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Introduction

The (n + t)-th homotopy groups 7r„+,(S") of n-spheres S "  are
stable if n > t + 1  with respect to Freudenthal's suspension homomor-
phism S : n.„4-,(S")-->n+i+I(S'+'), and the t-stem group e  is the limit
of {7r„4,(S") }.

Throughout this paper p  will denote an odd prime which is
fixed. ni (X , A : p )  indicates the P-primary component o f ni ( X , A ).
Serre [10] obtained the following direct sum decomposition:

( S 2 "  p ) (S 2771 -1  p ) 0  m i l .  (S 4 m -1  p )

So, we shall devote to consider the groups 7r2,-i-Fi(S 2 '  :  P )  and 2 k .
fold iterated suspensions

S 2 k  
7r2m-1+t (S 2 m - I  P ) n2(n+k)-1+i(S 2 ( ' ) - 1  P ) .

Moore [8] and Serre [10] proved that the above homomorphism
S ' is  an isomorphism if  t<2m (P — 1) —2, that is, the group 222m-l+t
( S 2 r a - 1  p )  is stable if m> (t + 2) /2 ( p - 1) and denoted by (74 : p ) .

The homomorphism S 2 is related with groups n,(S22S2m+', S2rn-1)

by the following exact sequence:

(.22 S2rn+1 S2711-1) (S 2 m -1 ) 1 2_4. + 2  (S2m-F1)

a
—>n i (S22 S 2 m+1 , S 2 m - 1 )

In [13, Th. (8. 3)] the author gave an exact sequence
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, 7 r i+ 3  (s2 m p + i p) ( s z m p - i  p ) (22S2m+1, S2m-1 p)

- 1+2 (S 2 ' : p) (i>2mp — 2),

from which we shall have a direct sum decomposition

(s22s2--", : p) irsi-2inp+2 0  7  Tp +  -  Or ,7r Z p )

for i<2m P 2 - 4 .  This means that if  we know the stable groups up
to 7 4 ,  then we can estimate the unstable groups 7r2„,_,+,(S 2 '  : p )  for
2m -1 +  t< 2m P 2 — 5, such a  case  will be referred a s  a  meta- stable
case.

In the present paper, the iterated suspensions, in particular, four
fold iterated suspensions S 4 are discussed. There are many numbers
of unstable elements.

T he first type o f unstable elements is an elements r  o f n2,1+,
(S 2'  : P )  such that r E] Im S 2 a n d  S 2 r = O .  For example, i f  t=
2r(P - 1) — 2, r 0  (mod p )  then such a n  element r  exists for
Max (1 , r/(P  + 1 ))< m < r and r  generates a direct factor isomorphic
to Z , (see Theorem 5. 2.).

T he second type of unstable elements is a  p a ir  o f  elements

r eg2.+1+, (S 2 ' 1 : p) and r' e  7r2m--1+t (S2 " ' - 5  p )  such that r (= TIT1 S2, P- r -
S 2 7-1 * 0  and r'EEIm .3 2. T he possibility of the existence of such a
p a ir  will be proved for t = 2rP (p  — 1 )-2 , =2rP(p— 1) — 1. For
example, such a  p a ir  exists fo r 1 < m < P , t=2p(p —1) —2 and for
m = 2 , t=2rP(p— 1) — 1. These examples reprove recent results of
Gershenson [4] and Hardie [5] : :P) fo r 2 < m < p
and t =2p( p —1) —2, 2p(p-1) —1.

The third type of unstable elements exists: r EE Im S 2 , S 2 P - 4  r* 0
and S 2P- 2 r =O. We may announce the existence of the fourth type of
unstable elements: r E] IM S2, ,S2 5 r  0  and S 2P+2 r= 0 .

In section 1  we shall prepare some notions of homotopy theory.
Section 2  will be an introduction of the results of [ 1 3 ] .  In section
3  we shall compute th e  cohomology o f  a  space Q rk"' such that
7r, (Q r - i )  s 2 - - i ) .  For dimensions less than p(2mp —2) —2
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the cohomology ring H  * (Q T  ; Zp ) has a  form 4(14, al, •-• , ak-i)

Zp[zIao, Jai., • • • 4 ( 4 , ]  with relations 2 1 a, =  (m + i + 1 ) a ,,,

i =0, 1, • • • k — 2. Section 4  w ill be a discussion on

homotopy groups of Moore spaces Y ;=S" - 1  U p e n ,  and the results will

be applied for the existence of unstable elements of the first and the

second types in section 5. Some results on meta-stable groups will

be obtained in section 6 .  In section 7  we shall determine the groups

n2m-1+t (S 2 M - I  p )  for t<2(2P +3) ( p - 1 ) - 3 .

In the forthcoming paper II, we shall discuss more delicate pro-
blems. One problem is how to compute unstable but not meta-stable
groups which may be solved by clarifying the properties of A  : 7r,-Fs
( s ,mp+, p) ( s z m p - i  ) The second problem is the structure of

QT-i which can not be determined by cohomological operations 2 t.

A relative J-homomorphism o f mod p  type will be introduced in

order to solve the second problem. The other problems are the

existence of unstable elements of the third and the fourth types and

further computations of 7r2.-1+,(S 2m- 1 : p).

1 . Preliminaries.

In this paper, all topological spaces will have the base points * ,
all maps and homotopies will preserve the base points. The set of
the homotopy classes of maps f :  (X, A) , (Y  , B ) will be denoted by

n(X, A ; Y, B).

We shall use the following notations:
a  { f }  n (X, A; Y, B ) :  the homotopy class of a map f : (X, A)

B ),
n (X , A ; Y, B)—)ir(X, A ; Y', B ')  :  the covariant map

induced by a  map g :  (Y, B )-- . - (Y ',  B '), —{g } ,  [3,,{ f }  = g { f } —
{g o f ),

r* = h* :7E(X, A ; Y, B) —.7-c(X', A'; Y, B ) :  the contravariant map
induced by a  map h: (X ', A') -4- (X , A ), r  r * { f } —h * f f l=
{ f  oh},
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j9oa or sim ply a :  the composition of homotopy classes and
fi, 9 o = j 9 * = * j 9 ,

ir (X ;  Y )= ir (X ,* ;  Y ,* ) ,
i :  the identity of X,
c x E j t ( X ;  X ) : the class of i x ,

X/\ Y : the reduced join of spaces X and Y , X/\ Y = (X x  Y )
j ( X x  * IJ*  x  Y ),

f A g  : X1\ Y—X '/\ Y ':  the reduced join of maps f :  X—*X' and
g :  Y — Y ',

aATh the reduced join of homotopy classes a  and j ,  a A 9 =
fAfl} for a={ f }  and j ={g},

1= [0, 1 ] :  the unit interval with  * =  (0),
C X = X A I:  cone over X,
S": the unit n-sphere  {  (t1 , • • • ,  t+ 1) I t =

E " :  the unit n-cube {(t 1, • • • ,  t,,+1 ) j t < i}  considered as CS",
S "X = X A S ":  n-fold suspension of a space X,  S X = S 'X  and

Sm+X =  SSm X  by suitable identification Sm^ =  S  A S",
S "f= f/\  i : n-fold suspension of a map f, S f = S 1f ,
ir (X , A ) =ir(E", S " ; X , A )  :  t h e  n -th hom otopy  group of

(X, A),
r (X ) r=iv(S"; X ): th e  n -th homotopy  group of X,

the class of the identity 1=i of S",
S " a = a A :  n-fold suspension of a homotopy class a, S a =S 'a ,
Cf  =  Y U  C X : mapping-cone of a map f  : X— Y , where we

identify S C f  with CS f  by the natural way,
Y = S " 1 Ue": mapping-cone of a map  f :S " 1—S " '  of degree q,

C Y = n ^ 2 ,
2(X ; A , B ) :  space of the paths Z : (I, 0, 1)—(X, A, B )  with

the compact open topology,
Q (X ,A )= 2 (X ;* ,A ),

*, * ) :  space of the loops in X,

Qf: QX —*2Y(: Q (X , A ) —Q(Y, B ) ) : the map defined by a map
f : X —  Y (: (X , A )  -  (Y , B ) ) ,  2 f ( l ) ( t )  = f ( l ( t ) )  f o r  l t i X



On iterated suspensions I. 91

(e 2 (X , A )), tE I.
Throughout th e  paper all p airs (X , A ) w ill have the same

homotopy types of pairs of CW-complexes. We have Puppe's exact
sequence [9] for a map f :  X –>Y :

S f* 7r* i*
••• — > n ( S X ;  W )-->n (C f ; W ) - - * n ( Y ;  W )  7r(X ;  W  )  ,

where

i :  Y–>C f = YU f C X  a n d  7r : Cf = YU fC X - - ) S X

are the inclusion and the pinching map of Y  respectively. The
pinching map 7E is defined as follows. Let

go: (I, 1)-->(.3', *)

be an orientation preserving map pinching the boundary 1 of I  and

x : (CX, Y )–> (Y U f C X , Y ), xi X = f,

be the characteristic map, then

irox=ixAso :  CX= XAI , SX=XASi.

Let p :  E-->B be a fibering (in the sense of Serre) and F=p - i ( 9 ( - )

be the fibre over *, then we have an exact sequence

••• 1 >'n(SX; B)—>a n ( X ;  F ) >'i  n (X ;  E ) / >2r(X; B),

where i:F --> E  is the inclusion and 8 is defined by

a _ a , o p ; i 0 7 , *  :77(SX ; B)-->ir(CX, X ; B, *) 4-7r(CX, X; E, F)
–>n (X ; F ),

W {f} =  {f  I X} . Here p * and 7r* are one-to-one onto, and we may
identify

7r(SX ; Y)=7r(CX ; Y, * )

by 7E'. F o r  example, p :  E=S2(Y, B)–>B, p(1)=1(1), is  a  fibering
with the fibre F=S2Y, then the above sequence is equivalent to the
following usual exact sequence:

•••—>3 7r(SX ; B ) 1 1 ->'̀ ir(SX ; Y ) '±̀ ->n(CX, X ; Y ,B )--a-->n(X; B).
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Let d'x  : X x XA I  be a map defining C X . Put i ' (x ) ( t )
=d'x ( x ,t ) ,  x e X , tE I , then

: X---->D(CX, X)

i s  an  imbedding a n d  a  homotopy equivalence. For each element
{ f}  n (C X , X ; Y , B ) we put 12 {f} = {s2f E n (X ; s2(Y  , B)), then
we have

(1.1). 12:7r(C X , X ; Y, B)--77(X ; s2(Y ,B )) is one-to-one onto.

For the pinching map 77 : (CX, X) - - +(SX , *), w e have an im-
bedding

i=127roi' : X --›.12(SX)

which we call a  canonical imbedding. From (1. 1) it follows

(1 . 1 )'. 12{f} ={ s2foi} , { f}  G n (S X ; Y ) ,  def ines a  one-to-one
onto map

12 : 7r(SX; Y )--->n(X; 12Y ).

Note th at th e  se ts  7r(SX: Y )  and ir(X ; D Y ) form groups by
canonical methods, an d  th e  m ap D  o f  (1. 1)' i s  an isomorphism.
T h e  group n(S 2X ; Y )  i s  abelian. T hese (1. 1) a n d  (1. 1)' are
generalizations of well-known isomorphisms:

n„+1 ( Y, Y , B )),

It is verified directly that the diagram

fX  — ,->

(S2Sf)
(S X) 12 S Y )

is com m utative. Thus the commutativity of the following diagram
(1. 2) holds.

S  n(SX •
'
 S Y )

(1. 2) n (X ; Y)
n(X ; 12(S Y )).
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The following relations hold.

(1. 3). ( i ) S(ao[3) =SaoS iS, a E n ( X ;  Y ) ,  ISE 7 r (W ;

(ii) S2 (a0 ,3 )=S2a09, aE rc(SX ; Y ) ,  fi E n (W ; X ).
(iii) a 0(8,± ig2 ) ---a. 13,±ao i92 ,

aE n (X ; Y ) ,  r41 ,,92 E n(SW ; X).
(iv) (a i + a 2 )0S,3=a i oSP+a,0S,

a ,E n (S X ; Y ) ,  En(T/V"; X).

For the suspension S we have

(1. 4). A ssume that Y  is  r-connected space an d  K  i s  a  CW-
com plex . T hen  S :7r(K; Y)--->n(SK; S Y )  is one-to-one onto if
d im  K<2r +1 and onto i f  dim  K -2r + 1.

This follows from the fact that (XS Y ), Y ) is (2r +1)-connected.
We denote the suspension limit o f 7r(X; Y )  by

7rs (X ;  Y) =limn(S - X; S 'Y )

which is an abelian group. The notation

S -  : n (S 'X ; S 'Y ) - (X; Y )

indicates the projection to  the lim it. (1. 4) shows that i f  X  is a
finite dimensional C W-complex then the above S -  is  an isomorphism
for sufficiently large n .  W e shall also use the notation:

n Tcs (sk ) 7-C,,+k (S. ' ) .

It follows from (1. 4) that

is an isomorphism for n > k + 1 . We have

(1. 5). L et p  be an  odd prim e and T hen 7r(17 ; ;  Y )  is
a  cy clic group o f  order p  generated by  ty , Y =  Y .  T h u s  the
groups 7r(Y ;; W ) and S z(S X ; Y ;) are  Z,-modules.

The following (1. 6) will be used in later.

(1. 6). L et X D A D B  be a triple of  spaces. T hen the sequence
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2 (A , B) S2 (X, B) 2 .---.12(X , A)

of  the inclusions i s  a f ibering u p  to  homotopy equivalence, i.e.,.
s2(A , B) and s2(X , B ) are deform ation retracts o f  F=s2(s2(X , A ),
s2(X , B )) and E=s2(2(X , A ); s2(X , B), s2(X , A ))  respectively, and
the sequence is equivalent to the fibering F-->E--P-->s2(X , A ). Further-
m ore, the inclusion i '  is equiv alent to a  f ibering  w ith  a  fibre

(2 (X , A )).
For the sake of simplicity, we shall use the following notations:

12X 12 1.X „Q k X —12 (S I"X ), s2 ' (X, A ) = s2k- 1  (s2 (X , A )), k = 2, 3, •-•,
9 k _ s2k- los2 , r (sk x ;  1 7) D k y ) , k = 2, 3, -• • ,

12k +1 ..(2 k7 r ( C S k X , S k X ;  Y, B )  '±- .- 7r(X ; S2' 1 ( Y, B ) ) ,  k = 1, 2, • •-.

The canonical im b e d d in g s  S ""c 9 S "+ ',  k =0 ,1 , ••• , define a
sequence of inclusions

S"c S2S".+1 c • • • c Dk S" + k  C  D k + 1  S " - E k + 1  Œ • • •

such that the diagram

s* s"
+k(S"+ k ) 7ri+k+h(S"k+k)

rri (S " )

7ri(Dk S' ) 7r,(S2k+hS"+k+h)

is commutative. We put

(1. 7)' Q'k'= 52 ( Y' Sn+ k , S n ) .

From the homotopy exact sequence associated with the fibering

p:Qz--->s- we have the following exact one:

P* S" Hek)
(1. 7) • • •-->n, 7r, (S") (S"+k) — >ni-i(e )--->  • • • ,

where
11(k) = * 0  S2k  + I+  le (S ' + k ) i—l(pk+1S"+

for the inclusion j :  flk÷1.3"+k c s2(s2kS"+ k S - )  =Q .

For an abelian group G, we denote by

( G :p )
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the P-primary component o f  G .  Also we shall use the following
notations:

ir,( X  : p)=(ni(x )  : p ) ,  z i ( X ,  A : p) = (m i(X , A ) : p).

We denote by C, a class (in the sense of Serre [10] ) of finite
abelian gronps with vanishing P-primary components. I f  G  and I f
are finitely generated abelian groups then a C,-isomorphism f :  G--->H

induces an isomorphism f :  (G : : p ) .  For the convenience
we introduce the following theorems of C-theory from [10] .

(1. 8) (i) A ssum e th at a  pair (X , A ) is 2-connected, A  is
sim ply  connected an d  th e  hom ology  groups H , ( X ) ,  H 1 ( A )  are
f initely  generated f o r  all i.  I f  H ( X ,  A) EC p  f o r  i < n ,  then
m(X, A) E C,, for i<n and Hurew icz  hom om orphism  r : 7r„(X, A)
-->H n (X , A ) is  a C p-isomorphism.

(ii) A ssume that spaces X  and Y  are 2-connected and 14(X ),
11,(Y ) are f initely  generated f o r a l l  i .  Let f: X --->Y  be a map.
T hen the following two conditions are equivalent:

* )  f *  : Hi (Y  ; Z)—  H' (X ; Z JO  is  an epim orphism  f or i<n
and a m onom orphism  for i<n;

**) 7r1(X ) —.7 r , ( Y )  is  a C irisomorphism for i<n and a C ,,-
ePimorphism f o r i=n .

Serre also obtained the following (L 9) in [10] .

(1. 9) T he correspondence (a, 19)--.-S a + [c2., (2.] o9 g iv es a C p-
isomorphism 7r,(S 2 'n- ')  7 r 1, 1 (S 4 m- 1 )-->n 1+1 (S 2 m ) , w here [ ,] indicates
Whitehead p ro d u c t . Thus w e hav e a direct sum decomposition:

:13 ) rei (S2 M - 1  p )  + 7ri+1(S4 m - 1

As a corollary we have

(1. 10). ( i )  S : 7r, (S 2 ' 1 : P) - - >-7r,-Fi(S2 m  : p) is a monomorphism and

(ke 2nz_i ) oce = kce

f or arbitary  integer k  and a E 7r, (S 2 m - 1  p ) .
(ii) For any element r of  7r,+1 (S 2 m : p) there exists an element
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a  of 7r1 (S 2 r4 - 1 :p )  such that Sr= S 2a.

( i )  follows from (1 . 9 ) and (1 . 3 ), (iv). ( i i )  follows from (1. 9)
and S [ , ] =O.

Theorem 1. 1. Let X  be a 2-connected space having finitely
generated homology groups H ( X )  for all i. Let u 1 E H " , - - 1 (X ; Z n ),
i= 1 , 2 , •••,r, 4<n 1<n 2<•••<n r ,  be elements on  which Bockstein
operators 8 /q , q 1 — t i ,  a re  defined. Let Zplu„ (8/qi)u 1}  be a free
Z y module with a base {u,,(8/qi)ui, i=1 , r}. Assum e that the
natural homomorphism Zp{u1,(8/q,)u1}— .11*(X ; Zp) is  an isomor-
phism for dimension less than n, and a monomorphism fo r dimen-
sion n , .  Then there exist a CW -complex K  and a map f
satisfying the following conditions. There is a sequence * =K o c
K 1 c •••c K r =K  of subcomplexes of K  such that K,+, is a mapping
cone o f  a  map i=0,1, •••, r -4 .  f * :7r,(K)-->ir,(X )
is a Cp-isomorPhism fo r  j< n ,  and Cp-epimorPhism fo r  j=n r .

P ro o f. The case r = 0  is  trivial. Assume that ns<n,+,=•••=n,
and a complex K ' = K , and a map f , = f' : K,— .X  are constructed such
that the conditions of the theorem are satisfied. By use of a mapping
cylinder of f ' ,  we m ay assume that K , c X .  Then we have 1-Ti(X,

K ,); Z i, )  for j < n r .  Applying (1 . 8 ) , ( i)  we see
th a t r„,_2(.9(X, Ks)) is fin ite and the P -prim ary component of it  is
isomorphic to Z„, + • •• +Z a r . T hen there exist m aps g '
12(X , K,) the restrictions of which on represent generators of
Z g i . Put g ,=p o g : for the fibering p :s2 (X , K,)—K, and construct
K , .  Then f ,  is naturally extended over f and the required
conditions are verified without difficulties. By induction on r  the
theorem is proved, q. e. d.

Theorem 1. 2. Let K  be a complex having a structure as in
Theorem 1. 1. Assume that a map f :X — .Y  induces C,,-isomor-
phisms f * :7r,(X )— .7r,(Y ) for j < N  and a Cp-epimorphism  f  f o r
j = N .  Then f .:7E(K; X )--->n(K; Y ) is one-to-one onto if  d im K <N
and onto i f  dim K =N .
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P ro o f. Without loss of generality, we may assume that f  is
a fibering. Let F  be a fibre. Then the assumption is equivalent
to  7r,(F)GC,, for j < N .  First consider the case r = 1 ,  K = Y ,
q = p i .  In Puppe's sequence

(qi)* i* (q6)*
n„(F )--->rc„(F )--->n(r ; F )— >n„_ i (F )----> r„_ ,(F )

(qc)*a=qa=k a. I f  n„(F), 7-c„_,(F)eCp, then (q c )*  are isomor-
phisms. Thus n(r ; F ) =0  for n < N .  Then the theorem is proved
for r =1  by the exactness of the sequence

7r( r ;  F ) - - > n ( r ;  X ) -f —>*  7r( r ;  Y ) - - > n ( r - ';  F ).

Assume that the theorem is true for K , . 1 . L e t  K = K r =
K ,_ ,U ,C Y ;, and consider the following diagram

Sg* 7r*
n(SK,_ i ; ;X )-->n (K ; X )--->n (K ,_ i ; X ) — ir ( r  ;  X )

if* if* if* If*
Sg* i* g*

7r(SK,-1", Y) - - .7r(17 1 ; Y)---->n(K; 17 )--.7r(K.-1; 17 ) — (17 *, Y).

Remark that we can apply the five lemma to the diagram even if some
of these homotopy sets do not form groups. Then we have that the
theorem is true for K = K r and proved by induction on r.

Corollary 1 .  3 .  I n  Theorem 1 . 1 . assum e further that the
natural homomorphism in to 

H *  (X; Z p ) is  a n  isomorphism for
dim ension n , an d  a monomorphism f or dim ension n ,+ 1 .  Then
complexes K  satisfying the conditions of  Theorem1.1 are  homo-
topy equivalent to each other an d  th e  map f  is  unique up to
homotopy equivalences.

P ro o f. Let f :  K--->X and f ': K '--> X  satisfy the conditions of
Theorem 1 .1 .  Apply (1. 8 ), (ii) and Theorem 1.2 to these maps, then
we see that f * : 7C (K "; K )--->n(K"; X ) and f ,:n (K "; K ')- -> n (K "; X )
are one-to-one onto fo r  K " = K  o r  = K ' .  Then f 1 {f }  gives a
homotopy equivalence g : I f  K = K ',  then this shows that
f  is unique up to homotopy equivalences o f K  in itself.
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2 .  Double suspensions.

We shall recall the results of [13] on S 2 :7r,(S 2 7"  :P ) - - >n.+2(S 2 m + 1 :P)
and add some necessary properties.

Let S.: —S"Ue 2"U•••U e k "  U • • • be the reduced product complex
[6 ]  of S " and S7=S"U•••Uek" the kn-skeleton of S .  The canonical
inclusion of S " into DS"' is extended over SZ one-to-one way and
continuously, and the resultant is a (singular) homotopy equivalence:
SZ--->12.3"+'. Thus we may consider that

SZ = D S"', H * (S2S"l) H *(S :), ir,(SL  ̀, =n;(12.3'+',

The following (2. 1), (2. 2) and (2 . 3 ) are main results of [13] .

(2. 1) There is a map h„ :(S tn ,S r2 1)---).(12.3 -E1-, * )  which induces
C p-isomorPhisms hp * :7r,(Stn, S 1)-)-n 1 (..(2S 2 m P + 1 )  f or all i  [13 : Theorem
(2 . 1 1 )] . hp* i s  an  isom o rp h ism  i f  i<2mp +2m —  1.

(2.2) T h e re  e x is t a space Y  and m aps h:(s2S 1,S 2 "1 - 9---)-(Y,*)
and i : 2.5 2 7" - 1 , Y  such that the m aps induce C F-isom orPhism s

h * : S2Tn-1)--->n,(Y)
and i*:7r,(9S27"-')--).7-ci(Y) (isomorphic i f  i<4mp — 4)

f o r all i  [1 3 : Proposition (7. 5), (7. 3)'] .

(2. 3) Let f :  S 2 " 4 - 1 - > S 2 m k  - 1  be a  m ap of  degree p. Then there
ex ists a  h om om orph ism  v  such that the diagram

n i+ B (s2mp+ i) S  
7 r ,+ i (s 2 m p - i ) (s2s2mp-9 ( f ls 2 m p -1 )

I
77 (Q 2 S 2 m k + 1 )  ±ni+1(S2.3, 12Sr 1) 7r, (S2S;n21, S 2 m - 1 ) C (Y )

is  commutative (see the proof o f  [1 3 : Theorem (8. 3) ] ).

Put
= S2 (S2S 2pT1 , S 2 ' )  and (2,„ (S22 S 2 ' 1 , S 1).

By use of (1 . 8), we have the following (2. 1)' and (2 . 2 )' from
(2 . 1 ) an d  (2. 2).
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(2 . 1 )' H*(Q,,,: Z p) an d  H*(s23 .92 mP+1 ; Z p) are  naturally  isomor-

(Q.)-->no-sPh ic . There is a C p-isomorphism 10 = S2 02-2: (S 2"+1)-10 hp*

f o r all i  (an  isomorphism f o r i<2 m p +2 m - 3 ) ,  hence an  isomor-
phism  Io: 7r,(Qm : : p )  f o r all  i.

(2 . 2 )' H * (q ; Z p ) an d  H*(s22 S 2" - i; Z p) are  naturally  isomor-
phic. 4 1 0h * g i v e s  a  C p-isomorphism 1 - ,:7ri(q„,) - - ..ni-I-2(S2 ' 1)  f or
i<4m p — 5 a n d  a n  isomorphism  ni (a. :  :  p )  f o r
all i.

By use of ( 1 .  3 ) ,  ( i i ) ,  we have the following (2 . 1 )"  and (2 . 2 )" .

( 2 .  1 ) "  /o (a =  /0  croS3 ,

( 2 .  1 ) "  I ( c e . i9) = 1ce.S 2 9,
E 7r ;  (S  : P)

Apply (1 . 6 )  to  the trip le (S22.52m+1, 12S , S 2m- 1 ) ,  then we have
a  sequence

(2.4) Q Q 2 m 1 Q
-

of inclusions equivalent to a fibering , and we have an exact sequence

( 2 . 4) • • --->nid-]. (Q .) — .3  n i  (V.) " `  ( Q " 1- 1 ) (Q  ---> • •

Put

z1 =ro arv, r= i ' ,K r o- i  and /= /0i*,

then we have the following exact sequence.

(2. 5) • • •-->n +4 (S 2 ”4 - " : p ) g 1+2 (S 2 M P - 1 : p ) Tri (Q r - i  P )

( S 2mP +1 : P ) — > • • • ,

where the first two groups are considered to be Z i f  i =2mp—  3.
It follows form (2 . 1 )"  and (2 . 2 )"

(2 . 6). I (a . )  =1 a0 S 3,e  and  I' (cEroS 2(3) =T e c 'o  f o r i3E7r,(S`:,p).

From (2 . 3 )  and (1 . 1 0 ) , (i )  we have

(2 . 7) T he homomorphism  4  o f  (2 . 5 )  satisf ies the relation
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JS 2 a=(Peamp-i)oce= Pa

f o r a l r ,+ 2 ( .5 2 - . -  : p) (E n2int-1(S 2 " - 1 ) i f  i=2 m P -3 ) .

As a consequence o f (2 . 5 ), (2 . 7 ) and (1 . 7 ), we have

(2. 8). 7C , (Q m - 1  : p) = 0 f o r  i<2mp—  3, f o r i =2mp—  3,
S 2 : 7r,(S 2 m - 1  : P) - - ->n1+2 (S 2 ' 1 : p)

is  an  isomorphism f o r i<2m p —3, an epim orPhism  f o r i =2mP —3
and p )  (7ré: p )  f o r t<2m (p  -1 )  —2.

Furthermore Corollary (8 . 7 )' of [13] states that for a mapping
cylinder S .

21 " - 1  o f a  map f  o f degree p  we have an isomorphism

(2. 9). m ( Q '':  P )  7r=+2 (5 ' 1 , 
5

2 ' )  f o r i<2m p 2 — 4.

Since (Qt21n1-1.) (9252m+1, s2. -1) k+10,2k+2s2m+i, D ks2m- i) C p

for i<2m P—  3 , we have by (1 . 8 ), (i)

(2. 8)' i*:11`+1 (122 S 2 m+'; Zp)
and (s2ki),,: H,_k±i(s2k+2s2,,,i; zp ) ,Hi-k +1( 2ks2m-i ; z p )

f o r  i<2mp—  3.

Lemma 2. 1. S 2 :  7r2, 3 -Ft (S 2 ' 2 : : P)
is  an  ePim orPhism  i f  m >2  and  t<2 m ( P - 1 )  — 2.

Pro o f . It is sufficient to prove the triviality o f th e  homo-
morphism

H ( 2 )  : n2,1 +  t ( S 2 m - 1 : ( q.n2-3 : P)

in:the exact sequence (1 . 7 ) . By use of (2. 8), (2. 9) and the fact (7.c :

=0 for 0<t<2P —3, we see that 7r2.-4+l (C e n - 3( S r -nP-1,

S 2 ( "1- ' ) ' )  = 0  i f  2 m -2  + t 2 ( m  - 1 )  - 1  and 2 m -2  +t<2 (m  -1 )p
-1  -1-2p — 3. Thus the lemma is proved except the case t =- 2(m -1 )
p —  (2m -1), in which case the above homomorphism is equivalent
to mod p  Hopf homomorphism [14] and is trivial if m -1 > 1  by [7],
[11] . q .  e .  d .

Theorem 2. 2. A ssum e that i<2 p 2 m —4, then there ex ists an
ex act sequence
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(S 2" - i )  Zp -L > (Q 2m_l

:  p) --*Tor (n +3 GS 2 mP +1 )  ,

which splits, i.e.,

7C1 : p ) 7,1, p + 3 0 z  +  Tor (74-9.p+2, Z p )

i f  i<2m P 2 — 5.

P ro o f. Let j =  + 1, i +2 and consider the homomorphisms

ni+2 (S 2' 1 : ( S 2 1 : p )  in  the exact sequence (2 . 5 ) ,  then we
have an exact sequence

0--->Coker ( j  = i + ( q m  /3) --->K e r  ( j = i + 1)

By the assumption a n d  (2 . 8 ) , S 2 : n, (S 2 " - 1 : p )--> n )+ 2 (S 2 m P + 1 : p ) is an
isomorphism for j =  j + 1 .  Then it follows from the relation (2 . 7)

that Ker 4( j= i + 1 ) = S 2 K e r f . ,  where f *  (a) = a  for a E

p )  .  Thus K e r  (j =i +1)—  S 2 Ker Tor (7v +3 (S 2mP +1) ,  Z n ) .  Similarly
we have Coker 4(j=i+2)=-7r11-2(.5 2 m ') 0 Z p  by Lemma 2 .  1 .  Then
the exactness of the sequence of the theorem is proved.

For the splitting of the sequence, by ( 2 .  9 ) ,  it is sufficient to
prove that 1-c1+2 (.9 " - 1 , S 2 " - 1 )  is a Zp-m odule. Consider the following
commutative and exact diagram:

•• •-->m+2 (S 2774 - 1 -: f*p) (S2n1P-1
i* a

: p) n, +2 (S,7nP- 1 , --->

ISh IV'
S 27" - ' ) •• •

F *• P )  j *
a

••—>iri-1-2+h (S -  : p ) +2+h (S": _ - ) 1 ; - 1 - 2 + h ( S ; ,  S "  P  )  - 4  •

where n =2 p m — l+h  and F = S h f .  Let h  be sufficiently large, then
S h is an isomorphism of 7r1+2(S 2" - 1 :P )  for i<2m P 2 — 5 .  By the five
lemma, n1+2(S,M P - 1 , S 2" - - 1 )  is isomorphic to ir,-Fzi-h(S'F',
=ni+2+2(Y r 1)  which is a  Z r -m odule by (1. 5 ) .  This completes the
proof of the theorem.

Lemma 2. 3. Let a, be a non-zero element o f  11 2 " '( Q m - 1 ; Zp),
then

H* (Qm - 1  ; Zn) (ao ) 0Z  P Liao]
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for dimensions less than P(2mP —2) —2, where A  stands for the
B ock ste in  operator a/p.

P ro o f . By (2. 2)' and (2. 8)', H * (q „; Z p) for
dimensions less than P(2mP —2) —2. By (2. 1)' and (2. 8)', H* (Qm ;

Z p )  for dimensions less than 2mP 2 — 3. By (2. 8)
and (1. 8), 1-12 - P- 3 ( Q - 1 ; and 4a0# 0. Consider the spectral
sequence associated with the fibering (2. 4), then the transgression
is trivial for 10a 0 hence the spectral sequence is trivial for dimen-
sions < P (2mp — 2) —2. Then the lemma follows easily, q. e. d.

A  similar discussion yields us to verify H* (ph Z p) by use
of (2. 8)'.

Corollary 2.4.  H  * (f l" Crn - ' ; Zp) =  A (a 2 ao ) O Z p [z I a " a o ] fo r  di-
m ension less than p(2m p —2k— 2) —2, where 0-2 '  indicates the 2k.

Z )  _f o ld  ite rated  suspensions in c o h o m o lo g y . H* (92k_1 ; z

Z„[62 k- ia0] 0 A
( z i a 2 k - 1

ao) for dimensions less than P(2m p —2k— 2).

Lemma 2. 5. Assume that 2 m p — h 6 .  T hen there ex ists a
m ap g :Y r 1P- h- 2 .-->s2h12 7n- - 1 , uniquely  up to  h o m o to p y  equivalences,
such  that g *  i s  an isomorphism o f  H'InP- " ( ;  Z p ) .  F or such a
m ap g the follow ing diagram  is commutative for some integers
x , y 0(m od p ) :

7r; (S 2 3 :7 r , ( Y r P - h - 2  :

n, (ph  q m - 1  p )

p h  (  =  i d .  if  h = 0)

ng+h+2 (S 2 M P - 1 - - > n . + h + 3 ( S 2 m 1 :  p )  •

P ro o f . The existence and the uniqueness o f g  follow from
Corollary 2. 4, Theorem 1. 1 and Corollary 1. 3. Consider the case

h = 0 and put g o =g 1 S 2" - - 8 . The class {g o}  is  a generator of 1r2mp-3
B y (2 . 1 )' and (2. 4)', i r*

is  a Cp-epimorphism. Thus we may assume that g(S2m P-3)cq„.

x. S 2
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Then there is a  map —g :S 27" - 2-42„, such that jo g : Y 2 nP- 2 - -4 & - 1 --.Q .

is  hom otopic to  —gon:YrnP - 2- .S 2" - 2, Q,„. W e h ave  obtained the
following commutative diagram:

7r,(S 2In " ') n i(1 7 - 2 )  2 , ( S 2" - 2 )

I g o *
g

r i*
i *

n i ( q ) n i(q m - 1 ) — > ni(Qm) •

B y (2. 2)', =xe2mp- i  for some x 0 (mod p .  It is easily seen
that g *  is  a n  isomorphism o f  lizmP - 2 ( ;  Z p ) .  Thus Io{g} =ye2.p÷i
fo r some y  0  (mod p) . Then th e  com m utativ ity o f  th e  diagram
o f  th e  lemma is verified by use  o f (2. 6). In  th e  case  h > 0 ,  g
defines a map g ':  by the isomorphism ,S2h  : 7 c (Y r n " ;  Q..2,7n- 1)

yrip-h-2 ; ) T h is g ' satisfies th e  assumption fo r h =O.
Then the conclusion for g  is proved by use of (1 . 3 ) , ( i i )  q .  e .  d.

Finally we shall make some remarks for the case m = 1 .  Let X 3

be a  3-connective fibre space over 5 3• T h e  fibering induces a map:
2 3 X 3 --› q = 2 ( 9 2 ,33 , S 1 ) which induces isomorphisms o f  homotopy
groups.

( 2 .  1 0 )  ..Q3 X 3 is  s in g u lar homotopy equivalent to Q L  and

7 r i(Q D 'n i+ 3 (X 3 ) f o r all i.

Then the sequence (2 . 5 ) becomes

(2 . 1 1 ) ' •  •-->ni+4(S 2 P +1 : P ) — >n+2(S 2P ':P )---> n i -F3(X3: P ) — >

n1+3 (S 2 P T I  13
)

Since ni +3 (X 3 )---- ,---ni +3 (S 3)  fo r i> 0 ,  we have the following exact

sequence.

( 2 - 11) • . - - .7ri+4(S' i  : P) ± ->ni÷2(S 2P- 1 : P ) ± ).7ri+3(S8

i> 0 .

In general H p  is defined by

Tri+1(5 2m+1) , ni (52"+1) ,
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and has the following properties:

(2 .1 2 ) ,  ( i )  Hp(ao S (3) = H paoS 5',

( i i )  Hp = 10 H ( 2 ) : ni+i(S 2 m+1 : p )

p ) .

The sequence (2. 11)' is also obtained as follows. D X 3 is  a  2-
connective fibre space over 9,3 3 . The inclusion of S 7 ,  into 12S3

induces a 2-connective fibering I t  i s  c o m p u t e d  t h a t  H *(X ';
Z ) .  By use of (1. 8), we have a map

which induces C,,-isomorphisms g * :n i(S ")— .7r,(X '). From the homo-
topy exact sequence of the pair (9,33 , ,  we have the following
exact sequence:

• • •--7-ri+3(12S 3 , ns+2 ( Q X
3 )

--->
 • • • •

By use of (2. 1), (2. 10) and the above homomorphism g *  we
have the exact sequences (2. 11)' and (2. 11), where G is equivalent
to i * og* . Thus G satisfies

G(10,9) =  G o S 9.

In particular

(2. 13) G is given by the formula G ((3 )  a i (3) 0SP, G7.r1+2 (S 2P- 1 :

p ) ,  fo r  som e generator a i (3 )  of  7r2p(S3 :p)--- --z.„.

If S 2 9=0, then S G W  = Sa,(3) oS 2 13 =O . B y (1 .10 ), (i), G (0 )
=O . B y  the exactness of the sequence (2. 11) we have

Lemma 2.6. I f  S 2 i3 =0 fo r  fi 7r,+3(S 2 P- 1 :P ) ,  then j3 is in the
image o f  : n•t+,(S"+' : p)--..7ri+2(S 2 P- 1 : p ) , [18: Lemma 13. 71.

As an analogy of Lemma 2. 5 we have

Lemma 2. 7. T here ex ists a m aP g:Y ;P+ 1 —>X3 ,  uniquely  up
to  hom otopy  equivalences, which induces an isomorphism g *  o f
H 2 P( ; Z r ). F or such a m ap g, the follow ing diagram  is com -
mutative fo r  som e integers x, y 0  (m o d  p) .
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7r; GP- 1 7  C(17 2,17 r 1  ( s" : p)

• x ni•fi( r , " 1 :P ) y  S

1g*

p ) (X 3  p ) _-± * 7ri+I(S 2P+1 : p ) .
G Hp

IP*

r+1 (S 8 : p ) .

3. C ohom ology  o f  Q r .' .

The main purpose of this section is to prove the fol owing

Theorem 3. 1. T here are  elements a,E.H 27."+" (P- ') - '(Q r,r ';Z n),
i =0, 1, •••, k -1 , such that

H *(q7 - 1 ; Zp)— A (ao, al, ak-1) Z P [dao, %lab • Aak-i]

for dim ensions less than p (2 m p  — 2) - 2 and the relations

g 'a i=  (m  + i +1 )a ,, a n d  9)'Lla1=(m+i)4a1+ 1

hold f o r i=0,1,•••,k —  2. (k<mp).

We prepare the following lemmas.

L em m a 3. 2. L e t  p  : E.-43 be a  f ib re  space  w ith  a  fibre
F. A ssum e th at E , F  are  arcwise connected an d  B  is sim ply
connected hav ing f initely  generated hom ology  groups. L et ua ,
vs E H *(B ; Z p ) an d  w7 E H * (E ; Z p ) be  o f  o d d  dimensionlities
an d  x7 , ysEH *(B ; Zp) an d  zE H *(E ; Z p ) be o f  ev en ones. I f
H * (B  ; Z )= [u a ,v ]® Z „ [,x 7 ,  y ]  f or d im ensions le s s  th an  N,
H * (E ; Z )= A (p *v o , wA)OZ„[p*y,s , zg ] f or dim ensions less than
N -1  and  if  p*(u a )=p*(x,,) =0 , then we hav e H*(F; Zp)=A(dx y ,
i*w,\)0Z,,[du a ,i*z, ] f o r d im e n s io n s  le ss  th an  M in (N —  2, p • deg
( au )  —1).

P ro o f .  Let {E,} be the cohomology spectral sequence associated
with the fibering. Then E2=H *(B ; Zp)O H *(F ; Zp) and E .  is
associated to H * (E ;  Z , ) .  Consider the following formal spectral
sequence {'E„} . Put B'=A(u a , vo)OZp[x y , ys ]  and F'="i(dx y , Pub,)
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Ø Z  [du, i* Z ,.] fo r  a ll dimensions. {'E r} is  a  sp ectra l sequence

determined by the conditions: ' E2 = B' OF' , 'd,— 0 for the generators
except 'd,(1Ø au OE) — u„01, 'd,(10dx 7 ) = .;,0  1  an d  'd , is anti-
derivative. Then 'E ,  a re  computed easily, in  particular we have
' Ec..= A(v0 01,1(0i*wx, u „0 zi OP')OZ,, [y 6 01, 10i*z„, 1® (du a )P]

We consider also a spectral sequence {E,} determined by the condi-

tions: E '°  and d,= d, for p + q < N o ,  EP° for p + q = No

and E '° =0  for p + q > N o , where No = Min (N —1, p • deg m a ). Remark

that Ef.q c for p + q =  No. Let f2:'E2--->E2be a homomorphism which
is given by the correspondence of the generators of the same symbols.

Then we see that f 2 defines a  homomorphism f :  {'E,} ---> {E- ,}  of the
spectral sequences such that f 2 : TV--->KP° a r e  isomorphisms for

P<No +1 and fc.:' E'..q—> ° are isomorphism for p + q < N o .  Apply
th e  (cohomological) comparision theorem [20] to the homomorphism

f ,  then we obtain that f 2 :'EIg—>E'' are isomorphisms for q<N0-1.
Thus H* (F; Zp) =F ' for dimensions less than No-1 =Min(N-2,
p• deg au c, — 1). q .  e .  d.

Corollary 3. 3. L e t X  be an arcwise connected and simply
connected topological space. A ssum e that H* (X ; Zp ) =A (u )®
Z [ x ]  f o r  dim ensions less than  N . T hen  H* (s2X; Zp) zi(av a )
0 Z [a c „ ] for dimensions less than M in(N-2, p• degau cc -1 ).

L et K 2 7 7 1 -1  be an  Eilenberg-MacLane space o f typ e  (Z , 2m-1)
which is so chosen that K 2 m - i  contains S 2 7 4 - '  and the inclusion of
s2m-i represents a generator of 7r2m_i Z .  Put X 2 m - 1  = 2

( K 2 m - i ,

S 2 °) . T h e n  X2m_i is  a (2m-1)-connective  f ib re  space over S 2m- '
and there are two fiberings:

(3. 1), ( 0  X 2 r n - 1 - > S 2 m  w ith a f ib re  62 K 2 m - 1  K 2 m - 2

( i i )  S2 7 4 - '--J f 2._ ,  w ith a f ib re  X2.-1,

w h e re  ' S2 ' s2(K2.-3.; K 2 ,7 1 -1  ,  S
2 m -1 )  D S2m- 1  (deformation retract).

Lemma 3.4. L e t  :  Hi (K2._1; Zp) - - .1-P - 1 (X2.-1; Zp), j*2m —1,
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b e  the suspension hom om orphism  w ith  respect t o  the f ibering
(3 . 1 ), (ii) and let u E H 2 m- '(K 2.-i; Z p) be the fundam ental class.
Then we have

H* (X 2 7,2_i; Zp) = Zp[o.g3 'n 'u , u] OA (azI2m - l u , a g3 J U),

where g ) ', gm are admissible cohom ological operations
g ) " - 1 4E'- 1 2 ' '  o f  ex cess e= E :1(2(a 1+1 — p-a 1) —e,) + 2a,<2m — 2,
d eg (g 'u ) is odd and deg(g )lu ) is even.

P ro o f . Consider the spectral sequence {E,}  associated with the
fibering (3. 1), (i). E 2  =  H * (S' ;  Z  p )  H * (K 2.-2; Zp). By Cartan

{3 ], H* (K2.-2; Z p) = Z p[v, g'iv] O A (gm v )  for the fundamental class
v  H 27'1 - 2 . Obviously, d2„,_i(10v) =s01 for a generator s  o f H 2m- '
(S 27' ;  Z )  an d  d ,(1 0 2 'v )=d ,(1 0 2 1 v )= 0 .  It follows that E :t=
Zp [1Øv, 1 0 9 3 1 V] OA (S O V P - 1, 1 0 2 1 1 )) . It is verfied without difficulty
that 10vP=10.T 771-1 2), 1 0 2 'y  and  102 1 1) correspond to agin'tt,

agiu and 0-2 1 u respectively. Then it is sufficient to prove that the
element atem - l u  is  an independent generator. To prove this, we
apply Lemma 3. 1 to the fibering (3 . 1 ), (ii). Then we see that
the lemma is true for dimensions less than P -deg(ag) lu) —2
p(2m + 2p — 4) — 2. This completes the proof since deg (cr 4.23 n1 -1 u) =
p(2m— 2) +1.

Lemma 3. 5. Let k =2, then T heorem  3. 1 holds f o r  dimen-
sions less than  p (2m +2P-4 ) — 3 . In  particu lar the relations
2 1 a0 =(m +1 )a 1 and g 1 4a0=m 4a1 hold in H* (Qr71 - 1 ;  Zp).

P ro o f . Consider a (2m +3)-connective fibre space X2M+3 over
S 2m4-3 constructed as above. Then 2 4X2.+3 is a (2m —1)-connective
fibre space over 9 4S2n1+2 , from which a (2m-1)-connective fibre space
X 2,,,_i  over S ' 7 4 '  is induced by the inclusion of S 2 '  into 124 .32 m+3 .
It is easy to see that the fiberings induce a homotopy equivalence:

(a4 X 2 .+ 3 ,  D(D4S2m+3, S2m-1).

By Lemma 3. 4, we have
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H* (X2.-1; Zp)= Z p[a.g'n'u, u ]  A (6, 4 2 'u ,  0 .2 1 u)

and H* (X2.+3; Z,) = Z,[0.2" 1 w, agw'w] OA (crii2m+1 w, crg)'' w) ,

where uE1Pm - 1  and tvG H 2m+3 are the fundamental classes, e ( I ) ,
e (J) < 2m  — 2 and e (I ') , e  (J ')  < 2 m  + 2 . Apply Corollary 3 . 3  to
X 2,n +i four times, then we have H*(D 4 X2.+3; Z) = 652"w]

A (6 5  Ag' I n +1 W , (15 2 .P w ) for dimensions le ss  th an  p • deg (6r5 2' w) —1
p (2m +2p — 4) — 1 . By checking the excesses of and J ',  we see

that

H *(Q 4 X2.+3; Zp) = Z P [6 5 2 m + i ii)  CI = 1 , 0, — 1), 652 1 W]

0A ( 49?m w ( j - 1 ,  0 ,  - 1 ) ,  cr5 2 'w )

for dimensions less th an  p (2p + 2m -4)  — 2 .  It follows from  the
na tu ra lity  o f Em w ith  respect to  the suspensions th a t  i* (652' w)
= a g ' u  for the in jection hom om orph ism  i* : H *(s 4 X2.+3; Zp) - - >
H* (X2„i_ i ;  Z p ).  The same is true for 2 1" -i , 4em+ 1  and 2 1 . If j = 0,
1 , then i* (ciT3 m+' w) = i* (a 5 212'÷' w ) = 0 since 2i u= 0  for t>m  — 1.

The inclusion i: X2pi_i—S24 X2m.+3 is equivalent to a fibering which
has a fibre ..Q(..24X2,n+3, X2,1). Apply Lemma 3. 2  to the fibering, then
we have

H* (Q 24- 1 ; Zp) = H* (S2 (d24 X2„,+2, X2,1); Zp)

=  4 (06 2mw, 66 2 ' 1+1 w )O Z,[a 5 J2m w, 66w ]

for dimensions le ss  th an  p(27n +2p — 4 )  — 3 . Put a o =  e g n v  and
a l = 66 2 77 +̀ w , then 4 a 0 = c 6JPmw and Jai= 6° J.g)"' w. The relations
of the lemma follow from A dem 's relations .T 12 "' =  (m  + 1 )2 '+ ' and

Jg'm =1)142n' + 2ffi+ 1 4. q. e. d.

Applying (1 . 6 )  to  the triple (92k S2qH-2k -1 , s22h S2m+2h-1 ,  S 2 m - 1 )  w e

have

( 3 .  2 ) .  T h e re  i s  a  sequence of inclusions

S22 h Qrk 4---24- 1  equiv alent to  a fibering.

Here remark that D 'A ) is  homeomorphic to sY-" (X , A ).

Pro o f  o f  T heorem  3. 1. Lemma 2 . 3  shows that the theorem
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is true for k =1. L e t  k > 1  and assume that the theorem is true
for o f  h < k .  Consider the spectral sequence {E,} associated
with th e  fibering (3 .2 ) o f  th e  c a se  h=k — 1. Then E 2 = H* ( 2 2 k - 2

ern'  ; Zp) 0 H* ; Zp) = (A (a2 0 - 2 a '0 ) Z  p[A a" -  2do]) 0 (A (ao • • •
•€4_,) 0Zp [Aao, • • •, 4ak-2] )  for dimensions less than p(znip— 2) —2, by
the assumption and Corollary 2. 4. It follows that

E2 = H * ((g p " '  ;  Zp) = 4
( a o ,• • • ,a k - - 0 0 Z p [4 ( 1 0 ,• • • ,4 a k -d

for dimensions lass than p(2mp— 2) —2, where i*a,=a„ j=0,•••,k— 2
and ak_i= T h is proves the first assertion of the theorem.
We remark that the generators a, are chosen a s  above inductively.
Then we have, with respect to the inclusions i  and j  o f (3. 2),

i*a,=a„ j=0,•••,h— 1  and a,=j*d 2 a ,,1 = h ,• • • ,k -1 .

In particular, a,=j*6 2(4_1 ,  j= 1 ,• • • ,k -1 , for the inclusion j :
Q' QT_+21 . By the assumption the relations gm a;_i=  ((m +1)—  (j-1 )

+ 1 )di  a n d  . .T '4 a_ ,=( (m +1 ) — ( j - 1 ))4 c 4  hold in  H * (QT 21 ; Zp)
Then, by the naturality  of 2 1 , we have the relations of the theorem
for i= 1, • • • , k-1. The relations for  i = 0 follow from Lemma 3.5
and from that i* : H* ((AT H * (Q24'  ;  Z p) is  an  isomorphism
for dimensions less than deg a, . q. e. d.

Consider the homotopy exact sequence

(3. 3). • • •— ni+i 02 2 h  ( e 1 +-2h0)- 1 ) ni ivi(Q T - ') • • •

associated with the fibering (3 . 2 ). It is known from the last half
o f (1. 6)

(3.4)T h e r e  i s  a m ap d:12"-"Qrk+-3,h)- 1 - 4gh" - 1  su c h  th at d* :
•( 9 2h+ 2Qz+24 - 1) , n

1
 (Q9 -

)  is equivalent to 0 o f  (3. 3).

In  fa c t , i  o f  (3. 2) is equivalent to a  fib reing with a fibre
.Q(Cgr', Q ' )  and the fibre is h o m o to p y  equivalent to D 'Q r k '_ 2hh

)
- 1 .

Proposition 3 .6 . Assume that k ( p - 1 ) < m p - 1 .  There exists
a sequence of f inite CW-complexes K(m,j), j =1, 2, •••, k, satisfy-
ing  the follow ing conditions:
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(i). K ( m ,1 ) = Y 2p- P- 2 . For 1 < j< k , K (m , j  + 1 )  is a mapping-
cone o f  a map j ) .  Thus K (m , j + 1 )/  K (m , j)
_ yrp-2+2,(P-1) .

(ii). There exists a map G :K (m ,k ) -4 )4 n - 1  such that G (K (m ,
j ) )  c Q '  an d  G * :H * (Q _ l; Z p )— .H *  (K (m , k ); Z p ) is an isomor-
phism  f or dim ensions less than 4mp— 3.

(iii) . P u t  Gi =  G i K ( r n ,  j ) :K (n , i ) - - . .q 7 - 2 . T hen there ex ist
maps g  a n d  g ' su c h  th at the f ollow ing diagram  is h o m o to P y
commutative:

17 2„- P- 3 1 - 2 j ( P- 2 )-1 K (m , j) L K (m ,  j  + 1 ) - ' Ll . Y 2pu!-P- 2 +"( P- 1 )

g
122 j+1 Q22.m + 2 1 - 1 _ ,  q 7  -1 (j17+-21 •_L.> 921 Qrrt-F2 j-1 .

T he maps g  an d  g ' satisfy  L em m a 2.5.

This follows from Theorem 1. 1 and Theorem 3. 1.
For the case m = 1 ,  the following Propositions 3 .7  an d  3 .8  will

be used in place of Theorem 3. 1  and Proposition 3. 6.
(2 . 10) is easily generalized to

(3. 5). S22'.X 25+1  is  s in g u lar h o m o t o p y  equiv alent to q k  an d
IT , (C A ) ri+ 2k-E 1(X 2k+ 1)  f o r all i.

We have the following commutative and exact diagram.

ni+s (X3).-% 7r1+3 ( 22 X5) 
a 'AP3*1 2 2  P 5*

( 3 . 6) • • •--> ni+3(Q )
 1 ± >I' i + 3 ( S 3) ni+3 (2 2 S 5 ) 7ri+2(QD • • • ,

.s2 Î

H(2)
D'

nil-5 (S 5)

where p 3 ,. and 92p5* a r e  isomorphisms for i> 0 .
From Lemma 3. 4  and Corollary 3. 3  i t  follows

P r o p o s i t i o n  3 . 7 .  H *  
(s22k_2x2k+i; Zp)=Zp[ao, (21, •• •, ak-i] OA (dao,

•• • , zlak_ i )  f o r  dim ensions less than  4 2 - 2  w h e re  th e  elements
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a , E 1 1 2 0
+1)(p-3.)+2(22k-2x2„+,; Zp) satisf y  the relations

2 1a1— (i+2)a,+ 1 a n d  2'4a,—  (i+1)4aH-1.

Proposition 3. 8. T here ex ists a  complex K==  Y 2pP U k c r ip" ,
h:17 ? - 3 , 17 2pP, an d  there ex ists a  m ap  G : (S K ,Y 2p" ) , (9 2X „ X s)
inducing an  isomorphism o f  H * (  ;  Z p )  for dim ensions less than
4P — 1. P u t  g — G lY 2pP+' then there ex ist m aps g "  an d  g ' such
that the follow ing diagram s are  homotopy commutative.

yip-2.Ls!!„„—op+1, K  - r ->17.4pP- 3

i g ' i g 1G
IDG g "

X3 ---* s2 2 X5 s23X 5 -
1 ->q .

The maps g "  an d  g ' satisfy  Lemma 2. 5 and  g  does Lemma 2. 7.

4 . H o m oto p y  of Moore spaces.

We denote

74( 17p; Y P )  7rS( Y7 +  k ; 17 ) ,  4(1 1 -p; S)=-Irs(Y7 -"; S ")

a n d  7,7, ( Y p) = 7rS  (S ' + k  Y D .

These groups are Zp-modules b y  ( 1 .  5 ) .  Thus we have the
following split exact sequences:

(4. 1), (i) 0.--)- 4 + 1 ( Y p ;
 S ) - 4 ( Y ;  Y p) 7±7rZ(Yp;

(ii) O--->nZ(YP) 24 7 r1S, ( YP ; YP) ( YP) - - - > O1

(iii) 0—.4+10 Zp 74(17 ) .1r-t-Tor (74, Zp)--.0,

(iv) Z 4 (1 7 5; Tor(4_1, Z 5 )--->-0.

The sum ns. ( Y p; Y P ) = E p n (Y  p ;  Y p )  forms a 2 '5 -algebra with
the multiplication given by the composition. Yamamoto has obtained
the following relations.

(4. 2) L e t 8 = n * i. (c ) ns-1(17 p ; Y p ) b e  th e  c lass o f  th e  com-
position ion: 17 . 7,- '--. Y ';  and let a e 4 5 - 2 ( Y 5 ; b e  a generator
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which is characterized by the coefficient 1  mod p  of  its functional
P'-operation. T hen the relations

88 -= 0 a n d  2a8 a = a 2 8 ±8a2

ho ld  [19: proposition 5. 1] .

The elements

ak -=n * i* (d )  =- i* r * (a k ) E 7Ik(p-1)-1,
 k = 1, 2, • • •,

coincide with those in  [1 7 ] and  [16] . Recently Adams has proved

(4 . 3 ) . I f  k =a•p t ,  a# 0  (mod p ) ,  then ak cannot be divisible by
p t - g .  In  Particular cek cannot be divisible by p  i f  k  /  0 (mod p ) .

In fact, he has defined a  homomorphism e. c_kcp- 1)- 1.- - "Q / Z  which
has the value —  (1 / p )  mod 1  on ak [ 1 :  Proposition 12. 7] . On the
other hand each im age o f e  i s  o f  a  form z /m (k (p -1 ) ) , z G Z ,
where m (k(p — 1 )) =b• p + i  for some integer b  /   0  (mod p )  [ 1 :  Pro-
position 7. 9] . Then (4 . 2 ) follows immediately.

It follows from (4 . 3 ) and (4. 1)

(4 .4) 802'8 = n* *  0  i f  k ,! 0  (mod p ) .

From this Yamamoto has proved the following

(4. 5). Let Z ( 6 ,  a )  be a  subalgebra o f  4(Y p; Y p) generated
by  ô and a ,  then the relations in  Z (6 , a )  are generated by those
i n  (4 . 2 ) , an d  Z (8, a )  h as  a  Zp-base {1, a, a k, a ka, a k_ia a , a k_im a ;

k = 1, 2, • ••} [ 1 9 :  Theorem III] .

Every element of Z,(8, a )  becomes a  linear combination of the
above base by use of the following relations (4. 6) which is obtained
from (4. 2).

(4. 6) a'd a' =t • as+` - 1 6 ± (1—  t) a " 8̀ ,

d a d a =  dat8as =t a'+' 1 8a8.

Now, we consider unstable cases. By (2. 8) there exists uniquely
an  element a 1 (3) E  7r2p ( S 3s u c h  t h a t

Sce ai  (3) = a 1 E  T 2p -3  .
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We denote that a i (n ) =S '"a,,(3 ) G ( S '  :  p ) for n > 3 .  Since

p • ,,(3) = 0, there exists an extension (3) E  ( r ,P + 1 ; S 3 )  of a1(3),
i.e., i* (a 1 (3 )) = 0 4 (3 ). Consider pc3.--a, ( 3 ) .  Since S 3 is  an  H-space

w e have pc3 oz-4(3) = p a-,(3) = a, (3) =  O. Th u s th ere  ex is ts  a
coextension a (4) T C ( r p 9 + 2 ;  Pp) of a., (3), in the sense of [18] . Since
r i * (a (4) ) = i*n *  (a (4)) = i* S a,,(3 ) = Sai (3) = « 1 (4 ) ,  an d  since a i =

rc,,i* ( a )  characterizes a , we have S - a(4) = a .  We have obtained

(4. 7). T here ex ists an element a (4 ) o f g(rpP+2 ;  YD which is
a coextension of -a (3 ) and S a (4 )  = a .  n* a(4) = S 1 (3 ) and i*Tvi (3)

=a1(3)•

We put for n > 4  and for k =1, 2, ••• by induction on k:

a (n) = a (4) =a ' (n) , ( n )  =  a (n) ca" (n + 2p —2)
and ak(n) = 7-c* i* (a ' ( n ) ) ,  ak (3) = -cii(3) 0 (i*oz"(2P ± 1)) •

Obviously, S a '  (n)=- a
, S -  ak ( n )  a k  and Sa,, (3) = a,, (4).

Lemma 4. 1. Let t> 0 .  If an  element r e i r  is  in the image
o f S - :nt-F2p-3(S" - 3 )— >4, then a i r = 0 .  In Particular, a, a k  O.

P ro o f . a ,  is  an im age of the stable J-homomorphism J:n2p-3

(S0(00))-->nL_ 3 . L et 7!  b e  a n  element o f  nt+2p-3(S2 P - 3 )  such that
S - r '= r  a n d  E 7r2p-3 (SO (cx ) ) )  satisty =a3 . T h en  air = I 63.2-') •
Since nt+2p-3(S2 3)  is finite, so r ' is  o f  finite order. S in c e  Tczp-3+:
(S0 (00 )) Z 2  or 0, we have 2 ([3 or') = 0 and 2 (a ir) = P ( a ir )  = 0.
Thus air = 0 .  Since ak= S -  ak (3 ), a ,  = O. q. e. d.

The class of the composition ion: Y; - '—> Y7 is denote by 8(n)
17 " ; ) ,  n > 3 . Obviously

(n) 0 (n — 1) = 0 f o r  n>4 .

We shall use the following notations:

rri (n ) =  ( — 1) ' S '  di  (3) , cek 8 (n ) =  a ' (n) oa (n + 2k (p —1) —1) ,
deek  (n )  = (n )  0 ak (n —1) , 8at (n) = as8(n) 0 at (n +2s (p — 1) —2),

etc.
In general, i f  i• is a coextension of r  then is-0.3,9 is a coextension
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of roo and S F is a coextension o f —r , and  if -pi  and  2  are coexten-
sions o f th e  same element r  then i s  in  th e  i * -image. For
example, a (n )  is a coextension of ai(n —1) . * a (n )  = (n ) .

Proposition 4. 2. The second relation of (4. 1) holds fo r
unstable case n 6 ,  i.e.,

2 -a8a(n) = .228 (n) + 8  (n) f o r

Proo f . c ratr(n ) an d  a28 (n ) a r e  coextensions of 1 (n - 1 )  08a
( n + 2 - 3 )— 3) and a, (n — 1) 0a8(n + 2p - 3) respectively. We have

zE- i (n — 1) oaa (n + 2P — 3) = — P7r,,a(n — 1) on * a (n  +2P-4)
= a i (n— 1) oa(n+2p-4)

and  this is a n  element o f  r* { ai(n-1), (n + 4P —  4), Pe.+0-71 by
Proposition 1.9 of [18 ]. Here we remark that ai (n —1) 0  (n +2P —4)
=0  for n 6  since this is a stab le  case . Thus

a 1 (n —1) 08 (n + 2p —3) = 7r* (x • a 2 (n — 1))

for some x E Z p .  We have also

a 1 (n— 1) oa8 (n +2P —3) = — 7r* a (n -1 )  on* i* a (n +2P —3)
-= —  n*Pir * a 2 (n - 1)= —7r* a2 ( n - 1 ) .

The proposition is true for sufficiently large n  by (4. 2). Then we
see that x = —1/2 and  that 2•a8a (n ) and  a28 (n ) are coextensions
of the same element —ea, ( n - 1 )  .  It follows that 2. a a  (n) — (28 (n)
is  in  47E(Y7 4 5 ; S - 1) .  It is computed easily that 7r(Y7,+ 4 1' 5 ; S ' )
is generated by n* a 2 (n —1) . Thus 2. ad a (n) — (n )  = y  •  i  7 /*

(n-1) = y • 8 «2 (n ) for some yE Zp . Taking n  sufficiently large, we
see that y =1. q. e. d.

Corollary 4. 3. The relations (4. 6) hold f o r  unstable case

Proposition 4 .4 . ( j )  i *  E  4 (p -1 ) -1 (Y  p )  a n d  i* ( a k - '6 a ) E

k ( p - 1 ) - 2 ( Y P )  do not vanish.
(ii) For n 4 , i*  ak  (n )  - 77

, , A 2 k ( p - 1 ) - 1 ( 1 "
; )  i s  a  coex tension of

( -1 )"ak (n -1 ) .
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(iii) A ssum e tha t a k_1 (n ) .a i (n +  2 ( k - 1 )  (p -1 )  — 1) =o f o r
some odd n ,  then there exists an  element

a rk(n)E7r.+2h(p-1)-1(S": p)

such that i * ark (n)=i* (a k - ' da(n +1 ) ) . Thus ark (m )=S m — ark(n),

m > n ,  and ark = S - a;(n ) ..._ 7r, k ( p - - 0 - 1  are  not div isible by p .  T he as-
sumption holds f o r n >2 k +1 .

(iv) I f  k 0  (mod p), then by Putting a( n ) = ( 1 / k )  a k (n ) the
assertion  o f  ( i i i )  holds f o r

P r o o f .  (i) n* i* ak = a k 8*  0  and n*i* (a ' 8a) = a k - 1 8a8# 0  by

(4. 5). B y  the exactness o f  ( 4 .  1 ) ,  i i )  w e  have i* ak * 0  and
i* (a k - ' 8a) * 0.

(ii) Since a (4 )  is a coextension of a i  (3) , a k (4) = aoSa k ' (2P +1)
is  a coextension o f ai  (3) oak '  (2P + 1) . Then i*a k (4 )  is  a coexten-

sion of i* (3) oak - 1 (2P +1)) =  (3) 0  (i* eek' ( 2 P  + 1 ) )  a', ( 3 ) .  Thus
i *  (n )  =  S " - 4 i* ak ( 4 )  is  a coextension o f  ( — 1)" - 4 S"- - 4 ak (3) = ( — 1) -

ak (n - 1).

(iii) It follows from ( ii)  that i* (ak - i 8a (n +1)) = (i*a k - 1 (n +1))
0 S (i* n* a (n + 2 (k — 1) ( p - 1 ) - 1 ) )  is a  coextension o f  ak_,(n) 0

a i (n + 2  ( k - 1 ) ( p - 1 ) - 1 ) = 0 .  Th is means that i* (a k - 1 8 a ) is  in
i* 7 C +2 k (p TC4-2k(p-1)-1- 1 ) - 1 ( S " ) .  Choose an element a'k ( n )  of (S": p) such
that i *  a rk (n) = i* (a k 8 a  ( n + 1 ) ) ,  then the assertions of (iii) , except
the last one, are verified easily. By Lemma 4. 1

(ak-k(n) 0 ai (n  +2(k —1) (p -1 ) )  = ot (El — ak_i = O.

Let n=2m —  1 ,  then s- • -  2 m - 1 +2 k ( P - 1 ) - 2  ( S 2 m  1  p ) (7rL(p-1)-1: p )  i s  an
isomorphism for 2k (p  — 1) — 2<2m (p-1)-2, i.e., for k m— 1 , by
( 2 .  8 ) .  Thus the assumption o f ( i i i )  holds for n >2 k  +1.

( i v )  By Corollary 4. 3 , n*i * 04(5) = 7r* (1/ k)i,ar * i* a k (5) = (1/k)
ak8 (6) = ak- 4 6 a8 (6) = n*i* ak - 1-8a (6) . B y the exactness o f  Puppe's

sequence we have i*a; ( 5 )  i*a k - 18 a  (6 ) m od br  •  - 2 k ( P - 1 ) + 4 (  YD • It
follows from (1 . 5) that i*a'k( n) = i* ak- 18a(n + 1) for )2 6. q .  e .  d.
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Proposition 4. 5. The complex K(m, 2) = r p m '  C 17 2; 1P+2P- 5 ,
m >2, o f Proposition 3. 6 can be chosen such that the attaching
m ap h: r,'"P+'P- 5 , 17 2pr"- - 2  represents (m+ 1)8a (2mP —2) — m•cr8(2mP
— 2) .

The com plex  K = P lU k C Y 41- 3  o f P rop os ition  3. 8 can be
ch osen  such  th at the  attach ing  m ap  h :1 7 -->17 21  represents
2 . aa (2p) - a8 (2p) .

P ro o f . First remark that these elements belong to n (Y 7 2P- 3 ;
Y ; ) ,  n=2mp —2 o r =2P, and the group is in stable range by (1. 4).

Since the group is generated by da (n )  and oza(n), {h} =x•8a (n )

+y • cea (n) for some x , y E Z ,.  We may assume that h maps S ' 4-2P- 4

into S" - '. L et K= K(m, 2 ) or = K  h0—hiS""-2 4 :S 2P- 4 - S ' - 1  and
h : S- +2 P- 3  --- S "  satisfy n o h = tio n . Then ho and h  represent x • a, (n -1 )
an d  y • ai(n + 2 P - 4 )  respectively by suitable orientations of the
speheres. L et K c, be a  mapping cone o f ho naturally imbedded in
K  a s  a  subcomplex, then K/Ko i s  a  mapping cone of h. Given
orientations uo E H ' (K o; Zp ),  u E  11"+2 P - 3 (K0; Zp) and g E H' (K/ Ko;
Zp), E  H '+ 2P- 2 ( K/ Ko ; Z p ) b y  the construction  o f the mapping
cones, we have 2 1 uo=x•z4 and I ''rt=y •z T . We denote by the same
symbol uo, uro , Z, n' G H* (K; Z )  th e  elements corresponding uniquely
to the above orientations by the natural homomorphisms i*  and n*.

Obviously 4 u 0 =i. B u t  du'o = —n' since th e  cell CCS " .2 - 4 = S"+"- 4

AzAz in  K  is oriented with respect to one of the coordinates I, the
Bockstein operator J  is defined with respect to the other coordinate
hence the sign appears by interchanging the coordinates. We have
the relation

x • 2 ',61u0 x  • 2 1 -ii = xy • Ft = — x y • i.itt =  — y • zig'itto.

On the other hand the relations

(m  +1)2 1 Ja 0 = m(m +1) Ja i = m • zig)' a 0 

hold i n  V in1 - 1 ( m 2 )  by Theorem 3. 1 a n d  in  9 3X 5 (m  = 1 )  by
Proposition 3. 7. By use of natural isomorphism G * in Proposition
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3 .  6  or Proposition 3 . 8 ,  w e see that t h e  same re lation  holds
replacing a o b y  u o . Since .g) ' *  0  in  K , x  o r  y  0  (mod p )  and
there is an  integer z -t 0  (mod p) such that

zx-=--- m + 1  and (mod p ) .

If z-=- 1  (mod p ) ,  K  is the required complex. If z / 1  (mod p )  ,

replacing h  by a  representative h ' o f z { h}  and  K  by K '=- 17 p"Ull
CY;+ 2P- 4  w e have a map f  which extends the identity of Y ;

an d  induces isomorphisms o f  cohomology groups. Then f  is  a
homotopy equivalence and K ' is the required cpmplex. q .  e .  d.

Proposition 4. 6. L et )I 7 ,  k >0  an d  le t h :Y --->Y ; be a
representative o f  (m +1 )8 a(n )— m aa(n ) . Fo r th e  element i * a "
(n+2P—  3 )  of 7r.+2k(p_1)_2(Y;+2" )  we have

h * (i*ak - 4 (n+2p —3)) ---(m+k) • i*(cek-iatE(.„,,,\
,) 7 rn +2 k ( P - 1 ) - 2 ( r p ) •

I f  n =6 , the relation holds mod b • 7r2kcp - 1 ) + 4 ( Y 6p )  •

P ro o f . For we have by Corollary 4. 3

7r* h * (i* ak -1  (n +2P— 3) ) = { (m  +1)da(n) — m a(n)}  oa 0 - '8(n + 2P — 3)

= (m +1) a a k  (n) —m • ai3a" a (n)

={ (m +1)k — m (k -1 )}  ak-18a8 (n) =7r* ( m  k) i* (a 0 - '8 a (n ) ) .

From the exactness of Puppe's sequence
7r*

(4-8) ni( rp) - - - >ni( 1 7 ;) - 7r( 1 7

it follows

14(i*ak - 1 (n +2P — 3)) —= (m+ k) • i* (a 0 -1 8 a (n ) )

mod p  7r7 b -F 2 0 (0 --1 )-2 ( Y ; )  •

I f  11 7 ,  the re la tion  holds mod p • s (..+2k ( p_i ) _3( r i,- i ) )  which
vanishes by (1. 5). q. e. d.

Lemma 4.7. L e t h :X , Y  be a  m ap an d  le t a l r i ( X )  be an
element o f  order p  such  that h * a = 0 .  L et reni+1(17 U 0 C X ) be
a  coextension o f  a  and ev- Ir( Ppl- '; X ) an ex tension of  a. Then



118 H irosi T oda

there ex ists an element ro ir„Fi( Y )  such that

Pr= j* To
 and 2;*2- 0 = —h*

where j:Y -->I7 U ,,C X  is  the inclusion.

P ro o f . By Propositions 1.8 and 1.9 o f [18] there exist elements
{ {h} , a, p r , }  such that Pr  =r  a n d  n*7-' =1/ * a. S in ce

r 'o. r 'o' mod h*n,+]. (X ) +P ( Y) 74' = h * 8+ p s ' fo r  some a e
rr +1 ( X )  an d  a' E7r,+1( Y) . P u t ro= — rô + h*a= —Pa' then we
have

Nro = — :14:1- +i*h* 8 = Pr
and n * r o =  n* n *  (Pap = — h *

-a• q. e. d.

Proposition 4. 8. Let n>7, h:P1)+2P- 3 --- Y ; be a representative
o f  (m +1)8a(n)— m it8(n) and let K = r , U , , C r 2P- 3  be  a mapping
cone o f h. A ssum e that m +k =-0  (mod p ).

(i) For k >2 , there ex ists a coextension r 74,-.(p-i
) , ( K )  of

i*(ak - 2 8a(n+2P —3)) E  74,+ 2k(p-1)-3  ( Pp')  s u c h  t h a t

P  r * (i*cek - laa (n )) i f  n >7
and p • r * (i* cek - 1  a ( 7 ) )  mod p • j * 7r2k(p_o + 5 (Y ; )  i f  n=7 .

(ii) For k >1 , there ex ists a coextension nn+2k(P-1)-1(K) of
i*02 - 1 (n+2p —3) E  TC711- 2k (P - 1) - 2 r t + 2 P - 3 )  such that

P • r =  — i*  (i *  ak (n)) i f  n >7
and p • r. — j * ( i * ak (7 )) mod b 7r* 2kcp-o-Fe ( r p )  i f  n —  7.

P ro o f .  (i) P ut q=2k (p  — 1 ).  By Corollary 4 . 3  the relation

n*h * (i* erk - 2 oz(n +2P —3)) = (m +1) 8 ak - 1 8 oz8 (n)  — m • a a k - 2 8 (n) =0

holds for n > 6 .  By the exactness o f (4. 8) we have

h *  (i* a _2 ôc (n  +2 P-3 ))  E  p STrn+a_4(17 ; - ' )  = 0  for n>7 .

Thus a  coextension r  o f  i* (c0 - 2 8 e r(n + 2 P -3 ))  exists. Obviously
a k - 2 8a (n+ 2p —3) is an extension of i* ( a k - 2 8a (n ± 2P — 3)) . By Lemma
4.7 there exists T o  7c.+ 4-2  ( Y ;)  such that Pr=i* ro  and 7r*ro =  — h* cek'
8  (n  + 2 P - 3 ) .  By use of Corollary 4. 3 we have
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e  r o = — {(m +1) 8 a (n) — m • a  (n)}  oak- 2 80z(n+ 2P — 3)
— (m +1 ) (0 - '8 a (n) + m  a8 ak- a a (n)

= { —  +1) (k -1 )  ± M (k —2)}ak - 1 8a6(n)
=  _ * i *  (m  k— 1) ak- 1 8a (n) = n* i* a 'aa (n )

Then ( i )  is proved by the exactness of (4 .8 )  and P • Src„+ ,_3 ( Y ; ' )
=0.

(ii) B y Proposition 4. 6, h * (i* (n +2P -3 )) =  (m+ k) i* (a k - '
ôix(n)) = 0. T h us th ere  ex ists  a coextension r of i* trk  1 (n + 2 p -3 ) .
By Lemma 4. 7 pr—j * ro and n*ro = —h *ak 1 (n + 2 P -3 ) for some To.
B y use of Corollary 4. 3 we have

— {(m +1)80z(n) — ma8(n)} oa k  l (n + 2p — 3)
= — (m +1)8a* (n) + m • cam' (n)
= — +  1) fk • ( 0 '8  (n) + (1—k) ak (n)}

+ m {(k — 1) crk - 1 8a (n) + (2 —  k) ak 8 (n)}
= — (m + k ) ce 'la  (n) + (m  + k — 1) a' a (n )  = —  8(n )

Tr* p a k (n )

Then ( i i )  is proved by the exactness of (4. 8).

5. Unstable elements of the first and the second types.

An element r of m (s.--i : p ) will be called as an unstable element
of the first type if ,T7-= 0 and rEEImS°. Consider the exact sequence
(1. 7) of the case n = 2m — 1 and k =2:

P* S Ho) P*(5. 1) • • • --> ( qm - 1 ) 7Vi+2 (S2m+1 ) ---> ' • • •

For the map d:..(23 (gn+ 1--->Qm - 1  o f (3 . 4 ) w e have the following
commutative diagram.

( 2 ' ) ni-Fo(S2m+1)
(5. 2) IH(2)

ni (D3 q m +1 )  c ± *' Tri(Q m - 1 )

Thus we have

*  _n  ro —
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(5. 3) . I f  d a l  = IT " P * l# 0  f o r  som e r ' E  Iri 1-3 ((&+1 :p), then
r—P*2. '  is  an unstable element of the f irst type.

Choose a complex K (m , 2) rpm " Uh CY -; ( 7 " - 1 ) P  - 5  and a map G:
K (m ,2 ) - ->Q :' which satisfy Proposition 3. 6  and Proposition 4. 5.
Thus the map h:Y "H i ) P- h—.Y 2pm " represents

(m  +1) 8a (2M P —  2) —m• ce8(2m P — 2).

By Proposition 3. 6 we have a commutative diagram

r o(n+1)p-5) rpmp-2)

(5. 4)

For
3.8 and

(5. 4)'

l e*
( 23 Cen+1)

the case m  = 1  a complex K =Y 2pPU„CY ;P - 3  of Proposition
the following commutative diagram will be also considered.

r1+3 ( Y 2 ) L12* 7 r1+3 ( 1 7 21 + 1 )
g *

n i-F 3 ( q )  (± 4

Theorem 5. 1. ( i )  Let 0 E  ( S 2 cm+i)" )  be an element of order
p. T hen there ex ists an element r '  of m+,(qn"- ': p )  such that

P • r' =0, I(r') =S 8fi a n d  IH (2 ) (Nr')=- H P(P*7 - ' )  = xm • a l  (2mP + 1) 0.5 5[3

fo r  some x /0  (m o d  p) . T hus i f  m # 0  (mod p )  and a 1 (2m p+1)0
S 50 # 0  then P* T ' is  an unstable element of the f irs t type.

(ii) Let 0 be an element of 7r, (s*-+i)P - 7 : p ) .  Then the element
r'=/'(.3 619) E  7r11-4(Qtim + 1 : p )  satisfies

P • r' =0 and H ( 2 )P*r' =Y • (m + 1) • /' (a, (2m P — 1) 0 .33 )

for som e y / 0 (mod p ) .  T hus i f  m #  — 1 (mod p )  and ce1 (2mP — 1)

. S 3 r3EE dm+5(S 2 1"+ 1 : p )  then P * 7! is  an unstable element of the f irst
type.

(iii) In the case m =1 , replacing i3e7r 1 (S 2 ( 1 " ' ) P- 7 )  and S"0,
by 7r1+2(.34P-5) and S ' 20 respectively, ( i )  and ( ii)  still hold.
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P ro o f .  (i) Let 00 E ni+I(17 2p( m + 1 " - 6)  be a coextension of f3. n jo
= S  .  By (1 . 5), P  • SO 0=0. By Lemma 2.5

IS2- 3g ;S o = y• S 6 S  (7r*o) y • S 8 13

for some y # 0  (mod p ) .  For an integer z  such that zy==- 1 (mod p),
we put r' z-S2- s g ' * S o .  Then p • r' = 0  and /1.' = SB,R. We have

/11 ( 2 ) P1' = z • /1/ ( 2 ) P* S2- V , SO0

z • I(d*e*Sl30) by (5.2)

= z • I(Gi*h*Sl30) by (5.4)

=y' z • Ss (7t* h * S 0)  for some y '* 0  (mod p )  by Lemma 2. 5,

a n d  n * h *  So= n* { (m  +1) a (2MP — 2) —m • cr8 (2MP — 2)} 0S,0

= { (m +1) n * i * n * cr (2mP —2) —m • 7r* i *
 7C* a (2mP — 2)} 0S,e0

=  —m • a i (2mP — 2) on* S(30 = — m • a, (2mP —  0 .3 20.

Thus ra(2)p,,, r ' = —m y 'z oa,(2m p+ 1) 0 S5 ie  a n d  ( i )  is proved by
putting x =— y 'z  and by (5. 3).

(ii) By Lemma 2. 5,

r' =I' (S 8 j9) = x- S2- 3 4 i *  S O  for some x / 0 (mod p).

By (2.7) a n d  (2 . 5 ) , we have p r ' =  (p • s6o) = 4,32 (s6 o) = 0 .  For
some x '# 0  (mod p ) we have

H ( 2 ) P * 2-' = x • H(2)p s2- 34 i * so = x •d* g'„ i *  SO by (5. 2)

= x • Gi * h i * Sfi by (5.4)

= x  G 1 * { (m +1)i*i * n* a(2mP —3) —m • i* ei* a(2mp —2)}

=x(m +1)G1 i 1(2mp- 3) oSi

=xx'(m  + 1 ) / 'S 2 (ai(2mP  —3) 0 S R )b y  L e m m a  2 .  5

= xx' (m +1) r ( a i (2MP —1) 0 S 3 ,e)

Thus ( i i )  is proved by putting y =  x 'x  and by (5 . 3 ), (2 . 5 ).
(iii) is proved similarly by use of (5 . 4 ) ' and Lemma 2. 7.

Theorem 5 .  2 .  For th e re  e x is ts  a n  elem ent r '  of
7,2.,+2k(p_1),(cA"1 : p) satisf y ing the follow ing conditions:
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(i) P • r' =0,
(ii) 1(2-1)— cek _i  (2 ( rn  +1 ) p  + 1 ) ,„___7,2(m+i)p+2(k_i)(,-,)(s 2 (-+ i) , + 1 :p )  f o r

k >1  and  r' = I ' e 2 ( m + i ) p - i  f o r  k =1,

(iii) i f  there exists a n  element ty',(2mp —  3) o f  7r2mp+2 k(P-1)- 4

< S a - 3 : p )  such that i * (4,(2mp— 3 )  i *  ( a 'a a ( 2 m p  —2)) then

H( 2)p * r' = x • (m + k) I' (S 2 ex; (2mP — 3 ))

f o r some x 0  (mod p ) ,

(iv) in the case m =1  we may replace 01k (2mP— 3) by ce;(2p-1)
such that i * ce'k(2P —1) = i*  ( 0 '6  a ( 2 P )  i n  (iii).

P ro o f .  By Lemma 2. 5

/02 -
3g :i4 i*ak -1

(2 (m  + 1 )p -5 ))  =y • S 'ir, i*  ce - 1 (2 (m  +1 )p -5 )

=y • S 6 ak_1(2(m + 1 )P - 5 ) • ak_1(2(rn +1)p +1)

fo r  some y t 0  (mod p ) .  Put 2-' = (1/y)S2 - 3 g“*tyk - 1 (2(m + 1 ) P - 5 ) ,
then ( i )  and ( i i )  hold. We have under the assumption o f (iii)

i i - (2)p * r ' (1/y )d*g:, i * C E k - 1 (2(m + 1 ) p - 5 ) by (5. 2)

= (1/ y )G i * h * i* a k - 1 (2 (m  + i)p  — 5) by (5.4)

= (m + k )/y - G i *

 i * a k - 1

8 a(2 M P — 2) by Proposition 4.6

= (m + k )/y •G i * i *  a ( 2 m P  —3)
= (m + k) x' / y • I' (S 2 a; (2mP — 3)) by Lemma 2. 5

•fo r some x / # 0  (mod p ) .  Then ( i i i)  holds for x -=-- x '/ y  (mod p ) .

Here the condition 2 m P - 2 > 7  is necessary in  order to apply Pro-
position 4. 6. So for m =1  we use Lemma 2. 7 in place of Lemma
2. 5. Then ( iv )  is obtained and ( i i i )  of m =1  follows, q. e. d.

T h e o r e m  5. 3. A ssum e that m + k = 0  (mod p )  and
(i) Fo r k 1  there exist elements

e E 7r2m+2(m+k)(p-1)-1 ( q m + 1  P ) ,  s f  E 7r2m+2(m+k)(P-1)-3 ((Am  :13)
and rEn2m+2(,,,-Fk)(p-i)-3(S2 ' 1 :P)

such that
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P * €  S 2 r, P*e r , =P•r, I(e r)=x •ce ,(2 m P+1 ) for som e x  /  0 (mod P)

sand 1 (e )  =  a i , , (2 (m  + 1 )P  + 1 )  f o r k > 1 ,  e = re-2(.+1)p-i f o r k =1 .

(ii) Fo r k > 2  there exist elements

eErc2n,+2(n+k)(p-1)--2(Qm+ 1 P )  ef  E n2rn1- 2(m+k)(P-1)--4 (q m P )

and r G n2.+2(m+k)(P-1)-4(S2m

satisf y ing the following Properties.

p * s =S 2 2- a n d  p * s' =p• r .

I f  there ex ists an  element (4_1 (2(m +1)P — 3) of  Proposition 4. 4,

( i i i )  ,  then e ( S 2 c 4 _ 1 ( 2  (In + 1 ) P  3 ) ) .  If  there ex ists an element
ce(2mp—  3 )  of  Proposition 4 . 4 , ( i i i) , then I' (S 2ty'k (2 m p -3 ))— x -s '

f o r some x  /   0  (mod p).

P ro o f . By Proposition 3 . 6  and Proposition 4 . 5  w e have the
following commutative diagram:

i ( 17  'pm' - 2 )  j--*--> ni( K (rn , 2 ) )  -1<-'7 rY 2p( m+1 ) ' 4 ) - -s 2 ->ni-F2 YP ( m l  1 )  P  - 2 )

IG 1*I G * 1 g*

n i(Q
2

m- 1 ) ( C 2 2 4 M - 1 )
l*

Qm+ 1)ni (S22

D2

<-7 r  i+ 2 (q m + 1)'-

P* s 2

----> nid-a(S 2 m + 1 ) ,
P4,

irj (S 2 M - 1 )

where K (m , 2 )  is a mapping cone of a representatives h  o f (m + 1)
,8tt (2M P —  2) — m • aa (2mP — 2 )  and {g} =9 2 { g"} . Translate the ele-
ments of Proposition 4 .  8 ,  ( i i ) ,  which are in the top sequence, to
th e  middle one, then we see the existence of an element r ' c

7r2.+2(.+k)(p_i), (Q 24' )  such that (1-' = G*r fo r  r  of Proposition 4. 8,
( i i ) )

— p•r' i*Gi* ( i *  (2 m P  — 2 ))  and :id  =g * (i* a k ' (2(m -E i ) p  -  4 ) ) .

As is seen in the proof o f Theorem 5 . 2 , ( i i )  these relations imply
th e  properties o f  ( i)  f o r  r  =  z • p* r ', Z j  * 7̂ ' and s '=  —  z •

(2m P — 2) with a suitable coefficient z 0  (mod P)•
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The proof o f  ( i i )  is similar applying Proposition 4 .  8 .  ( i i ) ,
and omitted.

Theorem 5.4. ( i )  Assume that m +k --=- .0  (mod p )  and there
ex ist a ( 2 m p  — 3) and a 'k _i(2(nz +1)P—  5 )  of Proposition 4 . 4 , ( ii i) .
I f  there ex ists an element r  o f  itzni+2(m+k)(k_,)+1(S 2 m+3 : p )  such that
H m r= f  a _ , ( 2 ( m + 1 ) P  —1), k 2 ,  then  th ere  ex is ts  an element
r'Elt2,,,+2(m+k)(p_i)_i(S 2 1 : p )  such that

p • r = S 2 r'

and H(2)1' x  • Ta'„(2mp— 1 )  mod br -2.1+2(m +k)(P-1.)-4 (Q ;" : p)

fo r  some x 0  (mod p ) .

(ii) Assume t h a t  m +k - =- 0  (mod p )  a n d  I '(,n2”,+20,,A-kxp-o+2
(.3 2 ( "+1 ) P - 1 :  p)) n  1 1 ( 2 ) ( 7r2m-E2(M+k)(P-1)+2 (S 2 M + 3 p)) = 0 . I f  there ex ists an
element r  of 7r2m-F(n+k)(k_i)+2(S 2 "+3 : p )  such  th at Hpr----- I ( H 'r ) —
(2 (M  + 1 )P  + 1 ) f o r  k > 1  and H ( 2 ) r = f ( c f o r  k = 1 ,  then
there ex ists an element r '  of 7r2„„+2(m-uock_o(S 2 " -" : p )  such that

p • r = S Y

and for some x f  0  (mod p)

Hp r' =/(1 / ( 2 ) 7!) x •ak (2 m p + 1) mod b Trr 2 m + 2 (m + k )(p - i)  (S 2 m P + 1 :  p) .

P ro o f .  ( i)  H ( 2 )  ( p • r) =  r (p. .;_,(2(m  +1)p-1) = 4,s2
n + 1) p —1) =0 by (2 . 7 ) and by the exactness of ( 2 .  5 ) .  It follows

from the exactness o f (5 . 1 )  the existence of an element r "  such
that P r — S 2 r" .

L e t  Te7r2m+2(m+k)(p-i)-4(K(m, 2)) be a  coextension o f  i *  (a k - 28a
(2(M -1- 1)p — 5)) then by Proposition 4 .  8 ,  ( i ) ,  Proposition 4.5 and
by Proposition 4 .  4 ,  ( i i i )  we have

p  =  j  * (i*  a' - - 1 8a(2m P — 2)) = —j * i* ak(2nzP —  3)

and 7r,,y = i* (a k - 28a(2(M +1)p — 4 ) )  i * ce;_1 ( 2 ( m  +  p

B y Proposition 3 . 6  we have the following commutative dia-
gram :



On iterated susPensions I . 125

i* 7t*
i r P - 2 ) - > 7 r i (

K
( M ,  2 ) ) 17;(m+1)P-4)

G1 IG *
g *

 

(s23 Q.2"'+1 )-
4

.  r (Ce a - 1 ) ( qm- I ) r  (Q2 Q
2

' )

=  D ' Ihro) ÎB-0) Î,Q2
A

P* S ' Ho)
n i+ 3 (q m + i ) ( S 2 ' 1)  - - - > r i+ 5 ( S 2 m + 3 )  - - > ni-F 2 ( Q m + 1 ) •

For some x '# .0  (mod p )  we have, by Lemma 2. 5,

x' • j * G>, -1- =x ' • g * 7r* . y= x' • g* i* a,(2(m  +1)p—  5)

= 9 2 / 'S 4 ark_1(2(m +1)p - 5)

= KeIwk_i(2(m +1)p-1).

i*(11( 4 )r—x 1 - G*7) =O . B y the exactness of the above middle
sequence there exists 10E 7r,  -27,1+2on+kxp-1)-4(Q 22'm  1 : p )  such that

4 ,3 = 1 / ( 4 ) r — x' • G* T-

and i*(p • 19) —H0)(s2.1-")+.e • G* j * i * e4(2mP— 3)

=i * (H ( 2 ) r"+ X ' . G i* i * , 4 (2 M P  —  3)).

Again by the exactness of the sequence we have

H 2 ) 7 "  — x' • G1* i * o4(2mP— 3) +p (3+d(3' f o r  some

By Lemma 2.5

— x' • Gi * i * C4(2nzp— 3) =x • / 7 .92«;(2mp— 3 )  x • Ea'k(2mP— 1)

for some x j 0  (mod p ) .  Put r'=r"— p * sras9', then we have

S 2 r' =  S2 î "  — s2p*,52- 3(3' r

and H(2)r" = x • Ter;(2mP —1) + P •

Remark that th e  above proof breaks if m =1 and  p =3 since
2mP —  3<7 and Proposition 4 .8  cannot be applied for this case n=
2mp —3. S o , in  th e  c a s e  m =1  we use Lemma 2 . 7  in  p lace of
Lemma 2 .  5 .  By Proposition 3.8 we have the following commutative
diagram:

Thus
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ni+3( y;p+i) (S K ) ni+e (SK , rP+ 1 ) x *

g* 1G* IG *
r id-3(C Y 4p" ,  I r ip" )

ni+3(q) 614.' 2-
 C i+3 ( X3) - - i ->' 7r 1+3 (

2 2
X  t i) * >'' ni+3(S22 X5, X3) .:-...--, I a

P* a
--, , ,  I P 3* 1P3*.D2Q n 2 + 2  (  rp P - 2 )

„ o a „, s ' , , , ,  H( 2 ) ,r,,,,
n i + 3 ...1 - ) — >  ni+5 ...) ) — > n i -E 2 ,W 2) , g * '

where P .  and p 5* os22 are isomorphisms for i> 0  and the inverses are
equivalent to H ( 2 ) and H ( 4 ) . By Proposition 4 .8 , there exists a co-
extension — 2) ) —  3

( a l e - 2  

Sa (41, i* (4P ),—..2p+2k(p--1)-1(SK) o f  i*
such that

jr =  X  0 - 1 ( i * ce 1(4P — 3))

and P • r=  —  i* ( 2 P )  P  * 6  for some 6 - 72p+2 k(p_i ) _1 ( Y 2,,P +1 )

where e =O i f  p # 3 .  Then (i)  for m = 1  is proved similarly as above
and the details are left to the reader.

( ii)  is proved by use of Proposition 4 .8 , ( ii)  in place of Proposi-
tion 4 .8 , ( i)  in the proof o f ( i ) .  / H ( 2 ) (p • r) • ak_i  (2 (m  + i)p +1.)
= 0 .  By the assumption and (2. 5) we have H ( 2 ) (P • r) =0 and S 2 r"
= P r  for some r " .  Let y- be a coextension of i*ak - '(2 (m  + 1 )p -5 ) ,
then by Proposition 4 .8 , ( i i )  and Proposition 4. 5 we have

PT = — j * (i*  (2m P—  2 ) )  and  TC *Y.  =  i* ak - 1 (2 (rn  +1)p — 4).

By use of Lemma 2.5 we have /S2- 2 j * G* y.•=y-cek_ 1 ( 2 ( m + 1 ) P + 1 )  if
k > 1  and S2- 2 j * G* y- =y • re2(m+i)p-i if k =1, f o r  some y 0  (mod p ) .
By the exactness o f (2 . 5) and by the assumption we have 1/ ( 2 ) r =
(1/ y),(2' j * G* f. By a proof parallel to ( i )  we obtain

H ( 2 ) r" = (1/ y)Gi * i*ak (2mp — 2) +AS +

fo r some ,8 and By Lemma 2. 5, /(-1/y)G i * i*d(2m P—  2))
y' / y • ak(2mp + 1 ) ,  y'  /   0  (mod p). Then the assertion of ( i i )  is.

obtained by putting x =  — y'ly and r' r" —p* s23,8'. q. e. d.



On iterated suspensions 1. 127

6. Meta-stable groups I.

We introduce the following results of stable groups from [16]. .

(6.1) ( 7 r is, : f o r  k =2r (p  -1 ) - 1, 1 <r<p 2 ,
r t 0  (mod p ) :  generator ce,,

f o r  k =2 tp (p -1 )  - 1 ,  i <t<p - 1 :
generator 4 ,

------Z p2+Z , f o r  k =2(1. 2 - p) (p -1) -1:
generators tep_ i ) ,„

f o r  k =2 (sp+r) (p -1) — 2(s— r), 0<r<s,
sP+r<P 2 : generator

f o r  k=2(sp +r +1)(p-1) — 2(s —  r) — 1,
0<r<s, sP +r +1<p 2 , (r, s)* (0, p - 1) :

generator a fir+i,
=0 otherwise f o r  k <2P 2 ( P - 1 ) - 3 .

By Proposition 4. 17 of [16] , the above element a'" satisfies

(1 1 t) 4 G  {Pe, ak-1, o } ,  k  =tp.

We see also the element a', of Proposition 4. 4, (iii) satisfies

(6. 2)' ±  {Pc, Ûk-1, ai} •

F o r  i * c 4 =
i* ( , ,k - i 8 a ) _ i * a k-li* n * c e  p a k - 1  o t r i  Here i * a '  is  a

coextension o f  ±ak_ i . By Proposition 1.8 of [18] , p a k-i o t z i E  i *

{Pc, erk-i, al} • Since the kernel o f i * is  b 7T"• k ( P - 1 ) - 1  and it is contained
in the indeterminacy, we have (6. 2)'. We have also

(6. 2). In  (6. 1), the generators 4  m ay  be replaced by  the
corresponding elements in Proposition 4.4, (iii). If r*0  (m od  p )
a ,  m ay be replaced by  a". (Proposition 4. 4, (iv )).

We shall use the following natations.

(6.3)( i )  F o r rE S - 7r,+2(S2 '" ':  p)
Qm(r) G 7r i (C g n - 1

denotes an element such that
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Q m (r )= T ( r ' )  a n d  S - r t =r

f o r some r'E  n1-F2 (S 2" - 1 :  p) •

(ii) For rEe_amp+2,

Qm(r) ( q " ' - ':13)

denotes an  element ( if  ex ists) such that S - 1 ( r e ( r ) ) - r .

In meta-stable case, i<2m P 2 - 5 ,  Qm(r) exists uniquely for any

rc(7rL2.p+3:P) and if P - r = 0  then (kW exists and is  unique mod

Im
It follows from Theorem 2 .2  and (6.1)

(6. 4). A ssum e i<2mp 2 -  5  an d  i -2 m p < 2 p 2 ( p -  1 )  -  6 , then
1(q - - 1 :p )  is  a  Zp-module hav ing the follow ing base:

{Qm(a'p),Q 1n(1)} i f  i - 2 m p = 2 p ( p -1 ) - 4 ,
{Qm( + ,), a n  (19 ,)} i f  i - 2 m p = 2 ( s p + s -1 ) ( p -1 )  -4 , 2 < s < P ,

{Qm(a(-1)p-1),Qm(3 - 1 ) }  i f  i -2mP= 2( p2 - - 1) ( p - 1)  - 3,

{Qm(ap-i)p), Qm(cei 4 - 1) } i f  i - 2mP=2(13 2 - P)(P - 1) - 4 ,

ge(a(p-i)p),Qm(aii4 - 1 )}
 i f

 i -2 m P = 2 (P 2 - p ) (P - 1 -) -3 ,

i f  i -2 m p =  -3 ,

{Qm(a,-)} i f  i -2mP =2r (p -1) - 3 ,  1__r <P 2 ,
r#P 2 - p ,  r # p 2 - p - 1 ,

{(2- (ar)} i f  i - 2 m P = 2 r (P -1 ) -4 ,  1<r<P 2 ,
r 0  (mod p), r /    - 1  (mod p + 1 ),

{Q - (04,,)} i f  i - 2 m p = 2 t p ( p - 1 ) - 4 ,  2 < t < P - 1 ,

i f  i - 2mP = 2 (sP + r ) ( p -  1) - 2 ( s - r )  -3,

0 < r < s ,  s P + r P 2 , ( r ,  )# (0 ,p -1 ) ,

{Qm(i31- - 1 ■9,-i)} i f  i -2 m P = 2 (sP + r)(p -1 )  - 2 ( s - r )  - 2 ,
O r, , r sP +r<P 2 , (r , s )  ( 1 ,  0),

{QM  (cei r+1)} i f  i - 2 m p = 2 ( s P + r + 1 ) ( p -1 ) - 2 ( s - r ) - 4 ,
0 r<s, sP +r + i< p 2 , (r, s) ( 0 ,  p -1) ,

t3r+1)} i f  i-2 m P = 2 (sP + r+ 1 )(p - 1) - 2 ( s - r ) - 3 ,
01<r<s, sP +r + i< p 2 , ( r , s )*  ( 0 ,p - 1 ) ,
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{(b) i f  otherwise.

Consider the composition

R . ") op* =a : rc1(q 1"- " :P ) - - >n1(..5 2"1 +1 : P) - - >ir,-3(V m - 1 : p), m >1.

Lemma 6. 1 . (i)  L et r> 0 ,  p > s > 1  and assum e m  /   0 (mod
p ) .  For r> 1  and for (r, s)  = (0, 1) we have a relation

H " ) (P*(Qm + 1 ( iR s ) ) )=x •Q m (a1 f f 0 , x # 0  (mod p).

For r= 0  and s >1 , the relation holds Prov ided that s=.3 (n)
f o r  som e M n )  Trn+2(3P+s-1)(P-1 )-2 (s": p )  o f  order p  an d  f o r some
n _2 (m + i)p  —3.

(ii) Let r O ,  P > s > 1  and assum e m t  —1 (mod p ) .  For
we have a relation

H ( 2 ) (P*(Q m + 1 (f f if3s))) =x  • Qm  (al 19s), x # 0  (mod p).

Fo r r=0 , the relation holds Provided the sam e one  as in  (i).
(iii) A ssum e k+m  / 0  ( m o d  p). F o r k 2  w e  hav e, if

a(2mp—  3 )  exists,

H (2) (p(Qm+1 (ak_i))) =x• Q m ( d k ) ,  x 0  (mod p).

A lso  w e  hav e  1 1 ( 2 ) ( P * ( T c 2 o n + o p - i ) ) . - - x • Q m ( a i ) ,  x 7L 0  (mod t )
m / - 1 (mod p).

Proof . (i) By Theorem 5. 1, it is sufficient to prove that there
exists an element ff,,%(n)E7r„+k(S". : p), k =2((r + s)P + s — 1) (p — 1)
—  2(r +1) such that n<2(m  +1) p -3, p .  9 , ( n )  = 0  and S - ,31 (n)
=i3 .. For r = 0  and s > 1  this is assumed. Let r > 1  or (r, s) =
( 0 ,  1 ) .  We shall prove the existence of such 0',9,(n) for n =2P +1.
B y  (2 . 8 ) , i f  n 2 (sP +s  —1) —1, i3s = S - ps ( n )  fo r  some 0,(n) E
ir„+,(S' : P) and further i f  11 2(s1:1 s  — 1 )  +1  ,( n )  is o f order p.
Define i3s (2P — 1) by (2p — 1) = [31 (2p — 1) 0 S2P(P- i) - 2  8:- 1(2p — 1),
r=2, 3, • • •, and Os (2P — 1) = (2p — 1) 00, (2p — --H2rp(p — 1) —2r).
T h e n  (3 ,(2 P  +1 )  S 2 (j (3 (2P — 1 ) )  is the required element.

(ii)  The proof of ( i i )  is similar to that o f ( i )  with a remark
that for the case m = 1  the existence of the element 016,(2P —1)
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satisfying the required properties has to be established. The only
difference with ( i )  is that p•1(2p - 1) is not necessarily zero.

( iii)  follows immediately from Theorem 5. 2. q. e. d.

We have also from Theorem 5. 2

(6. 5). If  k+m --=-0 (mod p ) then  H " ) P m + 1 (cuk_i) = 0  f o r k >1
and 11 ( 2 )P * (I'e2 (7,,, ) , , )  =0  f or k  =1.

Proposition 6 .  2 .  A ssum e k<2(m +p 2 ) (p - 1) - 1 and k <2m
(p+1 )(p - 1) -  3  th e n  7r2.+14-k(S2 '+': P )  h a s  a  direct sum m and"
U(k , m ) such that S 2 U(k, m) = 0 , U(k , m )f ilm S 2 =0  and

U(k, Z +Z ,, i f  m *  - 1  (mod p ) and
k =2(m+ P 2 - p)(p -  1) - 2 ,

U(k, i f  k =2 r( p -  1 ) -2 , r 1 ,  r / 0 (mod p ) and not
the  above case,

U(k, Z ,  i f  m 7 L 0 (mod p ), k  =2(m  + (s +r) P+ s)(p -  1)
-  2 (r+ 1 )  -1 , 0 < r , 1 < s ,

U(k, if m  /  - 1  (mod p), k  =2(m  + (s +r)(p+s)(p -  1)
- 2 ( r  + 1 ) - 2 ,  0 < r ,  1 < s ,  (r, s )*  ( p - 2, 1),

U(k, m) =0 if  otherwise.

This follows from (5 . 3 ), (6 . 4 ) and Lemma 6. 1. U(k , m ) are
generated by corresponding elements in H ( 2 ) ( )  of Lemma 6. 1.

P ro p o sit io n  6. 3. A ssum e k <2(m + p2 - 1)(p - 1) - 4  and
2m (P -  2 < k  < 2 ( m  - 1 ) ( P 2 -  1 )  -  3  th e n  w e  h av e  an  e x ac t
sequence

H ( 2 ) P*
• • • -- - > V (k +1, m) —>nz.-1+,(S 2m- 1 : p)/U(k, m -1 )

S 2H ( 2 )
-->n 2 .+1+k  (S 2 ' 1 : p)/U(k, m) , V  ( k ,

w here V  (k, m) are giv en as follows:

V (k, Z p  i f  k=2tp(p - 1) - 1 and m = (t - p+1)p+1,
i f  k=2tp(p - 1) - 1 and m * (t -  p+ i)p + 1 ,,

V (k, i f  k =2 tp (p -1 )  - 2 ,
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i f  k =2 tp (p -  1 )- 2 s -1 ,  P>s>1 . m = ( t- s )P ,
V (k, i f  k =2 tp (p -1 )  -  2s - 2, P>s>1 ,

m =( t - s ) P - 1 ,
V (k, i f  k =2 (aP +b ) (p -1 )  -2 , P>b>0,

m - ( a- b ) P +1 ,
i f  k  -2 (aP+b)(p  -1 ) - 2 s - 1 ,  p>b>o,

(b, s)# (1, p -1), m = (a - b -  s + i ) p  or = (a -b  - s)p ,
V (k,m)-------Z p  i f  k =2(ap+b)(p  -1 ) - 2 s - 2 ,  P>b >0 , P>s>1 ,

m = ( a - b - s ) P + 1  or
V ( k ,m ) = 0  i f  otherwise.

P ro o f .  V (k ,m ) are generated by the elements in (6. 3) which
does not appear in Lemma 6. 1. 7r2m+k-2(qm - 1 : p ) is a direct sum of
V (k ,m ), II ( ') U (k ,m ) and a submodule U '(k ,m ) which is mapped
isomorphically onto U (k -1 ,m -  1) under P .

 Then  the proposition
follows from the exactness o f (5. 1). q .  e .  d.

Corollary 6.4. A s s u m e  k <2 (m +p 2 -1 )  (p - 1 ) -  4  a n d  k <
2 (m -1 )(p  + 1 )(p -1 ) -  3  then w e h a v e  isomorphisms

: p) + U(k , m -1)

in  th e  follow ing c a s e s :

(i) k =2 r(p -1 ) -1 , r7 ± -0  (mod p),
(ii) k=2(ap +b)(p -1) - 2 ,  p>b>o, m >(a-b )P +1 ,
(iii) k = 2 (aP + b) (p - 1) -3, P>b >0 , m > (a - b)P ,
(iv) k =2(aP+b)(p  -1 ) - 2 s - 2 ,  P > b 0 ,  P > s 1 ,

m >(a - b  - s +1)P -1, (b , s)# (p -1, p -1),
(y ) k = 2(aP +b)(p -1) -2s - 1 ,  P > b 0 ,  P > s 2 ,

m >(a -b  - s +1)P, (b , s)*  (p -1, p - 1 ) .

Here the subgroup o f 7r2,.-i+k(S2m1 :P )  corresponding to ( n f  :  P )

is mapped isomorphically onto (4: p) by S .
P ro o f . In these cases, we have V (k', m) = 0  for k r> k .  Then

the corollary follows from Proposition 6. 3 and (2. 8).
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7. U n sta b le  groups I.

We s h a l l  compute the groups 7s2. - 1 + :(S 2 m 1 : p )  for t<6p(p —1) —7
i f  P > 5  and for t < 3 3  if p =3. The basic tool of the computation
is the exact sequence (5 . 1 ) .

Theorem 7. 1.

(Z ), fo r  k = 2 r ( P - 1 ) - 1 ,  r = 1 ,2 , • • • ,  p —1
and m >2,

7r2.-1+k( : 71, fo r  k =2r (P — 1 ) - 2 ,  r = 2, ••• , p —1
and r>m >2 ,

0 otherwise fo r  k<2p(p — 1) — 2,

Z 1,2 for P m >3,
7r2m- 1+2P(P- 1)- 2  S2 m

Z1, f o r  m =2  and for m >P,

14 2  fo r  m >3,
n 2 m - i + 2 1 , ( p - i ) - 1 ( S 2 m  1 :  p ) —

Z 1, f o r  m =2.

P ro o f . F or th e  ca se  k<2p (p —1) — 3, th e  results follow

immediately f r o m  Corollary 6 .  4 ,  ( 6 .  1 )  and Proposition 6. 2. We
remark

(7 .  1 ) .  ( i)  7 r2 .-1 + 2 ,(1 ,-1 )-1 (S 2 m l : P) , 1 <r<P, m > 2 ,  is generated
by a, ( 2 m  — 1).

(ii)7r27,11-2,cp-1)-2(S 2 m - 1 : p ) ,  P > r> m > 2 ,  is generated by  an un-
stable element of the f i rs t  type.

Put q = 2 P (P  —  1 ) .  Consider the exact sequences (5 .  1) :

n z . -ka- 4 ( S 2 m - i  :  P ) - - -> n2m + ,2 (S 2 m + 1  : p ) - - 2 .+Q - 5 ( q m - 1: P )

for m =1, 2, • • •, where n a _2 (Si  : p) = 0  obviously and 7r2.+Q-5(qm - 1 :

= 0  by ( 6 .  4 ) .  It fo l lo w s  th a t  7,2„_,_3(s2--1 : p) = 0  for all m . This
completes the first statement of the theorem.

By ( 5 .  1 )  and by the result just obtained, we have exact sequences

rc z m + q -3 (Q r ' : n2.+Q-B(S2m-1 : p )  .! >Tr2.+.7-1(S 2m 4-1  P )

H( 2 )
:
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where

: 1;0 P
0

Zp

o
z2m + Q — B (Q r - 1 :  p) , {zp

generated by Qin(ori—m )  for 1 <n i<p ,
for m> p,

generated by -0 1"(crp ,) for 1<m <P ,

generated by / -2A 2 -1 for m =p,
for m >p,

by (6 . 4 ). Let be an element o f r2p+Q-3(S2 P - 1 : p )  such that H ( 2 ) 6

=QP - 1 (a i ). By Theorem 5 .4 ,  ( i ) ,  there exists an element (3' of

7r2p+,-5(S2" :  p )  such that .3243̀ and H ( 2 ) (3' = x  QP - 2 (az), x -/ -Q

(mod p ) . (3 ' does not vanish under S 2 since the kernel of the S '

is generated by P 4 (tr i) and H ( 2 )P*(Q "(ex i.)) =0  b y  (6. 5). It
follows that the order of is  a multiple of p2. But, S 2 ( p )  =0

since nz p+ ,_,(S 2P ': P)------Zp by (2. 8) and (6. 1 ) .  This shows
that p • o =Y • P*Te2p2-0 and y -,-/-0  (mod p ) . We have obtained
that [3 generates 7 r 2 p + q - s ( S 2 ' :  p )= Z 2 a n d  S 27r2p+q-5 (S 2 3 : z p .  If
P > 3 , we repeat this discussion for in place of a n d  so on. Then
the second assertion of the theorem is obtained. We have obtained
also

(7 . 2 ). ( i )  For S 2 . 7r ( S 2 m  1 P )  - - "Ir2m +1+2t(p-i.)-2  (S 2 m + 1  : p) we
have

1 Z ,  fo r  p ) ,n 3
Ker

0 fo r  T n<3 and for In >l,
and

Coker S 2 ( Z P

10

(ii) F or m>3,
is  an ePim orPhism .

fo r p - 1 > m l
fo r  Tn p —1.

,s2 ( Q2.yrz
•  I ' )  — 7r2m + i+ zp(p— i),(S 2m+ 1 :  p)

Then the last assertion of the theorem follows easily from (5. 1),
(6. 1), (6. 4) and (7 . 2 ), (ii). q. e. d.

Theorem 7.2. L e t  P > r> 2 .

7r2._1+2(p+i)(p-1)_3(S 2m 1  : Z  p  fo r In 2,
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1Z 1, f o r  m=r,
10 f o r m#r,

i
Zp f o r p+rrn>-2,

_2 ( s r p  f o r P+1m >2 ,2m-1
0 f o r m>P+1,

f o r m>2,
4(S2 7n- 1 :p)

- -- "'- - -7r2m-1+20 +0 (0 -1 ) - 3 ( S 2 m - 1  .13
)

7r2m-i+2o-vocp-i)-2(S2 7 n - 1 :
0 f o r m>P+r,

7, 2,1+20+0(p-i),(s 2 - f o r nt 2,
7T2, i+ R ( s 2 - - :p ) = o f o r k = 2 (p + 1 )(p -1 ) -4  and
f o r k#-1, — 2,-3,-4 (m od p),2p(p— 1 )<k <4 p (p  — 1 )—  5.

P ro o f .  For the case m >3  the results follow immediately from
Corollary 6. 4, (6. 1) and Proposition 6. 2.

For the case m=2 the results will be computed by use of the
exact sequence (2 . 11 ). Consider the homomorphisms

7 r 1 + 2  (s zp + i p)___„7r (s2p -i p )

fo r  2P(p — 1) < 4 p ( p  — 1 ) .  The two groups vanish except
the following cases:

a) i= 2 p + 2 (p + j)(p -1 ) —2, j= 0 , 1, •••, p -

b) i = 2 p + 2 ( p + j ) ( p  — 1)-3, j= 0 , 1, •••,

c) i — 2 p  +2 (p +1 )  (p -1 )  —4.

In the cases a) and c ) the groups are cyclic and S 2 :7-c,(S 2 P- 2 :P )
(S 2 P + 1 : p )  a r e  isomorphisms since U(i— 2p + 1 ,  p - 1 )  =

( i -2 p + 1 ,  = 0 . B y  use of the relation (2. 7) it follows

Ker 4 , -------Cokertfr-----Z p  for the cases a) and c).

Next consider the case b) of j = 0, i.e., i = 2P + 2P (p  — 1) —3. In  this
case the groups are isomorphic to Zpz and Zp respectively and S2 is
an epimorphism, by (7 . 2 ), ( i ) .  By use of (2. 7), we see that d is
a monomorphism. Thus
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Ker 4 = 0  and C oker 4 Z  for the case b )  of j = 0.

Consider the case b )  of j > 0 .  Then the two groups are isomor-

ph ic to Z  and S 2 n ,(S " - 1 : p) = s2 u (t —2p +1, p -1 )  = 0 .  By Lemma
2. 6, we have that 4 are epim orphism s hence isomorphisms. Thus

K e r  =Coker 4 = 0  for the case b )  of j> 0 .

By the exactness of (2. 11) the results for m = 2 are  computed easily.
q. e. d.

Lemma 7. 3. I f  i< t < p ,  then .7c2,p(p-i)+4(S5 :p ) - - ). (7dtp(p-o-i:P)
is  an ePimorphism.

P ro o f . By (7 . 2 ), ( ii)  this is true for t =  1 .  Thus there exists

an element a ; ( 5 )  such that p • 4 (5 )  ,p  ( 5 ) .  Choose elements ex;p(5)

from th e  secondary composition fa'p(5), P 2  e2P0-1)+4, S2 P ( P - 1 ) - 1 C6-1)P ( 5 ) }

inductively as same as the construction of a r ( 3 ) .  Then it is verified

•that p • s-a;p (5) =- 04p , t_<.p [16: (4 . 15)] . This shows that S -  (a;p(5))

is of order p2, and it generates (7 -c tp (p -1 )-1 : p )  i f  t<p —  1 .  In the case
t=p — i, the other generator cei fr,'  is the im age of a l  (3) or -1( 2 P)
E n2pcp-02+2 (S 3 P )  • q. e. d.

Theorem 7. 4. Let Then w e have

1V2.,4p(p_i)_5(s 29- p )  — o

7r2m-1+4P(P-1)-4 ( S 2 7 4 -1  : P) --------. 
Z p  f or
0 f o r

,  1 Z p
7r2m-1-1-4P(P-1)-3 ( S 2 m  I  : P)-."--.

f or
0 f or

{ 

Z 2  f o r
7r2m-1+4p(P-1)- 2 (S 2 m - 1  : p)----,  Z p  f o r

0 f or
rp 2  f or

n 2 m - 1 + 4 P ( P - 1 ) - 1 ( S 2 m - 1  : P)''-------

Z p  f o r

m 1 3 ,
m < p,

2 p >m >p ,
m >-2p and for m < P .

2P>m >2,

m = 2 P  and for m=2,

m>2P,

m > 2 ,
m  = 2.

P ro o f .  For the case m = 2 the same proof a s  Theorem 7. 2 is
-valid.
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Put q = 4 p ( p - 1 )  and consider the exact sequences (5. 1) :

p )  'X>
, H ( 2 )

7r2m-F1-1-g-i (S 2 m + 1  P ) - > 2 7 2ni-li-Q-i-1 (Q M  1 )

for m=2, 3, • ••, i = 5, 4, 3, 2, 1.

By (6. 4), n 2 ,1 + ,0  ((e '' :  p) = 0 for m >2, and 7r2.--i+Q-5(Qr - 1  : P)
= 0 f o r  m > 2  an d  m *p —  1, fo r m =p— 1. Then th e  first
assection follows immediately by the exactness o f ( * ) ,  i = 5 .  Also
th e  exactness o f  ( * ) ,  i = 4 , implies that 71-2.-7.+Q-4(S2"1 - 1 :P ) = 0  for
m < P , for m  =p  and S 2 . 1: p)---),(m+i+g_4(s2-4- 1: p) are
epimorphisms for m p .  These S 2 a re  isomorphisms since (74-4:P)
--------Z p .  Thus the second assertion has been proved. Remark that

(7.3) 7r2.-1+4p(p-7.)-4(S2 "1 - 1 : p), are generated by  [31(2m - 1 ).

Since S 2 in  ( * )  of i =4 a re  monomorphisms, H ( 2 )  in  ( * )  of i =3
are epimorphisms. B y  (6. 4), n2,,i-i+g-4(qm - 1 :P ) , -------- Zp fo r m= p — 1, p
and =0 for m * P - 1 ,  P. W e  have also U(q — 3, by Proposi-
tion 6.2. It follows that 7r2„,_,,,_3 (S 2m :p ) = 0  for m<P, for m = p ,

p + 1 a n d  S 2 :7E-2,- 1,7 _3(S 2m- i: p )  a re  epimorphisms

for m > P  + 1 .  Assume that 7r4p_,,,_3(S4 P ': p )  =0  in which the element

P*Q 2 P - 2 (cr1) is. Then there exists an element r  o f 7r4p-i+g-2(S4 P - i : P )

such that 1 / ( 2 ) r = Q 2P- 2  (a i) O . S 2r  does not vanish since the kernel
o f this S 2 is generated by P * (Te4p ,i)  and  H ( 2 )P * (Ft4p2_1) =0. But
S 2r  is already a stable element and this contradicts to (74_2: p) =0.
Thus we concludes that 7r4 p_3 , _ , (S 4 P- 3 : P)-------Zp and this is generated
by M P ' (ct i ) . Then the third assertion is proved.

Next consider th e  sequences ( * )  for i = 1 .  B y  (6. 4), i r..2

: = 0  for m 2 . It fo llow s that S ' in  ( * )  of i =i. a re  mono-
morphisms for Then these S 2 a r e  isomorphisms for m 3
by Lemma 7. 3. We have proved the last assertion.

It follows also from  th e  exactness o f  ( * )  o f  i= 1 ,  2  that

P*: 72.--1+,-2(q - - 1 :P) - - n2rn41+a-2(S 2' : p )  are monomorphisms for 771 3 .

to2-1, •Put r=p * O E Then r * 0  and r  generates th e  group 7r4p_i,_,
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p )  since r4p+1+q-2(S4 P + 1 : P ) =  (n 2 : p ) =O . Thus n4p - i+g - 2 ( S 4 P - 1 :  P )

. By Theorem 5 .  3 ,  ( 0 ,  there exists an element r i  o f  7r4p-3+q-2

( S 4 P - 3  p )  such that S 2r 1 = r  and p r, x p,,, -02P (a0 * 0 for some x f  0
(mod p ) .  Repeating this we have elements r, of ( S 1 P  2 i - 1  / 3 )
for i  =  2 , 3 , • •  •  , 2 p - 3  such t h a t  S 2r , =  pr,„ andP r i —

x, • NO -2P- i- 1 (m )  0  for some x , * 0  (mod p ) .  On the other hand from
the computation of the third assertion we see that the co k ern e l of
S 2 in  ( * )  of i =  2  are isomorphic to Z p  for 2P —2 m 2 .  Then the
fourth assertion of the theorem is proved easily, q. e . d.

In the above proof we have seen

( 7 .  4 ) .  (i) T he groups ir ( S 2 m  1 I ) )  o f  2 P >m >P  are
generated by  unstable elem ents o f  t h e  th ird  ty pe, i.e., these
groups are  isom orphic under iterated suspensions.

( ii)  T h e  groups  7 2 m -1 -1 -4 P (P -1 )-2  (S 2 m - 1  p )  o f  2P m > 2  are
generated by unstable elements of the second ty pe, i.e., a  similar
assertion as in  ( 7 .  2 ) ,  ( i )  holds.

Theorem 7.5. L e t  p 5  and P > j 3 .

7r277,14-2(2p+i)(p-i)-5(S2 m f o r 1.1 2,

{

Z p  f o r p
0 f o r m >P +1 ,

7%.,2(2,1)0_,3(s 2rn p )  —  0,

rp+ Z ,  f o r 2 p + 1 m > P + 1 ,
Zp f o r m >2 P +1  and

f o r p + 1 1 1 2 2 ,

rczni_1+20p+ix,1),(s 2 - 1 : f or

n2m-14-2(2P+2)(P-1)-6 (S 2 m  I  : p )
r p  f o r m =2,

P) 0 f o r m > 2 ,

iZ p  f o r m = p +2,
7r2m-i+2(2p+2)(p-3.)-4(S2 m - l : P)------'

0 f o r rn * p +2 ,
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Zp+Z„ f o r m=p+2,
7t2m-1-1-2(2P-1-2)(p-1)-3(S 2 M - 1  : p) Z----- p1 f o r m *p + 2  and  m > 2 ,

0 f o r m=2,

( S 2 m  1 : 
P )  { Z p  f o r 2P +2 m 2 ,

r2rn-1-1-2(2ft-I-2)(P-1) -2 =------ 0 f o r  m>2P+ 2,

7E2.--14-2(2p+2)(p-1)-1(S2 '  1 : p)--- Z p for ni 2,

r2M- 1- 1- 2(2P+.00- 1) - 6 ( S 2 m - 1 : p)

'- - -- -"7t2m- 1+2(2P-F.7)(P- 1) - 5  (S 2mp ) ,

(Zp  f o r m =j,
10 f o r m *j,

7r27._1+2(2p+,)(p-i)-4(S2 'n 1 :P)
IZ „  f o r m = j-1 , p+j,

: P)
0 f o r m* j —1, p+j,

i
7r2m-i+2(2p+i)(p-i)-2 (S 2 m  1

z p  f o r 2p+ j>m>2,
0 f o r m >2P+j

7Uzyn-1+2(2/3+))(A-1)- (S 2 m - 1 Z p fOr

7r2m-i+k(S 2 m  : P )  = 0  otherwise f o r 4p(p -1)<m<6p(p —1) —7.

P ro o f . Except the cases k— 2 (2P + 1) ( p  - 1 )  — 1 , — 2 , —3,
—4, the above results for m > 3  are obtained directly from Corollary
6. 4, the case m =3 they are computed from the case m =4 by use
of (5. 1) and (6. 4) and for the case m = 2  they are computed by use
o f (2 . 5 ) , (2 . 7 )  and Lemma 2 .  6 .  Remark that in the computation
it appears only two non-vanishing V (m ,k ): V  ( 2  (2P  +1)(p-1)
—3, p) , ---v (2(2p+1) (p- 1) —2, Then the remaining
cases are computed from the stable cases by use of Proposition 6. 3.
The details are left to the reader. q. e. d.

Remark. It seems there is no reason to stop the computation
at the above range:of k . In fact one can compute up to k < 6 P 2 — 10
in  which case 7c2.-i+k(S 2 '  : p )  o f m > 3  are in meta-stable ranges.
For example unstable elements o f the fourth type appear in the
groups 2r2m-I-F(3P+1)(P-1) - 3 ( S 2 m - 1 : p), 2p +  +1.

Theorem 7. 6. (i) Theorem 7.4 holds for the case p = 3 and
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2 ( p + 2 ) ( p - 1 ) - 1 - 4 p ( p - 1 ) - 5 < k < 4 p ( p - 1 ) - 1 ( - 2 3 ) .

(ii)
1Z9+Z3 fo r  m>2,

7/2m-1-1-23 (S2m-1
: 3) + Z , fo r  m=2,

(Z, fo r 4 > m 2 ,
n2.-1+24(S"

10 fo r  m>4,

Z2m-1+25 (.9 2 m  I  3) — 0,

1Z3 +Z3 f o r  m = 2  and for 7>m>4.
7c2.-1+26(S2" : Z, fo r  4 > m > 2  and for m>7,

IZ ,+ Z , fo r  m=2,
2 t2m-1+27 (S 2 M - 1  3 ) ,

Z, fo r  m>2,

(Zsf o r  m=5,
7r2m -11-28 ( S 2 m - 1  3 ) ,  

io fo r  m *5 .
(iii)

Z34-Z3 fo r  m=5,
n2m -11-29 ( S 2 m  1  : 3) {,  Z 3

0

f o r  m 5  and m>2,
fo r  m=2,

fo r  8 m > 2 ,
fo r  m = 2 and for m>8,
fo r  5 > m > 2 ,
fo r  m = 2 and for m > 5 ,

fo r  m=2,
fo r  m>2.

P ro o f . The proof of ( i)  is same as that of Theorem 7 .4 . The
proof o f ( i i )  is also similar to that of Theorem 7 . 5 .  Look at the
last assertion of Theorem 7 .4  and the results o f Theorem 7 .5  and
put p = 3 , then some o f  them are overlapped and by making the
direct sums o f  these overlapping groups the results o f  ( i i )  are
,obtained.

The essential difference occurs in the cases of ( iii) .
The first diffrence is the appearance of a new generator j3 of

(Z,+Z,
7r2m—i+3o(S 2 m -1 :  3 )  '  I 7

,-.3

1Z3 +Z3

7r2m-i+31(S2m 1 : 3)--------
Z,

7r271-1+32 (S 2 m 1
 :

IZ 3

3 ) '--------
0
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the stable group (40:3) ------ Z3 . The second difference is the existence
o f non-vanishing V(k, m) : V(31, 4), V(32, 6) a n d  V(33, 7) which
are isomorphic to Z 3 and  generated by V ( i 9 1 )  = I '(1 7 ) ,  (2 5  (a, A.) =
I' (a, (29) oi3,(31)) and Q a (a ,) =  a, (35 ) respectively.

To simplify the notations we put z i(S " :3) = rc. The groups 7e

in  ( i i i )  are computed easily by use of (2. 5), (2. 7) and Lemma 2. 6.
Some meta-stable groups o f ( i i i )  are  determined by Corollary 6. 4.

Then it remains th e  following groups: 4, 7rF2:=1+31 for m =3, 4, 5,

and Tr!:::114-2 - ' o r  m =3, 4, 5, 6.

By (6 .  4 ) ,  Tc34( q  : 3 )  is generated by Q4 (a 5). By Lemma 6. 1,
(24 (a 5)  is an im age of H ( " P ,„ hence P,,Q 4 (cy,) = 0  by the exactness
of (5 . 1 ). Then we have an exact sequence 0---

).7E4
---

'7ro
---.733(q :3 ) =0

by (5. 1) and (6 . 4 ). Thus .

Also we have an exact sequence

*)
 7 7 3 5 < ( 4 :  p ,  s '  , H ( ' )

where 7r7
37

, Z3-1- Z ,  and 7r35(q  :3 ) is generated by Zd- ' (a5 ) and Q V )
By Lemma 6. 1, 11( 2 )P* 03 (a5) (22 (a ) E 7r32 (q:3). S 2 : -- nr,, is an
isomorphism since these groups a re  isomorphic to Z 9 + Z 3 an d  S —

maps these groups onto (743 :3).-------Z 9 + Z3 by Lemma 7.3. Then it
follows from the exactness of (2. 5) and from (2. 7) that 7L32  :3)

Z 3 a n d  Q2 ( t 4 )  is  a  generator. Thus P * Q3 (cy5)  generates a
d irect factor isomorphic to Z3. Next consider P * Q3 ( A ) .  Since

Z s and  S 3 (5 )  = (321# 0, S 2 :7r̀,',---.7c7
27 is  a  monomorphism. From

th e  exactness o f  (5 . 1 ) it follows that 1/( 2 ) :7r;8- - -)-7r25(Q  :3 ) is  an
epimorphism. Let r  be an  element o f 7-c18 such that 1/( 2 ) r (je l )
e  7 r,(V : 3 ) .  B y use  o f (2 . 6) an d  (1 . 3 ), (ii) w e have Q3 ( ) =
Q3 (91)049,(25) = H ( 2 ) r  RI. (25) = H(2) ( 7.04s,(28)) . It follows that MY (m)
=p * H(2)(r 0,9,(28))= 0. Then th e  result Z3 follows from.
the exactness of *)•

We have exact sequences

rum (q :3) 1
'
.
7i
-
L >

.
7
.
c
7
38'

1:12
 {(23(13i)}
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iras ( Q 72. 3 ) :1 -' ' ' n:739 7.L S L 7 9401 1 1 2 : 7r37(Q 72 : 3 )  ,

-where 7r38(q : 3 ) 0 , (2 3 (R1) and Q4 (cv,) generate ns,(Q : 3) and i 37 (Q :

3 ) respectively. By Lemma 6.1, 1-F 2 )N-images of Q s (A ) and Q4 (zr4)
do not vanish. It follows that 746,---- - ---Z3+S 274, and 7r738/S2Tc536
, Z , .  The elements a 3 (2m —1), n i  3, 4, 5, generate direct factors
of these groups isomorphic to Z3. Thu s 77

33 has at least 9 elements.
In the exact sequence

3T4 1 (  (QP2. 3) - -> 7r94o- - >74;,

Z ,  and 7r4o (Q): 3) Z 3 .  It follows then 7- P. 7  7— 3 .

From the above discussion and from (6. 4) we see that in the
exact sequences

s z H 2 2  m  -  1
TC2';r: =432 -- - - "> 4m +1+32- >  7 C2m+30 ( ( e n  -1  • p ) 2r2m -1+31

P*  are monomorphisms fo r m > 3 .  Thus S2 a re  epimorphisms for
n,2 3. Then in order to prove the last assertion of the theorem it
is sufficient to prove 47 =- 0. By use of the exactness o f (2. 5) we
have directly n34(Q : 3 )  0 .  Thus 747 .  The result 7rL Z 3 is
verified from an exact sequence

7r77 r 5 4  G  1T 33 TC72 0.

•The group 744 is isomorphic to Z 3 . By use of Proposition 6.3 we
see that S :  7r935---). (i-4 6 :3 )  is an epimorphism. L e t  ( 0 )  be an element
of rc9

35 such that S°732(9) =  •  By (2. 11), (ii) there exists an element
,e of 4 4 such that S 2e-- -- - S ( a , ( 6 ) 0 i 9 2 ( 9 ) ) .  Then S - e =  3 2 *  O. Thus e  is
a generator of 4 4 . By (2. 13), 4 5 is generated by G (e) = a i (3) oSe.

Since a i  (5) oû1 (8) E  =0 , we have S2 (ai (3)0e) =a, (5) 0a, (8) 033 (11)

= 0 .  Thus 4 7 = S 24 3 = O. This completes the proof of the theorem.

Kyoto University



142 Hi rosi Toda

Bibliography

[1] J. F. Adams, On the g rou p  J (X )—  IV , Topology, to appear.
[2] J. Adem, The relations on Steenrod powers of cohomology classes, Algebraic-

geometry and topology, Princeton 1957.
[3] H. Cartan, Algèbres d'Eilenberg-MacLane et homoto pie, Seminaire de E. N.

S. Paris (1955).
[4] H. H. Gershenson, H igh er composition products, J. Math. Kyoto Univ., 4

(1962), 1-37.
[5] K. A. Hardie, On the Hopf-Toda invariant, Trans. Amer. Math. Soc., 112

(1964) 43-54.
[6] I. M. James, Reduced product spaces, Ann. of Math., 62 (1955) 170-197.
[7] A. Liulevicius, The factorization o f  cyclic reduced powers by secondary'

cohomology operations, Mer. Amer. Math. Soc., 42 (1962).
[8] J. C. Moore, Some applications o f  homology theory to homotopy problems,

Ann. of Math., 58 (1953), 325-350.
[9] D. Puppe, Homotopiemengen und ihre induzierten Abbildungen, I, Math, Z.,

69 (1958), 229-344.
[10] J.-P. Serre, Group d'homotopie et classes des groups abéliens, Ann. of Math.,

58 (1953), 258-294.
[11] N. Shimada and T. Yamanoshita, On triv ia lity  o f th e  mod p HoPf invariant,.

Jap. Jour. of Math., 31 (1961), 1-24.
[12] E. Spanier, Secondary operations o n  mappings and cohomology, Ann. of

Math., 75 (1962), 260-282.
[13] H. Toda, On double suspension E 2 ,  J. Osaka City Univ., 3 (1956), 103-145.
[14] H. Toda, p-primary components of hom otopy groups I I ,  Mem. Kyoto Univ.,

31 (1958), 143-160.
[1 5 ] H. Toda, p-primary components of homotopy groups I I I ,  Mem. Kyoto Univ.,

31 (1958), 191-210.
[1 6 ] H. Toda, p-primary components of homotopy groups IV ,  Mem. Kyoto Univ.,

32 (1959), 297-332.
[17] H. Toda, On unstable homotopy o f  spheres and classical g rou p , Proc. Nat.

Acad. Sci.. U.S.A. 46 (1960), 1102-1105.
[18] H. Toda, Composition methods in Hom otopy groups o f  spheres, Princeton,

Ann. of Math. Studies, No. 49, 1962.
[19] N. Yamamoto, Algebra of stable hom otopy of M oore space, J. Math. Osaka

City Univ., 14 (1963), 45-67.
[20] E. C. Zeeman, A  p roof of the comparision theorem fo r sp ec tra l sequences,

Proc. Camb. Phil. Soc., 53 (1957), 57-62.


