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Here we shall use the following notations. G k =  k( )  is the
k-th stable homotopy group o f th e sphere and 77.

k ( ;  p )  is its
p-primary component. ao/3 E G h  pk  indicates the composition of
a E G„ and /3 E Gk . The toric construction

{a, /3, ry} E Gm_k±i fii(a0Gk+/+1+7°Gh+k-ri)

will be defined i f  a E  G„, ,8EG„ and 7 EG I satisfy the condition
014 - 4 .7 = 0 .  This is different only in  s ign  to  one given in
Chapter 5 o f [ 4 ] .  Denote by a, E G2 p ,  a generator o f 7r2 p _3 ( ; P)
= Z p  and choose elements a, o f G„ ( p _i ) ,  inductively such that
at c  la t- , P t, ail. D e n o t e  b y  13,, 1 < s < p ,  a  generator of
7r2(sp,  ;  P)—Zp, and denote by 3 '; th e  r - fo ld  iterated
composition /3•-io • • • .13 , of 3, • There exist elements a ,  1 < r<p ,
such that p a = c ç p  for 1<r<p — 1 and p p = Cecp _ n p  ± X CY l o,8r

for some integer x. Then these elements and their compositions
generate the p-components k ( ;  p ) of the stable groups Gk for
k<2p 2 (p —1) —3.

Theorem 4. 15. ( c f .  Theorem 3. 13 o f [6 ]).

2rp(p-1)-1( p) Z  p 2{ a } f o r  1< r < p - 1 ,
=  Z p 2 + Z p {"C p -1 )p }  {ce1o3F i } f o r  r p —1

2,c p ; P) p {a t} f o r 1< t < p 2 an d  t-_* 0  (mod p) ,
7r2crpi-sxp-i)- 2(r; . p )  -  Z ,{ 1 3 ' ;  Sf o r  0 < s < r < p -1 ,
7 1 ' r  p + s - I  iX p - 1 ) - 2 C r- s ) - 1 ( p ) Z  =  { a 1 0  18'1  S

f o r 0 < s < r < p -1  and r—s-P-p-1,
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7r2p2 (p -1 )-2p( ; p) = Z p {131}
rk( ; p )  = 0 otherwise for k < 2p2 (p  — 1) — 3 ,

7r2p 2 (p -1 )-3 ( ;  P) {"i°14-32i} Z p  or O.

Concerning the fact 13r,'± 0,  we have

Corollary 4 .  1 2 .  For an arbitrary positive integer r ,  there ex-
ists an  element 1,3 o f  G k f o r some k  such that the  iterated r-f o ld
composition # r= te .  • • •  . #  does not vanish.

Many other compositions and toric constructions for the above
generators are computed after giving several properties of the toric
construction. As an  application , we calculate stable homotopy
groups of some elementary complexes in the last §.

The results o f this section IV will be powerful in computation
o f unstable homotopy groups of spheres. See forthcoming section
V.

Notations and results, such as (3. 10), Theorem 3. 13, etc., refer
to the preceding sections [6].

§  T oric  constructions.

A  suspension S X  of a  space X , with respect to  a base point
x „  means the image of an identification

dx  : X x  [-1 , 1 ] SX

which shrinks X  x ( — 1) x o [ —1, 1] u X  x (1) to a single point. In
particular, the unit (n +1)-sphere S "± 1 is  a suspension of S " under
the identification

S "  x [- 1 ,1 ] - - - >  S " '

o f  [7 ] (x0=  ( — 1, 0, • • • , 0) — eo ). A  suspension Ef  :S X , S Y  o f a
mapping f :  (X , x0) - - >(Y , yo) is defined by the formula

Ef(dx (x , t)) = dy (f (x ), t), x E X, t E  —  1, .

I f  ce is the homotopy class of the above mapping f ,  then Ece
denotes the homotopy class of E f .  I f  ce and 13 are the classes of
mappings f :(Z, zo)-->(Y , .Y 0) and g  ( Y, yo) (X, x o) respectively,
then teoce denotes the class of the composition go f  (Z , z o )—> (X , xo).

A  null-homotoPy f t  : (X, xo) — . ( 1 7, yo) of f  means a  homotoPY
such that f o = f  and f i ( x ) — y o .  For tw o  null-homotopies f ,  and
g ,: (S", e,) --> (X , x 0)  of fo= go, we define a  difference element
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b(ft, g t)  E 7r.± 1(X )

by the class of the mapping h : (S "', e 0 ) -* (X , x o )  given by

0  < t < 1  ,  yESn ,
h(dn (y, t)) I f  t ( Y )

g , (y ) , — 1 < t <  0 , y E S ".

The following properties o f b (f„  g , )  are verified easily.

(4. 1). i ) .  b (ft  g t) + b( ht)=b(ft, 11 0), and in particular,
b( f t ,  f t ) - 0  a n d  b (g t , f t )= — b (ft, g t).

ii). Let f , ,  g , , ,  be homotopies which depend continuously on
the both o f  t  and s. A ssume that 

f 0 , .  =g 0 ,  an d  f i ,s (S")
--gi.s(S")—xo, 

t h e n
 b (ft,o , g 0.0) — b(ft,i, gt.i)

iii). L et a  an d  a' E 7r,(S1' )  be the honiotopy classes of  map-
p in g s  h  :(X , ( Y, yo ) a n d  h' :(S" , e o )--->(SP , e o )  re-
spectively. T h e n  b(hof„ hog,)— aob(f„ g,)=h * b (f„  g ,)
and b(f,oh', g t oh1 ) — b(f,, g,)0Ea' .

iv). F o r an  arb itrary  null-homotopy f, a n d  a n  arbitrary
elen2ent a  o f  7r,, 1(X ) ,  there exists a null-homotopy g, of
fo  such that a = b (f„  g t ) .

y ) .  E b ( f t ,

 g , ) =
 — b(Eft, Egt).

Consider the homotopy classes a, / 3  a n d  7  o f  mappings
a : ( Y, yo) —  (X, xo ), b :(S ", y o )  and c:(SP , e 0 ) --.(S 4 , e 0 ) re-
spectively.

Assume that

(4. 2). a e =  0  a n d  1.3.7 = 0.

Then there exist null-homotopies A ,:(S 1 , x o ) and
eo ) —.(Y, y0 )  o f aob and bec respectively. Denote by

la , 13 , C  p + ,(X )

the set of all b (a .B „ A t oc) for arbitrary choices o f a, b, c, A, and
B , .  By the definition, la, i3, yl depends only on a, /3 and 7.

L e m m a  4. 1. la, 0 ,7 1  i s  a  coset of  the subgroup ao7rp „ (Y )
+71 + i

(X )0E7 in  n p i i (X ).

Pro o f . Let a,, b , and c , be homotopies from ao =a, b o = b  and
c,= c , then there are null-homotopies A ,,, and B ,,, o f  as ob, and
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bs ocs  which depend continuously on s. Then it follows from ii)
of (4. 1) that any element o f  la, 13,71 has a  form b(a.B „ A t oc)
for fixed representatives a, b  and c. N ext for null-homotopies
A „ AZ of aob and for B „ 13/ o f boc, it follows from (4.'1)

b(a0B „ A t oc)-b(a0B ,' , A t 'oc)=b(a0B „ aoB t ') +b(A t 'oc, A t oc)
aob(B „ B Z )+b(A t ',A ,)0E7

Thus the difference o f  two elements o f  {a, 3, 7} belongs to the
subgroup aon-p + i ( Y )+7r, + ,(X ) .E 7 .  Conversely any element of the
subgroup has a form aob(B „ B t

1)±b(A t ', A t ) .E 7  by iv) of (4. 1).
Therefore {a, 3 , 7 }  i s  a  c o s e t  o f  t h e  subgroup ao7r p , 1( Y)
+77-„,(X )°E7. q. e. d.

Now we call

{a, 3, E 7cp + I (X)/(aon - p + I ( Y)-1-7-t a _i (X ).E 7 )

the toric construction of  a, 43 and 7.

The following properties are verified without difficulties.

(4. 3). {a, 3, 7 1 } ± {a, 3, 72}{ a ,  3, 71 ± 72}
31, rY1 { a, 32, 7} = {a, 3,± 32, 7} i f  7  E7` ,

{ai, 3, 7} ± {a2, 3, 7} {ai±a2, 3,7}
i f  13=E/3', 7=E7', Y = S .

ii). {a, 3, 7 . 8 }{ a ,  3 , 7 } ° E 8

{a, 30 7 , s} {ce, )3, ry oal ,
{a°3, 7, a} C  {a ,  3 .7 , 8 } ,
ao {3, 7, 8} {a013, 7, 8}

iii). -E la ,  i3, 7 {Ea, E  E7}.

For a mapping a :(Y , y0) - - > (X, x0 ), we construct a space

xv
identifying X  and Yx [0, 1] by the relations x 0 = (y0 , t) = (Y, 1),
t E [0, 1], y E Y, and a(y )-(y , 0). Since the homotopy type of the
space X V  Y depends on the homotopy class a o f a , we denote

the space by
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If Y = S ' , th en  w e w rite  X V  Y  b y  X V  e' a s

E 7rq ( Y) is the class of a mapping b: (S", e0)—.(Y , .310)
(4. 2), then we denote by
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usual. If

satisfying

z q + ,(X  V  iE 7 )

the class o f th e  mapping b:X V j g iven  b y  b(dq (z, t))

= (b(z), t) for 0 < t < 1  and -6(c/(z , t))=A ,(z ) for —1 < t < 0, where
A , is  a  null-homotopy o f aob. depends not only on 3 but on
A .  The formula p(y, t)=-,  d y (y, 2t-1) defines a shrinking map

p  : ( x v  x) (SY, yo) .

Proposition 4. 2. i ) .  L et 7 E z i,(Sq) be  an  element satisfying
(4. 2), then the set of  a l l  -10 E 7  coincides with the im age i * Ice, 3, 71,

A
where i*:7t p+i(X) - ->n-

p ii(X V i 17 )  is  the injection homomorphism.

ii). L et -1' E 7rp + 1 (Y V  eq ')  be defined as abov e. L et a : Y V  eq'

X  be an ex tension of  a G a .  Then the set of all ii* ( — 5.0  coincides
w ith  { a, 13, . R em ark  that  p ( r ) = E 7 ,  an d  i f  Y  i s  (p — +1)-
connected, p + 1 > q ,  then this characterizes

A
Pro o f . Define a homotopy H  : (S P ± 1 , e0) —> (X V  Y, x,) by

(Bst(x), (1— s)t) , 0 t < 1 ,
H s (di ,(x , t)) =

A (c (x )) , — 1 ‹  t  <0  .

Then H0 =60.Ec represents /30E 7  and H , represents i* b(a.13,, A t oc)
of i* la , 3, 71, thus we have i). It follows directly from the de-
finition of the mappings -e and a that â * (5") — b(A 0oc, aoB t ) - - b ( a 0 B t ,
A t oc) E — la, 13, 7 1 . The last assertion follows from Theorem II
of [2]. q. e. d.

It is seen that we may take i i)  as a definition of the toric
construction.

Next we shall prove

Theorem 4. 3. i ) .  L e t a, and  7  be elements o f  (4. 2 ) and
assume that 708=0 f o r an  element a E n-„(SP). Then

a° {16 , 7, 8 } Ice, 3, 7}.( —  Ea) •
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ii). Further assum e that 806=0 f o r an  element 6 E7r„,(S") and
that ceo 13, ry, 81 an d  13, 7, 810E6 contain the zero elem ents. Then
th e re  e x is t X E 3 , 7 1, E  118, 7, 8 1  a n d  G 17 , 8 , 61 such that
x0E8= ceo g =0 , 3 o v = 0 E 6 =0  and the sum

E8, E61 + + { a ,  3, V}

contains the zero element.
It is convenient to remember the result ii) as follows:

I la, 3, 71, E 8 , E 6 1+ 7, 81, E6 1 + la, 3, {7, 8 , 6 }1 0

Pro o f . i). Let a, b, c and d  be representatives of a, 3, 7 and
8 respectively and let A t ,  B , and C , be null-homotopies of aob,bcc
and cod respectively. By i), ii) and iii) of (4. 1),

ceob(boC„ B t od) b(a0boC1 ,  a0131 0d) b(A s t oC„ a01310d)
b(A t oC,, a01310d) = b(A t oC„, aoB t od)

= b(A t ocod, aoB t od) = b(A t oc, a0B 1)0E8
= -b (a0 B 1 , A 1 oc).E8

Thus ceo {3, 7, 8} an d  la, 3, 7 1 0(- E8) have a common element.
Since ce0{3, 7 , 8 }  a n d  Ice, 3, 7 1 0 (-  E 8 ) a re  cosets o f th e  same
subgroup a o (3o7r n ,(Sq) ±7r p _ 1 ( Y )o E 8 )  a o7rp _ i ( Y)0E8= (ceo7rp + 1 ( Y)
+7r 1(X )0E7)0E8, then it follows the equality of i).

ii). From  th e  assumption, there a r e  elements [L i  a n d  P2

of 13, 7, 81 such that ceo = 0 and 11,
20 E 6 =0 . By Lemma 4. 1, /-61 - P2

=,3,q- -k o E 8  fo r  some E7r„ 1 (SQ) and IT). B y setting
we have that ao -/boE&= O.

L e t a, b , c , d  and e  be representatives o f  a, 3 , 7, 8  and  &
respectively and let A , and D , be null-homotopies of aob and doe
respectively. By Lemma 4. 1, there a re  null-homotopies B ,  and
C ,  o f  b o c  a n d  c o d  such that IL =WOG „ B t° d ) . Denote that
X= b(a0B„ A t oc) and v=b(coD t , C t oe), then X 0E8= -ce0 ta = 0 and
t3ov- -11 ,0E8=0 by the above proof of i).

X, a n d  a r e  represented by mappings L , M  and N , respec-
tively, given by

a(B,(x)), 0 <t<1 , fb(C,(Y )), 0 <t<1 ,L (d  p ( x ,  t ) )  

f I  t(C(X)) --1<t<0 M(d "(Y  t)) t(C1(Y)) - 1 < t < 0 ,

N(d„,(z, fc(Dt(z)), 0 <t<1 ,
C_,(e(z)), 1 <t<0 .

•
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Since xoEa= 0 and O. v= 0, there exist null-homotopies Qs : S"' —X
of LoEd and Rs : S"''— Yof boN . Define mappings U, W: S" 2 —XX
by

IL(ED,(x)) ,
s)) =

Q,(Ee(x)) ,
fa(R s (x))

W(d ,(x, s)) =
A „(N(x)) ,

0 < s < 1 ,
—1 < s < 0,

0 < s < 1 ,
—1 < s 0,

th e n  U  a n d  W  rep resen t b(LoElJs , Qs E e )E  {X, E8, E8} a n d
b(aoRs , E /9, 1, 1 respectively.

F o r z E , 0 < r < 1  a n d  0 0 < 27r, w e  u s e  th e  following
notation :

(z, r, 0) = r cos 0/Max ( cos el, s in O)),
r sin OIMax (lcos sin 0  )) •

By deformations o f  0, U an d  W a re  homotopic to m appings U'
and  W', respectively, given by

U'(z, r, 0) =

W'(z, r, 0) =

T hen U ' a n d  W ' h ave th e  following properties. For 7r/2<0<
37r/2, U'(z, r, 0)= W'(z, r, 7r— 0), and thus a  mapping V : S'n+2 --> X
given by the formula

c Ui(z, r, 0) , —7 7 - 12 < 0 < 7r/2,
V(z, r, 0) =

W'(z, r, O), 7r/2 < 0 < 37r/2,

represents th e  sum  b(L.ED„ Q 8 0Ee)+b(a0R„ A .,01\1). Further, it
is  verified  d irectly  th at fo r  som e homotopies Ss Y  and
Ts : Sn- 1  —> X,

a(Ss(d(z, t))) ,
{

0 < s < 1 ,
V(il„„,(d,,,(z, t), s)) — a(M (cl(e(z)n , —t))) s = O,

T_ 5 (Ee(c1„,(z, t))) , — 1  <  s <  O.

U(z , r, 0) , 0<0<71.12,
U(z, r, 0/2+7r/4) , 7r/2 03 ' r / 2 ,

, U(z, r, 2O-2n) , 37r/2 < O<  2'r,
W (z , r, (0/2—n14), —a-a< 0 < n12,
W(z, r, 20— Tr) , n-/2 < 0 < i r ,
W(z, r, 0) , n. <0<37112.
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This indicates that V  represents an  element b(aoSs ,  T s oEe) of
{a , — it, E e l — {a, ,ch, E&}. Consequently

0 b(L0E13,, Q s oEe)—b(aoS s ,  T s oEe)+b(aoR s , A s oN )
E {X, E8, E&} + {a, EE} + {a , 3, I)}

and ii)  is proved, q. e. d.

§ Stable to n e  construction.

D enote by Gk = n- k ( e )  the stable homotopy group of the
sphere, with respect to the suspension homomorphisms E : 7-t N _F k ( S N )

7rN + k+ i(S N  )  Gk m ay be identified  w ith  7 e N + k ( S N )  fo r la rge+1, .
N > k + 1 .  From the relation E(a/03 ')=Eat0E3 ', the composition
a o  E G„+ „ is defined naturally for a E G„, 3 E G k , and this operation
0 is bilinear. The anti-commutativity 3oa= (  1 ) h k  a o p'- ' holds [1 ].
Thus aoG„—G k oa.

a' E zN-Fh(S N ),Let a E Gk, 1 (3 E G k  and 7 E G , satisfy (4. 2). Let
E 7rN+h-pk(SN and+ h ) Ỳ/ E 7 r N - ,h + k , i ( S N + 1 " )  be representatives of

a, 3  and ry . For sufficiently large N , the elements a', 3 ' and 7'

satisfy (4. 2), and the toric construction la', ry'l E zN + h+ k -F IA S N ) I

(ce'on-N+h+k+t+i(SN + h ) + 7rN,-h-k+i(SN )0 E 7 ') is defined. Then the stable
toric construction

{a, 3, 7} E Gh+fr+t+1/(ce°Gk+/+1+7°Gh+k+i)

is defined as a limit of ( _ 1 )" '{ a ', i n  virtue o f iii)  o f (4. 3).
The properties o f i) , ii)  o f (4. 3) are valid for the stable case,

by omitting the conditions in i)  and the letter E  in the first in-
clusion o f i i)  and taking the sign ( — 1)" in the last o f ii).

Theorem 4. 3 is translated to the following

(4 . 4 ) . i) . a. {3, ry, 8} ( -1 )1 ' {a , 3 , 7 } 0(  .

ii). {{a, 3, 7 } , 8, + ( - 1)h {a, 13, 7 , 8 1, &}
+ (_ 1 )k  {a ,  3 ,  {7, 8, &}} 0.

Next we shall prove the following anti-commutativity and
Jacobi identity for stable toric constructions.

T h e o r e m  4 . 4 .  i ) .  { a ,  3 ,  7 }  -_-_( - 1 ) hk+ki+m-i { 7 ,  3 ,  a }

ii). ( - 1) {a, 3, 7} +( - 1 ) "{3, rY, a} +( - 1 )"' ly, a, 13 1=- -
 0  mod

aoGk+1+1+ 13 .Gh+1-1-1+70Gh+k+i •
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Denote by t E Go t h e  fundamental class, the class of the
identity o f SN.

Assume that a  E G ,,  has an  o rd er  r> 0 . T h en  rc e =ao r
=r toa = 0, and the toric construction {r t, a ,  r  E Gh , I r G , , ,  is
defined. By i) of the above theorem, 1r z, a, r 4 =-1 1 -1 5 a, r d . and
thus 2 {r t, a , r t} 0 mod r G , .  We have

Corollary 4.5. I f  r a =0  fo r  a  EG,, and for an o d d  in t e g e r  r,
then

1r t, a, r1,} .

According to [5], we use the following notations and properties
o f  reduced joins. Denote by aX b  : (S P  a + k  e,) —> (SP - a , e 0)  the
reduced join o f mappings a :  (S P" , e,)—> (SP, e , )  and b :(Sa e,)

(Sa , e 0)  and by 0-p ,  : (SP+a , (SP ' , e 0)  a  homeomorphism of
degree ( —1)Pq such that

b X a 0- p ,,o(aX b)00- a _k p  h an d  (7  p  —

The following relation holds :

(a X  b).(a' =  (a. a') X  (bob') .

Denote by i ,  the identity of S", then a Xi ,=E a a  is the q-- fold
iterated suspension of a. Let a' be the class o f a, then a X i ,  re-
presents Ea a' and i, X  a= crp ,,o(aX  i„).Œ g  p  „  represents ( — 1)hq Ea a' .
Let 0 ' be the class o f b , then the reduced join a' X 1-31 is  the class
of a X b. From the equalities

aX b  = (ao l p -h )X (i,ob ) = (aX i)o (i p + h )(b)
= ( i p ea)X (boi, + k )  = (ip X b).(aX iq+k ),

we have the equality

x._ = iyp I h )k E q a ,
0 EP4 - 1, 3 , ( _ _ _ i ) p k E p i e / o E v - k c e /

and thus the anti-commutativity of the composition in the stable
groups.

Now Theorem 4. 4 is a direct consequence of the following

Proposition 4. 6. i ) .  Assume t h a t  a' E 75 ± 1 1 (S P ) , ra' Ea- ,_ k (Sa)
and E 7cr+I(S r )  s a t i s f y  the conditions a' X  0 ' =0  and 13' =0,
then { Ea+r a', EP±h , EP - k fa- k V }  a n d  (-1)"k - k1 - 1 h' IEP+a 7 '
E P"± ' 0 ', E T' have a com m on elem ent.
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ii). Fu rth e r assu m e  t h a t  ce X  7 '  0 ,  t h e n  ( -1)ht {E 1 - ! r  cef ,
E ' E p l k71} ( _ i ) k h  {E p  r k E a + k  r--

IEP±q Eq+r' - ' , , e 'l  contains the zero element.

Pro o f . i). Let a, b  and c  be representatives o f a ', /3 ' and 7'
respectively, and  let A , and B ,  b e null-homotopies of a X b  and
b X c  respectively. Since a X  i q X  r p + h X b X i  an d  p + h X iq  fk X C
represent E ' a ',  ( -

1 ) C P + h ) k  E p + h , - r a n d  ( i v  I h+Q-Ek)i Ep+h+q+k

respectively and since A, X i r  and i p + h  X13, are null-homotopies of
(a X  2, X 1„)0(i p + h X b X i r ) and (ip , h  X b X  ir )(°  p + h X iq + k X C ) respec-
t iv e ly , it  fo llo w s  th a t  b(a X B , , A ,X  c)— b((a X ) X  )ig+r , °  ( p+h — Bt,)
(A ,X 1r)0(i p+h+q+k X  c)) b e lo n g s  to  { E T  a', (-1)(P+h)k  E P +  h + r

( _1)(p+h-Fa+k) Ep+h+q+k 7 /, Sim ilarly, b (a X  B,, A ,X c)—  — b(A ,X c ,
a X./3,) = — b((ip+q X c)0(A t X 4+1)) p X  B t ) ° ( a  X  q+k+r-F()) belongs to
—  —1) ( P ' q " E P ± g  7', ( -1 )P k EP" - r - ' f f ,  E q + k - r r " . Therefore
{E q ± r  a' , E P ± h ' r  , E P+h +q ± h  7

} and ( —1)s {EP - a 7', E P + r 4 1 0',
E q + k + r - 1 1 a / }  have a common element f o r  ---(p+h)k+(p+h+q+k)1
+ 1 + ( f i + q ) l + p k = h k + k l + l h + 1  (mod 2).

ii). Let Ct be a null-homotopy of a X c. Then CZ= (ip  X 0- ,,q)0
(C. , X Q. (ip-,h X  and CZ= (ipX Œr.q+k)0(C,X iq+k)0(i p+1,XC4-Fle.r+1)

a r e  null-homotopies o f  a X i q  X  c = (i p X i q  X  c )0 (a X  iaX  r± i)  and
aX iq +k X c =(ip X iq ,k X c )0 (aX ig -Fk X ir+1 )  respectively. It follows
that b(A,Xc, Ct i o(ip,-hX b X ir+i)) and b((i p X b X i r )0 C ;', aX B ,)  belong
to  {( — 1 )(P+" E P± a E q  r+ 1 ce', ( -1)(p+h) k Ep+h+r 19a n d  1( —1)Pk
EP+r ( - 1 ) ( P  "± k "E P + q ± h ry', E q  'r± k +' a l respectively. S in c e
Clo (i p ±h X b X ir (ipXcrr,q)0(C,Xb)0(ip+hX(rq+ k.r+1 ) =  pXb Xi r) ° C 't '

then b(a X Bt, A ,X c)+b(A ,X c, C ,' 0(i p± hX bX ir--1))+b((i p X b x i r ) .

,  a X B d = 0  b y  i) o f  (4. 1) a n d  th is  e le m e n t is  c o n -
tained i n  ( - 1 ) ( P+ " k 1 - - " '" " [ ( - 1 ) " { E a - F r a ',  E P EP hfa+h 7 1 }

+ ( - 1 ) h ' IEP+q 7 ' ,  E a ',  EP+" - r + ( - 1 ) "  I E P  r  13'  E  p - a ,

E q + k ± r + 1  CM .  Thus ii) is proved, q. e. d.
We have also

Proposition 4. 7. A ssum e t h a t  a  E 7rp+1,(S P ), E 77 p-Fh! k (SP±k)
and 7 E 7 r +,(S ') satisfy  the conditions c r .  =  0 ,  0 ( 7 = 0  and 13X 7 =0,
then E '  a ,  E r Ep+h 1-k 7 }  _ ( _ i ) k t  {E r  a ,  E p , h E r + 1 3} ( 1 )(11+1z) 1

IE P  7, E a , 131 contains the zero element.

Pro o f . Let a, b  and c  be representatives o f a , 13 and 7  re-
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spectively, and let A „  B , and C, be null-homotopies o f (rob, b X c
and a X c  respectively. By (4. 1), b((a X i r ) .B „  A ,X c )+  b(A, X c,
C,o(b X ir I =  b ((a  X  ir)oBt, Cto(b irli)). A s  is seen in  the pre-
vious proof, the each terms of the equality represent la X tr,
3 X tr, t h ±h+k X71 { Era, E "  E "  ,  {' X 7, 0 Xtr-, 1,
13 Xtr-fil = (-1)P' IEP 7, E r + 1  a, 31 and la X tr, tp,-hX7, 13 X t,, , -/}

-  i r P ± h " { E r  a ,  E " 7, E r l  1  /3} respectively. Then the proposition
is proved, q .  e .  d.

Consider an  element a E Gh . L et a: S N '  h  — >S N  b e  a  repre-
sentative o f  a  w ith  respect to given orientations of the spheres.
Let EN' h '  be a cube bounded by SN±h and it is oriented coher-
ently with S

N + h  Let K =S N  \ - 1  e N + h + 1  be a cell complex having a
characteristic map A:(EN+"-", s A r )  o f  ep-h  1  such that

h = a .  W e orient eNF-h+1 such that A  preserves the orienta-
tions. Now we call the element a the characteristic class o f K
with respect to  the given orientations, a  depends on the homo-
topy type, by orientation preserving equivalences, o f K.

L e m m a  4. 8. i ) .  Let a E G„ and 3 E Gh . The composition ce.,3
i s  zero  if and only  if ,  fo r  a  complex K = S

N \ - 1 6 , N + k - F t  having S  as
the characteristic class, there exists a mapping F  o f  K  into SN- I such
that F1SN represents a.

ii). L e t  ce EG„ /3 E G k  and 7 EG 1 . ac,,(3 =0, $ .7 = 0  and
{a, 3, 7 }  =0 (mod aoGk , 1. i + 70G, k_: 1) if and only  i f  there ex ist a
cell com plex  K = S eN + u e N a n d  a  mapping F  o f K  into±k1 a  2

SN- h satisf y ing the f ollow ing conditions (N :larg e ) . F1SN repre-
u Nd-k±i is:sents a .  The characteristic class of the subcomplex S N

3 .  B y shrinking SN to a point, we have a complex KISNSN+h+'
ej" + "  having the characteristic class 7.

iii). L e t  a E G ,„ 3  E Gk , 7 E G  3 '  E E G,, a n d  k +1
= k ' + 1 '. Assume th at  3.7= 3'07' =O . T h e n  ao3=0,a03' =0 and

{ a, 3, + la, , 7 1 = -0  (m od aoG o G h + k , , , )

and only  i f  there  ex ist a  cell com plex  K =
e
iv+k+1+2 and a m apping F  o f K  into SN - h satisfy ing the following

conditions. F1SN represen ts  a. L=SN\JeN' 1' 11 and L' =sN\JeA,÷k,--1

a re  subcomplexes having the characteristic classes 3  and 3 ' respec-
tiv ely . B y  shrink ing L  or L ',  w e have complexes K IL =

S N + 1 1 + 1 V

S N  e N---k+1
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e N+fel J-1-2 
a n d  K I L /  =

sNA k 4 1  e N+k41 - 1 2  having the characteristic classes
7 ' and 7  respectively.

Pro o f . i) is obvious. ii) follows from i i ) of Proposition 4. 2
easily.

We prove iii). Assume that {a, 3, 7 }+ {a, 3', 7'} 0, then it
follows from Lemma 4. 1 that there exist elements X G /6, 71
and ,a G {a, 3', 7 '} such that X + p  O. B y  Proposition 4. 2, ii), —X
is represented by a composition 210C s N + k + / - 1 - 1 , L , s N - h  such that
Ai SN represents a and, by shrinking S N  o f  L  to  a point, C
represents 7. Similarly — /.6 is represented by a composition
A ,  0 c  sN+k+/-1-1 s N_h such that AISN= A' ISN and, by shrink-
ing SN of C' respresents 7'. By setting F IL =  A  and FIL ' =A ',
w e have a mapping F  of L v L '  into SN - h• Construct a complex
K=LvL' ueN+k-F1+2 yD  attaching a cell by a mapping which repre-
sents the sum of the classes of C and C '.  Since the composition
of this attaching map and F  represents — X— p = 0 , it follows that
the mapping F  can be extended over K .  The complex K  and the
mapping F  satisfy the conditions of the lemma. Then the ex-
istence of K  and F  is proved.

Conversely, assume the existence of such a complex K  and a
mapping F .  Let B :  SN+k±'+ L v  L /  b e  the attaching map of

and let {B } be the homotopy class of B .  Since 3. 7 - 3 '0 7 '

=0, there exist mappings C  and C ' as above. For sufficiently
large N , by shrinking SN to a point, we have an isomorphism of

+i(L u L ', SN) onto 7 r N + k + 1 + , ( 1 - 1 S N ) - i - ( L /  I S N ) .  Then it7cAr+k+r 7T.N+k-1-/-1-1
follows from  this that j * {B} = j* ({C } +  {C '} ) for the injection
homomorphism v/,', S N ). B y  thej *  : n-N+k--/-ki(L L') — ). 7rN+k+1+i(L
exactness o f th e  homotopy sequence of the pair (L u  L ',  SN), it
follows that {B } = {C } + {C'} + {D} for a mapping D :SN - k''+ 1 --->SN.
Consider F *  :  n - N , -k+1,1 ( L  L') — >  N + k + 1 1 -1 (S

N ). F IeN +k+ 1 - 2  g iv e s  a
null-homotopy of F 0 B . Thus F { B }  = 0 . B y  Proposition 4. 2, ii),
F * {C} E  - {a, 3, 7 }  and F * {C'} E  - {a, 3 ', ,/ } . Obviously F { D }
represents a n  element o f  a o G k - r - v i T h e r e fo r e  the relation
{a, (3, +  3', ,/} 0 is obtained, q. e. d.

Consider a  complex K= 5N u  eiv-En+, having a  characteristic
class ce EG h . Let E K =S eN 2N+' b e  a suspension of K  and+h+

orient the cells o f E K  by the suspension classes of the orientations
in  K .  Then the characteristic class o f E K  with respect to these
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orientations is a , because of the relation ES= — SE. The mod
p Hopf invariant H  of II [6] will be modified as follows for the
stable case. For an element a  of G 2 3 , the mod p Hopf invariant

H (a ) E Z

is d e f in e d  b y  th e  fo rm u la  ( P 'u = (— l ) 'H (a ) . u ' ,  w h e re
u E

 H N (K ,  Z )  and u' E H - 2 2 (K ,  Z )  are given by the orientations
of a complex K = S  j e 2 2 having a as the characteristic class
with respect to these orientations.

By Lemma 2. 1 and Corollary 2. 3, the homomophism  H :
— Z  is onto. Since G2 , has Z  as its pcomponent (Theorem
3. 13), H  is  an isomorphism of the p-components. Therefore an
element of order p

a1 E G2

is determined uniquely by the following condition

(4. 5).H ( a 1 )  =  1  (mod p ) a n d  p .a 1 =  0 .

If 9 u = x .u '  in a complex K = S " 'u e " 2 2 of a characteristic
class a, then a ( - 1 ) x . a 1 (mod p ) .  Similar discussion shows
that if  r U X U '  in a complex K=S"T\Je o f a  characteris tic
class a, then a = ( - 1 ) 'x . p t  (mod

 p r 1 )

 where  E G ,  is the class
of the identity of S N .

§ A u x ilia ry  results from III.

S. Mukohda has pointed out that in the proof of Theorem 3. 10,
we dropped a possibility of

= x•b?

for some coefficient x and it seems that the coefficient x cannot
be determined by purely cohomological methods as in III. Then
we may calculate the following two possibilities.

(4. 6). I f then Theorem 3. 10 and Theorem 3. 13 are
true. If 1P' b: -l= 0, then  2 c z _ 1 )c p _ , )_ 3 (P )  =  2 C p 2 1)(P_  1 ) - 2 ( p) = O

It will be proved, however, in the next § that
contains an element of order p: /3o ... using the results on
4*(K k , Z )  for k < 2 (p -1 )p (p -1 ) - 1  (Theorem 3. 10) which do
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not depend on the value of x. Therefore the case ?1b -I-0
fails and we conclude that

(Pi bc7,',1 ) 0

and Theorem 3. 10 and Theorem 3. 13 are true entirely.
Let N  be a sufficiently large integer. Consider the sequence

K,D •  •  •  D K k - i  K k  • DSN of III, p. 192, and let X k  be the space of
paths in K k starting from a point and ending in S N .  Let /4 : Xk - ->SN

be the projection assigning to each path the end point, then it is
easily seen that X k  is a (N +k -1)-connectiv e  fibre space over SN.
Obviously, Xk C X ;  and pf,=-P,I Xle if k > j .  Let S ' be the space of
paths starting in  K k  and ending in  S N , then S ' has S N  as a
deformation retract and S ' is a fibre space over K k  of a fibre Xk.
It is verified easily that the transgression

8
(4. 7).T  =  p* -1 06:1-1i(Xk , Zp ) Hi-N(S', X k ,  Z p )

P* . 11-"(Kk , Zp )

is  an isomorphism for N<i<2N+k - 1  and that the following
diagram is commutative.

7
Z p ) Zp)

(4. 8).
Ii*

H i (Xk, Z ) H i - 1 ( K k ,  Zn),k > .

We identify 1/N-  i(X k ,Z p ) with HN +i'(K k ,  Z ) =  4 '( K , . ,  Z p ) by
the isomorphism (4. 7), and we denote the corresponding element
b y  the same symbol : a t =q- '(a,), k ."=-7 - 1 (kg ) ), etc., and further
a1 =7 - 1 (P a 0). Since the transgression commutes with the coho-
mological operations 6) r  and A ,,, the relations in H*(X k , Z p )  are
carried from those o f  H * (Kk, Z r). We recall some necessary
results from Theorem 3. 10 as follows.

(4. 9). i). L e t  k = 2 ( rp +s ) ( p - 1 ) - 2 ( r- s )  a n d  0 < s < r < p ,  then
HN±k(X k , Z  p ) = Z p = {k "} a n d  IT' b`.." =0, w here the re-
lation P b ( 1,;-_- 7)- 0  will be valid after proved 7r2 ( p 2_, ) c p _, ) _,
( ;13) * 0  .

ii). L e t  k  - 2 ( rp + s  + 1 ) ( p  - 1 ) - 2 ( r- s ) - 1 ,  0 < s < r< p  and
(r, s)=1-(p-1, 0), t h e n  HN' k(X k , Z  p )- Z p = ten  and
(PP-1e;. )=0
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iii). L et k = 2 t(p -1 )-1 , 0 < t< p 2 an d  t  I   0 (mod p), then

Z p= {at}
Z =  tAati.

IIN'k+i(Xk , Z p ) =  Z p +Z p = { at, 14211
Z ,= {S) 1  or}
Zp={6 3 1 Aat}

f or i= 0 ,
f o r i=1 and t (p  1 )p -1 ,
f o r i=1 and t= (p -1 )p -1 ,
f o r i=2p -2  ,
f o r i= 2 p -1 ,

Rt a,—(t+1)P Aa t —tACP 1 at - 0  and 63 1 14 1 =0.

iv). L et k=2rp(fi-1 )--1  and 0 < r < p -1 ,  then

Z p —{ar p } f o r i= 0 ,
Zp = {(21,./,} f o r 1=1,

HT - k-ri a k ,  z p )

Z p = {CP1 a r p } f o r i —2p-2 ,
Z p ={0? 1 a'. p } f o r  i —2p-1,

A a r p = A a'.p =0 and A (War p = P a'. p .

v). L et k = 2 (p -1 )p (p -1 )-1 , then

HN- k'i(Xk , Z p ) =
Z p +Z p = {a( p _o p , 4°21 } f or i= 0 ,

f o r i=1 ,
Z p + Z p =16) 1 a( p _o p , CP1 4 1 1 f o r i =2p-2 ,

{
Z p + Z p = la 'c p , , p , A 4 ° ) ,}

Z p+Z p+Z p ---- { P d (p - op, A P1 c 1 , W 1 A4°211 f o r i= 2 p -1 ,
A a( _1 ) = A d ( p _D p = 0 and A P a c p _i , p =  a ( _l ) .

Next we add the following

Lemma 4.9. L e t  1 < r < p ,  then  A 2 ((P 1a r p _i ) =  —r(6) 1 Aa r p _1)
and --\2(arp ) —r(c4p).

Pro o f . By Lemma 3.12 and (3.14), for 2 < t< rp ,

x,cadril - tAa t ,
A2(c(P r P

-
t at) ----  {

t  I   0 (mod p) ,
x , c 6 " - i a,' , t = . 0 (mod p) ,

for some coefficients x--I- O. Accord ing to  the proof o f Lemma
3.12, w e  s e e  th a t  A 2(C (Pr  P  - 2  a2) = A2(rc (Pr  P a 0) — (112)c (PrP - 2  A a2 ,
where there is a misprint of the above first equality in the proof.
Then xr ,2 = r1 2 . Now compare x ,„, and  xr.tli using Lemma 3. 5,
iii). First consider the case t — 1 ,0  (mod p). It is calculated
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d ire c t ly  th a t C (P r P -  R t =t - c  W r P - t  a n d  c (Pr  P -  t - 1  R t  = —  (t +1)
c A. It follows from 8*(at_1)=Rti* - 1 (at ) that -1 (c19" - t i* - 1 (at))

= 8 *(010 c (P r P -  a1 +1 )  and A(C 63 " - t  j * - 1 (at))= 8 *( — (11(t+1))
c ( r P - t - l A at- , i). Applying Lemma 3. 5, iii), we have the equality
(1/ t) xr , = ( — 1/ (t + 1)) xr , t . Thus tx , t = — (t + 1) xr , t+i for the case
t  0, — 1(mod p). F o r  t h e  c a s e  t -1 (m o d  p), w e  have

(c (rP - t  j* '(a t )) =8*(—  c (P r  P -  a t  1) and A(c c r P - t  j * - 1 (at ))
= 8 * ( c ( P " ' l df d1)• Then, by Lemma 3. 5, iii), xr, t xr, for

— 1(mod p ) . Sim ilarly, from (c CPrP- t  j* '(a t )) =8*(—  c W r P - t - 1  at , )
and A(c CP" - t i* - 1 (aM= 8 *(c P r P - t - 1  a t  ,), t —=-0(mod p ) , it follows
that xr ,t= —x,. 1 for t----0(mod p). Consequently,

1 )x r.rp _ 1 = X r.rp • q. e. d.

§  Generators of stable groups given by compositions.

By Theorem 3. 13, the p-component 7r2csp ; p )  of
G2( s p p - 1 ) - 2  is  Z p  for 1 ‹ s p —  1. Denote by

I s G 2 C s s  = 1, 2, • • • , p —1 ,

an element of order p .

Lemma 4 .1 0 . i ) .  Fo r 1<k  < p -1  an d  f o r sufficiently large
N , there ex ists a cell complex L-1,7=SN u  e N+2(p-i) u  e N -r2 k (p -

' )  s u c h

that WkHN(Liv, Z p)=- H 2 kcp-i)(= Z p )  and the class of the attaching
m ap o f  each cell has an  order of  a pow er of  p .

ii). L et A : L„NI" - 3  —>SN be an  ex tension  o f  a representative
A ISN+2 P '  o f  Cei a n d  le t  B  :SN - 2 "

- 1 ) -

 2 —L 2 2 ' 3
3  be the attaching

m a p  o f  eN+2 P( P- ' ) '= L ,N,+1
22 ''—  L i ', +22 r '  .  T h e n  the composition

A 0B :S N ' 2 " - ' ) - 2 —>SN represents an element o f  order p (N : large):
x,8 1 , x   I   0 (mod p).

Pro o f . i )  First we see that the p - component of 7rN -2k(p-o -2(Lin
vanishes fo r  k, h<p—  1, in  t h e  complex L,',v a s  above. This
follows from the exact sequence 7r.N  2 k C p - 1 ) - 2 ( L t1\1 - 1 )  — > 71. N -  2 k (  p  - 0 - 2 ( a )

1,1 + 2 k (  p -  - 2 ( L I1,V G 2 ( k -  p - 0 - 2  and from Theorem 3.13. Next
we remark that 7TN + i (L i

n
v )  is finite for i>2h(p — 1), because of the

finiteness o f  G1 , L iv  exists and it  h a s  xcei ,  x 0 , as the
characteristic class. Assume that we have proved the existence of
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complex L ikv  1= L i,' 2\_Jely- " - '" - "  sa tisfy in g  the condition of i).
L e t p: L 1 —.SN

 2 (

k- 1 "P - 1 )  b e  a  mapping which :shrinks L jk\r_ 2  to
a  s in g le  p o in t ,  then h,k:. 7 rN-i zlz( p- 1)- L 2 ) 7rN-F2k(p- 1 1

( S N - G2 _3 .
 a(p-*1(cr1") )  belongs to the p-component of

7 r is t  2 k c p - i ) - 2 ( L iv ± i) ,  w hich  van ishes. T hen a(pV(a,))= 0  and there
exists an elem ent a of the p  component of 7 rN -  2k( p -i)-1 (L ik V -1 )  su ch

that i * a = p V (a i ). B y attach ing a ce ll eN- 2 " - ') to L 1 w ith  a ,
w e have a complex L,N=LN ,veNF 2 k(P- 1 ). By shrinking L 2 o f  L,N
w e have a complex o f a  characteristic class a „  Then CT* 0  in
th is  complex. Concerning the sh rink ing map, it fo llow s that

ix p- i) 0  in  L ,N . Therefore 63 k= (1/k) 63 1 6)k - 1  d- 0 in Likv,
and i )  is proved by the induction on k.

ii) The existence of A  fo llow s from  that the class of the
attaching map o f eN' 2 P- 3 1 - 2 " - 1 )  is carried into the p-component of
7TN+2p-3+2k(p-o-1(SN ) w hich  van ishes f o r  1 < k < p —  2. S in c e  B
represents an  element o f th e  fi-component, A . B  represents an
elem ent o f  7 T N -2 p (p - i) -2 (S N  ; p)=z p . N ow assume th a t  A .B  re-
presents the zero. Then A  can be extended over A: L 1

2 P - 3  —>SN

Let Z=SNuL,N,=?P- 3 x (0 , 1 ] b e  a  mapping-cylinder o f A  and let
z* _ sN u e N-L2p-2\ J  e N  2 p ( p -  b e  a  complex obtained from Z  by
shrinking L iN_, +1

2 P- 3  x (1) y e ,  x [0 ,  1 ] .  Since eN' 2P-
2 is attached by a „

th e n  63' HN(z* , z p )  = HN-2p-2(z*, Z n ). It f o l lo w s  f r o m  i) that
(5)P - I H N  2 p - 2 (Z * ,  Z p ) = H N ' 2 1 - 1 ) (Z * , Z p ). Thus P V = = 0  in  Z*.
But this contradicts to Adem 's relation (9P - 1 (P' = O. T h ere fo re  A.B
does not represent the zero and it rep resen ts a  generator of
7 r N - 2 p ( p - i ) - 2 ( S N ; p) • q. e. d.

N ow  this §  is devoted to prove the following theorem . For
the simplicity, we denote by

c7 : • .19
i  EG2tpCp - 1) - 2t

the t- fo ld  iterated composition of 4 , (3?= /). Obviously p(1.3r,0,3,)
—p(a 1 .131,- . ) = 0.

T heorem  4.11. I f  1< s < s + t < p > then ce1 oi-ii01 * 0  and thus
a 1 01.3r 1 is  n o t div isible b y  p  and  13';:1-0. c e 1 .i3=1=0 i f

and  only i f  7 r 2p2(p-1)-3( P ) 0.

Before beginning the proof, we remark
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(4. 10). L et K  be a  finite cell complex and let L  be its subcomplex.
A ssume that dim (K — L )> N + k  and there are mappings f:K— >SN
and g :L— .X -

k  such that P k o g = fIL . Then there ex ists an extension
k:K--->X k  o f  g  such that p k ok=f.

I I
This follows from the covering hom otopy theorem fo r  the

fibering p k : x k - s N  and from the fact that the homotopy groups
of the fibre vanish for dimensions greater than N + k -2 .

First we prove

a). I f  1< s < s + t < p  an d  (s, t) 0 ) ,  th e n  ,81...13 -0
implies a 1 03Ço13,-1--- 0.

Let k=2 ((s+ t)p+s  —1)(p —1)-2(t +1) and let f :S N - k —>SN be
a  representative o f  Sio3 s . Assume that a,0/3foO 5 = Of03,0a,= O.
Then, by Lemma 4. 8, i ) ,  there exists a  complex K =SN - kv
e" 2

 

 a  characteristic class a, and there exists an ex-
tension F:K— >SN o f f .  (P1 ---k.0  i n  K .  By (4. 10), there exists a
mapping Ï :  K --.X k  such that p k oF = F .  Since refoO s +  0  and since
7r,e( ;P)=Zp (Theorem 3.13), F  S N

-
k represents a  generator of

the p-com ponent o f  n-
N _k (X k ). B y  H urew icz's isomorphism and

by the duality, it follows that P* :HN±k(X„, H N — k (K ,  Z p )  is
an isomorphism, and thus P*6D1 HN— k(xk , Zp)— (Pi F*HN - k(X k , Z p )
= PHN±k(K, Z p ) =

H 2 p - 2
(K, Z f,) q  O. But this contradicts to the

relation 63 ' (1) )= 0 of (4. 9), i), since li% P generates HN - k(X k ,  Z p ).
Therefore we conclude that cr1 o/310/3, +  O.

Next we prove

b). I f  1 < s < s + t < p ,  then c e 1 o 0 r 1 . 0 2   I 0  implies 0.

Let k = 2 ((s + t-1 )p + s )(p --1 )-2 t - -1 , j= 2 ((s + t )p + s  —1)(p —1)
— 2(t+1) and let f:SN+k - 2 P 3 -->SN and a:SN'k—>SN'k - 2 Pr 3 be re-
presentatives o f 01 - './3 s  and a, respectively. By Lemma 4. 9, ii),
3i.13, — O r 1 0,43s 0,8, is represented by a composition f0A0B : S i v

-
1

,Lnk ___„sN - k- 2p+3 s N , where A I SN+k = a and B  is the attaching
map of . Assume that /3 0 3 ,= 0 , then f 0 A.B is null-
hom otopic and thus th e  mapping f o A  can be extended over
F: LPL? —> SN such that FI Lnk =J. . A. By (4. 10), we lift F  up to

—> X i ,  such as F=p k . P .  Since ce1 o,dri - 1 0135
-*  0  and since

k ( ;  p )= Z p  (Theorem 3.13),  F IS IV  k represen ts a  generator
o f  t h e  p -c o m p o n e n t of 7r N - k(Xk). T h u s  F* : HA'k(X k ,  Z p )
-->HN+k(LPL±,k, Zp ) is an isomorphism. By Lemma 4. 9, i i ) ,
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F* CP P- 1  HN: k(X k , Z ) = cP 1 F * 1-1N - k (X k ,  Z ) =- (PP H N ' - k (g 41k  Z )
= H N + i + 1 (4 V-41k Z )  0. B u t th is contradicts to the relation
(pp-1(c g-,21 ) =0 of (4. 9), iii), since c 2, generates HN - k(X k ,  Z ) .
Therefore we conclude l o l3 s + 0.

c). I f  ce ,o le rl +0 , then a i o3r 1 is  no t divisible by p  and 13-+0.

We use the notation of b) for the case ( s ,t)=(0 , p ) .  In par-
ticular, k  — 2(p— i)p(p--1)—  1. P u t  k' =k — 2p + 3. f :SN'k' — >SN
and a: &NH? -- SN+k /  are representatives o f i3 r 1 and a, respectively.
By (4.10), we lift the mappings f  and f o a  up to f
and g : k X k  such that Pk , of = f and P k o g =f 0 a. Let i : X k — >  X k i

be the injection, then toa and iog represent the same element
p (,8 T - loce1). T h u s  f o a  and io k  are homotopic to each other, and
the following diagram is commutative.

H AT+ k(S N  k ) 2 ± t ) -  N  k ( X  k )
la* 

li*
H N i-k(S N ± k / ) H  N  i - k ( X k i ) •

Obviously a * =0. Therefore "rg--* H N _,,(SN 4 k) is in the kernel o f i* .
Since g  represents p,- 1(,(3,,- - 1 oce1)=1= 0, then g * H +,(SN - ) Z p  b y
Hurewicz's isomorphism. By (4. 9), IT), Lemma 4. 9, Theorem 3. 10
and by the commutativity of (4. 8), we know that HN  k(X k , Z )

C.,T2 1 , a p ( p  1)} C . (7)°2 1 4 - 0 , ap (p  -1 ) 1 :2 " ; (p  -  i )  ,  and that a p ( p _i )  and
are in the image of i* :H * (X e , Z p )--->H*(X k ,  Z )  but c,T21

and c..,°2 1 a r e  n o t .  Then  by the duality, the p-component of
HNFA X k) is isomorphic to Z p +Z p 2 and i *  maps the p-component
onto a  subgroup o f  H A T,,,(X v )  isomorphic to Z p 2. Therefore the
p-component of the kernel o f i*  is  a direct factor isomorphic to
Z

P '  
and thus it coincides with g * H N , (S N ± k ).  This means that

pa(i3T- loce1) is not divisible by p .  Therefore O r'o a ,  is not divisible
by f i ,  since Pk*: 7rN + k ( X k )  7tA r: k (S N )  is an isomorphism.

The proof o f 01=0  is similar to b). The only difficulty is to
show that P*c 21 generates HN±k(L 1k , Z ) . We may identify
Fl S ' ' '  w ith  g  and HN - k(L in k  Z )  w ith  HN'k(SN- k  Z ) .  S ince
k * H N ;  Z p  is not divisible by p ,  it follows from the duality
that -g *  H N1-k

( X k ,  z n ) , H N ,k (sN + k , Z ) is  onto. The above dia-
gram is commutative also for the cohomological case, and  * . i *
=a*. f* = O .  Since a( p - 1 )  p  is an i*-image, then g*a c p _i )  p =  O. S ince
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Hiv - k(X k , Z p )  has two generators a „ p and c 1 ,  then it follows
that 'c°21 =1=0 and  this generates H N I - k (S N - k  Z ) .  T h u s  sy i-o
is proved.

d). 18 i ,  -  =k 0  and /- 0 im ply  a l ./ 4- O.

Since /3i + 0, 7z - 2(2-0(p-0-2(e ; p) -1- O. B y  (4 .  6 ) ,  this implies
(Pi b 1 ) = 0 .  Now d) is proved similarly to the case a).

e). Assume that ,8  1-0, then a 1 .,8 1
1' -1-0 if  and  only  if

; P)= Z p •

By (3. 16), 7-/- 2 p 2( p _1 ) _3 ( ;  p)= z p  implies (P1 k,°) =O . Similarly to
a), it follows from it +  0  and P b = 0  that ot1 0/3',"  I  0. If 2p 2 cp — 1 ) -  3

(e ;p )  Z p ,  then 0  and thus cr1 4 1,1 - 0 .
N ow  the proof o f  Theorem 4 . 1 1  is accomplished, because

Os, 1< s < p  does not vanish by the definition.

Corollary 4. 12. Fo r an  arbitrary  positive integer r ,  there ex-
is ts  an  element /8  of f or som e k  such that the iterated r-fold
composition ••• .8  does not vanish.

In fact, take j3 =0 , for a prime p  not less than r.

§  Generators of stable groups given by tone constructions.

First we prove the following lemma.

Lemma 4. 13. L et X  be a  simply connected topological space
having a finite number of  generators for each hom ology groups. Let
lu n  be a  Z p -base o f  H"(X , Z p ). T hen there ex ist a  CW -complex
K  and  a mapping f  of  K  into X  satisfy ing the following conditions.
K  consists of  a vertex  and n-cells e*,, corresponding to u'L. f  induces
isomorphisms f* :H"(X , Z  p ) —>H"(K, Z ,,) such that f * u : is  the coho-
mology class o f  e1„1 . If  the  homotopy class of  the attaching m ap of
a  cell h a s  an f inite order, then the order is a pow er of  p.

Pro o f . Assume that the ( n - 1 ) - s e c t io n  K '' o f K  and a map-
ping f n _1 : K" - 1 ,  X  are given such that the conditions of the lemma
are satisfied in dimensions less than n. Let Z =X \JK " - - 1 x (0, 1 ]
b e  a  mapping-cylinder o f f ,, . Identify K n ' x  ( 1 )  with K ' .
Then it is verified that : II"(Z, K ' 1 , Z  p ) —> 11"(Z, Z ) I I " ( X ,  Z,,)
is an isomorphism and 11, (Z, Kn - 1 , Z,,)=0 for i < n .  By the duality,
H f l (Z , K " - 1 , Z ) H n (X, Z,,) and H i (Z, Z  p )= 0  for i <  n. B y
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Serre's theory of classes, it  fo llo w s th a t 7r(Z, K ' )  ® Z  and
II„ (Z , K " - 1 , Z )  are isomorphic by Hurewicz's homomorphism. We
choose elements X  7 .„(Z, Ks -1 )  such that X  to  the
dual of u : and that if ax  7r1,_1 (K n - 1 )  has a finite order then the
order is a power of p .  L e t g o,: (En, S " - 1 ) —.(Z, Ks -1 ) be repre-
sentatives o f  X ,  Attaching n  c e lls  e  b y  g 0 ,Sn- 1  t o  K " - 1 , we
obtain  a  complex K n • • •  v e J  •  •  • .  L e t  ko,: (Es, Ss - ')

(e:, a )  b e  the characteristic maps of e .  T h e n  f r . K" — > X is
defined by f , i 1 Kn - l= f ,  and f n o g = p o g o,  where p : Z —.X  is  the
natural projection. It is verified that K "  and f n satisfy  the con-
ditions o f th e lemma in dimensions le ss  th an  n  1. Thus the
lemma is proved by the induction , q .  e .  d.

Consider a n  element a E G,„ su ch  th a t p  =  p t  = 0 , then
P 6

, G h -2 (p - I)/ ( " 1
°

G h
, c e ° G 2 p - 2 )  is defined. By (4. 4), i) and

by Corollary 4. 5,

{a, p i, a l l obi. ac {pt, a„ pt} = aopG 2 p _2 =  pa.G 2 p _2 =  O,

and th u s an y  e lem en t a ' o f  {a, p t, a,} satisfies pa'----a'op t =O.
Then we may choose inductively elements

E  lat_i, Pt, a,} c
 G 2 1 c  p -  1 ) t  =  2, 3, •  .

Since pa t -0 , a , b e lo n gs to  the p component. Since the p-
component o f  G21,_2 van ishes, PG2p_2 =G 2p_2 a n d  th u s  at_1.G2p-2

O. S im ila r ly , ce
t

°
G 2(1-i )(p -1 ) — 0 if G ,,,_,"_, ) h a s  no

p-component, in particular, if 0< t — 1 <p 2 a n d  t p2 — p —1
(Theorem 3. 13). By Theorem  3. 13 and Theorem 4. 11, the p-
component of G2 ( p 2 o c p _„ is generated by /3;71 . Then we have
the following remark.

(4. 11). ka t - 1 )  P 1, ail consists o f  only one element a t i f  1< t<p 2

a n d  t = (p —1)p. { c ( , ) _1 , P t, " 1 }  - - " ( p - i ) p +  { "  I t  1 }  . I f  we
add a condition a,_,,,,EpG 2 ( p _,,p ( p _, ) _ „  then a,, is determ ined
uniquely.

The last assertion follows from the fact that the p-component
of G 2, _„ p ( p _1 ) _, is isomorphic to Z p + Z p  2 and  that a i oierl is not
divisible by p (Theorem 4. 11).

By Theorem 3. 13, the p-component of G„ p ( p _, ) _„ 1 < r < p  — 1,
is  a cyclic group o f order p 2 . T h u s
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(4. 12). For 1 < r < p ,  there exists an element a'. p  o f  G2rp(p_o_, such
that a rp .

Theorem 4 .1 4 .  i ) .  If  1 < t < p 2 ,  then ce,-1- 0 an d  i t  i s  of
order p .  For 1 < r < p ,  a ',.p  i s  of  order p2.

ii). a t o a,=0  f o r 1 < t < p 2 - 1  and C 4p0a 1 = 0 f o r i < r < p  and
whence we hav e the relations t{ a t ,  p t ,  a i l p t}  and
r  r p , p , a i l {a". p p t } .  c e ; . p  belongs to — r la rp-i, a 1 ,  p

Pro o f . i). We shall prove =f- 0  b y  induction o n  t< P 2 .
Then i) is proved. Obviously a 1 +  0 .  Assume that a -f- 0 is
already proved (1 < t < p 2 ).

First consider the case t - 1   I   0 (mod p )  and let k =2(t —1)
( p - 1 ) - 1 .  Assume that a t =0 , th en  Ice „ p t , -=.0  and, by
Lemma 4. 8, ii), there exist a  cell complex K=SN+k eN+k+1

e N±k-2p -1 and a mapping F:K — >S N  such that SN - k veN - k- ' and
K/SN+k=sN+k+i 

e N + k , 2 p - i

 have the characteristic classes p t  and a,
respectively and that FI SN -Fk represents a t , .  A s  is easily seen,
ePlZi -+ 0 in  K .  By (4. 10), lift the mapping F  up to P : K , X,
such that p e r , ' = F .  Since PISA— k represents A7,1(at_1)+ 0 and since
7rN i-f r(X k  ; p)---, z,k(sN;p)---, zp (Theorem 3. 13), then P*:HN,_ k (K ,Z p)
, H N ,p (x p , Z p )  is an isomorphism by Hurewicz's homomorphisms.
T h u s  P *  : HAT±k(Xk ,  Z p ) —>HN- k(K, Z p ) is an isomorphism. It
follows from (4. 9), iii) that F*(a t , )  0  and thus

F*(63 ' at _,) =  P A P * (a t _ i ) 0 .

Since HAr±k±2 P- 2 (K , Z p ) =0, then

F * (A ,  at-i) --= A r WIF*(a t _,) = 0, r  =  1, 2 .

B u t these tw o relations contradict to the relations R t _i a t ,
=t 63 1  ila t _i —(t— 1)A 631 a,_, = 0  o f  (4 .  9 ) ,  i i i )  o r  — r  T i Aarp-i
=  A, 6)1 a rp _ i o f Lemma 4.9. Consequently the assumption a t = 0
lead us to the contradiction, and thus cet =1- O.

N ext consider th e  c a s e  t — 1=rp, 1<r < p  a n d  le t  k
—2 rP(P — 1 )-1 . c ç .1  E p ,  P t, ail ={ p " 4 ,  p t ,  all C {ce'rp, P 2 t,
by (4. 3), ii). Assume that a r p i = 0 then {ce', p , p2 t, a l l 0 .  B y
Lemma 4. 8, ii), there exist a complex K = S N 'k
and a mapping F:K — >SN  such that F 1 S N  k  represents ce:. p  and
A —0 and (P ' 2 ==0 i n  K .  L ift  F  u p  to  P :K --> X k such that
p k

, , P = F .  By (4 . 9 ) and by Lem m a 4. 9, we have a relation

e N  k i l u  e N  1-k + 2 p
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(A 6) 1  —r (P1 A 2 )a r p = O. S in ce  H N 1  2 P- 2 (K , Z )=  O, then F*(A (P' arp)
F'*((Pla r p ) = 0  a n d  thus (P i A2P*(arp)=F* (Pi  A2(a rp)= O. If

F *a ;p -I-- 0 , then (S) 1 A,F*(ar p
) - 0  and this contradicts to the last

equality, and therefore the assumption a r p _i =0 will be a contra-
diction. So, it is sufficient to prove that P*(2,, p d= O. In the case
1< r < p - 1 ,  this follows easily from the fact that FISN+k repre-
sen ts a  generator of the p-com ponent o f 7T N - k ( X k ) .

Consider the case r = p - 1 .  Then P' *  m a p s  the p-component,
isomorphic to Z2, o f  7z- N ,(K),--:--1 HN + ,(K )  isomorphically into the
p-component, isomorphic to Z p + Z p 2, of HN+k(X,)• By
the duality, F* : H i(X k , Z p ) are onto for i = N + k  and
i= N+ k + 1. Since A=0 in K ,  P * (A e 1 )=  F*(c2T21)=0. B y (4. 9),
v ) and by Lemma 4. 9, HN+k+ 1 (X ,, Z )  is generated by A c,°21 and

p = acp_o p  S in c e  F*HN,k 1(x p ,  z  p ) _ HN- k , 1(x
 Z )

07
it follows that A 2 F*a c p _,, p + 0  and thus F*a ( p _, ) p 4- O.

ii). Let k=2t(p  — 1)-1  and 1 < t<p2 — 1. Apply Lemma 4.13
to  X , and let K  and F : K , X k b e  a complex and a mapping as
in Lemma 4. 13, where generators of (4. 9) are used for bases
of Lemma 4. 13.

First consider the case t 40 (mod p )  and t (p  — 1 )p  — 1. I n
this case, the vertex and the cells corresponding to a ,,  s a „  (Pla t ,
(PIA a, form a subcomplex K' =

SN+k u e N  le I u e N  k+ 2p -2 u e N - k , , p - i o f

K  b y  a  suitable choice o f K , up to homotopy-equivalence. This
follows from the fact that each cell e" EK of dimension N+k + I <
n<N+k+ 2p — 2 does not cover SN'k

u e N + k + 1 ,  because the p-com-
ponent of G , vanishes for o< i< 2p  —3 and the attaching map of
e "  represents an element of p-component. Also we remark that
e A r ' - k -  2 p -

2  does not cover e s s e n t i a l l y ,  and so we may take K
such that S N 'k ie 2 2 i s  a subcomplex L ' .  Further we may
take F such that F1SN-k represents an element of the p-component.

Now apply Lemma 4. 8, ii) and iii) to K ' and Fl K ', L=SN +kv
eN+k-1-1. Then co/ =û o i9 ' =O= 0  and {ce, g, 7 } ± where
Ce is represented by F1SN k  and g E Go , /3'E G 2 3 ,  E G 2 p- 3 , e Go
are characteristic classes of L, L', I L '  and K' I L  respectively,
w ith respect to som e given orientations. Concerning the corre-
spondence of the cohomological operations A  and IT' in K ', induced
b y  F *  from X, and concerning the relation (t+1) (Pi A at = tA((P'a t )
of (4. 9), iii) and 6)'(A arp_ i ) — (1/r)A2((P 1 ar,-,), w e  have that

(mod p2 t), —=(-1)N+k a i , i ) N i - k - i and
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ry/ - — 1)N 'k ((t + i ) p l o t  (mod p 2  t )  i f  t+ 1 - -= - 0  (mod p )  a n d  7 '

( 1 1 r ) P 2 1, (mod p 3 t )  if t + 1 = r p .  Since F*: HN fk(X k , Z p )
--.11N+k(K, Z )  i s  an isomorphism, then ce-I-0 and thus a=  x a ,  for
some x  0  (mod p ) .  Therefore it fo llow s from  a03 1 = 0  and
la , 13 , + la , 3', ry'l --=-0 that a t oa i = 0 ,  { a t ,  P t ,  a i l  — ((t+1)1t)
Icr„ c ,  p 4 . 0  if 1 +1 I 0 (mod p )  a n d  l a b  1 3 , ,  ail + ( p i r )

a „  p 4 , - - -0  i f  t +1 = r p .  Consequently we obtain the relation
t { a t ,  P t ,  a i l  -= (t +1){ a, a i , p t }  for the case t_l_O (mod p )  and
t + ( p - 1 ) p - 1 .

For the case t = ( p - 1 ) p - 1  the proof is similar to the above
case. The only remark for this case is  the fact that K  has two
(N+k+1)-cells, one of which corresponds to  1,

1 an d  it is not
covered by e N + k + 2 P - ' because IT' k,° ) , = 0 .  Then we may neglect
this (N +k +1)-cell.

Next consider the case t = r p  and 1 < r < p - 1 .  By similar
discussions to the above, we have a subcomplex K ' which consists
of a vertex and the cells corresponding to ar p , (4p ,  P a r p  and

From the relations 63 ' ar p = (Pi a'. p  of (4. 9), iv) and A 2 ar i ,
=ra'. p  o f  Lemma 4. 9, w e  have R--=-(-1 )N ±krp 2 t (mod. pc), 0'
— ( _ 1 ) N + k + i  

N - k a ,  and 7 '=- - ( - 1)1 v - k P t (mod. p 2 t ) .  a = x a
f o r  som e x  j  0 (mod p ) .  T hen  it fo llow s from  the relations
ceo 13' =0 and la, 0, + {a, 3 ', ry'}---=.0 o f Lemma 4.8 that cer p oo'1 =0,
arpoai =P a;.poal = 0 and r I t y 4 , p 2 t ,  a i l{ c i , ,  c t ,  p 4 .  B y  (4. 3),
ii), P t, a il =- - {Pa 'p , P t ,  c e ,} = la r p ,  P t ,  a i l .  Therefore the
relation r -ta r p ,  p t , ai, p 4  is obtained.

Finally consider the case t = (p  — 1)p  ( (k =2 (p -1 )p (p -1 ) -1 ) .
Obviously ce,p _o p ocel —pce/( p _o p oa i =ai, p _o p opa i = 0. By Theorem
3.13, 7rk÷2(p-o-R  ; p)= . 0  a n d  th is  co n ta in s  c e ( p _ i > p ° a i •  T h u s
" ( p - i ) p 0 a 1

= 0  and { a '_ 1 ) , ai,  p 4 is defined. Since tcqp-op, al, Pt}
i s  a  coset o f pGk.2(p-o+a /(p_opoG2p-2=PGk-24-1), it contains an
element of the p-component. By Theorem 3.13 and by acp-op , 0
of i), 7 tk + 2 4 -1 (  ;  p ) ,  z p  is generated by a(p-1)p+1— lacp-op, P t, all

{ C e (1 ,_ „  p , 2 t ,  a i l .  Therefore lae p - i)  p  " 1 ,  Pt} + x { " f(p - i)p , p2 ,

= --. 0  for some coefficient x. Apply Lemma 4. 8, iii) to this relation,
then there exist a  complex K=SN+k\-leN 'k l u e N  k - 2 p - 2 \ j e N - k + 2 p - i

and a mapping F: K - S '" such that F S N  k represents (e( p _p i, and
L = S N  j e Nrk,1 7s N  k e N  k  2 p -2 , L ' and KI L have the char-
acteristic classes p t ,  a ,  x a ,  and t resp ec tiv e ly . Let u„ u2 , u, and
u, be the cohomology classes mod p  of S"T", e N ± k + 1  e N ± k + 2 p - 2  and
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eN+k-F2p-1, re sp ec tiv e ly , g iv en  b y  the orientations. T h en  A2 u,
_ ( irik -1 1 1 3 , 63 1 u2 =(-1)N +k  x u, and A u,
=(-1 )N ± k  u , . Therefore the re la tion  (x A, + A IP1)u, = 0 holds.
B y  (4. 10), we lift F  up to F : X k  such that F =P k . F .  Consider
F* : H *(X n , Z  p )-- >11*(K, Z n ). A s  in  th e  last part of the proof of
i ) ,  w e see  th a t P*(a ( p _i ) p ) 0  and thus P*(a ( p _i ) p )==yu, for some
y  0  (mod p). B y  (4 . 9 ) , v )  a n d  by Lem m a 4 . 9 , a relation
(6) 1 A2+-6 , ( ' 1)a(p_op = 0  holds, and it is translated to (OP' A2 +  6 ) 1
u1 = 0  b y  o p era tin g  P * .  T h erefo re  w e h a v e  t h a t  x = - 1  and

p, "1 , P } { c e 'c p - 1 )  p ,  P 2  6 ,  a il la (p-1) all•
T he f a c t  — a'. p  E a l, p}  fo llow s from  (4.12)  and

P"' pE P{ cçp-i,  c ,  p } 1  ( r P  — 1)){"r p-17 p t ,q .  e .  d.
L e t  k  =2(p 2 - 1 ) ( p  - 1 ) - 2 .  By Theorem  3. 10, HN +k(X p, Zp )

= 1 6 ( 22,'1 1  H IV 'k + 1 (X k )  Z ) = a p 2 - 1 1 , a p 2_i == 0  H N + k+ 2 p -2

(X k , Z p ) = HN+k-I-2p-1(xk, _  { y ip  b(--2) , P a p 2_,} and
A i 

A (P1 A b 1) 4- O. B y  ( 4 .6 )  a n d  by Theorem  4 . 1 1 , (PIP - P=0.
According to Lemma 4. 13, we can construct a  complex K  and a
mapping F :  K—>X k  such that the vertex and the cells corresponding
t o  b( ; ; i r ,  A b( 1,,I ) a n d  P A C :1 )  fo rm  a  subcomplex K ' =S N 'k
eN-ik - l UeN+k + 2 P- 1  o f  K  and F S N +k  represents p iT1(xRp _1)  for some
x _ 0  (mod p ) .  Then it follows from i i)  of Lemma 4. 8

(4.13).p  t ,  a i l 0 .

§  Relations in stable groups.

Summarizing Theorem 3. 13, Theorem 4. 11 and Theorem 4. 14,
we obtain

Theorem  4. 15.

7 r 2r .p (p -1 )- 1 ( ;.p) =
= Z p 2± Z p =

;P)Z  p

7r 2(, p+s)cp-i.)-2( , ) ( ; p )  Z p

7e 2Crp+s-F1Xp-1)-2 ( r— s )-1 ( ;.p) —

1,1 f o r 1 < r < p - 1 ,
{c , } + {cei°13 r 1 } f o r r = p -1 ,
{a t } f o r 1 <t<p 2  an d  t - -0  (mod p) ,

1 3 r i— s -1 0 0 s fo r  0 < s < r < p - 1 ,

Zp— {ai°13 - q - 1 0 13 ,
fo r  0 < s < r < p - 1  and  r —

7 r 2 p 2 ( p - 1 ) - 2 p (  ;  p) = Z p= 113I1
k( ;  p) = o otherwise f o r k<2p2(p -1) - 3 ,
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7r2p 2cp--0 -3 ( ;  p) — {a10,8 n — Z p  o r 0 .

In the following, we shall investigate compositions and toric
constructions of these generators.

First consider toric constructions (s> 0 , t> 0 )

las, P t ,  a tl EG2(s -tXp-i)_11 (a s oG 2 t ( p - o +
 a  to G2s(p-i)) •

I f  0 < t < p 2 and  t -1-(p —1) p —  1 ,  then the p-component of G2tcp-1)
vanishes, an d  whence as.G 2 t(p -i)=0 . I f  1 < s < p  + 1 , then the
p-component o f  G 2 4 , 8 x p - 1 ) - 3  van ishes an d  thus a s oSi = 0  and
as°47- ' = 0 .  Since the p-component of G „ ( _1 ) is generated by

i f  t= (p —1)p —1, it  fo llow s  th a t i f  t = (p —1)p— 1  then
s °G z t (p -1 )= 0  fo r  1 < s < p  ± 1  and ai.G2t(p-i)= la1ol3 r 1 1. Similar

results hold for a t o G 2 s ( p - i ) •  It follows then

(4. 14). {as , p i ,  a t }  c o n s i s t s  o f  a single e lem en t if  s + t< p 2  and (s, t)
=I- (1, (p -1 )p -1 )+ (t , s ). {a „  P t ,  a(p-i)p -i} 

a n d
 lacp-i)p -i, P t ,  a i l

are cosets o f  {a 1o R r '} ,

Proposition 4. 16. { a s ,  p i ,  a t } =c s + t < p 2 an d  ( s ,  t )
( p - 1 )  p  — 1 )+  (t, s ). Ia „  p i ,  ac i1 = {a (p -i)p -i, P t ,  ail

= (P _1) P +  {a l ° 31 - 1 }  I

P r o o f .  B y  i )  o f  Theorem 4. 4, la,-, pi, ail = {"i, P t ,  "r } .
L et s > 1  an d  s + t < p 2 . B y  i i )  o f  (4. 4), w e  have a relation
{ { a s ,  p t ,  ai}, P t ,  " t } {p i, a „ p i } ,  at} — {ces-i, P t ,  {al, Pt,
" t }}-- ---0 . This means that for some X E p i ,  a,l, ILE { p i ,  a ,  p i}

and vE p i ,  a j ,  the following relation holds :

{x, P i ,  ce,} 11, t} { a s ,  P t ,  1}

Since { p i Pt} CG,cp_i) and since the p-component of G2cp-i)
vanishes, there exists an  element o f G2 4 _0  such that pp/ =It.
B y  i i )  o f  (4. 3), la t-1 , tt, at} = P12,crt} D ----
{“.„1, 0} O . Thus {as_i, /L, at} = _1

0 G 2 t 1-ixp -o+  a to G 2 ,(P -1 )•

Next consider {X, p i ,  a i }. I f  .3., (p — 1)p, then X = a s  by (4. 11).
Thus {X, p i, a t}  { a s ,  p i ,  a i l s= (P —  1)p, then X = a s + xaloier l

fo r some coefficient x  by (4. 11) an d  {X, p i ,  at} C pi, "t} +
x{0,' - 1 oa„ p i ,  a r } by (4 . 3 ), i). By ii) of (4. 3), {/ 'o c ,  p i , a f } )
13 r i o {ai, P t, "t} =t3i-1°at 1

=0  (1<t  +1 <p +1 )  and thus
p i ,  at}  —19Y 1 0 " I

°
G 2 t ( p - i ) +  " t °  G 2 (p - i )p (p - i )—  0. Th en  w e have the
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equality {X, pt, a t } =  {ce s , p i ,  ce,} since X.G2t(p-i) = c o G2tcp-i)•
Similarly la8-1, P i ,  1'1=  ta s -i, P i ,  at+11• Consequently

{ a s, P i, at} tas-1, P i, at+11 • mod. Ms.t

where M s . t = ce s 0G2 i (p_i>+ toG2scp - " s -10G2(t-pi)( p-i)+ a t+1°G2(s -Dcp-i)•
As is seen in (4.14), M ,  t =0  i f  s+ t- - -1  (p -1 )p  or s - 1 + 1 + t

and M 2 .(p - i)  p -2 = M C p-i) p-1  1 =  {"1./2 r 1} . In the case s +   ( p  1 ) p
it follows from as  f E t 1 7 i, a l that a± =  Ice s , p i ,  a t }  b y  theP i
above relation. The case (s, ((p — 1)p --1 , 1) is obvious by
(4.11). In the case s +  t  ( p - 1 ) p  and 2 < s <  ( p - 1 ) p - - 1 ,  it follows
from la (p_ 1) p_1, pt, =a(p - n p + {"ior&T 1 } that { a s ,  Pi, at}
= a(p-op+yaloiij' - 1  f o r  some coefficient y which does not depend
on s. By Theorem 4. 11 and b y  (4. 11), "1 .3 1 ' is  not divisible
b y  p  and a c p _„ p  i s  divisible b y  p .  Thus y = 0  if and only if
a(p-op+Yaiol-91;- 1  is  d iv is ib le  by  p .  Since pa;,=ap and P a i(p-op
— a

( -2 )  p y  then {a p , p i ,  a cp -2 )p } = { C ep o p  p i ,  a '(p _ 2 ) p° P t} {a;, P 2  b
,

a (p - 2 ) p }  o p ,  b y  (4. 3), ii). Th is  indicates that la p , p i ,  acp_Dp}
---- a (p _ D p + y a io s r l  is divisible by p .  Therefore y= 0 and { ci, p i, a t}
= a s  t fo r s+ t— _-(p--1)p and 1 < s < ( p - 1 ) p - - 1 .  q. e. d.

A s is seen in the last part of the preceding proof, we have
P la ;„  P 2 i, a 'p l -= - {ap, P i ,  arp}="Cr+l)p for 1 < r < p - 1 .  Similarly
to the proof o f (4. 11), we have that { a „  p 2 i ,  air p } consists of a
single element.

(4. 15). T hus, f o r  f ix e d  a '  s u ch  th a t  p c e ;= c  p ,  th e  co n d it io n  a".p  E
{cep , p 2 2 < r < p  d e t e r m i n e s  a n  a ', p  w h i c h  s a t i s f i e s  the
c o n d i t i o n  o f  (4. 12).

Next we shall prove

P r o p o s it io n  4 .  1 7 .  i ) .  a1°a8=0 f o r  s + t < p 2  a n d  Ct; p o  s =  0

f o r  r p + s < p 2 .

ii).

t a t ,  a s ,  P (ti(s+t))as-pt+PG2c,i t)C p-i)-1

i f  s + t < p 2 a n d  s + t 0  (mod p ) ,
(tir)ce ',•,,+Mt.s i f  s + t = r p  a n d  1 < r < p ,

{a 1  ce „  p s)(Xrp,s+PG2e )r

i f  r p + s < p 2  a n d  s 1 0 (mod p ) ,
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— (r I (r + u)) +Op+ P G 2 ( r + u ) p C p - i ) - 1

i f  s= u p  an d  r + u<p ,

where 111,,s—PG2c X - i )  - 1 i f  (t, s) =-(1, ( p — i)p - -1 )  a n d  Al
s  _ t p

=  PG 2C6 p  - 1 ) - 1 +  I c e l . f i r i l i f  (t, = (P —1)P —1).
iii). 1c e, , a ,  p 1p t, a , a j  a n d a ,a „ p {p t, a s , a ir p l

P r o o f .  i). W e use the induction on s. The case s= 1  is
proved by i i )  o f Theorem 4. 14. B y  (4. 4), i) and by Proposition
4. 16, ce,oce, E a ,. I ce„  p  t, ce s _,} = Ice,, a ,  p  oces _i  a n d  a o a 8  E

a irp° P 6, s  - 1 }  =  { a 'r  p ,  P t} ° a  - • Thus ce,.. as a n d  ceir p . a s

belong to G2(,)(p_1)--i°a.s.-1 (t= rp  for the latter element). Since the
p-component o f  G 2 ( t i - i ) ( p _ 1 ) . ,  is  g en e ra ted  b y  o n e  o r  tw o  of
ce , „ a 1 cY1./3Y- 1 ,  and since cet _ io a ,_ ,= a 't+ io a s _ i= id ro c e ic a s -i
= 0  by the assumption of induction, w e have Gz ( t _o c p _o _i ocrs _i = 0
and hence a t oces = cer'p oces = O. T h u s  i )  is proved by induction.

ii). Similarly to (4. 11), { a ,  c e s , p t}  a n d  {a ri p , cç , p t}  a re
cosets of pG2 (s _ t x p _1 ) _i o r  M , , , .  Then it follows from Theorem
4. 14, ii) that ii) o f this proposition is true for the case  s =1.
W e use the induction on s.

B y  ii) o f  (4. 4), fo r  some elements X G Ice„ a , ,  p t} , X' G
pt},G Pt, a s _,} a n d  E {p t, c ç , ,  p  ,}  the following

relations hold :

{X, a, -1, p t} — la P t} + „ o,
{X ', a5_1, P t} — P t} + a „  v l 0.

By Corollary 4. 5, E P G 2 ( s - i x p - i ) .  S ince pG,cs_ixp-i) has vanish-
ing p-component, ,= p 2 , '  fo r  som e V. It follows easily that
{at, and {“,'-p  , 

a , ,  I)} =-0 and thus these terms may be
neglected in  th e  above relations. B y  Proposition 4. 16, p=ce, or
ik=a(p_op + xceio,ar l . B y  (4. 3), i i ) ,  l a t ,  cei. J e r i  { a t ,  a i,
P 3T-

1 } = {a t, a l ,  0} D 0. Therefore {a t ,  tt, t} = {at, a 8 , p t}.
Similarly, fa'. p , p t} { a ir  p ,  a „  p t} . Next, from the case s =1,
X= (t/ (t+1 ))a t+ ,+ fiy  if t + 1 0  (m o d  p ), x = (-1 1 r)ce '. p + p 7  i f
t +1 = r p  and X' = r ce r p  +  p  7 ,  w here 7  is som e elem ent of
G 2 C t J -1 )C  p - i ) - i •  By (4. 3), ii) and by Corollary 4. 5, {py, c , , p  D
y o t, a t} — 7°PG2(5 - i)( p_,) —  P(70G2(s - i)( p- 0 )• T h e n  {p', a, _„ p
. 0  and thus {X, a „  p t }  = P 7 , a -1 , Similarly {X', a  ,
p t} —  p  , ce  s _ „ p } .  Consequently we obtain th e  following
relations.
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(t I (t +1))1cet , „  a {a „ a s ,  p i }  if  t + 1 40 (m od p),
( — 1/r) Icer p , a s ,  13 t} f a r  p _„ a „  p  ,

a s _ „  p t} s • P. •

Then ii) is verified by induction on s.
iii) is a direct consequence of Theorem 4. 4, i). q. e. d.
Consider {a1 , p t ,  13 ,1. B y  (4. 4), i )  an d  by Corollary 4. 5,

p {a„ p  t ,  g s } =- 3 ,1 op t= -a ,0  {p t,p  = a i o p G , c s
= 0 .  If 1<s<p—  1, then the p-component of G2(sp , ) ( p - i ) - 2  vanishes
by Theorem 4. 15. Thus 13 la„ p i ,  12,1 =0 implies {a„ p c ,  3, } =0.
By (4.13), 13 f i _i, p i, a il = r3 p - i0G2p_2+ai0G2(2_i)(p - i) ,  •  Since G2p - 2
has no p-component, then /3p _i oG2 1,_2 = O. S in ce  the p-component
o f  G 2 ( 2 _ 0 ( p - 1 ) _ 1  is generated by a p 2_, and  since ce1ca p 2, = 0 by
Proposition 4. 17, then cel oG2 ( p 2_0 ( p =  O .  T h e r e f o r e  13 p_i•
= 0 .  Concerning i) of Theorem 4. 4, we have

(4.16). {$ s , p i ,  a,}  = {a„ p c, 3„} = 0  f o r 1 < s < p

We shall prove

Proposition  4 .1 8 .  L e t  1_< s< P.
i). c o / = 0  f o r  2 < t < p 2. c<poi9, - 0 fo r  1<r <p .

ii). p t ,  13 ,1 = 1 4 , ,  P t ,  c et } — 0 for 1< t <A' and
t , i - ( p - 1 ) p - 1 .  f a ( p _ o p _ i ,  p t ,  R s } {3 , P t, a ( p - i ) p - i }

iii). {a t , 8 , ,  p  = $,, acl = P G 2 ( s p: s - i  t x p - 1 )- 2  fo r  2 <t<p 2 .
{13 ,  at , p i}  =  {P t, a t ,  3 , } = A f s . t  f o r  2 _< t < p 2 ,  w here 111;,c
=pG 2 ( s p s_i.±txp_i).„ ( P  1 ) p - 1 and AC, f = 137i - 1 .3,1
+pG2(sp „-t)cp_„)_2 i f  t  — ( p  1 )p  1.

P ro o f. i). By (4 . 4 ), i), Theorem  4. 14, ii) and  by (4. 16),
ce,03, E (t I (t — 1)) {at-1 , a l, p t} .1 3 ,= (t1 ( t -1 ) ) c e t_ io fit, 13 ,1 = 0  for
t  J  1  (m od  p ) ,  a r p+i. c  (1/ r) a „  p i k e s = (1/r) ce'. p o „  p i ,

131 = 0  and a'. p oR s G —r ta rp , a 1 , pi) o/3 = œrcer p _,o ta„ pt, 13,1 =0.
Then i) is proved.

ii). (4 .16 ) is  the case t =1. We proceed by induction on t.
T h e  proof is  qu ite s im ilar to  that o f  Proposition 4. 16.

B y  ii) o f (4. 4), w e have a relation { 3 ,  p i ,  ta„ p i ,  c 1 } + 1 4 ,,
{ p t , a

l ,  P t }  
a

t - 1 1  + {{3  ,  p i ,  a 1 1} 0 .  By Corollary 4. 5,
1P t, ai• Pi1=- -  0. By (4. 16), p i ,  a l l 0. By (4. 11), P i•
ar-il 3 a t . Then we obtain a relation , p t ,  a 1 } 0, an d  ii) is
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proved. For the details, see the proof of Proposition 4. 16.

iii). Consider a  relation 114,, P t, all, a . ,  
p t }  +  13 , {Pt, ai,

, Pt} + {3s, P t , Iai, ai, P41=- -; 0 from ii) of (4. 4). By Proposition
4. 17, { a 1 ,  a1 , p d .= a„ (1/2)a2. By ii), pt,
and lie s ,  p t, la1, a 1 , pt}} O. T h e n  it  fo llo w s  {Rs ,  a„  p t }

By i )  and i i )  o f Theorem 4. 4, { p t  ,a 2 , 4 s 1_= 0  and  {(1'2, i3s, Pt}
= {pt, ad. — a 2 1  Pt} —  1"2, p t ,  ' 1 = - 0 .  T h u s iii) is
proved for t 2. Next le t  t> 2  and  consider a relation  { lat -2 ,
P t , a21, 3,, P 4 lat - z , {P t, cq, 3,1, P4 + lat - 2, Pt, { a 2 , 3 ,, P  }
from (4. 4), ii). Thus we have { a ,  e s , By Theorem 4. 4,
it follows 1 3  a t , pt} = 0, and iii) is proved. The details of the
proof are left to the reader. q. e. d.

It fo llo w s  a ls o  f ro m  a  r e la t io n  { larp-1, a, , P 4 , $ s , P 4
Ia„  p t, 4 ,1 , P 4  — tarp-. , a 1 ,  IP t,p 4  that

(4.17).p t } =----_-  0
f o r  1 < s < p  a n d  1 < r< p .

B y  (4. 4), i )  a n d  by Corollary 4. 5, P{/r, p t, 13 s } = S r .

{Pt, 3s, p 4  — O r° P G 2 (sp - s -0 4 -1 ) - - i—  O. S in c e  th e  p-component of
G2(cr+s)p+r+s-2)(p-i)-3 vanishes fo r  r +  s < p  (Theorem 4. 15), then
{Or , p t ,  0 , } = 0  for r + s < p .  By i )  of Theorem 4. 4, 13,, pt, 4,1
--1 / 3 8 , P t ,  3 ,1 .  Thus we have

(4. 18). {R,,, p t ,  4„ } 0  i f  r+s <P  o r r =  s <P  •

We have no information to compute for r, s >2 .

Prob lem . Is the composition Or o $ , zero or not (r, s >_.2)?

§  Applications for some elementary complexes.

In th is §, N  will denote a  sufficiently large integer, so that
homotopy groups 7 T N + i ( S N U  • • • )  w ill b e  stable w ith  respect to
suspensions.

i) S N \ jeN -1 -k + i

Consider a  cell complex K=SNvelv+k+i having a characteristic
class a E G k .  We may identify 7rA t, i (SN) with Gi and 7 r N - F i + I ( K ,  S N )

with G i _ k  (cf . [ 2 ] ) .  Then we have an exact sequence
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.i* "* i*
U ri _leG i  

i* ce
*n-,v ,„(K) •••

where a * (3 ) a o R  fo r 3 E Gi , .  T h u s it fo llo w s th e  following
exact sequence.

(4. 19). G il(c t°G i-k )
j* K7-1 ( K ) G• r  e r  a *  - *  O.N+i z -k -i

Consider a n  element 3  of Gi _k _i n K e r  a * a n d  le t  /3 b e  an
element of 7 r„ ,,,(K ) such that J * (/8 )— g. Let r  be the order of 3,
then j * (r 13) — 'S o rt - 0  and th us r f i '  is  in  the image of i * . B y i)
of Proposition 4. 2,

r fi E i * Ice, f i , r mod. i * (rG i ) .

W e have

L em m a 4 . 1 9 . Fo r an  arbitrary  elem ent y  of  { a, 3, r t} (G 1 ,
there exists an element 1 o f  7-1-

N , i (K )  such that j * (3) =  and r

First consider the case a = p e  t ,  t> 0 .  Then r — p s  fo r some
s t. B y  i i )  of (4 .2 )  a n d  Corollary 4. 5, I p t t ,  3 ,  p s pt - 3 to
{ p s i  1 3 , p ' p t - ' top'G, D O. It fo llow s from  Lem m a 4. 19, that
for a n y  I3EG i _k_,r\Ker (pf 0 * o f  order r  there exists an element
fi such  that r 13= 0  and j * fi = 3 .  This m eans that the
sequence (4. 19) splits for th is case and w e have

P ro p o sitio n  4. 20. I f  ce= p t t , t> 0 , then 
71"N ± i(S N U  eN-")

Gi l ptG i + {Rifi E Gi _ „ pt 3=0} .
N ext consider th e  c a s e  k=2p — 3  a n d  a= a, EG 2 3 . L e t

i < 2 p 2 (p —  - 3. Then, by Theorem 4. 15 and Proposition 4. 17,
G1ga1oG1-2p+3) is  s p a n n e d  b y  a , (2 t ) ,  a".p  a n d  31.3s . Also
G1_2 p „ r\ K er  a, *  is spanned by a 1 ,

 c  a n d  a 1 o3 iO 3 ,. Let ek, and
e4p be elements of 7-rA,, i (K ) such that i*Cf t = a t and

Proposition 4 .2 1 .  F o r  i < 2 p 2 (p —1)— 3 , th e  p - c o m p o n en t  of
N-i-i(SN \ jeN+2P- 2 )  is generated by"a t ( 1 < t< p 2 —  1), ^W.p (1 < r < p ) ,

-ci 1 01310/38 ( s + t < p )  and i * (13 f013 ,) (s+ t< p;(s, t)=  (1, p - 1 )).
T h e  orders o f  C. -et (t_i_ —1 (mod p)), ecirp_„ i i ,  eki0,81.13, and

i*($10,8 5) are p 2 ,  p 3 p 3 ,  p  and p  respectively.
The follow ing relations hold for suitable choices of  Ce, and Oe'rp;
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Pe .e'.p= arp, Y at= (11(t+ 1)) i*a t + ,  f o r  t —1 (mod p )  and Peir n -i

P ro o f . Obviously j * (ã i 0/3,f0/3,)= It fo llow s from
(4. 19) that 7-1.N ± i (K )  is generated by 'a t , à , er- 1 .131013,, i * cet , i * ce'r p

and 1* (8i- o,e s ). The relations follow from Lemma 4. 19 and ii) of
Proposition 4. 17. Thus the proposition is established, q. e. d.

Remark that Proposition 4.20 still holds for ce= xa, with some
x 0  (m od p), by multiplying x to the right sides of the last two
equations.

Similar discussions imply the following results. The proofs
are left to the reader.

(4. 20). Let q> 1 , q 0  (mod p ) and i<2p2(p-1)— 3. T hen the
p -com pon en t o f  7rN ., i (SN V e N - 2 " - " )  is  g en erated  by  i * ce, (t < q),

i* C e ,.p (rP < I7 ) ,i i t  (q +t 0 Q(mod p)), à (q+  t= -0 (mod p)), à ,
i*(13 1.13 3) and i * (ce,.31.13,), the orders of which are p, p 2 ,

p2, p3 , p 3 , p, p, p and p respectively.

(4. 21). F o r i<2p 2 ( p —1)-3 and 1< r < p ,  the p -com p on en t of
N + i (sN v e N-F2r p(p-1))

EkIrp) /3 s° 41) -Cki° 1( 3 1° Ie s )  i * ( a tic4 2 )  and W a 1a3iO3s ), the orders of which
are p, p2, p2, p 4 , p ,  p, p and p respectively.

(4. 22). F o r  i < 2p 2(p-1)—  3, th e  p - c o m p o n e n t  o f  7r,-, i (S N U
P i

e N+2 s)  is generated by i*u t ,  i * a rl  p, a“rp) i*,a s and i*(a1.13 3),
s> 1,  the orders o f which are p, p2 , p , p2 , p and p respectively.

11). S N  e N , - k 1 u  e N-k-rh-2
•

L e t  K =  S N  e
N-Fh-Fi e N k+h+2 be a  cell complex such that its

subcomplex L =S '  J e"  an d  its  quotient complex K/SN have
characteristic classes a E G k  and le E G1,  respectively, with respect
to given orientations of the cells o f K .  a  and 3  have to satisfy

ce.13 0.

aç.p

The groups 7r,„± i (K) will be calculated by means of the follow-
ing two exact sequences :

is generated by  i * a t (t < rp ), (s < r ) ,  at,
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al
> • •

• • • — > i ( L ) 7t N  F i(K )  -> G -  -  2

i* a2
G 1 , n-N ,i(K ISN ) G1_,

where we regard that Gi_ k - h  -2  7rN + i (K ,  L )  and 7rN +i(K /S 1V) =-, 7rN , i

(K ,  S N ) .  Consider shrinking maps p, : L –> LIS N =  
S N - F k ± i  and

2
S N + k - h+2 then a s  is  seen  in  i), f i ( L )  andp -  

N ± i (K )  are calculated by the following two exact sequences :

, Pi* ce*
—> 1.3- 1N +  1 ( L ) ,

i2)14 , r ,  P 2 *  r ,
• • • - - > 71 N+J(K S ) h_ 2 • - - 1 - k -  2

To clarify the homomorphisms a, and a 2 th e  following lemma
will be useful.

L e m m a  4 .2 2 . i) . P i* = 0 . 7 .  I f  0 0 7 = 0 ,  t h e n  a i l, E i, *

la', 3, 71.
ii). a2 /2 * 7  = ce07 . If  p 2* '-'1= 7, then 0 0 7 = 0  and a 2 E — Icr, /2, 7 1.

This lemma is a direct consequence of Proposition 4. 2.

iii). S N u e N -Fl u e N+2P - 2 u e N±2p - 1

L e t  K = S N \ J e N + 1  
v e N , 2p - 2 v e N ± 2 p  be a  cell complex such that

L  =  S N  e N ' '  a n d  L ' 
= s N u e N 1 7 . p - 2  a r e  subcomplexes a n d  that

L, L', K I L = S N 'P -
2  u e A 7 + 2 p -  and K  L ' =

SAT+1 eN+2p-1 have character-
istic classes pt, xce„ p t and y a, respectively for some integers x
and y, with respect to given orientations of the cells of K.

Since N  is so large, we identify homotopy groups of a pair
w ith  th a t o f  th e ir  quotient space, f o r  example 27 L )
= L ) .  Then we have exact sequences

a
••• i (L )  — >  77.N  i (K ) ( K  L )  - - - >  7 7 -  N +  _ 1(L ) • • • ,

(PO* ..11*
••• G i- 2 P ' 2 7.1" N J K  L )   •••

(Pt)* 1.2* r , :12*
71"N ) .

The last two sequences are clarified in Proposition 4. 20.
First we consider the boundary homomorphism a.



Ar 1 i(K IL)

laGi  2 p 1 .  n - N ± i( S N + 2 p - 2 )
" N +  i - i ( L )
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Lemma 4. 23. T h er e  ex is t s  an  elem en t 'a t  o f Ar7r,v -2 (t-i-i)(p -i)( K / L )

su ch  th a t ..71*(ii ) — at (1< t < p 2 , i < r < p )  and

(c-T4 t) = i2*(x+ytl(t+1)) 0 ( t+i i f  t +1 0 (mod t),
a(arp_i) i2*(— yir)cerp.

P r o o f .  The following diagram is commutative :

.1 1 7rN+,(sNA2p-i) G i

la'•,,z*

N4- eN P - 2 )

4

( — G 1_, •

a-
The sequence  is  exac t. Then the lemma follows from
the following results :

a (at) =  i'* (x+ ty l(t,-1 ))a t ,„  t +  1 0 (mod p ) ,
a'(a r p _i ) =

Consider the in jection  homomorphism j, : 7rN ± i _ i ( L u  eN ' 2P ')
V  SN+2P- 2 ) =G 1 _2 + Gt .  By

the properties of characteristic classes, w e  have j *'(ait)=ycr i +pt.
It follows then

a 't  =  yek1+7 -t ,

fo r e lem en ts  à , and p t  satisfying i,1*- a i and jp ,T t= p  t ,
they are given as in Proposition 4. 2. B y Proposition 4. 2,

a / (crt )  =  a ' t o a t E Yai, at} + P t, a ,})

B y Propositions 4. 17 and 4. 16,

a'(a t ) -4 (x+ yt I (t +1))a t + , E l '* ( P G 2 ( t - i - O C p - i ) - 1 )

or a/(cer p _1) — —y/r)crr' i, E iVPG2rp(p-i)--i+ X Ce i 0 G 2 C r p - i X p - i ) )  •

Since e"+' is attached to SN by p t, i',(pG 2 (t O. A lso ,
since eN- 2 P - 2  i s  a t t a c h e d  t o  S N  b y  xce„ p_ixp-o) =O.
Therefore the required relations on a' are established, q. e. d.

It follows from the lemma (1 < t< p 2 )

(4.23)a ( t ) =  0  i f  and  o n l y  i f  ( t + 1 )x + t y  0 (mod p ) .

and
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In  the case (t+ 1 )  x + ty = 0 , ek, and G a t , i (i * (e'r p ) are  not
cancelled by a', and the groups 7r, ± (K ) will be more complicated
than the other cases.

Now we consider the case ( t+1 )x +ty =0  and x  I   0  or y O.

Lem m a 4.24. i ) .  Let 1 < t < p 2 - 1 ,  (t+ 1 )x + ty O and
Then, for an elem ent A , such that j * A t =e-e„ we have pAt =1-0.

ii). L e t  1< t < p 2 —1, ( t+1 )x +ty --- -- 0  a n d  x   I   0  o r  y *O.
Then fo r a n  element A ,' such that j * A ,'=i, * (e, i f  t_i_O and j * A,'
= G a t ' if  t=-0 , w e  have p A , ' O.

P ro o f .  i ) .  It is  su ffic ien t to  prove that j 0 * (pA t)* 0  for
j o *  : n  i (K)--->7rN ± i (K IL /) . Applying Proposition 4. 21 to our case
K IL ', i) is proved.

ii). For the case x O , we consider the element A ,' in  L'
and apply Proposition 4. 21, then we see that pA,' =i * ((11(t +1)) " t  - I )

i f  t+1 0  and pA t i 4((11 r) p)  if t + 1 = rp .  Then ii)  is proved
for this case. Next let x =- -- 0 ,  then y 0  and 1 = 0 .  In this case
we may consider that eN-1 2 1' - '  is attached by a trivial maping, and
L ' =S N  v  S N 'P' , L  eN - 2̀ P- 2  =L  y S 2 " - 2 . Consider a , : i ( s  v-2 p -1)

N --1 ( 1 ,  V S
7 - 2 p - 2

) and .n  : 7rN, i _,(L V S N  I 2 P - 2 ) 2TN i_ i (L I S N  Vt N
S N - 1 2 1

' - 2 ) G i_ 2 ± G i_ 2 ± 1 . Then, as is seen  in  th e  proof of the
previous lemma,

a / (cer p ) a/ tc,C ep  E yce„ cer p l) i, * ( p ( 'r p ) ,

where i,:S  N + 2 P - 2  L  y  S N + 2 P ' is the injection. Since a'(a r' p)  gives
a relation in K  and since i 0 * ( P a 4 ) = 1 , * ( c e r p )  corresponds to
w e  s e e  th a t pA'rp =i*(— i,*(rY arp7-1)) b y  Proposition 4. 17, i i ) .
Therefore pA ri p =I= O. q. e. d.

These two lemmas will be applied to investigate the 4-fold
iterated suspension E 4 : 7 r , - ( S n ) - * 7 r i + 4 ( S ' 4 )  in the next section V.
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