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Let us consider the parabolic equation

(P.1) u ( t ,  x) = A (t, x; )u(t, x), XE 12, 0 < t <  T  ( < +  ) ,

or more simply
L U aa( a   — A u =0 ,

\at J

where

A = a(t, x)(  a 
UI < 2 b a x

and 12 is a dom ain in R ' surrounded by a hypersurface S . O ur
problem is the following: Given  f 5 (t, x), j=1, on (0, T )x S ,
find a solution u (t, x) of (P. 1) satisfying

(P.2) B .u = f 5  ( j= 1 ,2 ,» . ,b )  on S, 0 < t < T ,

a n d  u(0, x)= urn u(t, x)=0, where

a ) 'B5 ( t  x ;  a- b 5  ( t ,  x )  ( ) , O r 52 b  — 1 .
x" ' ' \5xi

Recently Eidelman has treated this problem ([2 ], [3 ], [4 ])* ).
Here we shall follow his method indicated in ( [2 ] ) .  More precisely,

*) In the case where ii is a convex domain, the corresponding result has been
announced by Eidelman.
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we shall at first construct explicitly the solntion in the case when
f2  is a half space.

We shall introduce from the beginning an operator defined on
the boundary, which plays an analogous rôle to that of Riemann-
Liouville operator. Let us remark that this operator was con-
sidered by Mihailov in one dimensional case ([6]).
In our reasoning, this operator plays an important rôle.

After establishing the existence of the solution of the above
problem, we construct Green's function. One of our purpose is to
obtain the estimates of Green's function.

Finally we obtain the solotion u(t, x) of the following problem

L u =  0,
Bi u =  0 , j 1, 2,•••,b ,
u (0 , x ) =  f (x ) (given) .

I  thauk Prof. Mizohata very much for his kind advices and
encouragements throughout this research.

Now let us state our assumptions more precisely. Let us
denote

A 0 (0- ; t, x) E av(t, x)(ia)'
11, 1= 2 b

B0 i (0- ; t, x) = x)(io-)

We assume

(A. 1) Re Ao(a ; t, X ) < al (X  E i ,  a  ER"), c >  0.

A t each boundary point x E  S , le t us denote by N ,  the unit
inner normal to S at the point x, and by T x  the tangential space
at x.

We know from (A. 1) that the equation in z

p - A o (97+ zN x ; t, x) = 0, Re E  Tx ,  (p, 97) +0  ,

has just b  roots z„•••,z b with positive imaginary part. Then we
define

A ,(p , z ; t, x ) =  I I  (z— z i (p, t, x)).

Now we define R  and R .
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R (p , 97; t, x) det
f B „(n+z N x ; t, x)  d z

Ao± (p , z; t, x)
B01(77+zNx; t, x)z  d z . . .
,40+ (p , 97, z; t, x)

B05(1+ zNx ; t, x)  d z  .......................

Ao+ (p , z ; t , x )

Bob(n+ zNx  ; t, x) d z  .......................

Ao± (p, 97 , z ; t , x )
( B01(77+zNx; t, x)zb - ' 

A0+ (p, 97, z; t, x)

(cB o i (n+z N x ; t, x)zb - 1

dz
A o ,_(p, 97, z; t, x)

4-, Ba b(77+zNx; t, x)zb- 
d z

Y  A ,( p ,  97, z; t, x)

where the integrations are taken along a closed curve in the z-
plane enclosing all the roots of A 0+ . And

R i (p , 97, p; t, x) = det

f Boi(n+zNx; t, x) d z . . .  s Boi(n+ zNx ; t, x)zb - '
A o+ (p, 97, z; t, x) Ao+(p, 97, z; t, x)

e " Z e i P Z  z1'- 1

d z . • • j ;
240+(P, 97, z; t, x) Ao+(P, 77, z; t, x)

dz

Bot,(97+zNx; t, x)  d z B o b (n +z N x ; t ,  x)z 1,
- 1

 d z

Ao+ (p , 97, z; t, x)i A 0+(1), 97 , z ; t, x )

R ; (p , 97, p; t, x) (j =1, 2,—, b) have the following properties.

i) [P —  Ao(n+ N A 7
a ;  t ,  x ) ] R ; (p , 97, p; t, x) = 0 .

ii) 13,i (9) +1V 1.  ;  t ,  x )  R i ( p ,  97, p; t, x) = R (p , 97; t, x).
aP P=0

Here we assume

(A. 2 )  I R (P , ; t, x )I _ c (1 I n l ) "  (.TES, Rep 97E Tx)
( a  I ,  m  =  ( r i — j +1)) .

2b
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This condition implies that
1) at any point of x E S , S  is not characteristic for every B 1 ,
2) r j -f-rk  ( j± k ) .
Concerning S , w e assume that S =

 V
 V, ( I  runs a finite set)

and S  is represented in  V, as x  =F(x ') (x ' G R" 1) (FE C s
,  s = 2b + 7)

Let S = 
V U 1

 (U l f-NS—VI )  be a neighbourhood o f S  and x = ' ( )
in U1 , (x----(5e', x„)),
where Fel E Cs and

"Pi(t ')  = F(v), aPI (v) = N( -x-')*) ( N :  unit inner normal) .
ax,„

Now let us consider (A. 1 ) and (A. 2 )  in  term s of the local
coordinates.
Denote for x E  U,

A =  E  af,(t, -.t)( a
a
x ) B 1 = E .T ')(aax1,r,b

and

;  t, =  E  af (t, -x)(ieY.), B ,;,(a ; t , x ')=
v

E
=2b 0,1='j

I f  we put
aP1— E Jos ; ( i  =  1, 2,—, n),ax;

then

A o ( a; t ,x ) = A 6 ( e  t , Boi(er ; t, B (r5 ; t ,

Then (A. 1) is equivalent to (for x E U,)

(A. 1)' R e  A ( ;  t ,  x ) ‹ E R ").

Polynomials {IV, B } w ith  (A. 1)' determine 24.6,(p, d- ; t, x-/),
R i(p, ; t, x - ')  and R ;(p, p ;  t ,  x ')  with respect to u-n .
If we put for x E V,

+ zNx ( n  E  Tx),

* )  More precisely, the right hand side represents the inner unit normal to S  at
the point x , where x = F (2 ').
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then
aF • aF •E  '( , );+z N i) — Eax,( i x ;

=  N i (y ; +z N i ) =  z

( i  =  1 , 2 , . . . ,n -1 ) ,

5=1

therefore

A o + (p, z; t, x )=  A 6 + (p , 6--„; t, ,
R(p, 31 ; t, x ) = R i(p, ; t,
R i (p, 71, p ; t, x ) =  R j(p, ad, p; t ,  y ').

Then (A. 2 ) is equivalent to (for x E V1)

(A. 2)' (p , a ' ;  t,   ci( Ip +  I a'I r  (Re p >  0 , a' E Rfl - ')

Finally concerning the regularity of the coefficients of L and
B 5 ,  we assume

(A. 3)
f a„(t, x)E  C (f2)

bi,(t, E C 2 b - l - r i + 7 ( S )
< < 1)

(C0 (12), 0 3 (S ) are defined in Section 1  of Chap. II.).

I. Fourier - Laplace Transformations

Lemma 1. L et f (p , a )  be a  real-valued function defined f or
(p, a ) E C l  X C" - 1 . A nd moreover f(p , (7 ) satisfies

i) homogeneity: f(x21'p, x(3) = xh f (p, a )  f o r X >  0 (h>  0 ) ,

ii) positive-definiteness:

H o l t  f o r Re p > 0 ,  (TER" _1 ,

iii) continuity: f o r  IP r+ a =  1, lA or+1,6,1‹ 8,

f(13, M
I f (P + A o , a+ A)— f(P,   •

Then

where
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To,e = i(P, (3)ECixCn - 1 ; R ep>  — &1/mPl - —  &IRe 0-I 2b + 1./m 0- 12b}

and c', & depend only  on h, c, M, 8.

Proof.

Case 1  (Re p 0 ) :  P u t  jp r  + 1 R ea l — A  a n d  1/mal =B (1Pr
+ la il< A + B ), then we have

f (P , a ) >  A h  —A 'B ' ( M  —  "  ±  M ( '  + 1)h) .— 2 2
In fact, since

I f(, a) —  f(p , Re 0-)1 ‹ - c1  A h  fo r -A< 8 ,2 A
f (p , Re a) c.i4/i ,

we have

f ( p ,  a) f ( p ,  Re a)— 1 f(p, a)—  f (p , Re a)i - A h  fo r AA‹ 8.— 2 A —
On the other hand, since

I f (p , 0.)1  M (A +B )h  ‹ M (8 - 1 + 1)bB" for -Iii . > 8 ,
we have

f ( p ,  a) — M ( - 1 +1) 1'13h for f >  8 .

In total,
f ( p ,  ( 7 ) C  A h  IC 8- h 4 _ m  (8 - 1 ± i l l  B h  _  C  A h  m i B h .

— 2 2 2
Then 

f ( p, a) 2 ,c,+
1

(A+ Br — (m1 +  c
2 )B" c (A+B)h

2h+2

± { 2f 2 A h —  ( 1111 q ) B h }
=_-- 2 C

h+2 (A + B)h + I .

17
C

1-  2 A
)2 If Re p >  - - lI m  p l  — -\/2 IRe urh + \/2 M2 1Im al 2 b (M2 — (

A  ,

c2-h -2  )  / '
we have 1>0.
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Case 2  (R e  p < 0 ):  Put I m p r +  1R e  =  A , an d  I Re Pr + 0-1
+ I al< A o +B ,), then we have

f ( p , Anh—M,Bnh
—  2  - - •

In fact, since

f(p, (20— f ( i  Im p , Re 0)1 A , "  for B ° <  8 ,
2 A,—

f(i Im  p ,  Re a ) c A oh ,

we have f (p ,  0-) >  A 0
1' f o r  

B

° 8 .
2  A,—

Then we have

f(p , 0 -) >  A oh — M,Boh >  c  ( A 0 + Ba )h + 
2 2 -

{  c  Ah  — (M ,+  c  )B
° 1
'1— 2 2h+2 h- 

n

2  

( A , + B o ) h
2h-2

>  0 , if R e  >  m  22b
1  I h 

Here we have

Re al 2b +

where

A P ,  > c
—  2h'

1
—  ]1422b-1

al)" in 10,0

Now let us apply Lemma 1  to the functions in question.

Lemma 2. Assum e (A. 1 ) :  Re 240 (a  ; t, x )‹ — (a  E R",
x E D ), and that the coefficients of A, have the uniform bound C.
Put

L o (P ,  ; t, -X) p— Ao (a  ;  t ,  x ) .

Then we have

i) Re L o +c i ll m c2(1Pr +1 0 02bi n  5 ) 0,ei
where

0, = {( P, a)  E C i x C" ; R e  > — 8 0 Im PI I Re a I 2 b + - i lm  0-121.
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ii) Let z  be a root of cr„ of L 0=0 , then

I zi e3(1P1' + 0-'1)
11)11 zi  e4( +10-11)

in e2

where

21
0 ,  S 2  =  {(P , E X C n - 1  ; P> & 21in i Pi 6 2IRe

+ 1a / 1 2 1 , 1
82

(c„ c„ c„ c.„ &„  5 2 : positive constants depending only on c and C).

Proof o f  i ) :  We know that

Im 240(0- ; t, x)1 < K0-1 2" (a E C ) .Cn ).

Then we put

f=  R e  L o +  Lol •2K

For Re p > 0  and 0- E R", we have

f  >Re p—Re A 0 + 2 K
c P  - 11m Ad)

>Re p+  
2K

c IhnP1 + 1 , 12b >c'(1P 0- 1Yr+1 b • 2 —

Then by virtue of Lemma 1, we have

fc " (1 P r+ 1 (7 1 ) 2bi n

Proof o f  i i ) :  The first inequality is easily shown, and then
we shall show the second. Let us remark from i) that

5
) 0 , Te, e2  X  { ff n  : 1m a n  <  8 '  Re u n l }

( E2 —  26b1- ' '  8 ' — ( 2&i' - 1 Y )
therefore

2.1> s'IRezI in

On the other hand,

0 L o (p, a ',  z ; t , x )=  L o (p, 0-', o; t, x )+ Lo(p, a ' ,  a n ; t, x)d(7„,
0a

 ; t, x)I c'"( Ip 2 + lc/ 1)2 bi n  T o ,  „  (by virtue of i)),
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l a
L o (p , (7/ , ;  t, P I ' + la ' 1 +ao-„ 

M(1131' + la '  1)
2 b

-  f o r  lanl <  z l  (by virtue of the first ine-
quality of ii)).

Then we have

c'"(Ip1°+  a '  ) 2 l  <11-0(p, a ' ,  0; t, x)1 =15:aa„L0(p, a ' ,
a " ;  

t, x)do.„

< 101)2'1,
th at is,

c i" (IP r+  WI) in 10, i •—
Hence we have

 + 1 ) I / m z I  in

C o r o l l a r y .  A ssume (A. 1), (A. 2) and (A. 3) in  th e  half  space,
then

i) R(p, ; 7, e') i s  holom orphic in  Do, (0<& 3<E 2) , and

!R(p, a ' ; c,(IP r+  10 - '1)m in  10,s 3 •

ii)
k

. ; R i ( P ,  a', „; T, e') is  holomorphic in  To , ,2 an dax,,
I / a \ k

ax„) R i ( P
'  

a ' ' x n ; e ' ) Ck(Ipl a L k  ( 7 ' I ) m - r i + k  e - c 6x nC I P I ° 3 + 1 6 '1 )

in  MO, e2 •

Proof  o f  i ) :  B y v irtue of Lemma 2, the coefficients of the
polynomial Ao+(P, a', a n ;  7 , e ') o f a n  a r e  holomorphic in  T, 2 and

A ,( x 21'p, , X0,,; 7,0  = Ao ± (p, a ', a n ;  'r, C ' ) i n  T,,,2 (X ) -  0) .

This im plies that R(p, ; is  holomorphic in  1 0, ,2 and

R(x 2 bp,x0, ' ; T, e) = X tm R(p, ;  T, e) in  To, ,2 (X > 0) .

Remarking (A. 2), w e have from Lemma 1

IR (P, ; T, e')1 C5(1P1'6 +1 0 1 1)m
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( \k
Proof o f  ii): B y the same reason a s  i),  R;(p, x , ;

x n

7, is holomorphic in .5)0,(2 and
k

R  j)(V " P, T, = j+ k ire j (P , XX,,, T, e ' )
(3.rn

in 1,,
( 2 (X >  0 ).

By virtue of ii) of Lemma 2,

__X4
in o, e 2  { IP r +( 4 Y R i (p , A .„ ; , Ck e "

Now we put

X,, ; / ) ( P 0-'12b)-R Ri(P ,  a ' ,  X  „ ;  7,
R(p, (7'  ; T ,

(i9 ( 2 1 ) - 1 - 7 - 5 —&), 0 < 8 < ry)

then ( ) k  g;  is holomorphic in D ,  ( 0 < 8 4 < 8 3 )  and

<  C( 1Pr + )  ( 2 b  1 -1  b ) inD 1 4

   

(where we used Corollary of Lemma 2 for R  and R 5 , and
\i) of Lemma 2 for (p+ 12 b ) -  f

where (p+10-'12b) - 0 ,  is used only to make all th e  order o f  g 5

( j=1 ,•••,b ) equal to (2b-1-8).
Let g(p, (7) be a  holomorphic function for Re pconstan t and

a E R" - ', a n d  g(P, (7)1<const. ( 1 p 1 + 1 0 - 1 ) s ,  then we know that
g (p , 0-) is the Fourier-Laplace image of the function (more pre-
cisely distribution) G (t, x ) defined by

G(t, x ) —   e1x do. 2 7 ,
1e P t  g ( p ,  ( r )d p (-- P [g (p ,  a)]).

Now we are in  the following situation :
Let

=  {(P , (7 )E C 1 ><C" - 1 ;  Re p> — 8IIm  — & IR e H 2 b+1-11m0-1 2 b}
(0 < & < 1 ) .

We assume that g(p , (7) is holomorphic in Mo . T h en  w e  have

= 1} •

gi(P,
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Lemma 3. Let p  be a positive parameter. Assume that

Ig(P, a ;  p) cZ C(I p r+ e Pi"6 1) in  I , .

T h e n , fo r  F [g (p ,  a ; p )]= G (t , x ; w e  h a ve  th e  following
estimate:

1G (t, x; p)1<C' t'cn-i+28+1) P)

where C ', c ', c "  do not depend o n  p  ( * c (t , x )= c

2 b  
2 b - 1 1

P ro o f: Since g ( P ,  ; p ) is holomorphic in the domain To , and
moreover, because o f  th e  presence of the convergence factor

we can choose very freely th e  path o f  integration.
Let us remark at first that the path of the integration Re p =1  of

k(t, ;  p )  —   1 g (p , ; p )e P t dp
2711  R e  p = i

can be replaced, for instance, by

Lif, a = { R e P = _ I m P I _ & I R e a l 2 b+ l I m a l 2 b+ a } ,

where a is an arbitrary positive number. Then, it is easy to see
that, k(t, a ;  p )  is an holomorphic function of a e

A )  Estimate of k(t, a ; p ) :  Let us remark that, on the path
L a,

0- ; C O P  +10-1+ey e-c"popic6+0.1±..)

In fact, on L i f a

a =  Re p+61Im P1+81Re <2(1P1+10-12),

hence

I P  +  G. I P  + +  <  const. ( Pr+ I I )

where const does not depend on a.
Now

1
2b



218 Reiko Arima

k(t, ; p) — 1 
27ri iL ,r. ,g ( P '

 Œ ;  1 9 ) e

P t

 dP

 

C, e R " '  e — " P" 1°'+ 1 6 1 + " ) ) (1 + + a) i dPI

Now take the argument X= 1m pi, then since

+ +e)<IP1' +1031 +a" ci (ilm + 10.1 +a') on
Lo., a (c„ c2 > 0 are independent of a),

ik(t, ;  p)  < e x P & 1 / 2 e  a l" t +-
1  

Im 0-12b t +at — c"pal
6

x C" .ç o E xt y+ 0 + dX

Here the last integral

e ( X  " + 0-10 t"

+ra'YdX,

f const. (1 + t"10-1 + ra ' )'
I const. t - ' 1 - 1 (t'101 + ra'Y

(1 0),
(1< 0) .

Up to now, a  has not been specified. Now we choose a  in the
following way : L e t h  be a  small positive number such that
h — c"h'<0. We fix a

for R- >1,t"

fo r  P  <1.

Then

at — c"pa" = —e,( 11 1

V'
t for --P—t" 1 ( —  c, h— c"h"),

< 1 for 19— < 1 .

In total we have the following estimate
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Ik (t, a ;  01 ex p f —&1Reur 2bt+1-IIm o-1 2bt}

x exp .

B )  Now we look at the integral

1 fG(t, x ; p) — k ( t  a  • p)e t
(27t- r - 1  iR n - 1  "

(x ; > 0),
We take the path /m a i =

— (x ;<0 ).
Then

IG(t, x ;   C1t-`61-1 exp {—c
r

n-1 1
X  1 - 1 exp {—&1Recr i l 2 bt+-1/m  0-; 12 b t -

j=1

T h e  last in tegra l /i =  exp  —  &I Re a ;

 2b t  + 1
a

,
i 2b t — J I da J .

a', is chosen as follows

— h x ; — x i 1/(2 5 -1) h2b

— h = — c,<O ) .

      

Then

Then

   

t / 2— a, = — c,

 

x i

   

I , _< C2 t -  exp {—cd
t '

II. Potential Theoretical Considerations

1. Functional Spaces

Let us introduce the notations of some functional spaces for
convinience.
1 )  Cf'(D) f  : f ( t ,  x )  is defined for (t, x )E (0 , T )x D * ) ,  and con-

q }

* )  In general D is an open set in R " .  Sometimes we use the notation f  E Ct3i 0 c ) (D ),
which means that f t  C O (K ) (K  is any compact set in D).
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tinuously differentiable an d  estimated i n  t h e  fo llow ing way.

(we denote fkok— (  a 
 ) h o (  

 a  )k f  (C  is independent of (t, x)).
at ax

i) f kok (t , x)1 C (2bk0+ kl < i3)

ii) fkok(t, x)— f k ok (t, x 0 )1C  x — (2bk0+ kl = [0 ]) ,
iii) Ifkok(t, x)— f k ok (t o , x)1 <_Ct —t01

( 3 - 2 6 1 , 0 - 1 k 1 )

(0-2b < 2bko +  k l- ‹ 0 )

2 )  C ( D ) f :  (e>0, —  co< nz< +  Do)

i) I f  k o k ( t ,  x )  <  c t —
c 7 + 2 b I r c ' l k l ) (2bk0 + k l 0)

ii) f kok (t, x)— fkok (t, x o )   Ct - " " 1 3 ) 1x — x0 1 3 - '13 ' (2bk0+ kl =[0]),

iii) f kok(t, x)— f ko k (to x )  <  C t - " " ) 1 t — to I
l k i )

fo r 1t—t0 1< (0 -2b< 2b0+ 1k 1<  0).
2

3 )  eT,,(D, D ')  f  :  f ( t ,  x ;  T , is defined for 0 < t  < T ,  x  ED,

ED'.

i) kok (t, x ; T , )1 < c ( t — T )m +2 b k o +I k l) e - 4J(t - T,

x -
) ( 2 b k o +

ii) kok (t, x ; f kok (t, x o ; T , )1  C — x, 1 I3 - 4 3  (t —T)_c n i + t3 )

X e - l'( " - - v - )  f o r  x — xo l" < t — T (2bk0 + [0 ] ) ,
iii) kok (t , x ; T, ) — f k o k ( t o ,  x ; )1 < t t

2 b k o -  k l )

X (t e - " - T ' '0 fo r 1 t  — t <  t 
2

(0-2b < 2bko + 13) •

R em a rk . If R<O 1 and m m ',  the inclusion mappings C 4 (D )-
C ( D )  and 61(D, D ') , 6 (D ,  D ') are continuous.

Next we define the following functional spaces o f  Fourier-
Laplace image.

4 ) A r (T o ) 3 f (1 0 is defined in Lemma 1) g(P, p) is defined for
a(p, E 10, P E  (0, co ) ,  and (

y 
g ( p ,  0-, p) (k=0, 1, 2,...) are holo-

ap
morphic and have the estimates :
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ap 

\k 
g ( P' F) I. ck (I +1 ,1 )-, e_cpopla -H al)

I \

J/ a 

(k = 0, 1,— ) .

R em ark . If gE A ,(1)0,e), t h e n  ( - - )  )  g E Ai+2bv0+11, 1(Mo,
a , a a

ap

5) .iLl'i`(To ; D )  g : g ( p ,  a, p; T , e) is d e f in e d  f o r  (p ,  0") E

p E (0, oc), T E (0, T), C E D, and ( - -r  ) ° E )11(10 )(2bv 0 - 1-

and the norm of ( a  )k a ,  p ; T , e) in Co(D) is estimated in Sioap
Ck(1Pr+10- 1)- i + k e- " ( I P la 5 + 1 " .
0 4 00) (resp. 214(l0 ; D)) is defined as the restriction on)

= 0  of 11.1(210) (resp. Ar(l o ; D)).

2. Some Lemmas

Lemma 4. Assume G(t, x' ; T, e') E e;:-,-F2b-1(1?" - 1 , Rn - 1 ) (1>0 ) .

i) Let f (t, x ') E C(1?" - - 1 ) ( m <2 b ) ,  then

c1TS 1G(t, x ' ; T ,  e l f ( T ,  e ')d e 'E  C 1 (R 1) (a  <  1),
C;n _,(Rn - ') (a > integer).

ii) Let f (t, x ' ; T, e ' )E e l (R n - i  ;  R" - ') (m <n -1 +2b ), th en

Stds ,G(t, x ' ; s, y') R " - ')  (a < l ) ,
x  f (s, y' ; T, e')dy'E R "-1) (0-> 1 4 integer).

P ro o f . When a</, i) is almost evident from the definition
o f e T , - , - F 2 b - r .  W hen a>/+ integer, we show here the Holder-
continuity in x ' of

f t
LcIT G(t, x ' ; T, el ) f ( r ,  ') d e

for 0</<1.

dr Ç [G (t, x ' T  e) — G (t, x() ; T , e )]f ( 'r, ')d e

= [G(t, x ' ; T, e ' ) — G(t, T, f (r, e)cle'

in To

by
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ch- [G (t, x '; x ;  T ,  ' ) i f
t/2
112

[G (t, x ' ; 7, e ' ) — G (t, x() ; 7 ,  ' ) ] f e r ,
0

=  11 +12 +13( A  =  x i  —.T ,12b < + )  •

11
1
1 ( t— T )- '"b -n d rt-" ,

t-
t - A

/ 2  <  CA:6 ( 1 4 a  " ( t— T ) 2 b ± " d ,rt - ' C' ' t - (0 < 6 < 1) ,
1/2

II 3  <  C  t T d T < C ' 5 't - '.
0

i i)  is shown in  th e  following way* )  (Holder continuity is shown
in the same way a s  i)).
Remarking that

lp, (t — s, x' — y ') y '   Afr(t

we have
1 1 Ç

d s ( t
x ' - Y I ) ( S  — T) '  e—P,(s - T, 'Y'- e»dy ,

t
e , '" - T'''' - e ) d s  ( t —  S) 5 1 )  e ,,(t-s , x ,  _y , )

X ( s  T ) 5 "

C e- - _ t G1 sr a( 2 b - 1)(s - "  ds
I. (t,r)/2

+

( t A - 1 - ) / 2  

( t  — s )
- 5 ( n- i-F2 b- n(5_ ,,) - "ds}

C' .

Lemma 5. Assume G (t, x ', x „)E F[A I]=  { F  [ f ];  f  E 241 } .

i) Let f ( t ,  x ') E C ( R " - - 1 )  ( t3 +1 >0   I  integer, m <2 b ) ,  then
G(t, x ', x ') E CZ -Liz (R7k).

ii) L e t  f  ( t, x ' ; T , E 6 1 ( R ',  R " - ') ( 0 +  l> 0  d = in t e g e r ,  m < n
— 1+2b), then
G(t, x ', x' ; R"-1).

* )  This method of the kernel composition of the type is due to Eidelman DD.
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C orollary . A ssum e that G(t, x')EF[A 1]  and FG  is  rational.

i) L et f(t, x ')E C o(R "') (l3+ l> 0 4-integer, 1> 0 ), then
G(t, x')EC"(Rn-1).

ii) L et f(x')E Co(Rn -1 ), then
G(t, x') (1c,) f(x')E  Cl3 f 1 - 2 b (R ' ) .

R em ark . Assume G(t, x', x n ; F rA fl and put

(G• f)(t, x) oc1,7- G(t —T, x' —e', xn ; 7", e)f (r, e')cle' .

Then we have the same results for G  f as for G *f in Lemma 5.

Proof  of  i )  o f  Lemma 5; L e t  u s  remark that

G(t — 6:-1+2a-1(R, R ' )

and that if we put

x .) el7 (- wa ) k° ( a
a
x ) k G (t—  X  e ) ( 5 . —

 tY'° (e 
s

— ,

then

K 1 1 , X n )  E  6 ° 2 /_(2a1 0 +I1i)-Fc2bk0 + lk o  (R I+) •

In fact, we have only to remark that

fctoo (t , x )  —  1 e" .  ( p  0, x, )dp
2n-i p

where

gtoot(p, xn) = FR a  y°( , x , x n
a  k G(t )(—t)1° at ax v.

+which belongs to -A-1±2b10 + I l l —(2bko + I kl) •

aatr ( aax ) k(G*f )(t ' x )— Vod T aat)k0(aax)kG(t—T, x — e')fer ,e0 d e'

E x  ) (  
 a

  ) v °( 
 a

  Y f ( t ,  x ' )
2,v0+0,1,2bkelki-,  1 0 1 " at ax'

a
a
t y°( a

a
x y G(t — -e )tf (T , e )

J t io j \
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— E (T—t)o(e—x')  (  a  yo
—

a
- -  f ( t ,  x ')}  d e'

2 b2 0+ 12 i < 2 1k0+ lki —1 vo ! 1.4 \ at ax,

+S' " 2  dT (
 a  )k°(—a—)k G (t — T ,  X  —el

)  f ( T ,at ax
=11+ 12+13.

We have easily

I1G C4fiTiMg111:1i 13 E  C - 1 - 1 - ( 2 / 4 0 + 1 k 1 ) ,

then we need only consider 12

When 2bk 0 + 1k1 — / O ,  we have for —2t < T < t (0 < & < 1 ),

f (7 .
(T  —  t)2 0 (e —  x' ) 2  (   a  v'o(  a  y 

f  ( t  x 9 12b20+ <2bko+ !k■ -1 v o ! k at Ia x ') '
C f l t  — T r IX/ — e/ 03 (2b k I kl— i+e) t— os(m+2bk 0+ I kl —1+e) ;

and then we have

112 1 < dq- .ç(t —
ocn-1+2b-e) e —Kt- T,x-e) t—co(m+2b ko + I kl — ( + 1 )

t —03(171±2 bko+ I kl —1)

(when 2bk0 + 1k1 — 1 <0, we have the same result).

Next we consider th e  Holder-continuity in  x  fo r 2bk 0 + lkl
= [ R +1]

Case 1 :  [2bk0+lkl — =  [S ]. L e t  A= Ix—x01 lb < t

12(t, x)—  2(t , x0)

= .ç f  dq- SGk0k (t — T, e/) {fer, E (T—tyow_  x ' ) 2

1 -4 2b2o-F ILI (g) y o !

X(a Y°( a  y  f( t, x)Ide'at ax,

( I T  Gkok (t—T, x o — e ) —  E  (T— tro  (e '— x ) 2
t - , 2o20+12i (g) v 0 ! v !

x  a
a
t  y°  a

a
x f (t , x 6)) de

( t \ 1+  E  kgt x.) X
2820 + 11, 1 C131 ° 2
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x {(4,_yo(Lyf(t, x 1) — E ( x / — tx4)14 ( :t  )vo(2—"x4)v+i At, x0)

d.r IG k ok (t— T , x — e)— G k ok (t— T , x0—e')}t/2

x  f f (T , E  (7 — ,t Y °  ( ' — x ° Y ( a Y o(a f  x 0)} de'
2610 -1- ft3) yo . V! at ax,/,

= l i+L +.1 3 +.1 4 (where W o k  ( - ± . ) k° (—a—y G1.at ax
rt i+2b-E2bko+Iki -1-o) e -p (t- ,-,

t - a 5 ( m ± g )I J1I C

i f -

 d T  ( t  — T r " -

C A 0 0+1 - 2 bko
- - I k l  t - 03( m + 0 )

C E v . c 2 b k o +  I k l -/ -2 b v 0- AchCP M )
2820+11, 1 S(137

x t - c's( m+g)

C ' -(2bk o+Iki-r)±  t  --a,(2bk0+1 k I - i )  ( t  ) 6 (1 3 1
6 C m + g )  Y 'P

< c ,  A 0, 0+1-2bko-ik i) t --.(m+p) .

ILI C I''  id T  i l t,_ —T) °K.-i+2b , , , bko+ I k i -  s1 - . ) e --4 ', , -  7,x0- e) de ,  t-co(m+0)
i t/2

<  CI A 0 (13+1 - 2 1, ko -  I k D t - dCM+13)

Case 2 :  [ 2 b k o +  I k  - 1 ] + 1 = [ 0 ]

12 (t, x)- 12 (t, x0 )
= di-SGkok(t—T, x—e')Ifer, e —tyo —)— E

t/2 2b1,0 -1- 11,1 <  (p)— vo! V!

X (40v°6a  f i t ,  x')

E t y o  (e'— x' ) ( a V0(__)  At xi)Ide'
2h' 0 +  i tp ,0 ! \ at a.4 °

f t
d T  Gk ok  (t X0 — If  ( r ,  e ) -  E  (T—t)o (e— x ) '

t/2 261/0+ (A) L,
o • !

X  a at ax)  f  ( t ,  x ) }  de'

E 1 „k ok(t_ x  )_ , ckok( xt )i( a   lv°( a f  ( t  '21,1,0-1,1-(13) 2 2 ° 's/ 1  \  at / \axv ' x°)

( I 2  is sim ilar to J1)

A
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it
cbr Gkok(t —  x —  f(T, e)— E tro (e—XT

t - 4 2bv0+11,1 (13) 
-1

I l o !

(

X  
a 

 ) 
,0

(  
a

f ( t ,  x ' )at ax ')

—  E  
(7 . —  trip (e—xT /  a  yo ( a  ) f ( t x )ld e

21,1,0-F 1,!=c13) w 0 ! v. at ) ax()
it — 0 (e  —  x'r

cl, r Gkok (t —  X 0 e ' ) { f ( r ,  e)— E
2b1+0 +11/1 (0) vo !t- V !

X ( a
a
t yo( a

a
xJ x)ldet

+ E fictoot(A, xn)—,c .x,1)} {(± - r (  a y f (t, x ')
20,o + lvI S (13) -1 ° 2 at ax'

E
(x, —x(  

 a  y°( a  f(t, x )}
,a! at

t
{Gkok (t x--')— Gkok(t— T, x 0 — ')}

x  { A T ,  e ) E o v o ( e — x o '  (  a  Vo(  a ), f ( t , x 0 ) }  de
2b,0 + 1 <  [13) vo ! v! \  at \ax,

E  { I c tgt ( '  x n) x°n)} 
a

  yo  a  y f(t,
21,1)0+11,1=C13) 2 2 at / \axv

Remark

E t Y ° x'Y f  a  )'.(  a  y
2

b' ± I+
,
1 cp) -1 vo ! ! at / \ax' / f ( t ,  x ' )

— E tY0 (e—f ) (  a  yo (  a
 f ( t ,  x t ) ) 1

2b, o +r,1=cp) v o ! \  at /

C') _ E ( T  —  t)vo (e — /  a  Vo (  a
 f  ( t ,  x

,

)
2m,0 ÷1,1 43) v o ! \  at 1 \ax'

E o v a  ( C ' — x ' ) ' (   a y ° (_a _y f  ( t  x')
2 0 ± J )V O ! l\ at ax/ '

a

-  a

t r (a ax j f ( t ' x }
t— TI'+Ix' — e ir+

then we can estimate in the same way as Case 1.
Holder-continuity in t  is likewise.
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P r o o f  o f  ii)  o f  L emm a 5;

( a ) k° a  ) kat a x  (G *f )(t, x ; 7 ,  e )

= E ev°t( t— T , xn)(-1 -
0
(-q f ( t ,  x' ; T ,  e ' )

2b,+ kI ° 2 at ax'

dsGk ok (t— s, x — y ')If (s, y ' ; T, e ' )
(t+T)/2

(s— t).(y '— x')(  a  yo(_a_yf ( t, ;  e ) )  dy'at / ax'261+0 + 11+1 2 bko-  ̀IC Vo!

dsGkok(t x f (s , y ' ;  T, e)dy ' .

When 2ble0 +1k1 —1.> 0, we have for t +
2
 - s t  (0 <&<1)

; e')
tr° x'r

( a Yo( aat ax' f ( t , x ' ; T,

< t — SV6+ —  y  ybk o+ Ikl -/-Fe (t T ) m(m+2bk o -Flkl -i+e)

X  te— 'Y' - e)± e - 1, (t - r, x' - e 'l

Remarking

*(t — s,x' —y') + lip (s y ' qr(t — e) ,

we can treat this in the same way as  i).

P r o o f  o f  C o r o l la r y :  Put FG= g( E IL), and put

G" ) ( t , x ')  = F[g (p , a i ) e ' 1 2 b ) ]  (E F L id )

then we have

(G * f )(t, x ')  = lirn  dT G ( t —T, x ' — e)f (T , e)de •0,0 0

= Go)kok(t —7, — e)( 7  t ) v ° x ' Y '„400), k0k (t ) 
0 vo!
1  1  et" 

2 i  p  
g n ied  e 0)d p ,

7r °

Put
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Ic (t ) =  urn ic;,P0?„k0k (t)

then

ic (t) 0  for 2bk0 +  k  — — (26 0 +  I 0, —2b, —4b, —6b,••
Ictoot (t ) = 0) for 2bk0 + —(2bp0+ 1H) =  O,

therefore

aat r (L ) kx ' )  = E gtoot(0, 0)
26140 + 1V1.----2 bko+ ikl - / -

X ( at) ax' )ax' ( Y  
f (t , x')

d T  G k Ok  (t T , )  f ( C' )—
( T  —  t)O -VT
 20,

0 +11+1 g/z0+ lk I - Po V .

x   

aaj f ( t '  X ' ) }

We can easily show G  f  e C o"  by this representation.
Similarly, put

14P)k ok  ( t )  =  ,ÇGCP)kok  ( t  .T 1 /)(e —x') 

1
 e tp g prkok • , 0)dp ,=  

27/4

40k (t ) =  lim  tcrkok(t),
P+0

then

K ok(t) =  0 for 2bk0 + Ik1 — 1- 1H —2b, —4b, —6b ,• • •

and then

(k r  (axa ,r(G , ).)c)(t, x') = Gkok(t—T,

x { f (e')— E
(e—

i
x T  ( a' f (x )} de' .

Ivl<261,0-, 41- 1+28 ax-
3. Fractional pow er

Let us consider the parabolic operator I defined on (0 , T )x S
(S  is represented a s  x k=Fk(x') (k= 1, • • • , n) o n  Y r (F k  E Cs, s ) '2 b ,
s integer))
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= — +  a (v g (v)e?( , , ) ) } b
at t g ,(x , ) axia x ,

(= -p-- E (-a—Y)axi
where

)

_  aFk aFk
—

k= 1 a X 1  ax, (i, j 1, 2, •••, n —1) ,

g, = det. (gf j ), ( a ) = ( g f  X ',  where gf j (x')cl.t i d x  i s  the Rie-
mannian metric on S  induced from the E ucledian  metric in R .

Then we can find the fundamental solution P  of a s  follows.
Put

Pk t, 1—  F[
p—  E  g v ' ) ( i a , )1,

1 Po (t, x , e) = E R i (x )PW , ;')RI(0

(where E g1(x)2 = 1  on S  and the support of g, is contained in V I)

and

P(t, x , e) = P o ( t ,  x ,  e )+ d T  1 3
0 (t x, y)Q(T, y, e)dS y0 s

(dS y =  g 1 (y )d .91 -••dy n _1 ),
where Q  is  the solution of the equation

Q(t, x, e) = Q,(t, x, x, y)Q(q-, y ,  )dS y

(Qi(t, x , e) = x , 0 ).

Then we have

i) P(t x, e)E 6;,_ 1 (S, S) ,

P(t, x , e)ce(e)dS E Cs - 1 (S) (a(OE C s - ').

Proof o f  i ) :  Put

Qi (t, x , e) = T {Q i ( t —  x, Y )Q5 - 1( 7 ,  y ,  0dS y ( j 2, 3, •-•)
0

(QIE
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then

Q(t, = Q i (t, k, x, e)+ ••• +Q 5 (t, x, i(t x,
0

x Q (T , y ,  )d,S, .
Since

(8),
Q,(t, x, 1PisL(x) (t, ; ')/a1()+H(t, x,

(i3j,E C - 2 b, H E H E  6\:,7,?5, 2 b ._( ,- 1 ,),

we have from i i)  of Lemma 5

drr Qi (t—T, x, y)f(T, y ,  )dS y E f o r  fE
Jo J

therefore
QiE e7i 1+2b-j and then Q _ 6_V+2b-i •

Using ii)  of Lemma 5  again

drr P o (t — I", y)Q(T, y, )dS y E 6;--20

Proof o f  i i ) :  From Cor. of Lemma 5,

P0(t, x, ) a ( ) d ,S t  E Cs - ' a n d  Q,(t, x, )(x(OdS t E fC s - 1 - 2 b  (s>2b +1 ),

(s <2b+1 ).
From Cor. of Lemma 5,

o d T Q ,(t x, e )f (T , )dS t E C s - 2 1 f o r  f  E C s - 2 b - 1  or
(s < 2 b + 1 )  ,

therefore

x , )a (O d S t E C s - * ( j  = 2, 3, •••) ,

therefore

Q(t, x, e)ce()c1SE Cs - 2 b - 1  or (s <2b+1 ) .

Using Cor. of Lemma 5  again,

0 
d T  P o (t — T , x, y)dS y Q (T , y ,  )a ()d S tE  C3 - 1 . (q.e.d)

Now we denote for any complex number a,
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i)

K ,(t, x , ;:) —  P(t, (t > 0 )  ,
F (a )

which has the following properties.
(  a ,\ fro ( a \ l e

at 'ax)

( _a_y° (—a r K-,(t x, e)E fl7217+ZP,M),V+(2bkelki)\at ax (a: real).

ii) Let x E  V" C V' C  V ( a ( ) = 1  on V ' and the support of c r ( )  is
contained in  V ). P u t fo r Re a large,

441'0,4 , x )  =  t c/q- ) k° (—a y K- (t x  ) ( '- - t ) ' ' ° ( - - T Y' cf(OdSt
0

G, )at ax ,0!
then 4 ( t ,  x )  is a holomorphic function of a for

Re CF >  a{ — (s -1 )+(2 b k o +  k l ) }  ,  and
0 0 k  f x )E IT T "

Œ >a{ — (.3 - 1)+(2bk0+ (2bk0+ I kl >2b1),+< S - 1 ) .

Proof o f  ii) :

Khkov(t, x )  =  E  1( a) k° h t ( T ,  x ) d T
P-0=0 ° or (a— iho )  aT

where

lit(T ,x ) (—aax)k P(T, x, ct(OdSE

which belongs to Cs' I k l  ro C 1 01
I

— I 1+1k1 (from the property of P )

t o o — 0 +1,
 0+1.,0  PO +  C°: 1)

_ 1-=0
=  E  E "A°. t o  (a  7 ,60 + 0 + p )

[( a-P--T )" ° + '  l4(T , x )]
Po=0 P— o

k°-1'° k

le° Tcr l'o+V a h,(T , X )+  E  Ck0.0 , o So r(a _ g o )  t  \a T1

ri) a
—  E [(—) ( T ,  x ) ]  I c b r  ( 0 a ( s - 1 - 2 b k —  jk l ) )  .

p !  a T T=o

This representation shows that Ko.ko,ko ,  is a holomorphic function of
o  for Re a > a { — ( s - 1 ) + 2 b k o + R I} -

Now let us define the fractional power K .  b y

K r (t— T , X , is an entire function of a (t > 7 - )  and

for



232 Reiko Arima

(K ,f)(t, x) = - Pq- K,(t —7, x, e)f (7, c l ,S tf o r  Re a > 0

and its analytic continuation for Re 0-‹  O. T h en  w e  have

L e m m a  6. ( Œ :  real)

i) Let f(t, x )E C (S) (0< 4+ 2ba< s —1, /3+2bŒ integer,
0 < 4 < s-1 , m < 2 b ), then

(K ,f)(t, x)E  CT.+2217L( S ) .

ii) Let f( t , x ; T, E s) (0< , + 2b,< s 3+2ba +integer,
0 < 4 < s-1 , m < n -1 + 2 b ) , then

(K ,f) ( t ,  x ; i 1 4 1 2 2 5 j ,  ,  S).

Proof of i) : Remarking the above consideration of K,(t, x, e),
we have for 2ble0 -1- j kl <4+2ba

(1 i) k° ( -
5 ) k (K, f)(t, x)

wkok
2b 0 +

t  , x )(
at

Y D( Y f(t, x)
2 at

dq- ( k° (—a ) —a ) k K, (t— -X> ) { f  ( T ,  —
02 at ax

—2 j o t! Yo

X  —
1)1

-TY' (aat y°
 ( a—

a
x y x)}dS t

617. ( aat )ke Gaik

W e can treat this in the same way as Lemma 5.

Remark 1. K ,K , i f = K e f . = f

Remark 2. K , f  can be represented for cr> —ce by

(K,f)(t, x) = X 41(x)K,1,-U3 1(x)f (t, x)]+S t
odT K I,- (t x, f (T ,  e)dSt

where

l a 4 1 (x)f(t, x)] =
° 
(17- ( t  T

)
' M t  —7, X' (3a; '), )f (7, e)cl'

 1 7 (  )
( fo r  Re a >  0)

( t — T ,  X, f (7, ).91.S.
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and its analytic continuation for Re a and

x , e)   clq- P0(t —T, x, Y )Q(7, Y , e)dS y E •

r(a)

III. Solutions of the Boundary Value Problem

1. In a Half Space

Put

g i (p , a ' ,  xn ; 7 ,  e ')  = + 12b yo  J (P , xn ; 7", e)
R (p , a '  ; T ,  e)

which belongs to A2 16-1-e, and put

Gi (t, x; T, e )  =  F Egi (P, a ' ,  xn ; T, .

Then G3 h as the following estimates.

i) Gi(t x—e' ; e')E 6 ; 4 ,(12: , R "').
ii) L G ; (t—T, x—e'; 7", e)E R " ') .

Now let us extend L,, x  to  x„<0, then we have the fundamental
solution Z(t, x ;  T , 0 "  in  the whole space, which belongs to
(R ", R ") (0 < 7 '< 7 ) .  And moreover we can extend L,, x G;  ( t —T,

;  T, el ) to  x „< 0 , such  that it b e longs to  4 2 b _,(R ", 1?" - 1 ).
Then we obtain

ds Z(t, x ; s, y )L G y—e' ; e ') d y  E C 2R "  R " - i)
Jr R"

and

Z(t, x ; s, y )L ,, y G ; T , e')dy
R"

=  L t G  j ( t  — 7, — C' ; T ,  el ) f o r  xE 12_7, e'E R"' .

Here we denote for x E R " ,  E  1?" - 1

Ei(t, X ; T ,  e ) G i (t x—e' ;

—  d s Z(t, x ; s, y )L s ,,G; (s —7, y—e' ; e ') d y .

R"

* )  The existence and properties o f Z  are due to Eidelman ([1]).
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Then E , has the following properties.

i) E i (t, x ; T, 62 (R n , R" -1 ) (0<ry' <y) .
ii) 1, E3 (t, x ; T, =  0 f o r  xE  R ,  e 'E  R" -1 .

aiii) 1 — ; t, x ')E ; (t, x; T , e )=B oi (
a

—; T, e')G J (t —T, x—e' ; 7, e)
ax ax

+E i ,(t, x ; T,

where

E i ,(t, x ; 7, =  [B 1 ( -
1  

—

a  ; t, x')—B o i (1 1 - ; e ) ]
i  a x i ax

X Gi(t — T, x — e ; 7, e')

—B,(-1  
—
a  ; t, x f ) t  cis ,k(t, x ,  s, y— e'; T, e')dy

i ax
and

E,,(t, x ; T, e') E (.1?!, RN-1 ).

Now let us consider the potential functions, making use of the
kernels {E; (t, x ; 7, e')}, th at is, put

zei (t, x) = E;(t, x; T, e ')y (r , ei)de'
Jo R "  1

then tt, has the following properties.
Assume 9,

5 (t, x')E C 2 b - i - e ( R n - 1 ) , then

i) tei (t, x)E (R) nCg b(i011)(1?--)
ii) x )= 0 f o r  xE R ",

iii) (B i t/M t, x ')=  a1 5 (K ± p5 p 3 )(t,
R"— 1

E ij(t, x' ; T, e)

X P A T ,  e)de'
w here K g i — F[(p ±  ( 7 '1  2 b ) — P i ]  .

Proof :

i) u ,(t, x )= dT .f G(t—T, x—e' ; T, C') 5 (T,
0

—  dT cis Z(t, x; s, y)L,, y G,(s— 7", y — e ;  e')dY} 5(r, Ode' .

The first term is shown by Lemma 5, and the second by Lemma 4.
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ii) This is evident.

iii) (B i u x ) =  ( 1.7- (B o1G ;  T ,  e)935(T, e)de

+  ch. E i 5 (t, x; T , e')q, 3 (7., e')de'
0

= I i + I2

Put

Gfr,3 = + 12bypRi(P, a ' , x„; T ,

R(P, ; 7̀",

where I9 is a  complex parameter.
Then

(then G i  =  G5 )

FEBoi 8 s i  F E U  F [ B o i — 8 i i F [ K g ]  E R o + r i - r i

therefore

Bo i G 815 Kg B o i 815K0 E eZ-1-1-2b-C2b Re 0-Fej-ri) •
X n

- - ->0

I f  Re R > a (r i —r5 ),

cb,- (B0 iG1)(t x—e ; 7", e ' ) P ' ) d e   aii(Kgy 5 )(t, x').

Since

I  i s  holomorphic for R e 4 > a ( r  5 -7 )
({n (x, i ) }  is unformly bounded in a compact set in this domain),

K p 5 is  holomorphic for Re 4> —  ,
we have

I 3 K rp 5 f o r  Re 4> cf(2b —1— r J -7) .
X n  -->0

Therefore
I l 8,5Kpip5.

x”-->O

On the other hand, we have from the estimate of E 1 5 ,

cbr Eti(t, x ' ; e')P;(7 ., e0de .
X n — > U  0
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Now we put

u(t, x) E u f (t, x)
j=1

and denote
(B i u)(t, x ') = f i (t, x ')

then we have
b

f i (t, x ') = (Kp i (pi )(t, x ')+ E E, ; (t, x' ; oe ' ) T i(T , de
, = 1  0 Rn-1

( i  =  1, 2, •••, b).

I f  we operate K 1 to both sides, then we have

(K_p i f )(t, x ') = (p i (t, x ')+ d,r(K _piEti)(t, x ' ; 7 ,  e ' )
1=1 0

x p kr, (i 1, , b)

where K H 9i E i ; E 6 re
'2

142b-1' (R  ' 1 ,  R ' ' ) .  This is  the Volterra integral
equation of the second type.

Now we have the solution

(pi  (t, x ') = (K_p i  f i )(t, x ')+ E chr. (1)i i (t, x ' ; 7 ,  e )
i= 1  0

X ( K _ g if j ) (7 " ,

where c1)= ( ( 1 )  is  the solution of the equation :

cl)(t, x' ; T, el ) =  (13 “ ) (t ,  x' ; T, x '; s, y ')T (s, y ' ; T,

(where (1)( 1 ) —(—K_ Ig 1 E 1 3 ))

and
01 E 6

Z-1+2b—y(R n - 1 ) R n - 1
) (by virtue o f Lemma 4).

Let us remark that if f  J E C - l - r i - 2 + 7 , that is, K_ p j f
then T i E  C2 b _ ,_ , (by virtue of Lemma 4),
which was assumed in the consideration of the potential u1 .

Finally we denote
b

Ei (t, x ; 7, =  E j( t ,
 x ;

 T1
rt

±  E  dslEk (t, x ; s, y')

x (Pk i (s, y ' ; T,

(which belongs to er+V-O'1(1?:, R "')n e r,V ('„, ) (R :', R ')).
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Here we have

Proposition. A ssume (A. 1), (A. 2), (A. 3) and
x')E C2 b

-
l - r i + / (R a

-
i ) .

Then

u (t, x) = f t ckr S 854, x ;e ) d e

belongs to CP - 1 - ' 1 (R.7,11)r\ Q Z (R .r) , and satisfies

(Lu)(t, x) = O,
(B i u)(t, x ') = f i (t, x') (j =1, 2, •••, b)
u(0, x) = 0 (1u(t, x)I <

2. In  a  General Domain

Define for xE U1  and e E VI

g l
j (P, 0-', x ;  T , =  [p— E g la i)(i0 ,)]-1 3 iR IA P 7  o i l  X . ;  7 ,N

ivi=26 R I (p t ; T ,E / )
; T, F [g li (p, X„; 7,

and for x E 12 and C E S

G f (t, x ;  T ,  e )  =  E ce / (x )G ;(t x --e' ; 7-, N ce,( )   ,  1 

where E a 1 (x)2 = 1  on rS-  and the support of ce/ (x) is contained in

U1 . Then we have
Gi (t, x ; T ,  e ) E  r,r 42, S),
L G ; (t, x ;  T , e )E S),

and then denote (extending LG3 Ed4 + 2 b - v + 0 ( R n ,  S )) for xE S,

E ; 7, e) G i( t ,  x ; e ) ds Z (t, x ;s, y;T,e)dy,
R n

which has the following properties :

i) Ei (t, x ;  7 , e )E  615,V1 ( f2, S) (0< 7 '< ry ),
ii) L E f (t, x ; 7 ,  e )=  0,
iii) 7 ,  e )  =  E c/1(x)B4i ; T , E ')G li(t x —e' ; T,

i
1 xcei(e) 

 / g n
+E i 5 (t, x ; T , e),

i(
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where

E i ,(t, x ; 7 , e)

=  E  [13
(

1 ; t .V)c ei (x)— a 1 (x)B{,,( 1 a
 7 ,  ' ) ]G .

1;(t x-;
ax i  a)?

i) t x . i (e) 1  B 1 (  1a ; t, .x) t ds Z(t, x ; s, y ; T ,  )dyg,(r) i ax
and

E ij(t, x  ; 7, ) E  6! b-,7) ;-14Ve'l (S, S).
Put

u,(t, x ) = 1o dT .E,(t, x ;e ) d , S

where we assume cpi E CL,_,_,(S), then we have

i) k i (t, x ) E  C r ' - ' 1 42)n cVia ) (12),
ii) (Lu)(t, x )= 0 f o r  x E
iii) For x, E  S,

(B iu M t, x) = 8 i 3 (K o f q,3 )(t, x)

{ -8 0 1 45 (t—T, x, x ; T ,e)} q(T ,e)dS t0 s
where

81 iK (t — T, x , e)+E i f (t, x ;  7, E 6Th47. 7 (S,

Let us prove iii).

(B i ui)(t,x ) = cel (x)5:c1T B 1  ( -1;  7 , GiAt ;

x a l ( ) phr,

cbr E i ,(t, x ; T ,  ) (7)1( ,;- , )d,$

= ;1+12.

B y the same reason as for the half space,

I, (on S) 8i ; a/(x ) W ar( x ) P i( t ,  x)]

=. a1„(K o 3 tp4(t, x)— a1 1
t„ ( t  — T ,  x , f (r, e)cl,S t

(by virtue o f Remark 2  of Lemma 6).
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Now we put

u(t, x) = u (t, x )

and
(B i u)(t, x) f i (t, x)

then we have for x, eE S

(K H 3 1 f 1 )(t, x) p i (t, x)—d V i )(t, x;  T , e)q ? A T , e)dS,
.J=1 O s

(i = 1, 2, ••., b)
where

(1)(t'i )(t, x ; T, e) = ; T , e)]

which belongs to 6 4 - 1 1 + 2 b _ y ( S ,  S).
We can solve the above integral equation in the following way.

(Pi(t, x)=(K - oifi)(t , x )+ ÇtdT1 5 (t, x; T , e)(K_ p 3 f i )(7, )dS t
i 1 J O s

where c13—(13i ) )  is the solution of

(1)(t, x ; T, =  (13 ( " (t, x ; T, ds (1)( 1 (t, x; s, y)(313(s, y ; T,

Put, for x E 12  a n d  E S,

t8 1(t, x; =  Ei(t, x ; T , e) - 1- d s  E k (t, x ; s, Y) 1431,5(s, y; T,
k=1 s

where

8 /(t , x ; T, E 0,b+7,1— e+1 (s-2, S)f-\6,2,b,v (c,c ) (s2,S).

Here we have

Theorem 1. Assume (A. 1), (A. 2), (A. 3 ) and

f x)E C b - l - r i + 1 (S ) .
Then

b ç t
1 4 ( t ,  X ) E d r  e i (t, x ; T, e)(K_ p j f i )(T , )d .$

.J=1 O s

belongs to the class Cgb - ' - ' 1 (f2)r\CPcial)(f2), and satisf ies
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' (L u)(t, x ) = 0,
(B i u)(t, x)1 — f i (t, x ) (j = 1, •••,b),

u(0, x ) = 0 (ju (t, x) I Ce — Pt" . ) , w here lx  =  dis. (x , S )).

3. Green's function

We define Green's function by

G (t,x  ; T, e) =- Z (t, X ; T, e) —  ( t ,  x ; T, e)

where

Z c (t, x ; T, e) t d s  8 5 (t, x ; s, y )(K _ 8 ; 135 Z )(s, y; T , )dS y .
:1= 1 S

Then we have the following estimates.

Theorem  2.

I( px YZ,(t, x ; 5-, e) C(t—T ) ocn+(ko e -4, (t- , - . x-E)--pct—r.

f o r  lk l <2b — 1.

Proof : We know that K_ p i B i Z E 6,7,t1+2b-, and S e

lz,(t, x ; T, C ) 1‹  C t ds(t—s) - c " + e ) e ( t - s . x - Y )

X a"-1± 2b— E )e— ‘P C 8— '

< C e - sc, (t - x.4) d s ( t — s )_acn+e) e— b,(t - s.x - y)

X  (s — w
(n -  1+2b-e) e -4, , ,C s -7 ,y -V d S

y

C'e. - "4',/(t - 7 ' 10(t .

Derivatives of Z c  a re  estimated analogously. Especially fo r  lid =
2b - 1, recalling the construction of &i ,  w e have only to use the
Holder-continuity o f K B i Z  for the principal part of Si .

Let us remark the following properties o f G:

A )  G (t , x ; e) E 0 , b - 1 - " ( (0 , T ) x  ( 0 ,  T )x 12) n ((0 , T)
x&2, (0, T )x  S2),

where the latter means that G(t, x ; T, e) belongs to the class 6r+ 1 '
when (t, x ; T, e) E (0, T )x K x (0 , T )x  f2 (K  is an arbitrary compact

VdS
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set in 12), hence, we have

1(a
Tx )  G(t, x ; T, e)

a

  

C(t — T ) - 6(n+11:1)e-Ap(t-,-,x-e) (lki< 2b — 1) ,

   

(kG(t ( t _ T \os 1+e-V
x ; T, E)( ‘ I (t — T y e — p(t— ,,e)

(  k  =  2b) .

Moreover we have

i) L t ,x G(t, x; T , E)=0f o r  t >T , xE 12, EE 12,
ii) B j G(t, x; T ,e)1 s =0 f o r  t >T , EE 12,

iii) fo r  f(x )E  C ° (f2),

Inn fG(t, x ; T, e)f(e) ,(1 =  f ( x ) ,  lim  G (t, x ;T ,e ) f (x )d x  = f () ,

where these convergences are bounded convergences, and are uni-
form on every compact set in 12.

B) Let f(x )E  C°(S2), and put

u(t, x ) = G(t, x ; 0, e)f(e)de .

Then u(t, x)E T )x 12)r\CV il„((0,T )x 12), where CM'', /,
((0, T )x  S2) means the following :  For any compact K  of 12,  u(t, x),
(t, x)E (0, T )x K , belongs to the class ob-e.
And u(t, x ) is a solution of the problem :

{Lu = 0, B i u  --- 0 (j =1 , •••,b ), u  I  = f }  .

C) Let f (t, x )E  C° ((0 , T ) x 1-2)n C71,,c ) ((0 , T )x S2), and put

u(t, x) dT x ;  e)f(T, )de

then

u(t, x)E C. 2_b2; 1 - " / ((0, T )x  S-2 )n C -52+b-rloc)((0,  T )x  S2)

and u(t, x ) is a solution of the problem :

{ L u = f , B i u  =  0  ( j  =1 , u  I = 0}  .t=0
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4. Uniqueness

Here we assume the following regularity :

coefficients of A  belong to the class C 2 ' ,

(A. 4) coefficients of B;  belong to the class C 2 b- I'Y

S belongs to the class C " ' "  (S: compact) .

Then we have an adjoint system  {A*, B  (j=1,•••,b)} o f {A, B;

(j=1,•••,b)}, and  it satisfies (A. 1), (A. 2), (A. 3). Then {L*,

has Green's function G ', where L * =  
a

_ _ A * .  Then we haveat
G(t, x ;C ;  t, x),

in  fact, w e have the following form from the definition of the
adjoint system.

B [ u ,  v ] c l , S t  (
i f  u, y are chosen in order tha t

D 8D
(Au -e —u A* v)de = both integrals have meaning)

where B [u ,y ] is a  bilinear form of u, V, and

B[u, =  0  if B p  =  0  a n d  B ig) =  0 (j = 1, •••, b) .

Then we have

dr (Ltre —u L*v)de = BEu, uv
toD to aD D D

r=t 1t  =to

Let u—G('r, e; s, y ), v = G i(r , ; t, x) and t> t , > t o> s , D S -2, then

D G ( t „  e; s, y)G '(t„  ; t, x )cl L G(to , ;  s ,  Y)G'(t o , e ;t, x)cle

B [G (r, ; s, y), Gi(r, ; t, x)]d.S' .
toa r )

Let D  n ,  then the last integral becomes O. Next, le t  t, f t  and
s, then we have G(t, x ; s, y)=G'(s, y; t, x).
By using this, we have the following representation for an

arbitrary function u(t, x) belonging to C2b ((t o , t i ) x D) :
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u(t, x) = u(t o , )G (t, x ;  t 0 ,

D

e), G(t, x; T, e)] dS t
t oa p

+ t  chr. Lu(7-, e)G(t, x ;  T, e)de .
toD

Theorem 3. L et (A. 1), (A. 2), (A. 4) be assumed. Moreover we
assume that u  is  a solution o f  {Lu =0, B Jul = 0  (i =1, •••, b), u  I  = 0

8 t=-0

(bounded convergence)} in  (0, T) x 12, where u  is bounded in  (0, T)
f 2  an d  belongs to th e  class Cob in  (to , T )x D  an d  to  the  class

C 'b' in (to , T) x 12(t0 >0, D c= 12 : arbitrary). Then u.--=- 0 in (0, T )x

Proof : By virtue of the above representation, we have for
(t, x)E (to , T)xD ,

u(t, x) u(to, )G(t, x; to ,  )cl B[u(T, G(t, x ; e)]dSt
D 0 8D

L et D 1 2 , then

u(t, x) = u(t o ,e)G(t, x ; t o , ode .

Let 4,1, 0, then we have u(t, x)=0.
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