining any
pair of points, which is the shortest arc among arcs joining the
points®. Hence we can define a distance between the points as
the arc-length of the shortest arc, and so we can define the funda-
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mental function, which is analytic as a consequence of analyticity
of the space. Therefore the Riemannian space has the space S*,
with which the former associates.

Conversely, if we consider a space S*, then a Riemannian
space V" associating with S* may be defined as above shown.
Hence, any objects in V" are regarded as one in S*. Thus, we
may define in S* the length of a curve, the magnitude of a
vector, the angle between two vectors at the same point and so
on. We shall use these notions hereafter in order to study S*.

Finally, we give the following theorem which is easily shown
by (4-4), (5-5) and (5-7):

Theorem. A Riemannian space associating with a space C* of
constant relative curvature is of constant curvaturve, the curvature
be equal to the relative curvature of C*.

§ 6. Parallel displacement.

We shall introduce the notion of parallel displacements in our
space S*. Let #“”(x,) be a contravariant vector at a fixed point
(%) in S*, and then we construct covariant vector »(x) at any
point (x), which is conjugate to # and so the components v, of v
are given by

0;(%) =1 (%) Gy (%, %) .

Hence, by means of the contravariant components g9 (x) of the
metric tensor at the point (x), the contravariant components v’ (x)
of v are given by

6-1) V() =u' gy (%. %) g7 (%),

In the first place, if we take (x)=(x,), it follows that the vector v
coincides with the original vector », making use of (5-5). Next,
if (x) is an neighboring point of (x,) and we put dx'=x'—%,’, then
the functions gj.,(x, x,) and g”(x) are expanded in the forms

Zicar (%, %) =gja (%) + Zia (%) { ]-k, JEOLI

g7 (x) =g" (%) —g" (%) { 2 l} (%) dx'— g** (%) { a] l} () dx'+ -,
and hence we see that du’, the differential of the vector #, is given

by du*————u“{azj}dx’, from which it follows that the vector at
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(x) is displaced in parallel with itself from (x,) to (x) in the
sense of Levi-Civita. Hence we may say that the vector as defined
by (6-1) is obtained from the original vector u by parallel dis-
placement from (x,) to (x).

The notion of parallel displacement is formally generalized to
tensors of any degree. As an example, components Uj(x) of a
tensor (U) obtained from a tensor T)(x,) at a point (x,) by

parallel displacement to a point (x) are given by definition as
follows :

Uj (%) =T¢ guar (%, %) 2" (%) g*7 (%, %) Grs(%).

If the original vector #(x,) is non-zero and if the vector v(x)
as given by (6-1) vanishes, then the determinant |g (%, x,)| must
be equal to zero and hence (x) is not included in the proper
region of (x,). Therefore we may construct a field of parallel
vectors in a proper region by means of parallel displacement of
a vector at a point fixed in the region. As a consequence of the
well-known theorem proved by H. Hopf®, we have the

Theorem. The Euler-Poincaré characteristic of a closed, proper
space S* is equal to zero.

We shall examine a variation of length of a vector owing to a
parallel displacement. The length ju| of the original vector # is
Vgwm @ u®, where g.,» is the metric tensor at the original point
(x,), and length |v| of the vector v defined by (6-1) is given by

lv|*=g;,v' V=g, u® Sg" u® 8 87,
from which we have
(6-2) |01 = gy Grn g7 1 u®.

Thus we may say that a parallel displacement changes generally
a length of a vector. The condition that the length of any vector
at (x,) is invariant under parallel displacement to (x) is given by
the following equation :

(6-3) Zo» =i &in&"

which is easily seen from (6-2).

Next, suppose that the vector v(x) is obtained from u(x,) by
parallel displacement from (x,) to (x) and then the vector #(x,)
is obtained from the above v(x) by parallel displacement from (x)
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to the original point (%,). The vector v is given by (6-1) and «
is given by means of (6-1) as follows:

_ ] " 1 (i
WP =y &n& nga(h) g(')(l)-

If the vector # coincides with # and latter is any vector at (),
then the condition (6-3) is necessary and sufficient, as will be
immediately shown. Therefore the condition that, if a vector v(x)
is parallel to #(x,), then the latter is conversely parallel to the
former, is given by (6-3).

Now, by the definition, when we construct a vector v(x) at
a point (x) parallel to a vector #(x,) at a point (x,), we have
first a vector v, conjugate to #*> and then have the contravariant
components »° of v by rising subscript. On the other hand, we
may proceed in the following manner. First we construct covariant
components of the given vector by lowing superscript and then
the covariant components by parallel displacement of the covariant
vector as above found. This process gives us the vector 7, its
covariant components be as follows:

= - h — ' D
V; (x) =Uw g @ Zpi— u’ )g(c) ) g’ ("’g,,,: .

Since the covariant and contravariant components of the vector
should be thought of as different representations of the same object,
it seems to be natural that 7 as above given coincides with covariant
components of », namely v.=u*"g;,. We have immediately the
equation (6-3) as the condition, under which the above require-
ment is satisfied.

Consequently, we know that the equation (6-3) must be
required in order that the notion of parallel displacement has
various desirable properties. The space S” such that (6-3) holds
throughout the space, will be called the space admitting a parallel-
ism. These spaces will be treated in detail in the Section 8.

§ 7. Geodesics with the center.

Let C be a curve in S*, the equation be given by the form
x'=x'(s) ; where s is arc-length. The unit vector ¢ tangent to C
is given by ¢§'=dx’/ds. We take any point (x,) fixed in S* and
construct a vector A(x,) from ¢ by parallel displacement from (x)
to (x,). Then the components of 41 are given by

7-1) A9 (25) =S (%) Gaery (%, %6) P (%) .
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When the original point (x) of ¢ displaces along the curve C, the
final point of the vector 2 will describe a curve 7 around (x,). If
we denote by o arc-length of 7, we obtain

(7-2) do = g (%) dA° diO,

From (7-1) we have

79
(7-3) ‘2‘5 =1 a8,

where we put

r(x, x,) =87,

(74) | 77:: (j;' ‘h
It follows from (7-3) that the vector /;"=di/ds coincides with
the vector obtained from 5 by parallel displacement to (x,). The
vector 7 is called the first normal vector of the curve C with
reference to the point (x,). From (7-2) and (7-3) it follows that
the length |/ of /2 is given by |do/ds]|.

The first normal 7 of C may be depend upon the choice of
a reference point (x,), and the condition that the vector be uniquely
determined is given by the equation

(7-5) S (3, 2 4 L g,
which is immediate result of (7-4). Further, the vector 5 may
not be orthogonal to the tangent vector in general. We shall show
in the next section that the first normal vector is orthogonal to
the tangent vector in spaces admitting a parallelism.

A curve C, such that the curve ; as above defined is reduced
to a point,i s called the geodesic with the center (x,). For such a curve,
each vector obtained from its tangent vector by parallel displace-
ment to the center (x,) is constant, as the origin of tangent vector
displaces along C. From (7-4) it follows that the differential
equation

dx’ dx’ dx*
7-6 r 3 =0
(7-6) a5 ==+ (x, %) —— ds ds

defines the geodisic with the center (x,). The equation (7-6) is
analogous to the equation of geodesic in Riemannian space. It is
clear that the condition for a geodesic, such that any point of S*
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may be its center, is given by (7-5) and (7-6).

We consider a space C™ of constant relative curvature.
According to (4-4) and (7-5) we have easily ¢=0, so that the
relative curvature vanishes. Hence we have the

Theorem. The first normal vector of a curve in a space of
constant relative curvature is independent of choice of the reference
point, if and only if the relative curvature vanishes.

Corollary. A geodesic with the center in a space of constant
relative curvature has any point as its center, if and only if the
relative curvature vanishes.

§8. Some properties of S” admitting a parallelism I.

We defined spaces admitting a parallelism in the Section 5.
Such spaces may have some interesting geometrical properties, and
hence we consider such spaces in this section. We shall denote
hereafter by P” a space admitting a parallelism.

In the first place, we have from the definition (6-4)

P 1. Each of the space P" is proper in itself.

As a consequence of the theorem in the Section 6, we have

P 2. The Euler-Poincaré characteristic of closed P* is equal
to zero.

The discussions in the Section 6 give the following three
properties of P,

P 3. The Parallel displacements in P” preserve a length of a
vector.

P 4. The Parallel displacements of vectors in P* satisfy the
condition of reflexivity. That is to say, if a vector v(y) is parallel
to a vector #(x), then the latter is also parallel to the former.

P 5. In P a vector obtained from a vector by parallel dis-
placement is uniquely determined by the latter. Strictly speaking,
the vector obtained from the contravariant components of the
given vector # by the parallel displacement coincides with the vector
obtained from the covariant components of x by the parallel displace-
ment.

The equation (6-4) is written in the convenient form

(8 . ].) giagau)=g‘,i(")g(“)(ﬁ ,
g8 =gun 8",
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from which we see

) ) —
208" 8rn 8 =8 -

This result may be stated as follows :

P 6. The metric tensor at any point (x) of P* is obtained
from the metric tensor at a point (x,) by the parallel displacement
from (x,) to (x).

Since P* has the property P 3, we can define an angle
between a vector # at a point (x) and a vector » at a point (y).
We suppose first that both of the vectors # and v are of length
unit. If the vector # at (y) is obtained from u by parallel dis-
placement from (x) to (y), this vector # is of length unit as well.

The angle a« between # and v is given by
COoS a=g;, u v?,

which is easily verified by means of (7-1) and (8-1). On the
other hand, if the vector # at (x) is obtained from » by the parallel
displacement from (y) to (x), then the angle between # and 7 is
also given by the above equation, which is immediately seen.
Therefore we define the angle between unit vectors » at (x¥) and
v at (y) as the quantity « given by the above equation. Thus the
angle between #(x) and v(y), whose lengths are not necessarily
unit, is defined as follows:

|u] - |v|cos(u v) =g u vY.

The definition and (8-1) gives us the following two properties of
P,

P 7. Ifavector » at a point (y) is parallel to a vector # at
a point (x), then the angle between them is equal to zero or =.

P 8. Let # and » be two vectors at a point (x), and # and v be
the vectors obtained from u and » respectively by the parallel dis-
placement to a point (y). Then the angle between # and v is equal
to the angle between # and v.

From (9-1) we have relative covariant differentiation with
respect to x*, gi...g*?=0, which gives

(8‘2) g},;k=0.

Thus we have
P 9. The metric tensor in P* is relative covariant constant.
From this it follows that
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i » ={|

Hence coefficients I"j, of the linear connection of P* are inde-
pendent of the second variables (y) and so we see by means of
the definition of the relative curvature tensor the following property :

P 10. The relative curvature tensor of P is identically equal
to zero.

From (5-7) we see

P 11. The Riemannian space associating with P* is locally
euclidean.

We consider the inverse of P 10. Let S* be such that the
relative curvaturc tensors vanish. We call such a space to be
relatively flat. Coefficients 1’/ (x, y) of the linear connection of the
space is indepen@ent of (y), and so they are equal to the Christ-

offel’s symbols {jzk } as a consequence of (5-6), so that the metric

(r)

tensor is relative covariant constant. Conversely, if the metric
tensor is relative covariant constant, then the space is evidently
relatively flat. Thus we have an important class of relatively flat
spaces, and the class inclndes all of spaces admitting a parallelism.
It is clear that, if S* is relatively flat, the first normal vector of
a curve is equal to the vector which is the first normal in the
sense of the Riemannian geometry, and hence the vector is orthogonal
to the curve.

@

§9. Some properties of S” admitting a parallelism II.

We shall see some properties of a closed P* in the large. Let
u(x) be a field of differentiable vectors of length unit. That there
exists such a field is already known, by means of P 2 in the last
section. From the assumption we have g;(x)u’(x)u’(¥) =1. Rela-
tive covariant differentiation of this equation with respect to x*
gives

9-1) gi(x)u’ (x)w, (%) =0,

in consequence of (8-2). This implies that the rank of the matrix
(%, (x)) is less than » throughout the space. Further we take
a unit vector »*” at a fixed point (x,) and then the angle a(x)
between # and v is given by

cos a (%) =gy (%, ) v 4 (x).
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This is a differentiable function of (x) defined throughout the
space. Hence the function has to receive its minimum and maximum
in P, since P* is closed. Therefore there exist at least two points
(%,) (p=1,2) where all of the partial derivatives of cos a(x) are
equal to zero. Thus we have

(9-2) i (x, 2,) v 0, () =0 (x=2%,).
Now the equations (9 -1) and (9-2) are expressible in the forms
w, (%) 1y (%) =0

9-3) ) (x=%,),
w. (%) v;(x) =0

where u,(x) are the values of covariant components of # at the point
(x,) and w,(x,) are covariant components of the vector obtained
from v at the point (x,) by parallel displacement to the point (x,).
As a consequence of (9-3), if u,(x,) and v;(x,) are linearly inde-
pendent, then the matrix (#’.,(x,)) is of rank less than (n2—1).
If that is not the case, then we have easily #;(x,) = +v;(x,), from
which it follows that «'(x,) is equal to a vector obtained from the
given v at the point (x,) by the parallel displacement to the point
(x,) to within algebraic sign.

Gathering the foregoing results we have the

Theorem. Let u be a field of differentiable vectors of length
unit in a closed P". Then the rank of the matrix (w,,(x)) is less
than n throughout the space. Further, if the rank is equal to
(n—1) throughout the space, then there exist at least two points,
where u is equal to a vector obtained from the given vector at the
point fixed in P" by parallel displacement to within algebraic sign.

It is to be remarked that the first part of the theorem is also
satisfied in a closed Riemannian space whose Euler-Poincaré
characteristic vanishes. The proof is quite similar to the above
shown.

§ 10. Squares of spaces S”.

We shall return to the consideration of a general space S*.
A product space (S")? of S™ by itself will be called the square
of S*, in which coordinates (z) of a point are given by z'=x’
"=y, (i=1, .-, n). We consider a transformation of coordinates
only of the type (1-1) in the square (S*)? and then tensors of
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(S™? can be defined. As an example, we denote by T,* com-
ponents of a tensor of the second degree in (S")2. These quanti-
ties are subjected under (1:1) to the following transformations.

J— axa axb —_ axa a b
Tu': T a—E’ % Tm) =Tam —agj 3;7' ,
—_ a a axb —_ a a a
T”,jo(,,),, %}‘ 7’)};7 s Tu)m=T<a>(b) % % .

Now, we consider a covariant vector u«,(x, y) with respect to
(x) in S™ and then u.,=u.g*" gu,» are covariant components of
a vector conjugate to the given vector. If the space is P ad-
mitting a parallelism, then we have the given vector u, from u,,
by the converse process. Therefore we have a vector (u,)
= (u;, #) of the square (P")%

The above method applies equally well for any tensors of P».
Thus we consider a covariant tensor u;(x, y) of the second degree
with respect to (x), from which we define wu,, #.; and u.,, as
follows :

Uin =i 8" " Gy Uni=Uas & Goneiy »

Ui =Uac 8" rn 8™ Gnrin =Ua 8" Gy -
However, we see easily by means of (8-1) %.,;8"® g.=u,;. Hence
we obtain a covariant tensor (u.) = (%, Ui, Uys Ueyp). Each of
Usj, Uiy, Wey; and #ugyy is called a factor of (u,,), and the tensor
(u43) the extemsion of each factor. It has above shown that the
extension is uniquely determined by each factor in the case of a
space admitting a parallelism.

From (8-1) we obtain a tensor

(8us) = (81, Gy 5= 8yi1»» Brxn)»

which is the extension of the relative metric tensor as well as the
metric tensor. This (g,;) is called the fundamental tensor of (P")2.

Let (T') be a tensor in S* then we have its derived tensors
(T...o.;) and (T... ) with respect to (x) and also to (y). Hence
it is clear that the quantities

*)  In the following it is understood that latin indices teak the values 1,.--, 2n.
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T.'..../j= T.'....;J+T......; (@) gb(a) g'[,j ’

Toorn=T. 00+ 1000 8" 8o
are respectively components of tensors. These tensors (7...")
and (7...y) shall be called the derived tensors of compounded

type with respect to (x) and to (y). We see easily for the relative
metric tensor

Zion=0,  Zipw=0.
We consider a square (S*)? of S* and a tensor T.%, which is
the extension of the tensor T, in S*, and whose factors are 7%,
Ty, T?,; and T1,,. But we see immediately that the quantities
T%., and T%,, are not always an extension of one of its factors.
Because, for instance, the equation
de: = Tfj; 2" 8mw »

will not hold. However, in (P")%, we shall prove that the derived
tensor (T'%,;, T% ) of compounded type is defined the extension
of one of its factors. In fact, factors of T'% are given from T
by the following equations :

T!,=T:.g® , T9.=T%g,.,g®?,
(10-1) o) g g(b)u)' J i 8am) &
T =T%gu 8" 8" gar(s» -
Since the equations
gin=0,  Ziyw=0
are evidently statisfied, we have from (10-1)
Tipn=T' 8" 8ors» »

and so on. Hence T, T?;, and T%,, are conjugate to T*,.
Next we have

T8 8oy = (T 5:at Ty, (0 8" 82) 8" Err »
. from which we have as a consequence of (8-1)

=T 8" 828" Gy + T, 08" Er>
=T w+T5..88nw=T 5w -

Hence T, is conjugate to T, from which T, T, and
T%m are also conjugate to T';,. Consequently we have proved
the above statement.
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It is at once shown that, for P", covariant differentiation of
compounded type are not depend upon the order of differentiations;
while, for general space S” the circumstances are complicated,
because we have terms containing the derived tensor of the metric
tensor, which does not always vanish. But we obtain the follow-
ing terms:

_ yab
Biu= g @ (Sf?k(b) Bu— Si-jl(b) Zar)»
— ; ah
Bivy=Shw — S 8°° 8on &' gar
j _ ) j j
B,-f(k)(z) = —g“ (Si‘?a(k) Emn — Svtfa(n g(h)(l:)) )

and the similar terms B.{%, Bk and Bu§i,. It is a little
interesting for us that the curvature tensor of the Riemannian
space associating with S™ coincides with the quantities B/,(x, x)
B (%, ), Biyan®, x), .
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