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On T direction of algebroidal function

By

Zhaojun WU

Abstract
In this paper, by using the sphere characteristic function 7'(r, w),
we define and establish the existence of a new singular direction for the
algebroidal function w, namely a T direction, for which the characteristic
function T'(r,w) is used as a comparison function. This extended the
previous result due to Guo, Zheng and Ng in [Bull. Austral. Math. Soc.
69(2004), 277-287].

1. Introduction and results

Let w = w(z) be a v—valued algebroidal function defined by the irreducible
equation

(1.1) A (2)w” + Ay ()0’ - Ay (2)w + Ag(2) = 0,

where A;(z)(j = 0,2,---,v) are entire functions without any common zeros.
The studies of the singular direction for algebroidal function w(z) due to Valiron
[1] concerning the Borel directions and the Julia directions, were generalized in
1960’s for algebroidal functions, see Toda [2]. Recently, Lii Yinian [3], [4] and
Lii, Yinian, Gu Yongxing [5] proved some more precise versions than Valiron
[1] and Toda [2] for the Julia directions and the Borel directions for algebroidal
functions. A ray argz = 0 is called a Borel direction of order p(0 < p < o0)
for a v—valued algebroidal function w(z), if it has the following property: for
every 0 <e <,

Jimn sup log nl(r7 0,¢,a) <
r—00 OgT’

)

for all @ in Co, := C U {oo} with at most 2v exceptions, where n(r,0,¢,a) is
the number of the solution of w(z) =ain {z:0 —ec <argz <0 +e}N{jz| <
r}, counting with multiplicities. Lii Yinian and Gu Yongxing [5] proved the
following.
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Theorem A.  Suppose that w(z) is a v—valued algebroidal function of
order p(0 < p < 00) defined by (1.1). Then there at least exists a Borel direction
of order p of w(z).

Recalling the definition of the Borel direction, this characterization is ef-
fective only for the finite and positive order functions. When the order p = 0
or 0o, it is not better to use the order to characterize the growth of w. In this
case, Zheng Jianhua [6] considered the T direction which gives another singu-
lar direction for the meromorphic function. We follow Zheng’s definition. Let
{z:0—ec < argz <0+c} be a sector. A radial argz =6 is called a T direction
of a meromorphic function f(z) provided that for any given b € Co,, with the
exceptional values at most two values, for arbitrary small € > 0,

. N(r,0,¢,a)
lim sup W

where N(r,0,¢,a) is a integrated counting function which counts the zero points
of f(z) —bin{z:0—ec<argz <0+c¢c}.

Now we give an analogy to the definition of Zheng for the T direction of
algebroidal function.

>0,

Definition 1.1. A ray argz = 6 is called a T direction for a v—valued
algebroidal function w(z), provided that for any 0 < & < /2,

L G

>0
r—00 T(?", U}) ’

holds for any given a in C,, with at most 2v exceptions.

Recently the existence theorem of the T" direction of a meromorphic func-
tion is established, see Guo H., Zheng J. H. and T. W., Ng [7]. It is shown
that any meromorphic function f(z) has at least one T' direction provided that
limsup T'(r, f)/(logr)? = +o0o. Note that we have an example due to Ostro-

T—00

vskii [8]. Namely there is a transcendental meromorphic function such that
T(r, f) = O(log®r) and which has no T directions (and no Julia direction). In
this note, we consider a generalization of the T directions for an algebroidal
function and state the main results here.

Theorem 1.1.  Let w(z) be a v—uvalued algebroidal function on the
whole complex plane defined by (1.1). If

) T(r,w)
(1.2) hiriso]ip (og1)? = +o0,

then w(z) has at least one T direction.

2. Notations and lemmas

Suppose that w = w(z) is a v—valued algebroidal function defined by the
expression (1.1) on the whole complex plane. Now, we give some standard
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notations and fundament results which can be found in [9]. The single valued
domain of definition of w(z) is a  sheets covering of z plane, a Riemann surface,
denoted by R It is denoted by z that the point in R whose projection in the
2 plane is z. The part of R, which covers a disk |z| < r, is denoted by |Z] < r.

Write
= L e >2dw’ T =, [5G

S(r,w) is called the mean covering number of |Z| < r into w sphere under the
mapping w = w(z), T(r,w) is called the characteristic function of w(z). The
order of algebroidal function w(z) is denoted by

. log T'(r, w)
p = limsup —————=.
r—oo logr
Put
1 (7 —
N(’/’, CL) _ _/ n(taa) n(O,a) dt + n(07a) IOgT‘,
v Jo t v
1 . .
m(r,w) = — log™ [w(re®)|dd, z=re,
2mv

|Z]=r

where n(r,a) is the number of zeros, counted according to their multiplicities,
of w(z) —a in |Z] < r. We have

T(r,w) = m(r,w) + N(r,o00) + O(1).

Let n(r, ﬁz) be the number of the branch points of R, in |Z] < r, counted with
the order of branch. Denote

N(T, ]A-éz) = l/ n(t,Rz) ;n(O’RZ)dt + n(OaRz) 1og r
0 14

By [9],
(2.1) N(r,R.) < 2(v—1)T(r,w) + O(1).

We define an angular domain A(6y,d) = {z|]|largz — 6| < §},0 < 6y <
27,0 < 0 < 5. The part of R. which lies over A (6, d) is denoted by A (6, 5).
Let n(r,6,6,a) be the number of w(z) — a in A(6y,8){|Z] < r} and let
n(r, A0, d), EZ) be the number of the branch points in the same region. Put

N(Tye()’(s’a):}/ wdt
0

v t
N(r, A, 0), i) = + [ 8000, Re)
vJo t

In order to prove the Theorem 1.1, we give some lemmas as following.
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Lemma 2.1.  Let S(r) be a positive continuous non-decreasing function
of r in [0, +00). Suppose that

1
lim inf M = pu < 400,
r—oo logr
S
lim sup (g) =+00

r—oo log”r
Then for any h > 0, there exist the sequences {rn} and {Rn}, Rp~ o(1)
R, (n — 00), satisfying

<rp <

lim S(Z) =400, S("Rn) < " S(Rn)(1+ o(1))(n — o0).

n— o0 log Tn
Lemma 2.1 can be found in [10] and the following Lemma 2.2 due to [3].

Lemma 2.2.  Suppose that w(z) is a v—valued algebroidal function in
an angular domain N = {z : |argz — 0] < do}. Let Q= {z : |argz — 0] < 4}
be an angular domain, contained in Ao, where 0 € [0,27) and 0 < § < &g. The
part ofR which lies over € is denoted by Q. Let

S ) //(1+Iw )de’

and ay,az,---,aq (g > 2) be q distinct points on w sphere Co. Then for
arbitrarily constant A > 1 and positive integer o, we have

q
1 _
(g—2)S(r,Q,w) Z: r, Ao,aj)+(1—|—a)n()\2ar, Ao, R)

2A

—2)S(A\**,Q e logt .
+a=DSOM Q)+ o ow”
where A is a constant depending only on ai,as, - ,aq, and k(0 < k < 1)
depending only on 9§, g, and .
Lemma 2.3.  Let B(r) be a positive and continuous function in [0, +00)

log B(r) _

which satisfies lim sup g — OO Then there exist continuously differentiable
oo

r—
functions p(r) and U(r), which satisfy the following conditions.
p(r) 1 0 and p (1) monotone increasing.
2. lim rp (r)logrloglogr = 0.
T—00

3. For sufficient large v, we have B(r) < U(r) = reGEY)  where ” <7
note that B(r) < U(r) and there is a sequence {r,} — oo, such that B(r,) =
U(ry).

4. U(R) < (1 + 0(1))U(T)f where R =1+ log U(r;lgoéqog U(r)®

A proof of Lemma 2.3 can be found in [11] and the following Lemma 2.4
due to [2].
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Lemma 2.4.  Let w(z) be a v—wvalued algebroidal function defined by
(1.1) in |2| <1 and {a1,a2, -+ ,aq} be q(> 2) distinct complex numbers. Put

q ~
Y- n(l,aj) < oo, n(l,R;) < oo. Then

j=1

~ A
n(1,a;) +n(1,R,) + T

-

(¢ —2)S(r,w) <

J

where 0 < r <1 and A is a constant depending only upon {a1,az, - ,aq}.

Lemma 2.5.  Suppose that w(z) is a v—valued algebroidal function de-

fined by (1.1) in the sector Q(v1,12) = {z 1 1 < argz < o H1 < Pa), con-
tinuously differentiable functions p(r) and U(r) satisfy the condition 1,2, 4 that

stated in Lemma 2.3, T(r, Q(¢1,12),w) < U(r) = PG gnd {a1,a9, - a4}
be q(> 2) distinct points. Then for arbitrary ¢75/75(0 <4 < o <Y—40<
Y —0 <)g) we have

(¢ —2)T(r, Qe — 8, +3), §j (R, Q¢ — 6,4 +6), a;)

+ N(R,QW - 63 1/1 + 5)) Ez) + O(U(T))

Proof. A proof of Lemma 2.3 can be found in [12]. For the sake of con-

venience, here we only give an outline of the proof. Put
_ (2¢7™)% 4+ 2(ze” )25 R25 — R

1) = (ze=®)F —2(ze~ )35 R%5 — R%

It is easy to verify that f(z) maps conformally the sector E : {|z| <
R} n{|largz — 9| < J} into the unit disc |f(2)| < 1.

Put F:= {ro < |z| <r}n{jargz — | <6}, M:max{m 1z € F}.
We can prove that M is bounded by using the argument adopted by Sun in
Lemma 7 of [11], and hence we omit the details. Since M is bounded, we
know that f(z) maps conformally F' into some region in unit disc. By applying
Lemma 2.4,

(¢ —2)8(r, Qe — 6,9+ ),w)

Zq: (R, Q¢ =6, +6),a5) +n(R, Q¢ —6,¢+6),R R.)

+ O(R¥ 10g?U(r)/ logr).

1

. _exp( (T)) _ rlogr
Since U(r) = r"Pe0’) R=1r + e T Toe og () Ve have

1+ 0(1) o(1) dr
exp( ())log log U(r) exp( ())logr
0y

exp( olr ))

dR = |1+

1+

T r

]@=u+mmm»<
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and

(4-2) (1—/)(%))/ S0y =0y 4 0) ),

. (q_2)/: S(r,Qw — 8 9 +68),w)

r r

(1+o(1)p(r))dr

_ TS(T7Q(/¢75/7¢+5/)7U))
< (¢ 2)/0 7 dR

q R R 5
<Z/ n(R7Q(w_57w+5>’aj>dR+A n(Raﬂ(w_éaz/}'i_é)aRz

)
d
R R R

+ 0(7"2777 log? U(r))
zq: NR, Q¢ —96,9+0),a;) + N(R, Qv —0,¢v+6),R )

+O(r 5 log? U(r)).

Hence
(q - Q)T(’I", QW - 5,>¢ + (5,)710)

<D N@RQ$ =69 +06).05) + N(R QY — 6,9 + ), )
J=1
+0(r % 1og” U(r) + (g = Dp(H)T (5. Q¥ =8, + ), w)

2
q

Z (R, Q) — 8, + ), a )

N(R, Q4 = 8,00+ 0), o) + o(U(r) + qU(5)):

xp( ¢S . . .
By U(5) < (1/2)° p(p‘§>)U(r) = o(1)U(r). Combining the above two inequali-
ties Lemma 2.5 follows. O

Lemma 2.6. Let w(z) be a v—wvalued algebroidal function defined by
(1.1) on the whole complex plane and satisfies (1.2). Let m(m > 4) be a pos-
itive integer, 8y = 0,0, = 3:;, 01 = W,Gm = by, and A(6;) =
{z||argz — 0;] < 2Z},i =0,1,--- ,m — 1;A(0,,,) = A(0). Then among these
m angular domains {A(0;)}, there is at least an angular domain /\(6;) such
that the relative expression

lim sup 7]\7(7“, A(0:), a)

> 0,
r—00 1—‘(']"7 'U))

holds for all a € Co with at most 2v exceptions.
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Proof. We need to consider two different cases.

log T(

Case 1. Suppose that liminf Tw) = p < +00. Suppose the lemma

T—00

2.6 does not hold. Then for any angular domam A(0;)(1 <i<m—1), we have
g = 2v + 1 distinct points a](j =1,2,--- ,q) in Co such that

m—1

(2.2) ZN z+1 y g+1) = O(T(’I“, w))

=0 j=1
Let « be arbitrary positive integer. Put

omi 2k
b= T g<i<m—1,0<k<a—10i0=0.
m am

For sufficient large r, let
Nig = {2l|z] < N%7,0; ) < argz < 0; g1},

where A > 1. Then

a—1lm-—1

{l2l < X7} = Z Z AYES

k=0 i=0

Hence there must be one ko(0 < kg < o — 1), such that

,_\

m—

n(\**r, R.).

Q\H

TL z ko a
=0

Define the angular domains

5 <argz < 5

A? = {Z|9i,k0 <argz < 0,’.:,.171%_;,_1} C A(Oiz1)-

Q Oiko + 0 ko+1 Oit1,ko + Oit1,k0+1
i =92 ,

Since AY only covers A; , twice, we have

~ 1 ~
2.3 Mo AV R) < (14 = ) n(A*r, Ry).
(2:3) > a0 Ak R) < (14 1) nr, )
Applying Lemma 2.2 to A, Q;, we have

q
(4= 2)S(r. 2, w) <2 Z (*er, A af) + <1+;>n<v“r,A?,Rz>

24

. 2a . e e—
+ (¢ —2)S(A™, Q5 w) + (1 —k)logA

log™ r.
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m—1

Since S(r,w) = > S(r,Q;, w). Adding both sides of the above expression from
i=0

i to m — 1, we can obtain

(q—Q)S(T,’U))
m—1 q . 1 2 N
<2)° Zln (N7, A(0311),al 1) + (1 + E) n(A%*r, R,) + O(logr).
i=0 J=

Divided both sides of the above expression by 7, and then integrating both
sides from 1 to r, thus we obtain

m—1

(¢g—2)T(r,w §2Z

1=0 j

# (1

Applying (2.1) and (2.2) to the above inequality shows that

N AQ&TA(@‘H),@ZH)

MQ

Il
i

2
) N(A\?*r R.) 4+ O(log?r).

Q=

(24) (¢g—2)T(r,w) < (2 (1 + é) (v—1)+ 0(1)) T(A2r, w) + O(log?1).

By the hypothesis and applying Lemma 2.1 to T'(r, w), we have

T(rn,
lim L %)
n—oo log®r,

=400, T(A\**R,,w) < \N“T(R,,w),

and where R: W <y < R, (n — o0). From this we can obtain

lim M = +o00.
n—oo log R

In (2.4), we let r = R,, and obtain

(g —2)T(Rp,w) < (2 (1 + é) (v—1)+ 0(1)) NUT(R,, w) + O(log? Ry,).

Hence
1
q—2<2(14+ =) (v — 1)\2,
(0%

By a simple calculation, we can obtain that ¢ — 2 < 2(v — 1). This contradicts
q=2v+1.

Case 2.  Suppose that liminf 710ng(““’)
r—00 g

= +oo. That is to say w(z) is

an infinite order function. By Lemma 2.3, there exists U(r) satisfying the
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conditions that stated in Lemma 2.3. We can assert that there is at least an
angular domain A(6;) such that the relative expression

o sy N2000.0)

holds for all a € C,, with at most 2v exceptions. In fact, if this is not the case,
then for any angular domain A(6;)(1 <i < m—1), we have ¢ = 2v + 1 distinct
points a] € Coo(j =1,2,--- ,q) such that for any i and j,

>0,

(2.6) N(r, &6i41), a]41) = o(U(r)).
Let a be arbitrary positive integral, put
2 27k
Gi)k:ﬂ—i—L 0<i<m—-1,0<k<a-1,0,0=06,
m am

a—1m-—1
and A; p = {z||z| < R,0;x < argz < 8; x11}. Then {|z] < R} = > > Ak
k=0 i=0
Hence there must be one ko(0 < kg < o — 1), such that

m—1 1 "
n( Zko, < —n(R,R,).
=0

Q

Let the angular domain

Q= Z|M <argz < Oit1,ko + Oi+1,ko+1 ,
2 - - 2
A = {210k, <argz < 0i11ke41} C A0iga).
Since AY only cover A; x, twice, we have

m—1
ZnRAO R <1+;> n(R,R.),

i=

by a simple calculation, we can obtain that
m—1 N 1 N
> N(R,A)R (1 + —) N(R,R.) + O(1).
=0 o

Applying Lemma 2.5 to AY, Q;, we have

(q—2)T(r,Q,w) < ZQ:N R,AY,al) + N(R,AY, R.) + o(U(r)),

Adding both sides of the above expression from i = 0 to m — 1, applying (2.6),
we can further obtain that

(q—2)T(r,w) < (1 + é) N(R, R.) + o(U(r)).
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From (2.1),

(¢—2)T(r,w) <2(r—1) <1 + é) T(R,w)+ o(U(r)).

Furthermore, we can have

T(r,w)
U(r)

(q—2) 1) T(R,w) N o(U(r))

SQ(V—l) (14—5 U(T) U(T)

o 1\ T(Rw) UR) | o{U(r)
=2 ”(”a) U 00 o0

From Lemma 3, we have ¢—2 < 2(v—1)(1+2). Letting @ — oo, we have ¢—2 <
2(v —1). This contradicts ¢ = 2v + 1 and hence (2.5) follows. Furthermore, we
have

. (r,A(0i),a) . N(r,A(0:),a) U(r)
1 R N A
T T w) EPTTUM Tlrw)
. N(r,A0;),a) .. . U(r)
> ALV, ~\J
> hirisolip 00 hrrggéf T w) >0
and hence Lemma 2.6 holds. O

3. The proof of the Theorem 1.1

Proof. By Lemma 2.6, for arbitrary positive integer m, there exists an
angular domain A(6,,) = {z||argz — 0,,,| < 27} such that for any a, we have

: N(r,A(0), a)
(3.1) hiri)sgp T, w) >0,
except for 2v exceptions at most. Choosing subsequence of {6,,}, still denote it
{0, }, we assume that 6,, — 0y. Put L : argz = 6y. Then L is the T direction
of Theorem 1.1.
In fact, for any 6(0 < 0 < w/2), when m is sufficiently large, we have
A(0r) C A(6p,9). By (3.1), we obtain

N(r, 60,9, a) N(r, A(Om), a)

lim su > limsu >0
r—>oop T(ryw) — T_N)Op T(r,w)
at most 2v exceptions for a. Hence Theorem 1.1 holds in this case. [l

4. Examples of T direction of algebroidal function

In order to give an example of T' direction of algebroidal function, we firstly
prove the following Theorem 4.1.
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Theorem 4.1.  Let w(z) be a v—wvalued algebroidal function on the
whole complex plane defined by the following irreducible equation

(4.1) g(=u” — h(z) =0,

where g(2)(Z£ 0),h(z) are entire functions without any common zeros. Let

f(z) = Zé;) Suppose that L : argz = 0 is a T direction of f(z). Then L must

be a T direction of w(z).

Proof. We can follows from (4.1) that

N(rw) = LN g(2) = 0) = N 1)

1 v 27 ) - 1
m(r,w) = 5 ;/O log™ {/|f(rei®)|do = ;m(r,f).

Hence T'(r,w) = %T(r, f). Suppose that L : argz = 6 is a T direction of f(z).
Then for any € > 0, we have
lim su N(r.0.e,f =a)
r—>oop T(T‘, f)

holds for any value a, except for 2 exceptions at most. Since for any b € C,
we have

>0

N(r,0,e,w” =b) = N(r,0,e, f =D).
Then
lim su N(r,0,e,w” =b)
,,Hoop T(r,w)

>0,
holds for any value b, except for 2 exceptions at most. Therefore,

. N(r,0,e,w = /D)
lim sup T w)

>0,

holds for any value b, except for 2 exceptions at most. Let by € C, be an
exception, then there exist v values z;,7 =1,2,--- ,v such that ¥ = by and

N =z
lim sup (r,0,¢,w = ;)

—0,i= 1,2, ,v.
r—00 T(']",'LU)

Therefore,

N(r,0,e,w =a)
lim sup ————"——~ > 0,
Téoop T(r,w)

holds for any value a, except for 2v exceptions at most i.e. L is a T direction
of w(z). O

We are now in the position to construct an example of T' direction for
algebroidal function.
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Example 4.1. Let

+oo
nl;IO(l a eﬁ) _ = €ﬁ —Z
1) = CAlevngy

Since the exponent of convergence of sequence {eV"} is zero (In fact, for any
e > 0, %(eV™)~¢ converges), and X(eV"™)~! converges, using a theorem in
o0

=+ 00
J. K. Langley [15, p35], we have [[ (1 — —25) and [] (1 — -Z) converges.
0 n=0

n=

+ooﬁ

Hence [] <7~ converges. It follows from Sauer [13] that, T'(r, f(2)) = (3 +
0

o0(1)) log® r. Suppose that f(z) = 38, where g(z), h(z) are entire functions, for
any v > 2,

g(z)w” —h(z) =0,

give a v—valued algebroidal function w(z). By the proof of Theorem 4.1, we
have w(z) is of zero order of growth and satisfies (1.2). It follows from Zheng
[14] that, f(z) has exactly two T directions, the negative and positive imag-
inary axis. Using Theorem 4.1, the negative and positive imaginary axis are
T directions of algebroidal function w(z). In fact, we can derive that there is
no 1" direction other than the two directions on imaginary axis. The Mobius
transformations Zg;z map the right half plane to the interior of the unit disk
and the left half plane to the exterior of the unit disk. Hence there is no T
direction of f(z) other than the two directions on imaginary axis.
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