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This paper is a continuation of the calculation of the homotopy
groups o f spheres in  P i D e n o te  b y  S "  th e  u n it n-sphere in
euclidean (n +1)-space and by 7r,(S") the r-th homotopy groups of
S", then 7 r . + 2 0 ( S " )  can be calculated and our results a re  stated as
follows.

Theorem.

7 . 2 2 (S  2) Z 1 3 2  e Z 2  7

23(S 3)Z 2  ED Z2
7r2 4 ( S Z •  2  g )  Z 2  ED Z 2 El) Z 2 ez2EDz2,
7r 2 5 (S 5 ) Z 6 ez,ez,,
n'26(S 6) Z•  4 8 0  ED Z 12 7

7 t27(S - =  Z• 24 7

7r28(5 9) Z 2 4  ez 3 ,
7 r29(S 9 ) Z24
7r3 0 ( 'S  1° ) Z 504 ez24
7r31(S 11 )  =  Z 24 ED Z 2 e Z 2  /

7r(S 12)32 Z 2 4  e Z 2  ED Z 2  ED Z 2  ED Z 2  e Z 2  7

7 1 . 33(S 1 3 )  -=  Z 2 4  El) Z 2  e Z 2  e Z2,
7 3 4 ( S  11)2 240 e 2

24 7

'35(S15)Z 2 4

7r 3 6 ( S  " ) Z 24  7
IC'

Z 2 4  f

7 r 38(S  18 ) Z 2 4  ez12
7r 3 9 ( S 19) Z•  2 4  e 2'2 7
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7r 40(S")Z 2 , ED Z2 e Z 2 ,

7r 41(S 2 1 ) Z 2 4  ED Z2

2r42(S 2 2 )  =  •24

G20 Z24  •

More explicit results, for example, generators o f  2-primary
components a re  stated in  ( i )  of § X V I. The definitions and the
notations of [3 ] are carried over to the present work and we quote
from [3 ]  without any reference. As the continuation of [3 ],  we
give the number X V  for the first paragraph o f this paper which
follows from the last chapter X IV  of [ 3 ] .  We shall use the nota-
tion 7 r (X , Y) in place of the notation n-(X—>Y) in  [3 ].

In § XV we examine a generator K„ of 7-t.„+ 1 4 (S " ) and calculate
some secondary compositions. We show the existence of essential
elements in  222 6 (S 6 )  and Ten i n  n- 2 0 ( S " )  for n > 7  in  th e  same
section.

The 2-primary components of 7.c.+20(S"), which we denote by
7r.420 according to [3 ] ,  are calculated in  ( i )  o f X V I mainly by
means of the following exact sequence :

H A
711 -+F 1 7r7n4411 71- 7-1 7r741

where E  i s  a suspension homomorphism and. H  i s  a  generalized
Hopf homomorphism. To complete the calculation of 7r„, 2 0 (S ") we
compute the odd primary components of 7r„, 2 o (Sn) in  (ii) of § XVI.

§  X V .  Some elements of 20(S").

In chapter X  of En  w e  have given elements

tc„ En - 7 K, ( n > 7 ) , (n >  3) ,

which have the following properties :

(15.1) 2tc,
7 ° 1 5

m o d  4(0- '0 0- ,4 ) .

(15.2) fe„ 2i„, 6 consists of  the single element -63 .
(15.3) = for n > 6 and

fc.°71.+14 f o r n >  9 .

(15. 4) Tg°K.12 icncog =  O f o r n  >  9.
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T h e  re la tio n  (1 5 .  1 ) fo llow s from  Lem m a 1 0 . 1 , (1 0 . 7 ) and
Lemma 5 . 1 4 . B y  (4 .  7 ) an d  Theorem 10. 5, {8 3 , 2 611, vii}6 C 7ria=
{E3} "=- Z 2 .  But the proof of Lemma 10.2 shows that HH{83 , 2 6 112 41 } 6

=  I  O. Thus {8„ 26„ , 6 + 0  and (15. 2) follows. (15. 3) is (10. 23).

(15.4) follows from Lemma 12. 10, the re lation  A (4 7 ) tvanov?.8

of page 142 and from the exactness of 7rZ76 7E14 745 0.

It follows from (15. 1) that

(15. 1)' 21c7 p7 0145O r
(ic, +2cr'oo-14)  =

Remark that the next relation holds :

(15. 3)' IC  7°  ? 1 21 =  Cr' °  1 4  ±  7  •

Now we change the definition of K7 . We replace K, by tc7 +2o - 'oo-3,

in the second case of (1 5 . 1 ) '.  Then we have

(15. 5) 2 f c ,  = and17,7 0v?,

2/c„ 2 6 , z 0K„ = 0 fo r  n >  10 .

The second part of the above relation follows from (15 . 1 )' and that
vn ov„ ± ,--- 0 for n > 1 0  (c f . (7. 22)). It is easily checked that the
relations (15. 3) and (15.4) still hold for new l c ,  and Kn .= En - 7 K „ n>7.

We shall prove the following lemmas.

Lemma 15.1. For n > 9 ,  we have

{ 97n , I n 1 - 1 ° Kn-I-2 ) 2 6 11+16}  n-5 Vn°K21 - 1 3

mod 27r+17(S n ) + n n  oE n - 5 742 + {n n oihn i i orrn d 10+ 0 - .097,070/1 „+8}

where 2 7 i - n + 1 7 ( S n ) = 0  i f  n4--, 14 ( n > 9),

77.°E n - 5 7z12+ {n.°1-6.-v1°crn+10+a„"ln-i7°Pn+.}

= Inn°1 6 .-ric"7.+101 i f  n >  10.

Lemma 15.2. For n >1 2 ,  we have

{y„,26„+ „ fc„+ ,}  „,==.- 0 mod y „o p „,_ 1 .

Proof  o f Lemma 1 5 . 1 . L et n  be sufficiently large such that
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the homotopy groups in the following discussions are stable. (e.g.,
n >  19 .) The secondary composition f 26n -F6 4 -V 6 1  is defined and
it is a  subset of 74+13. Since 7r1 3 = 0 for n > 1 5  (Theorem 7. 7),

2t„+6, =  0 . W e  have also {2t„, 2tn +6} 0 by
Corollary 3. 7 and (5. 9).

Let a cell complex K =S n u e n "  has the characteristic class 4,
of en+7 . By Proposition 1. 7, there exists an extension Ext(2t„) E
7r(K, S n) of 2e„ and a coextension Coext (2t 1 6 )  E  i r n  1 7 (K )  of 2t„+6, such
that Ext (2/)0Coext (26 6) = O. B y  Proposition 1. 8, Coext (2t. +6 )  4 4 7

E i* { 4, 2tn+6, 1-',2 +6} = 0  where i  is the injection of S n into K .  Thus
the following secondary composition is defined.

{Ext (2t„), Coext ( 2 6 .+6), 1)72i-1-71 C n + 1 4 ( S n )

Consider the composition with n„ _ „  then

{Ext (2t„), Coext (2t,H-6), 4+71
{7.-1°Ext (2t„), Coext (2t„+6), l'!+71 by Proposition 1. 2

c  {P*Inn - i, 2tn, 24}, Coext (2 ) by Proposition 1. 9

= {P * (6 + { 77,1°G-„}), Coext (21,„-16), by (6. 1)

C {8 ,2-1+ p*Coext (2 ta+6), 4J+71 by Proposition 1. 2

C 26n-1-7) 4a+71.2 t n + 7  4 1 + 4 by (1. 18),

where p :  K— S" i s  a mapping which shrinks S n to a point. Here
we have

16  n— i 2t. 1 7, 1-',2,,+71 )E" - 4 ( - 1 ) " {6 3 , 2t11 ,6 by Proposition 1. 3
D E n '( ( - 1 ) " 6 3)  = by definitions,

2 6 11+7 )  V 2n4 7} {(3-1, 
-

1
°
 7/12+6 2 t , , 7 ,

by Proposition 1. 2D Cn
-

1
°
 I n n + 6  

2 + 7 ,
 4 1 + 7 }

n - I ° .+ 6 by (7.1)9 œ' 8

0 b y  L e m m a  10. 7.

These secondary compositions are cosets of sums of
97.-iocrno{Œ.+7} , 6 n-1 ° 7 4 1 - '14 —  8 ,1

-
1
°
 { ( 7 ±7 } - V - • - n -1 ,an d  71 I t  a , A

n n _ i o&n 1.4, 4 „ ,  which are zeros by the relations (14. 1) :

77n
-

I
°6

Ta =
 0

, 6 12
-

1" 7 11
-
17 =  

0,
 V '3n-1°V!-I-13 -=  

0
, IL n  - 1 011,1 -= 0

an d  2 7 . - i - 6 .0 2 4 4  a  =  0.
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Therefore we obtain

7172-1° {Ext (2t„), Coext (2t,,6),14,71

As the kernel of (77.-1)* 
so  K „  o r  i c „  + 01 belongs to {Ext (2t„), Coext

= 0 by (7.20), we have

Kn ovn „  e  {Ext (2t„), Coext (2c,  l ), ! 1I 67 / /) ,04 77 O L)flL l4

C  st Ext (2t,„), Coext (2t„,), 4/ 47}
= {Ext (2t„), Coext (2t,, + 6 ), p n + 7 0 , 7 „ , „ }

{Ext (2t„), Coext (2t,, 6).L3n , „  97,,+ 5 }

{E x t  (2t„), — Coext (2t„ )+6, ° V n +7  • 9. I n -1- 15}  •

Here — Coext (2t„,). f) n d - 7  =  i* 2tn+6,
=  4 8 n
=

1 -=

is generated by 01 ,
(2t,,+ ,), 14,4 . S ince

by Proposition
by Lemma 6.
by Proposition

by Proposition
cf . page 111
by (15.3).

Therefore

g n  v n , „  E  {Ext (2t„,), i*(7ino/c,,-, 1), 97,i+161
{i* Ext (2t„), n " Cn-I-1 • 97n+15} by Proposition 1. 2
{
2 t n •  917aC IC n+17 7h t+15} •

where i *  and  i*  are induced by the injection i. The composition
{2t„,97„.Kn+i,Y ,,+15}  i s  a  coset of 2 , , + 1 7 (S")+ -,.-F16",n+16) where
27r,,+ 1 7 (S n )  =  0  b y  th e  fact that 71-n + 1 7 ( S " )  does not have the odd
primary components a n d  th e  2-primary component o f  it i s
Z203Z2 EBZ2 E1)Z, and 177 7- n 16 7° 16 7 n 

93
°Ih n , I

0 G-
n +, 0 1 {Ext (2 t„) ,

n o Kn + , ) ,  nn ,  „I is a coset of .77- n1,116
°

 i n + 1 6  ±Ex t(2b„).7 -cn ± „( K ) .  When
n  is sufficiently large, the elements o f 7 r . + 1 7 ( K )  a re  considered as
the coextensions o f elements of 7r,,+16(S'). So Ext (21 ,0077. '3+17(K)
is the set o f all Ext (2t„).Coext (3), w h e re  E 7e.+16(Sn + 6 ) Z, and
3,6=0 o r  3 3  97 Lb• =  n -1- 6 °  • n +7  •

By Proposition 1. 7,

Ext (2t„)0Coext ( 4 )  = {2t,„ , by Proposition 1.7
= {2t„ , 314, 4}
D  {2t,„14,34). by Proposition 1. 2
— {2t,,, 0 } o r  {2 6 n 7  4 , / Yn-1-6° Pn-1-7} 7
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where {2c,„ ,  0 }  = 0  by 27-1. „(S ") =0 and

12 i n ,  L'L  97,1+ 6°1 4 21+ 7 }  ) 7/n+ 61 °Pn+ 8

3 6  n° 1 n+8

= n °- ts° 71n+7)° it b n+8

-= a n on n4 7° tb n+8

b y  (6. 1) and (3. 9)

by Lemma 6. 4

by Theorem 14. 1.
Therefore

Ext (2cn ).Coext (i3 )  C  2 7 t  1 7 (S  n) + C n  +7(S )Or _ {Crno y n ± 7 o pn + 8 }

=  { (7 n°7  n-I-7 °  Pn+8}

C  7r;:+16 °9  7 n-1-16 •

T h u s {Ext (2 ) ,t.(ntn,, i..... ,n°1Cri+1), 77 n + 1 5 }  and {2tn  , y t i oKn + „ 97„+ ,51  are the
sam e coset of the subgroup n.....4. n,.+16 °  .  n + 1 6  O f  n + 1 7 .  W h en ce , for a
sufficiently large n,

L'n ("rn+ 3 —  K nC ""n+ 14 C  {
2 1 7, y nn ° / / n1-1 97,2+131

—  Inn 71n -F l ° 1 / n -1- 2 2 1 n -I-16} b y  (3. 9).

Now the lemma follows from the fact that the odd primary
components o f v „ ± 1 7 (S") are zero for n > 9 ,  n * 1 4  and th a t  the
kernel of E " ' : 7r36 —>n- L  17 is generated by 0-9 0,7 1 6 0,01 7 +97 9 ./.6.00-,9 (cf.
Theorem 12. 7, 12. 17 and Ch. XIV). q . e . d .

Proof o f  Lemma 15. 2. Consider the secondary composition
y 2 1 13 IC13} 3 C 714ti which can be defined since the order o f n i 2  and

K10 are 2 .  This composition is  a coset of the subgroup

n120E 3 7r1(5) +7L-110K14 ?71200130 20  0 /12 13, 9 7 1.2 011
14}

w h ere  7/12°E4/9 ' n12o2p13 =  2 (972°P13 ) =  0 by Lem m a 10. 9

1 2 ° 1 3 °  2 0 ° b y  (10. 18)

and 9712 0 -6 1 3  =  7 2 0 1 / 1 4  = b y  (15. 3) and (15. 4).

So it consists of a single element. As 7r1, is generated by 1712°1'619

{17 1 2  
2 1 13 / / 13}  3  —  a ( Cr12 ° P19 ) where a 0,1

=  a ( n 1 2  ° P13) by Proposition 12. 20.

Therefore, i f  n >  12,

{7/ n  2 1 77+1 7  fC 77-1- 1} n
- 9  )  E n  1 2  { n .  y  2

613 y IC13} 3 D E "  ' 2 (a 7/12°P13) —  a ( 77 .°P .+ 1 ) •
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This concludes the lemma. q.e.d.

L e m m a  15. 3. There exists an element R '  o f  n- 2 6 (S 6 ) such that

2rti v6 oK1 2 a n d  4/?' =  0 .

P ro o f. By the relation 9 O 9 =0  (c f .  (5 . 9 )) and (15. 4), we can
define a  secondary composition {  9 7  97..1)6 9 7/1 0 01c 1 1 } ,  from  which we
choose an element k'.

2n' re'.2c„ E  { , 6 ,  1 9 , 9 7 1 0 0 , c 1 1 }  .2 t 2 6

=  —  v 6 . { , 7 9 ,  9 7 1 0 o x 1 1 ,  2 t 25} by Proposition 1. 4.

On the other hand, by Lemma 15. 1 for n = 9 ,  we have

v6 0 { ? / , 2 t 2 6 } 0 , 12

mod 1)6 0T/9 0 E 4 7 r 2 +  {v6° 979°/-610°0 - 19+ 1)60 0 - 90 7 7160 /4 17}

where

That is,

v6 0979 =  0

6090 116O/17 — = V 6° 8 9° P17

=  2 ( 1 6 0 vi4) 01-6 1.9

—0.

by (5.9) and
(see page 152)

by (7. 18)

V Z° / C 12 = 2)6°  { 779 i °' '
C 1)60  { v 9 ,  ?hoo f , .  ,  2 t 2 6 } { v 6 ,  n 9 ,  n i 9 0 , i i }  . 2 6 2 6  •

The last composition is a  coset of

v6°7-‘26(S 9)02t26 — v6.27e26(S 9)  =  0  ,  since n-
26(S 9) z2ez,ez2ez2•

Therefore 2k' = — 140K 1 2  =  14°K12 •

This implies that 4n/ —2 2 -1°Ki2= 0 . q.e.d.

Consider a cell-complex L =S " v e "  where e "  is attached to S "
by a mapping of degree 2 .  Apply Proposition 1. 7 to Lemma 15. 2,

then we have an extension Ext ( n i 2 )  E 7r(L, S 1 2 )  of n  and a coexten-
sion Coext (K 1 3 ) E z19(L) o f tc,„ such that Ext (9712)0Coext (K „ ) = O. B y
Proposition 1. 9, Proposition 5. 9 and Theorem 13. 4,

v 90 E x t  ( 7 7 1 2 )  E  ( P e  { v 9

C (E 5P ) *7 r 1 4 (S  =  0,
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where p : S 4 v e 5 —>S 5 i s  a  mapping which shrinks S 4 t o  a point.
Therefore we can define a  secondary composition t v „  E x t  (7 ) ,

C oext ( K „ ) }  . We choose an element n , from  this. Then we have

2n9 E E x t 
( / 1 7 ) ,

 C o e x t  (K13)1 ° 2 t29

C {v9, Ext (9717), Coext (K13)° 2 1'29} by Proposition 1. 2

C  { V 9 E X t  ( 0/12) ,1 *  { 2 t1 3 ,  K 13 2 6 27} 3} by Proposition 1. 8.

As En - 1 3 : - „  is an isomorphism onto and {2 t„, K n , 2tn+ 14. n - 10

contains an element nK n °  n 4  1 4  n n ° K 1 4 + 1  by Corollary 3. 7, so  { 2 t 1 3  K 1 3

2t 2 7}3 contains the element K „0 7 7 „ —77„.K 14 . Here, the composition
{2t 3 , ic13, 2 1

27}  3 i s  a  c o s e t  o f 2613.E 37/-15(S
1 0

) +7r28(S 13).2t28== 2(71- 23(S 1 3 ) ) .

We have 277-28(S 13) = 2 /q3°7r79(,513), by use of the isomorphism E: 77. 2 ,(S ")
--07r.2 9 (S 1 4 ). As i * (2t 13 ) = 0 ,  i * {2013 , w „,20, 7} ,  consists of the single
element ..„( 7 (sK 13 ° 9 i * 97..13°K 14) •  Therefore we have

2n, E {1
,

9 ,  Ext (77 ).12, • 

{v9, Ext (
01 1 2 ), i* (1 3 °

K14)}

i * Ext (7/17), 9/130/C1J by Proposition 1. 2

{v9, 71 1 2  0713 0 K 14}

)  { 1) 9 • / i2 ,  9 7 ,3 0 K i4 }  3  E 3 k ' by Lemma 15. 3.

Therefore 2n, E 3 K/ mod 1)9 07z-2 9 (S  " )  -4- 7r? 2 1. , 1.1
°1

c15 •

So 4n02 E 3re' mod u9 027r3 9 (S 12) +7.7 4 .2 (.7774°K19) = 0
= v4.10 5 5b y  L e m m a  15. 3.

Lemma 4 . 5  and the exactness of 7.r.
7 ---> 7r'1, ---> 0  imply that

E: 7(.1 7  A ,  is an isomorphism onto. T h at E : ir 3 9  is  an

isomorphism onto follows from the exact sequence 7rro
H

----> n-3 9 7 t 2 0.
By these facts, there exists a n  element K, E 74 7  such that

4n7 = 2 E n ' 4 0 K „  and 8n7 = O. T h u s  w e  have obtained

Lemma 15. 4. There exists an element k 7 o f  7-1-72 7  such that

4k 0 =2 E rc ' = v lo x i , a n d  8k 7 =  0.

Hereafter we denote Fen — En - 7 rc, fo r n > 7  and E 's k -7 = k .
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§ XVI. Computation o f ir„ , 2 0 (S").

( j ) 2-primary components of z .+ 2 0 (S ").

We shall compute the 2-primary components o f  7r7, ,(Sn ).

First we have

7 d 2  =  { 2°Til, 1720 °1 6 60 - 15}

by (5. 2) and Theorem 12. 9.

Consider the exact sequence

where

H
5 2 3 5 27r24 7r22 71-23 71 23 - 7 ( 21

7113 — (716 
v

5
°E

8 
975

°
 P 61 Z 8  ED Z 2  ED Z 2 •

We have in the page 149 of [3 ]

zs,( -
5 0G-16 ) (7720p/0o-70 m od  {2 °'°6 } {972,0A4}

A(v50 -6v8) = T12o="0 -66

A ( n 5 . -A 6)  =  O .

Then we have H a l 3 = K e r  A = {?/ 5 ° N ,  4 5°°16} Z 2  ED Z 2
.

And E(972 ov'o1b6
00 1 5 ) 0 by Lemma 5. 7

E 2 (7/20776 ') =  ,h . E 2(T il)

=  1740 (25 ) by Lemma 12 .4

— 974°265° 5 by use of the monomorphism E :  7z- L

0

So, by the fact that E :  7rh 7 - ‘1 4 is  a monomorphism, we have

(16. 1) E(972076') =  O.

Thus

(16.2) H :  7 4 3  ,------ H7d 3  =  K e r  .

Since HO/077,0 =
 7

5 0 17,6b y  (5. 3)

and H(Von6oti700-16) 7/ 20/.67 00-1 6b y  (5. 3)

4 "5ocr16 by (7. 14),

we have that

7r23 — {Vc:P6 , 7760P7°6TI6I Z 2  e Z
2 •

By (5. 6), Theorem 12. 7 and by the above result,
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7-114  =  {E 2 / 01-1.7 , E l / 0 977 o /G8 o 61 7  V 4 0 0 - f on
1 4

, K io  V 4 071,7 1 ,
4 0 277 0 /1,

8 0 0'0 1

Z2 ED Z2 6) Z. ED Z2 e  Z2 ED Z 2 •

Next consider the exact sequence

where
and

A E H A
9 ,., 4 9

• • • 7 t 26 —24 —25 7r2s - - ) ' 7 1 - 1 3

711 6 =  { o - 9 0 9 7 1 6 0 p 1 7 ,  V 2° K 1 2  A 9  972
0 tbio °C r i2} Z2 e Z2 e Z2 ED Z2

{ 0 - 9° 14 6 ,  Cr9° P 1 6  C 20 7/160 8 12 it42° ° - 18} Z2 ED Z2 ED Z2 e Z2

We have, by use of Proposition 2. 5,

(cr9°?716°1-6 17) —

=  0'4° 0 - ' 0 +  E V 0 6 7 ) 0  Pis

,'40 0 - ' 0 77140 )0 ,5 + EV0 6
7016 ,5 ,

v
A(i"9 0 K12) —  ( •

± 2

0-'9)

) 0

1.0

i'4°(±27°K ,0)

=  0  ,

A (T69) - A(t9)°717

± (22) 4 — E 21° I-47
4°(±2Tb7) + E vi 0(±11,7)

- El" orb,

by  (7. 16)

by  (5 .13 )

by Theorem 12.7

by (5 .8 )

(Th o tr,i 0 0 0-10  =  ( 9)  p 8 0 (Yu

EV °rh o th 8 o c r i 7 by (5 .11 ).

And in the page 150 we have the following results :

A (Œ9 .  2)%)

-  

v40 7/70 8 . 8 + E (6 ' .  4 3 ) ,

(Œ9 ° pm) = +E(6/0/-613)

A ( 0 -9° 9716°8 10 = v 4 0 E r  + E ( 6 / 0 „ . 6 14)

A(/-690 cri8) E V 0

Since 0-9 .v? 6 , 0-9 ./.61 6 , 0-9 0,/ ,6 0&,7 and 1 a 9 00-1 8 span 7-/-35 and their images
under A are independent, the kernel o f A : 711 — >  4 3  is zero. From
these facts we have

— 2)509780/490°-18} Z 2  ED z? e Z
2 •

W e Nye seen alsg
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(16. 3) K er A( : 7r9, 6 7 r14 ) = { 9 °K 1 2} Z 2 .

B y  (5 . 9 ) ,  E(1) 5 .97 8 . pv cr 1 8 )  = O. Thus 0  + :. ,
5 07/ 8 0,o9 .0-, 8 E  K er E --

A7r1; . Since 71-121=-Z 2 is generated by w e have'in°. 18,

(16. 4) A 7 r P 1  =  { ( 7 11° /141 8 ) }  =  { , 5 0 8 0 , 0 9 0 c r 1 a }

Ez 35 —  { o K 1 2 , 6°11 9}7 2 e  Z
2 •

We have that the A-image of 7-t-1,16= {E 2p', (1) Z 2 is  trivial
b y  ( 1 2 .  1 5 ) .  So we obtain an exact sequence

H
0 - - >  E7r 2 5 - - -0 .7 4 6 --0 .7 -en .

Since A(.613) = 6, ( 9713"c14) by (15.3)

= A(/71.3)°Ici2 b y  Proposition 2. 5

=  A (H (01 ))°K 12 by Lemma 5. 14

=  O,

the image of z :  7z13,--›.74 6  is generated  by A p13 .

As H(A(2p13)) H (A (E Y ))  by Lem m a 10. 9

=  2E 2p/ by Proposition 2. 7,

(16. 5) H (p 1 3 ) E 2 p ' mod {8E 2P ', -6-11} •
S o  1-1(A ( 8 P 1 3 )) =  ± 8,E 2 p' 0  and 1-/(A(16p13)) ± 16E 2p ' =  0.
i.e., A (16p

1 3
) E kernel of H = En- 35

Therefore Tm A im Ker H =  Tm A n  Tm E  is  g e n e ra te d  b y  A ( 1 6
P13).

Obviously 2A(16p
1 3

) = A (32p 1 3 )  = A (0 )  =  0 . B y the definition of An ,

E ( )60 9) 7°/1O1 )7° E 7 2 t12, 8 0 - 121

— { ,)7, /-610, 2 6 191 7° 8 ' j - 20 b y  Proposition 1. 4
71:2

7
0

° 8 6 . „  - - = by Theorem 7. 7.

Thus v
6
of -.69 c E 7 4 5 .  As vb o fi; 9 +  0 ,  w e have

(16. 6) 2,60[7,9 =  ' 6 P l3 •

That is , th e  order of A p 13 is 3 2 .  In  Lemma 15 . 5  we have chosen
such an essential element k '  of 7/1, that 2 k '= l )-0 0/c19. Then we have

7/16 =  {L\ Z 32 e Z 4

and
En- 2̀'6  =  {Ek'}Z 4 .
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Consider the exact sequence

H7 13 6 7E 746 71'27 - - > •  71 27 7(25 7T26

where n = fa13, 1c731 ---•=--'Z18EBZ2. By Theorem 12. 9, A7-(1; = Ker E =
125-51 Z „ .  Thus 1/7r7

2 7 = Ker A  Z 2 , and we obtain the exact
sequence

E74,6 - - - >  Z 2 ,

where E46-- ---'-Z4.

Here 4k7 by Lemma 15. 4

=  2Ekt by Lemma 15.3
•

Therefore the order o f R7 is  8 and

n : 277  =  I k 7 1 Z 8

Remark that

(16. 7) 2k7 = .

We obtain immediately

7-4 8  =  { k 8 } Z 2 by (5. 15) and 7"CH  =  O.

Since 7.1 =74-Z =0, E: 74 8 -->A 9 is an isomorphism onto. Namely,

7r?29 = tie81 = Z8.

Lemma 16. 1. There ex ists an  element le ' o f  742 such that

= 0/0 2 3 , H (13 ') = ± 20' = A G - 21)

and the order o f  ,e ' is  8.

P ro o f . B y  ( i )  of Proposition 11. 11 in the case that i =29,
n =9 and a =n u,0&„ E gr:A, it follows the existence of such that

E 2(0) =  A (n 2 5 .6 2 6 ) an d  H(13) G {2t 19 7 7/19 7 2720 21} 2 •

On the other hand

E(0'.& 2 3 )  = E 0 '
°

8
2 4

--\9725°&24 by (7. 30)
= A(77 25 0(52„) = E 219 by Proposition 2. 5.
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As A713 { A ( Y 2 3 .P 2 4 ) } by Theorem 7. 3

{A(1/(0 .P24))1 by Lemma 7.5
=  O,

(16. 8) E : 741 7 t H  is  a monomorphism.
Thus 0823 =  E13.

Next we consider the secondary composition {2t 1 9 ,tio • . 1 9  P  2 0
° 8

21} 2 •

H(g)E {2 z19 77 1 9  
7129

° 8
21} - mod 27r3 0 (S

1 9

) by Lemma 9. 1.
So H(4) mod 27-/-3,(S") +7r170 , 72,06 ,2

= 27z-3 0 (S 19 ) + {19°22}
=27r, o (S")+{41) 19

° 8
22}

27r„(S 19 )

by
by

(5.5)
Lemma 6.1.

For some odd integer r, H(r)(3)=" „. Set O' = r,8, then Egi =rEg
=r(0' 0 6,3) = 2„ because 292 3 =0 . W e have E(2,8') =2E,8' =2(0' 0 „)
=8/0(2&2 3 )  = 0 . That is, 20' E Ker E= A n- n— ILS,  211

 
Therefore 23'

=x 2 , fo r  some integer x.

As 83' = 4x , 6 , 21
= x.6, (4 2 1 )

xA(Y.1°P23) by (7. 14)
=  xA (H(0'.,a 2 3 )) = 0 Lemma 7. 5

and the order o f H(i3 ') = .-19 is 8, so the order of g ' is 8.

Since = H(20')
H(x 21 )

=  24 -
1 9 by Proposition 2. 7,

we have 2 ±  2 x  mod 8
1  ± x  mod 4 .

Therefore ,6
4

-
2i ± 2/3' mod 4 ( 2 g ) ,  and 83' = O. We

(16.9), 6 4 " 2 ,  =  ± 2/3'.

Since A7rg= 1 ,64%91 =0 by (12.22) and  74-7= 0,
exact sequence

H
0 n-39 ----> 7.6 ?)7 . 6 • ? , o

have

q.e.d.

we obtain the
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where 749 = {k,} and 7;',‘g=  { } Z ,  by Theorem 7.4.
B y the above lemma, we conclude that this sequence splits.

Therefore we have

{R io, 1 1  z B e
Lemma 16. 2. There ex ists an element g" of 741 such that

A ([625) Ei3 ", H(/3 ") 91 21° 1 1 22 and 213" = 0 .

Pro o f . Let i = 30, n =1 0  and a =,a 20 in ( i )  of Proposition 11. 10.

Then the existence of 13" such that ER "=z 1(1 423) and 11(01 n  1 - 4-  2 1
°

, 2 2

follows im m ediately. Since the order of 1a „  is  2, w e have

2E/3" = 2A P 2 5  =  A (2P ,„ )  =  0 .

E:7 1 - 1 3 1  is a monomorphism by (16. 8). Therefore 2/3"=O. q.e.d.

In the exact sequence
A n E H  9

74'2 — >

AZ= 4 .2,1---- Z8 and Ai= {n 210 [622}  , Z 2 . W e have th a t A2rB= 12S1
by Lem m a 16. 1, H  i s  an epimorphism, and w e  have the

following result by Lemma 16. 2 :

7111 Vc44 
8
'° 6 23, [31L"---z Z8 69 Z2 ED.z2 •

Lemma 16. 3. There ex ists an element 13"/ E 7rH such that

E 213" H(/3') = 1h23 and 213"/ = 0 .

P ro o f . Consider ( i i )  of Proposition 11. 11 in the case that
n =1 1 ,  i = 31 and a =80 -

2 2  E 4 ,  then  w e easily  ob tain  an element
i8 of 7rH such that P i3 =8 A c r„ and H(/3) E  { 7)23 282 4 , 8Œ 24} 2 •

Here {9723, 282 4 , 8Œ24} 2  -  / 4 2 3  mod G  by Lemma 6. 5,
w here G =  9723.E2vig +n- H.80- 2,

— {9723°6 24 , 7723°P24} by Theorem 7. 1 aad 7. 2

=  {23°24, 43 }b y  L e m m a  6. 3.

That is, H ( R ) = - P 2 3
 mod Iv 23 

° E
24  • 4 3 }  •

As H(00& 2 4 ) v— .23°6 24 by Lemma 7. 5 and H(0(317,24 ) = 7)• 23 ° 
1;

24 1 4 3  by
Lemma 7. 5 and Lemma 6. 3, there exists '13"  G 7tH such that )(3" ,(3
mod {0.5 24 , BoT,„} and H(/3")= 123 . A ls o
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E 23 " / E 2m o d  {E 2(0.6 2 4 ), E 2(001:2 4 )). =  0 by (7.30),

E 2,8"  =  8 o 2 , .

Next consider the secondary composition { 012 ,)  1) 1 9  )  P 2 2 }  1  which
can be defined by (7. 20) and (7. 25), and choose an element 7  from
this secondary composition. By Proposition 2. 6,

H(7) G  H{ o-12 / 1) 1 9  )  P 2 2 }  1 1((713°6'38)° 11 23
6 230 11'23 P 2 3 by (7.21),

i.e., 11(7) P23 mod H(cr1 2 .7-cH+ 7rHo P2 3 )  =  0 .
A s  H(7— =  P23 —  ,66 23 =  0  ,  7 _ E  E 7r11 =  {Fe12, E oe„, E13 1  •
Here 2 7 E  { Cr12 9 19 

1622} 1
° 2 6 32 OE12°Eiv18,  /h21,

 2 6 3 6 }

c cr1 2 . 7,-
3 2

0 by Theorem 6. 7,

2 (7— '5") =  — 23 "  E 2E741 121?1 2 , 2(E0'0 E 2 4 ), 2 E 3 1

{2k1 2 , E 0' 0 (26 „ ) , A ( 2 P25)}
=  12R 1 2 1 by Lemmas 6. 1, 6. 5.

Therefore 23m=2.rk-
1 ,  for some integer x.

The kernel of E 2 : 71-H-->71-1,-/ is generated by E0'.& 2 4 , A P „ ,  6 101 2 4

and B.82„  since 7T. , '17= .2 5 0 8 26 /  P 325, P2511 4 75  -  { 1.'2 7  6 2 7 }  and the follow-
ing relations hold :

(16 . 10 ) A (
-)27) = A( 627)°25 = E0017) 2 5 by (7. 30),

A(6 2 7 )  =  A (b 2 7 )0&2 5  =  E Û .6 2 5 by (7.30).
(16 . 11 ) A ( 1725.8 26) = A(25)° 6 24 = Efro&24 by (7.30),

A (4 5 ) = .6,(4 5 )c,v2 9 =  A(H(X))01) 2 9  =  0 by Lemma 12. 18.

As 2xrc14 =  E 2(2xî 1 2 ) =  E 2(2R" ) 16A0-
2 , = A(160-

2 9 )  =  0,
so 2xk12 = y(E0'06 2 4 ) +z(A/-5 25) +u(0. P2 4 )  ±  V ( 0°

&24)

by the above facts, where y, z , u, v = 0 ,  1. Operating H  we know
u =v =O. Then

2x/e2 = y ( E 0 '  2 4 ) + z(A I-6 20
= y E(0' 0& 2 3 ) + z E  .

By (16. 8) a rc ,  = .Y ( 0 1 . 6 23) + z i3 " .

Since Tei i , 0/0&2 3 and  3" a re  independent generators of 7r3i we
have y = z =O. Thus 218 " —2xk- „ =O. q.e.d.
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E  H
In the exact sequence • • • 7d3 

E  is a monomorphism by (16. 8) and H  is  an epimorphism, since
7,g3 is generated by 4 3 , ti,„  and 1/23 0 6 2 4 ,230 8 24 7 and

H ( 9 ° 1 24) = 1 2 3 . 2 4 by Lemma 7. 5,

(16. 12) H(0.624) 97230624 by Lemma 7. 5,

H ( / 3 ')  =b y by Lemma 16. 3.

Obviously the order o f 0.1;24 , 00624 and ,8"  is  2 .  So the following
exact sequence splits :

Therefore

E  9 H  ,
0 7C 7•CH .

7r IA  =  f ie 1 2 ,  E 9'06 2 4 , A tb„, 006 2 4 , (901; 2 "

Z 8 e ) Z 2 G ) Z 2 ( 1 9 Z 2 10 9 Z 2 E D Z 2 •

Consider the exact sequence

A E H A  19
25 12 13 25

•• • •- >  7r34 71-32 7Z-33 - *  7r 3 3  - - - - - >  767 - - >

where 16 7 7- • 2 5  7  .2 5 0 6 2 6 } and 7-43 = {P„ , 6 2 5 }  .

By (12. 26), A : niR — > niT is  a  monomorphism, so H  is trivial.
Therefore we obtain

7 r H  =  E rrE  = f k 1 3 , E 8 0 6 2 „ E 0 .
2 5 , E le "1  Z 8  e Z 2 ED Z, ED Z2 ,

by (16.11).

As A.-374 =  c r2 7 1  = by (12.26), we have H77T4' —{20-
27 }

in the exact sequence

A H A
27 13 14 27 13

• 7r35 + 7r34 7Z-32 •

where i r N  {= ; 2 7 &2 7 }
 and 7tr4 = { 0 -

2 7
} Z 1 6

By the use of (16. 10), E n-H = E 2 / 3 " 1  Z 8  ED Z 2

Then, we have obtained the exact sequence

, H
0 fIci3 E R H 1 {20-27} 0 •

Since 8A0- 29 —E 2,8"/  I  0  by Lemma 16. 3, the order o f A0-
2 9 is  16.

W e have also HA0-22 — ±20-27 . Therefore
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741  =  { L\G- 29, fe„ }  =  Z 1 6 EDZ 8 .

Consider the exact sequence

A E H A
29 14

• • • 71'36 ------* 7-r131 ---> 7r31 s5 7 r 2359 --> n°33

where AZ= {0-
2 9 } ,  7rN = 14 9 1  and 741= {so .  V 30 7 6- 14 7 1 4 }  •

Since A (49)= E 2coi =2(co 14 °30 ,) 0  b y  (12. 27), the above H  isV  

triv ia l. It is obvious that the kernel of E :  741—> 742 is generated
by A0-

2 9 . Thus we obtain 7-42= irci51 Z 8 .

A ( ) =A(H(2-16.1"34)) =0 by Lemma 12. 16, where 4 ,  is a gener-
ator of 4 . 1 .  We have also 46

- = 0 .  Thus E: 71-g—> 7 t  an isomor-
phism onto. Then

74-2 = {k„ }

Next 7'i =  {k .„ } ,Z 8 follows immediately from 7rN = irN = O.

L em m a 16. 4. There exists an element 1R of n-N such that

Ei3 = A774 1 a n d  H(4) = ?A 7

P roo f. This follows immediately i f  we take n=18, i=38 and
a =7,„ e 4.1 in ( ii)  of Proposition 11. 10. q.e.d.

Now consider the exact sequence

A , H A
••• 7rN TrN ---> 7 , 4 711.76

where 7-M=0, 7i-L1=11 ,
3 5 1  and n-r,=1, 61) 17°  V 33 ( 7 17 17} •

H 7 4  =  {21)0 ---- Z 4 ,  since 3S =  6 )176 
U 3 3  and A(21) 3 5 ) = 2 (c 0

1 7 0 )
3 3 ) = 0

(see page 170).
18H(A v3 7 ) =  21) 1 5 b y  Proposition 2 .7 . Thus 2,6, v3 7 rk 0  in

By the above Lemma 16. 4 and (5. 5),

4A1)37 = A(TA7 )  =  (H (3 0 38)) =  0 .

i.e., the order of A1,
3 7 is  4 .  Therefore the following exact sequence

splits

E H
0 - - ->  Tegi 7CH {2P35} 0 ,

and 7rn = {wi8 , v371 "-=.' Z8 ED Z 4 •
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Lemma 16. 5. There exists an element 173 of n that

E 3  =  A t „  a n d  H(3)=27 39 .

P ro o f. This lemma immediately follows i f  we take n = 1 9 ,
i =39 and a= t3 3 in  (ii) of Proposition 11. 10. q.e.d.

Now we note that E: n  — > n ig is a monomorphism, for, in the
A

exact sequence 74? ---> nig —  *-7zig , the generator 7/i9 o f  7tri  is  an
H-image of / 3 . 9 7 4 0 .

 S in ce  2E3 =2A  7/„= A(2774 ,) =0 and E :  71-g—>7-tig
is a monomorphism, the order o f ri4  in Lemma 16. 4 is 2 .  There-
fore the following exact sequence splits :

H
18 19 370--->E7r 3 8 ---). 7(39 - -

)w 7'39 ,

where E7r12= {k„} Z ,  and 7rN= {94 71.
By the use of Lemma 16. 4,

71- B {17 1g =-2- Z8 ED Z, •

Since A(7/3 9 ) = 0  and ( 9 ) =0 by Lemma 16. 5, w e have an
exact sequence

E  H
0 -----). 763 746 ------> 71-1g 0 .

Lemma 16. 6. The above exact sequence splits, that is, the order
o f  i in  Lemma 16. 5 is 2.

P ro o f. It follows from the homotopy exact sequence associated
with the pair (S22 (S2 0 ), S " )  that the following sequence is exact

(16. 13) 7/.24g 7,3 8 ((t22(s2°), Y.) : 2) 7rP • • • ,

where n i- f8̀  = ,8 , -,=Z8EDZI, 76 1  g i g ,  cig} -z8ez2 and z 38((fr(s 2°),
S ") : 2) denotes the 2-primary component o f 7r3 8 122 (S 2 0 ), S ").(

By Theorem 11.7 in the case that i = 37, n =18 and k =2,

7r3 8 ( ( 0 2 (S 2 0 ), S") : : 2) .

Here PIZ =S"\...1e 1 9 which is homotopy equivalent to S "  v  S " .  For,
the attaching map o f el9 is  trivial since 18 is even.

Therefore
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71.18 ( (1- 2 2 (S  2 0 ) ,  S 18) z) 7.37(S" vS" : 2)

7rP '8) 4 by (4. 18) o f [4 ]
Z 2 ED Z2 .

The element 2/BE 7dg is a  multiple o f E ( 3 ) = 4 0 7 4 1 ,  since E(2i)
2(At4 3 ) = 0 and since A n 4 i  generates the kernel of E :— >  7-111. So,

there are two possibilities : 74==-, Z8EBZ, or 7dg, z8ez2ez2.
Since zg =  A '3 7 1 = -z8 ez4  and E — >  z i8  is a monomor-

phism, E 2irN  = {k 2 0 } Z 8. Therefore by considering the exact
sequence (16. 13) the lemma follows. q . e . d .

By Lemma 16. 6,

i f c 2 0 01 Z 8EB IZ 26)Z 2.

Since A : 741: 4 3  is  a monomorphism, w e  have an exact
sequence

0 E7dg o,

where E7dg = a f 2 1
z a z , .  ThereforeC

=  { n 21 1 4 3 } Zs GB Z 2 where A t4 , =E / b y  L e m m a  1 6 .  5 .

As it is obvious that the kernel o f E: n  --> 7rU is generated
by A t„ and 7/-1 =0, we obtain 7tH = ='-'-'-- Z8.

Th e result for the stable group (G „ ; 2) { R }  Z s  follows
immediately.

(ii) Odd prim ary  com ponents.
We shall compute p-primary components 7r

-  n + 2 0
(s : p) for odd

prime p  in order to complete our calculation of 7r.+70(S n ).
By Serre's isomorphism [1]

(16. 14) i(S, 2m - 1 p )  z i ( s  -  fi) z i ( s  2 r n  p )

which is given by the correspondence (a, ,e) —>Ea+r._6 2 m , ', 2 m ] 0 I ,  we
compute only the groups r + 2 o (sn : p) for the case that n  is odd.

First, there are no odd prime p  satisfying

2i(p — 1) — 2 = 20 for i =  2, ••• , p —1 ,
Or 2i(p — 1)-1 = 20 for i =  1, 2, ••• , p —1 .

Whence we have the next result by Theorem 13. 4.
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(1 6 . 1 5 )  7 r 2m+1+20(S 2 m  I :  p) = 0  f o r m > 1  and  an  odd prim e p > 5 .

N ex t w e  sh a ll com p u te  t h e  3-primary component of
71-2m-1-1±20(S 2 m + 1 )  for n i>  1 .  We shall use the following results of [2 ]  :

(16. 16) 3-prim ary  com ponent of  G 2 0  =  0 1 ° ,8 21 Z,.

For the simplicity we shall use the following notations.

7c;:+k — IsH k
( S n  :  3 )  a n d  

Q 7 c  1 ( ( f 2 2 ( S " ) ,  S n - - 2 )  :  3 )  .

The next two exact sequences are mainly used in  this last
section.

E2
(16. 17) • • • 7-1-1 —> Q P P f o r n :  odd
and

A
( 1 6 .  1 8 ) •

(472+1) 7r ((3m+1)-1Q 1 1 - 1 - 7r 1) + 1

f o r i > 3 ( n + 1 ) - 1  and n :  odd,

where A .E 2 = f 3 i,  for a mapping f,: S "n+ 1 ) - 1 —>S3( "± " ' of degree 3.
For the case n = 1 , we have the following exact sequence (see

Proposition 13. 3)

A
(16. 19) 7r74 2 ------> 7 r 7 711-11 — 1 '  711+1 f o r i >  5 ,

such that A0E 2 = f 34,.

7 t I = z 723=0 by Theorem 13 . 10 , hence we have 74 3 = 0.
By (13.6)

Q ++ + 1 8  = for m >  3,

Q174+1 + 19 0 for m >  4 .

By inserting these values in the exact sequence (16 . 17), we
obtain the isomorphism onto for m > 3 :

E 2 :  L7:1+20 7r2Z-+3+ 20 •

So by (16. 16),
„..2m1-1

2n+1+20 f o r m >  3 .

Consider the exact sequence o f (16 . 17) in the case that n = 3
and i= 2 3 ,  that is

E 2a E2
••• 7Z1 3 7125 - - >  Q 3 7/12 7124•
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where 74 3 = 0  and E 2 : 7 4 2  7 r 3 4  is an isomorphism onto by (vii) of
Theorem 13. 10. Therefore we have

(16. 20) 77'35 Q 3 3  .

Next consider the exact sequence (16. 18) in the case that n=3,
i =21, that is

A
• • — >  a  24 7 r g

where 71-a= la 1(13)01e1(16)1 Z„ 741= fce 1(11).g 1(1 4 )} Z 3 and 71-2 =0
by (i) o f Theorem 13.10 and Theorem 13.9. A s , 0 E 2 = f ,

A(a,(13)43,(16)) = 3(ce,(11)001(14)) 0.

Thus Q 3 --'_-7r11,-=-Z3 . Therefore by (16. 20)

7 r 1  Z 3  .

Summarizing these results, we have the following

Theorem 1 6 . 7 .

7r2.+1+20(S 2" 1 : p )  = O f o r m > 1  and odd prim e p>  5, and

7 r ( S 2 " 12.+14 20 3)
{ 0 m  =1

Z, m > 2

For even dimensional spheres, their homotopy groups are easily
calculated by use of Serre's isomorphism (16. 14) and the known
results for q X S .  2 " 1

following.

Theorem 1 6 . 8 .  The odd primary components o f  7r2.1 20(S2 n )  are
isomorphic to

Z, f o r n = 6,8  an d  n >  10,
Z,EBIZ, f o r n  = 4 ,  9 ,
Z 1 5 E1 Z, f o r n  = 3, 7 ,
Z„ f o r n  = 1 ,
Z„EBZ, f o r n = 5,
0 f o r n  = 2 .
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where k<20, and the results are the
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