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The stability of the solution of a system of differential equations
has been discussed by Liapounoff [2]* and various authors.
Massera has discussed the Liapounoff’s function and the relations
between various stabilities and has obtained necessary and sufficient
conditions for the asymptotic stability of the solution ([3]and [4]).
The present author has researched the boundedness of solutions
which is the concept corresponding to the stability. And we have
obtained sufficient conditions for the boundedness or the ultimate
boundedness of solutions for the purpose of using Massera’s theorem
in the discussion of the existence of a periodic solution of the non-
linear differential equation of the second order ([5] and [6]).
Moreover it has been shown that those conditions are also necessary
conditions for some equations ([9] and [10]). In the papers [7]
and [8] we have obtained some necessary and sufficient conditions
for the uniform boundedness or the uniform stability, but they are
not satisfactory in practical cases, because they are the conditions
which are satisfied for general equations. Then we will obtain
necessary conditions for the uniform boundedness or the uniform
stability.

Now we consider a system of differential equations,

o) 9 _py, 1),

where x denotes an n-dimensional vector and F(f, x) is a given

* Numbers in [ ] refer to the bibliography at the end of the paper,
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vector field which is defined and continuous in the domain
. 4. 0Zt< oo, |x|< 0.
The norm |a| of a vector a= (a, a., -, a,) represents {Sla:}"2
i=1

We will say that F(¢, x) belongs to the class C, with respect
to (¢, x) in a region R if for any bounded set R'CR a Lipschitz
condition is satisfied, i.e., there is a constant M (R’) such that, for
any pair of points (¢, x) €R’, (¢, x') €R’, we have '

|[F@t, x) —F@, ) |<M[|t—t'|+ |x—x']].
On the other hand, we will say that F'(, x) belongs to the class
C, with respect to (f,x) in a region R if M is a Lipschitz
constant which may depend on x and is independent of . More-
over we will say that F(t, x) €C, with respect to x if it satisfies a
Lipschitz condition with regard to x. We will say that F(, ) €C,
if the Lipschitz constant is independent of .

In the former discussions of necessary conditions for the
boundedness of solutions or the stability, we have seen the existence
of a certain function by utilizing the supremum of the norm of
the solution. This method is useful in the studies of the ultimate
boundedness or the asymptotic stability [4]. But since the supremum
of the norm is not necessarily continuous in the case where we
will discuss the simple boundedness or the simple stability, we
cannot obtain a continuous function. Therefore we had to use the
expression as follows; for any solution of (1), x=x(#), the function
o(t, x()) is a non-decreasing function of ¢ or a non-increasing
function of ¢ ([7] and [8]). The supremum is useful in the proof
of the following theorem which is more general than the theorem
in the case where F(¢, x) is periodic of . It will be proved by
Massera’s method.

Theorem 1. We assume that F(t, x) belongs to the class C, with
respect to x. In order that the solutions of (1) are uniformly bounded
and uniformly ultimately bounded, it is necessary and sufficient that
there exists a positive continuous function ¢ (&, x) satisfying the
Jollowing conditions in the domain 4|0<t< o, |x|=R] (R be a positive
constant which may be sufficiently great),

1° @(t, x) has the property A (cf. p. 279 in [9]),

2° o(t, x) tends to infinity uniformly as |x|->o,

3° o¢(t, x) belongs to the class C, with respect to (t, x) and we

have



On the necessary and sufficient condition for the boundedness 219
lhiT?%{¢(t+h, #+hE) =gt )| < —c(a),

where c(r) is a positive continuous function of r.
Moreover if F(, x)€C, with respect to x and F(, %) is bounded
for |x| bounded, ¢ (t, x) belongs to the class C, with respect to (, x).
In the following two examples, the supremum of the norm of
the solution is not continuous. As a simple example for the uniform
boundedness, we consider the first order differential equation

) {(n+1—x) x—n) @W<x<n+l) r=0,1,2, - )

X =
0 (x<0).

The solutions of this equation are uniformly bounded, but the

supremum of the norm of the solution is not continuous with

respect to the initial value. As the desired function ¢ (¢, x) for this
equation, we can take

e, x)=x0; %1,

namely
1) A7 o
(n-i-(n+ )n+1_x_e_ . .
ot D=1 14 A1 - n=x<n+1)
L n+l—x
- (x<0).

In the case where x==0 is uniformly stable we can also show
a similar example. Dividing the interval of x into

1 1
I:_Zﬁy_-l—"’ 7] (n:()’ Jy 2» """ ) y

consider such an equation as one in the example above, where
xz% (n=0, 1,2, - ) is a solution: namely consider the first

order differential equation &'=F(, x) in 0<t< oo, |x|<1, where

1 1 1 1
F(t, x) = (2 _x)(x—Wx ) ("éf,;:.'r<x§-§,7) (n=0,1,2, )
0 *x=0).

As the example above, when the solutions are continuable to
the left and each solution is unique, if we put ¢ (¢, x) =|x(0; %, t) |,
o (t, x) is continuous, but this ¢(f, x) does not necessarily satisfy
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the other required conditions. For example, we have ¢(t, x) =
|%(0; x, t)|=|x|e' for the equation x’=—x and hence we cannot
show that ¢(t, x) has the property A. Of course, even if the
solutions are not continuable to the left, there is the desired func-
tion ¢(t, x). For example, in a equation

, (=% (x=0)
"_{0 (x<.0),

all the solutions are not continuable to =0, but it is sufficient
that for this equation, we put

@ (t, x) =|xl.

Adding a slight assumption to F(¢, x), we will obtain a more
useful condition for the uniform boundedness or the uniform
stability.

Theorem 2. We assume that F(t, x) in the differential equation
(1) belongs to the class C, with respect to x. In order that the solutions
of (1) are uniformly bounded, it is necessary and sufficient that there
exists a positive continuous function ¢(t, x) satisfying the following
conditions in the domain

d: 0<t< o, |%|=R (R:a positive constant which may be
sufficiently great):

1° o(t, x) has the property A,

2° @(t, x) tends to infinity uniformly as |x|—co,

3° ¢(t, x) belongs to the class C, with respect to (t, x) and we
have

Dzo (¢, x) =l,§-nql%{¢(t+]1’ x+hF) —o(t, x) }go.

Proof. We have shown that the condition is sufficient
(Theorem 3 in [9]). Now we will show that this condition is
necessary. Let x=x(t; x, t,) be the solution of (1) through the
initial point (%, %,). We observe the solution for ¢ such as 0=<t<t,.
Then this solution is continuable to =0 or for a certain =0, we
have |x(¢; x, t,) | > when t—>c+0. Now we put

2 ¢t x) =min[|x(z; % 8)|; O=r=t],
where the region of ¢ is the region for which the solution x=x(z;

x, 1) exists_. It is clear that we can define ¢(#, x) for each point
(t, x) in 4. From the definition of ¢(t, x), we can easily see that



On the necessary and sufficient condition for the boundedness 221

we have
¢(t, ) =<|x|,

i.e., ¢(t, x) has the property A and for any solution of (1), x=x(t),
the function ¢ (¢, x(¢)) is a non-increasing function of t.

By the uniform boundedness of solutions, for any G >0, there
exists a positive number G such that, if |x,|<G, we have

1 (t; % 1) |<G.
Hence if |¥|>G, we have
x(@;x,0)|>GC (=t).

From this we have ¢(t, x) >G, that is to say, ¢ (¢, x) tends to in-
finity uniformly as |x|—co.

Next we will show that ¢(t, x) belongs to the class C, with
respect to (¢, x). When the solution x=x(¢; x,, t,) through (%, %,)
is continuable to t=0, if we take a suitable neighborhood U (¢ ; t,, %,)
of (t,, x,), the solutions issuing from there to the left lie in é&-
neighborhood of x=x(¢; x,, #,), because each solution is unique by
the assumption F'(f, x) eC,. Therefore for the solutions issuing
from U(d; £, x,), we may consider (2) exactly in 0<c<¢{. On the
other hand, we suppose that for a certain c=>0, we have |x(¢; x,, t,) |
—o0 as t—>ao+0. If we put

sup |x(t; %, 1) |=/(3),

toSst<o
leolSn
n<to<w

this /() is uniquely determined, since the solutions are uniformly
bounded. Now let ¢ be the value of ¢t at which we have

]x(f 3 %o to) l :Zf(z‘xol)

for the first time. In {<t<t, if we take an &neighborhood of the
solution x=x(t: %, t,) (€: be small), the solutions of (1) issuing
from a suitable neighborhood U (4 ; {1, x,) of ({4, x,) to the left lie
in &neighborhood of x=x (¢ ; x,, t,) by the uniqueness of the solution.
Therefore they are continuable to t=¢{. Now we suppose that a
certain solution of them satisfies

lx( ;% )| <2|x| (@ x)eU@;t, x))
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at t' such as 0<t'<f. Then we have
lx@; %, D1>Clw)) (161 <2|x%))

for a solution of (1) issuing from the region |x|<2|x,| to the right.
This contradicts the definition of f(7). Therefore they cannot take
their minima in f/<f. Namely there exists f such that all the
solutions issuing from a suitable neighborhood of (f, x,) to the
left are continuable to f and they take their minima in <<t
Hence in all cases, we may consider in I<t<t ({=0) min|x(z; x, 1) |
for the point (¢, x) of a suitable neighborhood of (¢, x,).
Now we consider

¢, %) —¢( x)
=min(|x(z; %, ) |; IZc<t]—min[|x(z; &, ) |; I=c{).
If we put
min [|x(7; &, D |; ISt=<t]=|x("; &, D,
we have
et x)—et, )S|x (@5 x4, )| — x5 4, 1) |
SAlx—v| (cf. [10]),

where A is a suitable constant in the considered neighborhood.
Moreover if we put

min [|x(z; %, 1) |; ISc<t]=|x (" ; x, D,
we have
¢t %) —pt, ) Z|x@"; x5, 6) | — |65 &, 1) |
=>—Alx—x|.
Therefore we have
3) lpt, 2) —@ @, 2)|SAlx—a'|.

Next we consider ¢ (¢, x) —¢ (¢, 1), where t<¢. If |x(; x, t')| takes
the minimum at {<’<t, we have

e x)—¢, D=|x@ 5, 0| — x5 %, 1)
S x| —|x @5 X D)
SAIX—x|
<C{-t (cf. [10)),
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where X=x(t; x, #) and C is a suitable constant. In the similar
way we have

o, %) —e, )=—CEt'—t).

Now if |x(7; x, t)| takes the minimum at {<:”"<t and |x(z; %, t')]
takes the minimum at f<<¢, we have

o, x) —ot, x)=|xG"; %, —|x(; %, )|
Sla@; x )| —lxlt; 2 )| +xE; 2 )| —|x @ x, 1)
Sle—X|+ a5, ) —x (@5 2, 1) |
<C{t-1).
In the similar way we have
et x)—e, x)=—C{t'—1).

Therefore we have

4) let, x) —e@, 2)|SCE—1).
From (3) and (4) we have
) e, x) —e@, &) [SM[[t—V|+|x—x]],

that is to say, ¢(t, x) belongs to the classp), with respect to (¢, x).
From this and the fact that ¢ (¢, x) is non-increasing along any
solution, we can see

DFSO #, x) gO

When we add a slight condition to F'(f, x) again, we can obtain
a regular function ¢ (¢, x) by Massera’s method [4]: namely

Theorem 3. We assume that F(t, x) belongs to the class C,
with respect to (t, x). In order that the solutions of (1) are uniformly
bounded, it is necessary and sufficient that there exists a regular
Sfunction ¢ (t, x) satisfying the conditions in Theorem 2. Hence the
condition 3° is replaced by the inequality

dp , d¢
Proof. By Theorem 2, there exists a function ¢(z, ) in 4.
Since the solutions are uniformly bounded, we have |x(t; x, £,) |
<f(«) when we have |x|<a. We may assume that B(«) is a
continuous strictly monotone increasing function of «. Then there
exists a function «(|x|) such as
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O<a(|x))=¢(, %),

where a () is the inverse function of 3 (a) and « (f) is a continuous
strictly monotone increasing function of 3 and a (8) > as #-—>co.

If we put
1+¢
’ = t; )
U, x) 1+2t¢( x)
we have
La(s)SUE DS
and
1
DU )< — —,
U@ 0= —a(lx)) dt20°

Let (z, x) and (<, ¥) be any two points such that 0<:<t,
0<7<t and |x|<r, |#'|<r. We have

UG, ) —UE, ) |ISME ) [lr—|+|x—x|],

where we may assume that M (f, ) is monotone with respect to
t and ». Moreover let N(t, ») =1 be a Lipschitz constant of F(z, &)
in the region 0=:<t, |§|<7, where we may assume that N(t, r)
is monotone. We have a function L(f)=1 which satisfies

|[Ft, 0)|=L®)

and is monotone with respect to ¢. It is possible to find a positive
regular function #(¢, ) in the region 0<t< oo, R<r, such that

1
a(t, =
(r)<2

8ro(t, Y LE+1)ME+1, r+1)N(E+1, »+1) 1+2@¢+1))°<1

8r|0/|LE+1)ME+1, r+1)N@+1, r+1) 1+2@¢+1))<1

8|0/ |LE+1)MUE+1, v+ 1)N@E+1, r+1) A1+2(¢+1))<1.
To find 6(, r), we put

[87LE+1)M@E+1, »+1)N@E+1, r+1) A+2@¢+1))3'=P, 7).
Consider a regular non-negative function K(¢, ») vanishing outside
the set |t|<1, |#|<1, such that r [" K¢ ndtar=1. We define

—o0,) -

At r) =HP<:, HK(r—t—1, f—r—1)drdz.
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Then it is sufficient to put
0, 7) :ﬂ Bz, Hetdrde.

Now let K(t, x) be a regular non-negative function vanishing out-
side the set 0=t<1, |x|<1, such that jK(t, x)dtdx=1, extended

over the whole space, where x is an n-dimensional vector. When
we define

Vi, x)
ZjU(T, HK{E—-00@, |x)7", E—=x)0G, |x) 7"} 0@, |x]) "'d=dE,

V(, x) is a regular function defined in 0<t< o, [x|=>R+3. If
we follow Massera’s proof, we can see that this function is the
desired function.
Corresponding to the above-mentioned Theorems 2 and 3, we
can obtain the theorems for the uniform stability in the same way.
Theorem 4. We assume that F(t, x) in (1) is continuous in
the domain

O<t< o, |x|<H
and F(t, 0)=0. Moreover we suppose that F(t, x) belongs to the
class C, with respect to x. Then in order that the solution x=0 of
(1) is uniformly stable, it is necessary and sufficient that there exists
a continuous positive definite function ¢ (t, x) satisfying the following
conditions in the domain,

0<t< o, |%|<H(ZH) (H be a suitable constant) ;
1° ¢ (t, x) has the infinitely small upper bound (cf. [3]),

2° ¢(t, 0)=0,
3° ¢(t, x) belongs to the class C, with respect to (I, x) and
we have

Do (t, x) 0.

Proof. Since the solution x=0 is uniformly stable, for any
&>0 there exists a positive number ¢(€) such that, if we have
|%|<=0d(€), we have |x(¢; x, t,) | <& We may assume that this ¢ (€)
is a continuous strictly monotonic function of &. Let a be a positive
constant such as H>a. If we define ¢ (¢, x) in the region 0<f< oo,
|x]|<d(d(a)) in the same way as one in the case of the uniform
boundedness, we can see that the condition is necessary.
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Recently Krasovskii has obtained a necessary and sufficient
condition for the uniform stability [1], but by Massera’s method,
we can obtain a regular ¢ (t, x) from Theorem 4 in the following
case.

Theorem. 5. We assume that F(t, x) belongs to the class C,
with respect to (t, x). In order that the solution x=0 is uniformly
stable, it is necessary and sufficient that theve exists a regulay func-
tion ¢(t, x) satisfying the conditions in Theorem 4.

In the similar way as one in the proof of Theorem 3, using
a function #(¢) such that

OOME+1)NE+1) A1+2@¢+1))=1

/@& I ME+1NE+D) A+2@¢E+1))°<1,
we define

V{t, x)
=j’/’(U(~‘, ENK{GE=D[rxDO@ ], E=2) [0 (xD @B ]
XLo(x)0@) ] "'dedz,

where @ (u) is a function which Massera has represented by ¢ («)
and ¢(») is a similar function as Massera's one and

U, %) :1%#0, %) (¢t x) obtained in Theorem 4).

BIBLIOGRAPHY

[1] N. N. Krasovskii, “On a converse of a theorem of K. P. Persidskii on uniform
stability ”, Akad. Nauk S.S.S.R. Prikl. Mat. Meh., Vol. 19 (1955), pp. 273-278.

[2]1 A. M. Liapounoff, “ Probléme général de la stabilite du mowvemcnt”, Annals of
Math. Studies, No. 17.

[3]1 J. L. Massera, “On Liapounoff’s conditions of stability”, Ann. of Math., Vol. 50
(1949), pp. 705-721.

[4]1 J. L. Massera, *“ Contributions to stability thcory”, Ann. of Math., Vol. 64 (1956),

© pp. 182-206.

[51 T. Yoshizawa, “ On the non-linear differential equation”, These Memoirs, Vol.
28 (1953), pp. 133-141.

[6]1 T. Yoshizawa, “ Note on the existence theorem of a periodic solution of the non-
linear differential equation”, ibid., pp. 153-159.

[71 T. Yoshizawa, “ Note on the boundcdness of solutions of a system of differential
equations”, ibid., pp. 293-298.

[8]1 T. Yoshizawa, “ On the stability of solutions of a system of differential equations”,
These Memoirs, Vol. 29 (1955), pp. 27-33.

[91 T. Yoshizawa, “ Note on the boundedness and the ultimate boundedness of solu-
tions of ¥’ =F(t, x)”, ibid., pp. 275-291.

[10] T. Yoshizawa, “ Appendix to the paper *“ Note on the boundedness and the ultimate
boundedness ™ ”, These Memoirs, Vol. 30 (1957), pp. 91-103.



