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Strong unique continuation property for some
second order elliptic systems with two
independent variables

By

Makoto SANADA

Abstract
We show the strong unique continuation property for certain elliptic
systems of second order with two independent variables.

1. Introduction

In this paper we prove the strong unique continuation property for some
second order systems with two independent variables. As far as we know, there
are few results for second order systems. On the other hand, there are many
results for first order systems (for example [1], [3], [4] and [5]). In [3], Hile and
Protter obtained an interesting result. They considered a system of the form

(1.1) |0pu + N(x,y)0yul < M|u| forall (x,y) €

where ) is a nonempty open connected subset of R? containing the origin and
N(x,y) is an nxn matrix with complex entries of the class C'*(2). They proved,
roughly speaking, that if N is a normal elliptic matrix, any u satisfying (1.1)
and

(1.2) lir%exp (2% +y>) P ?u(z,y) =0 forall 3>0

vanishes in Q where r = /22 + y2.
Okaji improved (1.2) in [5]. He proved that: Suppose that all the eigen-

values of N(0,0) are ¢ or ¢ with a non-real complex number ¢. Then there is a
positive constant My such that if u € C! satisfies the inequality

(1.3) |0su + N(z,y)0yu| < Mu|/r for all (z,y) € Q

with M < M, and vanishes of infinite order at the origin, then u is identically
zero.
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Assuming that w verifies (1.3) and vanishes of infinite order at the origin
he derives a stronger vanishing of uw at the origin. Therefore he could use a
stronger weight function than the usual weight r—79.

We study the strong unique continuation property of solutions to some
second order elliptic systems verifying (1.2) or vanishing of infinite order at
the origin. In both cases we reduce our system to a first order system. In
particular, in the case that u vanishes of infinite order at the origin we use a
similar method as [5]. Then we shall apply Grammatico’s result in [2].

We emphasize that there is no regularity assumptions on the eigenvalues
of N as well as in [3] and [5].

2. Main results

Let © be a nonempty open connected subset of R? containing the origin.
We define Q = Q\{0} and B(p) = {(z,y);2% + 3> < p?}. We denote by r
the distance between (x,y) and the origin. The letter C stands for a generic
constant whose value may vary from line to line. X*(£2) denotes the class of
functions f defined on ) satisfying the following properties (2.1) and (2.2):

(2.1) fz,y) € CO(Q) NCH()
where ) is the closure of  and
(2.2) IVf(z,y)| =001

where we shall use the notation g(x,y) = O(h(x,y)) if

lim sup [g(z,y)/h(z,y)| < oco.

p=00<r<p
X1F(€) denotes the class of functions f € X1(Q) satisfying the following prop-
erties (2.3) and (2.4): f(x,y) is Holder continuous of order &, that is, there
exists a positive C such that

(23) |f($7y) - f(m/vy/ﬂ < C|(£L’, y) - (55/7111)'}'€
for all (z,y), (2',y") € Q and
(2.4) IVi(z,y)| = o(r™")

where we shall use the notation g(x,y) = o(h(x,y)) if

lim sup |g(z,y)/h(z,y)| =0.
p—=00<r<p

Put L*) = 9, + Ny(x, Y)0y, k = 1,2 where Ny(z,y) is an n x n normal matrix
with complex entries of the class X(Q). Moreover we shall assume that there
exists a positive number § such that

|Im)\;k)(x,y)| > 7=1,2,...,n

for all (z,y) € Q where )\E-k) (z,y),5 =1,2,...,n, are the eigenvalues of Ny (z,y).
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Theorem 2.1. Let L=LWL®? Letue H} (Q; C") satisfy
(2.5) |Lu| < Cor=P0|u| + C1r~ 1Vl
with some Cy, C1 > 0 and By € R. If u satisfies
(2.6) lir%exp(r*ﬁ) / (|u? + |Vu|?)dzdy =0 for all 3 > 0,

r— B(r)

then u is identically zero in 2.

Corollary 2.1.  Let L = 824 A(x,y)92 where A(z,y) is annxn normal
matriz with complex entries of the class X' (). Let pj(x,y),j =1,2,...,n, be

the eigenvalues of A(x,y) and suppose that there exists a positive number §
such that

dlst([l](ﬂj,y),(—O0,0]) 25 J:172a7n
for all (z,y) € Q. Let u € HE (Q; C") satisfy (2.5) with some Cy,C1 > 0 and
Oo € R. If u satisfies (2.6), then u is identically zero in .

Corollary 2.2.  Let L = 92+2B(x, )03, + A(x,y)0;, where A(z,y) and
B(z,y) are n x n Hermitian matrices with complex entries of the class X*(£2)
and satisfy AB = BA. Suppose that L is elliptic, that is, there exists a positive
0 such that

(2.7) (€2 + 2B(z,y)én + Az, y)n*)v,v) = 5(&* +n*)/2|v]?

for any (&,m) € R*\ {(0,0)} and any v € C". Let u € HE (Q; C™) satisfy (2.5)
with some Co,C1 > 0 and By € R. If u satisfies (2.6), then u is identically zero
in .

Remark 1. For L = LWL®@ ... L") we obtain a similar result as
Theorem 2.1 if Ni(z,y),k=1,2,...,m, belong to the class C"(Q).

Next we relax the assumption (2.6). In this case, we consider the system
of differential operators L = 92 + N (z,y)?02 where N(z,y) is an n x n normal
matrix with complex entries of the class X?’“(Q). Let \j(z,y),j =1,2,...,n,
be eigenvalues of N(x,y). We suppose that there exists a positive number §
such that

ReAj(z,y)| >0 j=1,2,....n
for all (x,y) € Q. Moreover we suppose that there exists a € R such that
2;(0,0)=a or —a ji=12,...n.
Theorem 2.2.  Let u € H2, (Q; C") satisfy
(2.8) |Lu| < Cor~2|u| + C1r~ 1Vl
with Co > 0 and 0 < C; < min{1, |a|}/Vv2. If u satisfies

r—0

(2.9) lim 7“_6/ (Jul? + |Vu*)dzdy = 0 for all 3 > 0,
B(r)

then u is identically zero in €.
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Remark 2. In [6], he proved a similar result as Theorem 2.2 withn =1
in R%.

Corollary 2.3.  Let L = 92+A(x,y)02, where A(x,y) is an nxn normal
matriz with complex entries of the class X% (). Let p;(z,y) be eigenvalues of
A(z,y) and suppose that there exists a positive number § such that

dlSt(,U/J(l',y),(*OO,O])z(S j:]-v?a"'vn

for all (z,y) € Q. Moreover we suppose that there exists a positive number a
such that

1i(0,0)=a j=1,2,...,n.

Let u € HE (Q; C") satisfy (2.8) with Cy > 0 and 0 < Cy < min{1,/a}/Vv2.
If u satisfies (2.9), then u is identically zero in Q.

3. Proof of Theorem 2.1

Let P = 0, + M(x,y)d, where M(z,y) is an n X n normal matrix with
complex entries of the class CY(Q) N C1(Q2) and

|Im (eigenvalues of M (x,y))| > 6.
Then in [3], they proved the following estimate.

Proposition 3.1 (Hile and Protter [3]).  There exists a positive C' such
that

(3.1) C// 2| Pul*dxdy > 3 // e2fr P2 || dxdy
Q Q

for any u € CL(Q) and any large 3 where o = r=P.

Remark 3. In [3], they assume M(z,y) € C°(Q) N C'(Q). We obtain
the same result if M (x,y) € X1(Q).

We may assume  C B(1). By Proposition 3.1 we have the following
Carleman estimate.

Lemma 3.1.  There exists a positive C such that
C// X2 r =2 Ly dady > 32 // e2Pr P22y 2 dady

or any large 8 and any u € CL(Q) where ¢ = r=P and ~ is a linear function
0

of B.
Proof. Applying (3.1) with P = L) and u = r~7u, we have

C// e |L®) (7~ ) Pdady > 52 // e2Pr P22y 2 dzdy.
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Since L is a first order operator
IL®) (r=7))? < Cr= 2| LPu)? + Cy2r= 27202
Therefore we obtain the desired estimate in Lemma 3.1 if § is large enough. [
We require the following elliptic estimate.

Lemma 3.2.  There exists a positive C' such that

/ |Vul?dzdy < C’//(|L(2)u|2 + [u|?)dzdy

for any u € CL(S).

Proof. Using a partition of unity, we reduce the problem to the case of
finite number of constant matrices {Na(z;,1;)}},. Then the assertion can be
easily verified in the standard manner. O

Applying Lemma 3.2 with u = e?r~7u, we have the following elliptic
estimate with weight function.

Lemma 3.3.  There exists a positive C' such that
/ / e*r 2| Vul*dudy < C / / o r 2 (|[LPuf? + B2 2 |uf?)dady

for any u € C} (Q) and any large 3 where v = o + v1 with 0,71 € R.

In order to prove Theorem 2.1, it suffices to prove the following Carleman
estimate.

Proposition 3.2.  There exists a positive number C such that

/ e*?| Lul*dxdy > 052/ e*?r=2|Vul*dzdy + C’B4/ 2P r =204y 2 dady
Q Q Q
for all large 8 > 0 and any u € C3(S).

Proof. Applying (3.1) with P = L™ and u = L®®u, we have

(3.2) C// e*?| Lu|*dxdy > 3 // 2er= P72 Ly 2 dxdy.

By Lemma 3.1 we have

(3.3) 52 // e22r P2 L@y dady > 5 // e2er= 204y 2 dady.

On the other hand, by Lemma 3.3 we have

52 // 222 L@y 2 dxdy > 52 // e22r 2| LD u|2dxdy

(3.4)
> 32 // 62“’7*_2|Vu\2dmdy —Ccpt // 62“’7'_26_4|u\2dmdy.
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Combining (3.2), (3.3) and (3.4), we obtain the desired estimate in Proposition
3.2. |
Next we shall prove Corollary 2.1.
Proof. We define

Bla.y) = (2mi) ! f V(¢ — Alay)) ¢

where I" is a closed curve in C\(—o0,0] enclosing p;(z,y) (j = 1,2,...,n),

symmetric with respect to the real axis and /¢ means r'/2e?/2 when ¢ = re’.

Then applying Theorem 2.1 with Ny (x,y) = iB(z,y) and Na(z,y) = —iB(z,y),
we can prove Corollary 2.1. In fact, from the first resolvent equation

(z= A=A ={E-A)T = (- AT/~ 2),

we have

B* = (2ri) ffz— )z VE(C— )G
— (i) § V2 (- ) f VT - gy
) VT AT VE - Qi)
where I' is a closed curve inside T and satisfies the same conditions as T'. From
VC/(C=2)d=0 and  (2mi)"! ]]{F V7 (2= Ods = /G,
it verifies
B(x,y)* = (2mi)~ ]g C(¢—A)THd¢ = Az, y).

In what follows, we denote this B(z,y) by v/ A(z,y). Since I' is symmetric, we
have

A(J:y (2mi)~ 7{\/_C Az, y)*)dC.

Hence it easily follows that \/A(xz,y) is a normal matrix. Moreover it is easy

to see that the eigenvalues of \/A(x,y) are ,/[; and entries of y/A(z,y) belong
to X1(Q). O

In the rest of this section, we shall prove Corollary 2.2.

Proof. From our hypothesis, there exists a unitary matrix U(z,y) such
that

)\1 241
U*AU = diag and U*BU = diag
An fin
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Hence
A — i}
U*(A — B*)U = diag
An — pi3,
By (2.7) we see that \;(z,y) —p;(z,y)> > (j =1,2,...,n) for any (x,y) € Q.
Repeating the same arguments as the proof of Corollary 2.1 we can define

VA(z,y) — B(z,y)?. Since eigenvalues of VA — B2 are /\; — u? and p; € R,

we have

|Tm(eigenvalues of B 4 iv/ A — B2)| = [Im(p; + iy/Aj — pi3)]

:‘/AJ’_“?E&

By Theorem 2.1 with N1 (z,y) = B(x,y)+i\/A(z,y) — B(z,y)? and No(z,y) =
B(z,y) — i\/A(z,y) — B(z,y)?, we obtain the desired conclusion of Corollary
2.2. |

4. Proof of Theorem 2.2
First we shall give the proof of Theorem 2.2 with a = 1. We consider
Lo = &2u+ N(0,0)*0; u.
Then the first result we will show is the Carleman estimate of L.

Proposition 4.1.  For an arbitrary positive B < 1, there exists a posi-
tive number Bo(B) such that if 8 > By with B € N + 1/2 then

(I+e¢) //7"*%*2\L0u|2dmdy
> B/2//r_2ﬁ\Vu|2d:vdy+6ﬂ2/4//r_2ﬁ_2|u|2d:vdy.

for any u € C3(Q) and any positive e.

Proof. By our hypothesis there exists a unitary matrix Uy such that
Uo_lLOUO = (02 +8§)I. Introduce the polar coordinates (x,y) = (r cos, rsin§)
and making the change of variables z = log r we see the following.

Lemma 4.1.  For arbitrary B < 1 and B’ < 1, there exists a positive
Bo = Bo(B, B’) such that if 8 > By with § € N+ 1/2 then

(1+e) // e 27207 4 02)u|*dzdh > aB // e 2P| 0gu|?dzdf
+(1—a)B // e 2%2|0,u|?dzdb + €2 /4 // e 2P| dzdh

for any positive € > 0, any o € [0,1] and u € C3(Q).
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Proof. We use the same method as [2]. We show it briefly (see [2] in
detail). Putting u = e5*v, we have

// e~202)(9? + OF yu[*d=do = / |02v + 230.v + v + Ogu|*d=df.

By integration by parts, it follows that

2Re(0?v, d,v) = 2Re(d,v,v) = 2Re(d,v, dav) = 0,
2Re(0%v,v) = —2||0.v]|?,

2Re(92v, 05v) = 21|02 o],
2Re(v, 93v) = —2||0pv|)?,

where (-,-) is the L? inner product, and || - || is the L? norm. Therefore, we
have

‘/)fefzﬁﬂ<a§+-az>uﬁdzde > 962(0.0]? + 930 — 262 9pu]? + 5|0

We use Fourier series expansion of v(z,-) € L*(S!) :
) 2m
o) = S ue, [Pt =3 )P,
kcZ 0 kezZ
Note that

27
Opv(z,0) = Z ikvg(2)et?, / |0gv|2df = Z k2o (2) ]2,
0

kEZ keZ

2
Ofv(z,0) =Y (—k*)vk(2)e™, /O 0507d0 = " k*ok(2)].

kEZ keZ
Thus, we have
//e-QﬂZ\(az + OB)yuldzdd > 20%|0.0) + 3 (67 — K2)? / (g |2dz.
keZ

For any positive B < 1, there exists §y(B) such that if 5 > Go(B) with § €
N + 1/2, we have

> (B - k)’ / ox|*dz > B K / lvk|2dz = B||dgv]2.

kEZ keZ

Hence, we have

(4.1) // e 2P%(82 + 93 )u|*dzd > B// e 2P%|9gul*dzdb.
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On the other hand, for any positive B’, there exists 8;(B’) such that if § >
B51(B’) with 8 € N + 1/2, we have

S8 - K2 /|vk|2dz > By /\vk\ dz = B'3|[v||2.
keZ

keZ

Hence, we have

/ / e25\(92 + B)ul*dzdb > B'(5[[v]]? + |10:0]?)
(4.2) > B'||0.v + Bol|”

=B // e~ 2070, ul?dzd#.

Combining (4.1) and (4.2), for any positive B > 1 and B’ > 1 there exists
Bo(B, B’) such that if 8 > [y(B, B’) with 8 € N + 1/2, we have

// ~262|(92 + 02)u|?dzdb
> aB// =262 9gu|?dzdf + (1 — ) B // =282 |9, u|*dzd8

for any a € [0,1]. We recall that the inequality

(4.4) // —202(92 + 02)ul*dzdh > 3% /4 // e~ 20%|u|2dzdb

holds (see the appendix of [2] ). (4.3) and (4.4) show the desired conclusion of
Lemma 4.1. g

Now, we proceed to the proof of Proposition 4.1. From Lemma 4.1 with
B =B’ and a = 1/2, it follows

(1+¢) // r2842)(92 4 92)u[*dudy

> B/2//T_2ﬁ\Vu|2dxdy+eﬁ2/4//r_2ﬁ_2|u|2dxdy,

which proves the desired result. [l

Proposition 4.1 and (2.3) give the following Carleman inequality with a
remainder term.

Proposition 4.2.  For arbitrary B < 1, there exists a positive By =
Bo(B) such that if B > By with 3 € N 4+ 1/2 then

(4.5)
(14€)(140) //r_26+2|Lu|2dxdy+C’(1+e)(l+5_1)//r‘26+2+2”\8§u|2dxdy

> B/2 // 2P| Vu|2dedy + €% /4 // 2072 || dady

for any positive €, and any u € Cg(Q)
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Proof. We can write
Lu = Lou + (N(z,y)* — N(0, 0)2)8§u,
and
IN(z,y)* = N(0,0)%| < Cr"

because of their Holder continuity. Using

|Lu — (N(z,y)* = N(0,0)*)82ul®
< (1+0)|Lul* +C(1+ 6 H|(N(z,y)* — N(0, 0)2)8§u|2,

the proof is clear. O
We require the following elliptic estimate.

Lemma 4.2.  There exists a positive constant C such that

// (|0%ul?® + \3§u|2)dxdy < C’// (|Lul® + |Vul? + |u|?)dzdy
Q Q

for any u € C3(Q).
Applying Lemma 4.2 with v = r—?u, we have

Lemma 4.3.  There exists a positive constant C' such that

// r28(|02ul? + |02u?)dady
Q

< c// =28 (| Lul? + B2r=2|Vul? + Br—*|u[?)dudy
Q

for any u € C3(R).

Proposition 4.3. Under the assumption of Theorem 2.2, there exist
positive constants Cy and Cs such that

// (|u® + |Vu|? + |0%u)* + \3§u|2)d:cdy < Cyexp(—Csp™")
OSR(m,y)Sp

for any small positive p.

Proof. Let x(r) be a nonnegative function belonging to C}([0,2)) such
that x(r) = 1 when 0 < r < 1. We shall consider @(z,y) = x(MBY*r)u(z,y).
Here, M is a large positive parameter, which will be determined later. By
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Proposition 4.2 and Lemma 4.3, we have
(4.6)
(B/2— C/K) // 20|V dudy + (/4 — C/K)B> // =252 2y

H ) [ azap 1 o2apdody
< {40+ 8+ CaN ) [ [ Lafdnay
+ O+ o1+ / / PR 022

where K is a large parameter which will be determined later. On the other
hand, for all positive €; we have

(4.7)
//T_25+2|Lﬁ|2d:cdy < +el)//7“‘2ﬁ+2\xLulzdxdy+C(l +er )X

x / / 2R (M BV MY R u)?) dady.
B2M~1B-1/R)\B(M~13-1/%)

because of
1< M26%%r2 <4 if (z,y) € B@M 17"\ B(M~3~1/").
From (2.8), we have
(4.8)
// =202y LuPdzdy < (14 €)(1 + €3)C? //r_25|Vﬁ|2dxdy

+ O+ e)(1+eh)CEM? B // r =2 |uf?dxdy
B(2M—13—1/~)\B(M~13-1/x)

+(1+ehHC? // 2072102 dedy

for all positive e5 and e3. Thus, combining (4.6), (4.7) and (4.8), we see that

Ty //r_2'6|Vﬁ|2dmdy+Tgﬂ2 //7"—2'6_2|ﬁ|2dxdy

+ (KR! // P22 (16212 1 |02 dudy
S T3 // r—25+2+25|a§ﬂ|2dxdy

o // r 2R (M B Vuf? + M B uf*)dardy
B(2M—15—1/~)\B(M~—13-1/x)

+ Ty M?3%/" // =20 w2 dxdy,
BEM=15-1/5)\B(M~15-1/%)
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where
T\ =B/2-C/K - (1+e)(1+e)1+e){1+e)(l+6)+C(KF) 113,
Ty = (/A= C/K) = (1+e)(1+e ) {(1+e)(146)+ C(KB*)'IC5872

and T3,Ty,Ts are positive constants depending only on §, €; and e3. Take
€,0,€1,€2 and €3 to be small enough. Moreover taking K to be large enough,
by our assumption, T and T5 are positive if § is large enough. Choose M such
that T3M ~2* < 1/(8K). Then it holds that

Tsr?® < 1/(2K3%)
if (z,y) € B(2M~'371/%). Then it follows that

T // 20| Vu)? dzdy
B(1/2M~18-1/r)

+ Tof3? // 2072 || 2 dady
B(1/2M—18-1/r)

+ (2Kp3%)7! // r PR (02uf? + |02ul?) dady
B(1/2M-15-1/%)

< C// 2P| V| dzdy
BM~18-1/*)\B(M~15-1/%)

JrC// 7”_2'6_2|u|2dmdy.
B(2M~-13-1/x)\B(M—13-1/r)

Therefore, we conclude that
// (IVul* + [u® + |02ul* + |8§u\2)dxdy
B(1/2M~-18-1/%)

S 02—2B+2(Mﬂ1/m)4ﬂ2 %

x // (IVul? + [uf® + |02ul? + |02ul?)dedy
B(2M~-15-1/5)\ B(M~-18-1/x)

for any large 5 € N + 1/2. This gives the conclusion of Proposition 4.3. |

Now we recall an estimate in the case of a first order system. Let P =
Oy + M(z,y)0, where M (x,y) is an n X n normal matrix with complex entries
of the class X% (Q2) and

|Im (eigenvalues of M (x,y))| > 6.

Moreover suppose that all the eigenvalues of M(0,0) are ¢ or ¢ with a non-real
complex number ¢. Then in [5], he proved the following estimate.

Proposition 4.4 (Okaji [5]).  For a sufficiently small Q, there exists a
positive C' independent of 2 such that

C’/ﬁ eﬁ(log’”)Q\PuPT_ldxdy > 6//~ 7“_2|1ogr|eﬁ(logr)2\u|27’_1dmdy
Q o

for any u € CY(Y) and any large 3.
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By Proposition 4.4 with u = r~!|log 7"|1/2u we have the following estimate.

Lemma 4.4.  For a sufficiently small Q, there exists a positive C inde-
pendent of Q) such that

// r_2|logr|eﬁ(l°gr)2|Pu|2r_1dxdy > Cﬁ/[ 4 logr\2eﬁ(1°gr)2|u\27"_1dxdy
0 Q

for any u € CL(Y) and any large 3.

Thus, we have the following Carleman estimate with a stronger weight
function.

Proposition 4.5.  For a sufficiently small Q, there exists a positive C
independent of € such that

/~eﬁ(log7“)2‘[,u|2r_1dmdy >Cp // r_2|logT|eﬁ(1°gr)2|Vu|2r_1dxdy
a a

+Cp3? /[ 7“_4|1ogr|26ﬁ(1°gr)2|u|2r_ldxdy
a

for any u € C3(R) and any large j.
Proof. Putting

~ 0 I, N 0 _(u
L:(In 0>ax+<0 _N>ay and U_<u),

it follows that

= (Oyu+ N(z,y)0yu\ 52,, (Lu+ A(z,y)u
LU = (@;UN(:v,y)c')yu LU = Lu+ B(z,y)u

where A(z, y)u = —N,0yu+ NN,Oyu and B(z,y)u = Ny0yu+ NN,0,u. Since
|A(z, y)ul, |B(z,y)u| < Cr=|Vu| we have

/eﬁ(logr)2|Lu|2r71dxdy > C’/6’8(1°gr)2|f/(l~/U)|2r71da:dy
fC/eﬁ(logT)zr_2|Vu|2r_1d:vdy.
By Proposition 4.4 with P = L and w = LU we have
C’//Q eﬁ(logr)2|Z(f1U)|2r_1dmdy > ﬁ//Q T_2|1ogr|eﬁ(logr)2\iU|2r_1dmdy

for a sufficiently small 2. Moreover applying Lemma 4.4 with P = L and v = U
we have

//~ r*2| log r|eﬁ(1°g n? |I~,U|2r*1dacdy
Q

> C’ﬂ/[ r_4|logr\2eﬁ(1°gT)2\U|2r_1d:vdy.
Q
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On the other hand, we have

/[ r_2|logr\eﬁ(logT)Q|EU|2r_1d:rdy > C’//~ 2 logr\eﬁ(logr)Q|Vu\2r_1dxdy
Q Q

from
|LU|? = |0yu + N(z,y)0yul® + [0yu — N(z,y)0yul?
= 2[0,ul* + 2|N (z,y)dyu/*
> 2min{1,6%}|Vul?.
Thus we obtain the desired estimate in Proposition 4.5. U

Theorem 2.2 with a = 1 follows from Proposition 4.3 and 4.5.

Proof.  Suppose that Ry is sufficiently small so that Proposition 4.5 holds
for & = B(Ry). Fix 0 < R; < Ry and take 6 > 0 and a smooth function
Xs € C§°(0, Ry) such that

1 if §<r<R col oif /2<r<é
m(r)-{ sr<f |’<r>|—{ [2sr<

0 if r<oe C  if Ri<r<R,

and

X5 (r)l =

Cé6=2 if §/2<r<9d
C if R1§T§R0

for a positive constant C. By Proposition 4.5 it follows that

C’ﬂ// r_2|logr|eﬁ(1°gr)2|Vu|2r_1d:vdy
B(R1)\B(9)
+Cp? // 7‘74|1ogr|26ﬁ(1°g”)2|u|2r71da:dy
B(R1)\B(9)
<Cp // r~2|log 7’|6ﬁ(10g’”)2|V(X5u)|27“_1dxdy
B(Ro)
+Cp? // 7“_4\ logr\zeﬁ(logT)Q\X5u|2r_1dxdy
B(Ro)

< // eﬁ(log”;}|L(X5u)|2r_1dxdy.
B(Ro)
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From (2.8) we have

// eﬂ(logT)z\L(Xgu)|2r_1dxdy
B(Ro)

< C’//B(R . )eﬁ(logr)2(|Lu|2 + [Vul? + |u?)r~tdedy
0 1
—|—// eﬁ(log”)2|Lu|2r71da:dy
B(R1)\B(9)
TSl 2 e T
2
= C//B(R N\B(R )eﬁ(lom)z(r_2|vu|2 +r uf?)r " dady
0 1
+ C//( B eﬂ(]("““)z(7“_2|Vu|2 + 4 ul?)r~tdady
B(R:)\B
+ C// eﬁ(l"gr)Q(5_27"_2|Vu|2 + 67 Y ul?)r tdady.
B(6)\B(5/2)

Therefore we have
(CB-0) // r2 10g7“|€5(1°gr)2|Vu|2r_1dxdy
B(R1)\B(9)
+ (Cﬁ2 -0) // 7“_4| log 7”|2€’6(1°gr)2|u|2r_1dxdy
B(R1)\B(9)
<cff P (12| Vuf? 4~ uf2)r dady
B(Ro)\B(R1)
e // S U TR L ULt
B(8)\B(8/2)
Since
of] 008" (5722 uf? 4 5~ ) dady
B(6)\B(5/2)

< CePlosd/2)* 54 // |Vul|*dxdy + CePllosd/2)" 58 // |u|?dzdy,
B(3) B(d)

this integral tend to zero if § — 0 by Proposition 4.3. Hence letting ¢ tend to
zero it follows that

cp-C 72| log r|ef108 )’ |y 2~ Ldzd
g Y
B(Rl)
+(CB*-C) // 4 logr|265(1°g”2|u|2r_1dxdy
B(Ry)

< C// P18 (1 =27y 2 4+ =4 |u)?)r~ dady.
B(Ro)\B(R1)
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Thus we have

(CB— C)R:|logR)| / / (IVuf? + [uf?)dedy
B(R1)

< C’// (|Vul? + |ul?)dzdy < co.
B(Ro)\B(R1)

Letting 3 large enough, we have that u is identically zero in B(R;). By Theorem

2.1 with Ny(z,y) = iN(z,y) and Na(z,y) = —iN(z,y) we have that u is
identically zero in €. O

Next we prove Theorem 2.2 with a € R.
Proof.  Setting v(z,y) = u(z, ay) it follows that

(02 + a7 Nz, ay)* 05 )v(z,y)| = | L(u(z, ay))|
< Cor~?|u(w, ay)| + Cr = (Vu)(z, ay)|
< Cor™?|u(z,y)| + Crr~ max{1, |a| "' }|Vo(z,y)|.

By Theorem 2.2 with ¢ = 1, v is identically zero in Q if C; < min{1, \a|}/\f
Therefore u is identically zero in €.

Finally we shall prove Corollary 2.3.

Proof. We define \/A(z,y) in the same way as the proof of Corollary 2.1.
Then +/A(x,y) satisfies the assumptions of Theorem 2.2 because the eigenval-

ues of \/A(z,y) are \/p;(z,y). Hence, by Theorem 2.2 with N(z,y) = /A(z,y)
the proof is complete. O
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