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Introduction.

The purpose of this paper is to compute the P-prim ary compo-
nents of unstable hom otopy groups o f classical groups ( in  this pa-
per p  always denotes an odd p r im e ). In  [2] B . H arr is  has shown
the following direct sum decompositions and isomorphism, so we are
enough to compute only for unitary and symplectic groups.

P 7C1(SU(2n))=- P 7r1(Sp(n)) -1- P7r ,(SU(2n)/S p(n)),
P 7r1(SU(2n+1)) , - ---- - P 7r1(S0(2n+1))

+P7r,(SU(2n +1)/ SO (2n +1)),
P7r, (S 0 (212)) (S 0(2n — 1)) P± n , (s2. - 1)

P n ,(S 0 (2 n  + 1 ))= P7r,(Sp(n)),

where P TC, stands for a subgroup of the i-th hom otopy group rri with
an index prime to p  and having no q-prim ary part for q*  p.

Before stating our results we define functions N (n, k ) and N '(n,

k ) of integers n, k, 0 k<p2 —1 for each odd prime p .  Let t —[  

 k  

p —1
and n+k =q— i, where q.--==0 (mod p )  and 1 i K p , then we define
N (n, k ) and N '(n , k ) as  follows

0 i> t,
min(vp(q), t— i + 1 ) i t , t < p,
min (vp(q) —1, p ) i = 1 , t  =  p ,
min(vp(q), p— + 2) i * 1 , p ,  t = p,N (n, k ) =
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min(l),(q —  p 2 ), 2)

N '  ( n , k )

v , ( ( n +k ) ! ) —t N ( n , k ) t<p  or t = p, 1=1,
vp((n+k)!)— p-1+N (n, k )t = p,

where vp(x) is defined for any non zero rational number x  as the

exponent o f p  in the factorization o f  x  into prime powers and we

define 11 p ( 0 )  =  0.

Theorem 1. For o <k <p 2
 — 1, k <( n  +1 )  (p — 1)

{Z,N(.,,) k< p 2 —2 or n 0 (mod p)
(0. 2) P 7 r 2 4 - 2 1 , - 1 ( S U ( n ) ) = ----

Z , k = pz —2, n.-=--0 (mod p).

For 0 < k < P 2 - 1 ,  k < ( n + 1 ) ( p - 1 ) - 1

k < p ( p - 1 ) - 1  or k = p2 —2
or n + k ----= —2 (mod p)

zp p ( p - 1 )  i < k < p 2 —2,
n + k  —2 (mod p).

Theorem 2. Let 2 k < p 2 — 1, then

fo r  k S ( n + 1 ) ( p - 1 ) :  4 n 4 - 4 1 e - 1 ( S P ( n ) )

fo r  k < ( n + 1 ) ( p - 1 ) :  P  4 0 0 - 4 k ( S  P  ( n ) )

50 2 k <p ( p  — 1 ) or n +k = — 1  ( rn o d p )

Zp p(p - 1)<2k , n +k %  —1  (mod p),
fo r  k <(n+1)(p-1): Pr4n-F4k -Fl(S P(n)) ZpN(2,/+1,2k),

fo r  k < ( n + 1 ) ( p - 1 ) :  '. -7r4,,-1-4k+2 (S P(n )) - - - ZpArf(2,,+1,2k)•

The most part of this paper is devoted to prove the formula

(0 .2 ).  In case of i= 1 , t<p ,  H. Matsunaga [4] proved (0. 2) and

the idea o f our proof is essentially due to  [4] . In  §1  we shalt

reduce our problem to the computation of homotopy groups of a stun-
ted complex projective space and a simple complex .X t , using Bott
periodicity theorem and I. Yokota's cellular decomposition o f special

unitary groups. Attaching maps o f cells of a r e  considered in

§2, there we shall use the theory of functional Chern character (Toda
[9] ), or Adams' invariant ec  ( [ 1 ] ) ,  in the form o f Lemma 2. 1 and

(0.3)  P  7  C2„+2k( S  ( n ) )
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in order to calculate the Chern characters in  a  complex projective
space we use Proposition 2. 2. (This proposition is proved in the
last section.) In §3  we compute the homotopy groups o f some ele-
mentary complexes and prove (O. 2 ) .  Then (O. 3 )  and theorem 2
are proved easily in §4  and in §5  respectively.

I wish to thank Professor H. Toda for many available sugges-
tions.

§ 1 .  Reduction to a simple complex.

At first we consider the following exact sequence;

1C2n1-2k (SU (n+k+1)) —* --2n+2k(SU(n+k+ 1 ) / S U ( n ) )

- - - ) Ir2n-l-2k-1(S U ( n ) ) Tr-2+ 2k-1(SU (n+  k+1))

where 7r-  2 n + 2 k - 1 ( S U ( n - F k+ 1)) Z, r z  ',I-2k (  S U (n + k + 1 ))= 0  b y  Bott
periodicity and Tr--2n4.2k-1(SU(n)) is a finite group so i,,, is  zero map.
Therefore :

(1. 1) 7 r 2 n + 2 k - 1 ( S U ( n ) )  Ir,  - 2n 1-2k(SU(n+k+1)/SU(n)).

By the cellular decomposition o f special unitary groups ( [101), the
(4n+ 3)-skeleton o f SU(n+k+1)/SU(n) has the cell structure of
S(CP(n+k)/CP(n — 1)) where S is the suspension and C F (i)  i-di-
mensional complex projective space. So if n is sufficiently large with
respect to k, - 2 n - F 2 k - 1 ( S U ( n ) )  7 r, - 2,2+2k-1(CP(n+k)/CP(n — 1 )). But by
I. M. James' following generalized Freudenthal-Serre suspension theo-
rem ( [3 ] Th. 3. 2) :

(1.2)P7 r,(S  U (n  + k  + 1) / S U(n))
+2N b k + 1 (SU (n+  k+1+ Nbk+i)/SU(n+ Nbk+i))

for i<2P(n+1) — 3, where bk ,  is  the James number and N  is  an
arbitrary natural number, so we have

(1. 3). Under th e  assumption o f  (O. 2 )  it is suf f icient to prov e
(O. 2) f o r sufficiently large  n.

For, taking N. bk + i a multiple of sufficiently large power of p, the
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value N (n, k ) does not change. In the future, we always assume n

sufficiently large then :

P r 2 n + 2 k - 1 ( S U ( n ) ) Ir-2n+21.-1(CP(n+k )/CP(n — 1 )).

Now we quote the results on stable homotopy groups of spheres
(  [7 ] Th. 4.15)

p /rN +21(P-1 )-1 (S N ) Z.P {a t }

( 7
N 2N-1-2rP(P-1)-1 p

(1. 4) P 7rN+2.pcp-o-2(S N ) — =Zp=

C N +2(P-F1)(0-1)-3(S N ) Z  P {a l ' h'I
(S N ) = 0 i<2(p+1)(p—  1 )  and except above cases,

where a ,  a;p, denotes generators and a ,  are defined inductively, using
the secondary composition, by a, = a,--1} •

Let K = SU ei U • • • U e„, be a  CW-complex such that S  = SN (N :
large) and e, are N +2 i(p -1 ) -c e lls . By use of stable homotopy ex-
act sequences it follows easily from (1 . 4 )  the following (1. 5).

1=0 i f  0 <j<2 ( p +1 ) ( p  —  1) —3, — 1, 0  (mod
(1.5) P r  p l+j( K ) 2 ( p - 1 ) )  and j# 2p (p —  1) —2,

i f  j= 2 k ( p - 1 )  and O k. n,K p .

Lemma 1 . 1 .  Let K  be a simply connected finite CW-complex
and the order of the attaching map o f each cell o f  K  (in  this
paper we identify an attaching map and its hom otopy class) be
finite then there existe a finite CW -conplex  K ' and a cellular
map f  of K ' into K  satisfying the following conditions:

(i) f  induces the Cp-isomarphism 7r1(1C)---).77,(K )  (C p is
a class of finite abelian groups whose orders are prime to p.)

(ii) The order of the attaching map of each cell o f K ' is
a power of p .  Especially if the dimension of each cell o f  K  is
even that is K =S "u — u e " and n<k ,k — n<p 2 — 2 ,  then by (1.4)

K ' is a one point union of complexes K , and the dimension of
each cell of K equals to 2 i modulo 2 (p -1 ) , a<i.<p— 2.

1.< t< p 2 , t ,c )  (mod p),
1.<r<p — 1, p -o !,p = ce rp ,

S

P ro o f .  The case K =S -  is  trivial and we construct the corn-
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plex K ' and the map f  inductively. Suppose K =K o V e" and the
complex K 'o,  the map f o  of K  in to Ko satisfying ( i ) ,  ( i i )  are already

constructed. I f  th e  order o f  r  is  y q ,  q 0 0  (m od p )  then q-1.-
E n „ ,(K 0) ,  so there exists r'EP7r„_,(K o') such that f o ,, (12 )----q•r.
W e define K '=K oV e", f iK o=f 0, f ie": e--e" a  map o f degree q.
Here we may assume that K  has no 1-cell, then by our construction,

K o'  is simply connected, f  )  is onto and f  induces an
isomorphism of the homology mod p .  In  vi-tue of Serre's C-theory
[6 ] , K ' and f  clearly satisfy ( i ) ,  ( i i ) .  q .e .d .

C P(n +k ) /C P(n -1 )= s2,, u e 2+2u u  e2,,F2k satisfies the condition
of Lemma 1. 1 so i f  k < p 2 - 2 , it follows from (1 . 5 ) that (CP(n+
k ) /C P (n -1 ) ) ' has the following cell structure up to homotopy type

(CP(n+ k )/C P (n - 1) )  — 
11,.\/o X "  V LY, , ,  X ' ,

where V  denotes one point union of complexes, n + k = n + / +  t(p -
1 ) ,  0 < l < p - 2  and X%.ti = S2n4-2: U e 2n+2i-F2(p-1) U U e2r1+2i-1-2t(P-1). So by

(1. 5),

f *  :  P7r2n-F2/-F2t(P-1)-1 (X 2/) - *Pn2n-F20-1 (C P (n + k )/ C P (n - 1 ) )

is an isomorphism. In the sequel we get the following isomorphisms.

Proposition 1.2. Under the condition of (O. 2)

( S I I (n ) i )/ 6 2 , 7r-1-2k-1 , —2m-1-21-1-21(P-1)-1

( S U ( n ) )  Ir, 2m-F2P2 —5 ( ( X  P  V  X U  e 2 "'+ 2 P 2 - 4 )

fo r  some large m  w ith N (n ,k )=N (m ,k ).
In computing these groups we may assume 1=0 and n  sufficient-

ly  large.

§ 2 .  Attaching maps of

We shall recall the definition and some properties of the func-
tional Chern character CH ([9] §6), or Adams' invariant ec  ( [1] ), CH
is a homomorphism of r2 - F2 b _1 (S 2 ' )  into the rational numbers modulo
1 :  Q /Z , defined as fo llow s. Let r  be any element o f i r--2a -F2b —1 GS 2a)
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consider its mapping cone Cy = e2"+" and if $ i s  an element of

k (C 7 )  such that chE= s - ,  c h ,b = 2 • e 2 " 2 b  then we define C H (r )=
{A} EQ/Z. This does not depend on the choice of E. By defin ition
CH is evidently an invariant of double suspension and the following
properties are known.

(i) There ex ists an  element ty, o f  PK2N+ 2,3(S 2 N ) such that
1C H (a i ) .  (  [1 ] Cor. 8. 4)

(ii) I f  a  E r c 2 a  2 (s -) E ir 22 _1 ( S 2` )  an d  (qc)•ce=0, ig • ( q c )  =

q  E Z ( e  is  the  homotopy class o f  th e  identity  m ap o f  5 2 b- 1 )  then

CH {j,{js, qc, a} ± q C H (S a)C H (j) ( [1] Th. 11. 1)

1 1Therefore by (1.4) CH(a,)—  ± , C H (a)—  ±  2  (replacing the
p

generator a:p i f  it is  n ecessary ) and C H : P7r2N+2k(p-i)-1.(S 2 "9 - -.Q/ Z  is
injective if k < p ( p - 1 ) ;  in other words, in the complex 5 2"

r  E P 7 r2 N + 2 (p -i,-,(S 2 N )  i < p ( p - 1 ) ,  r  is  trivial if and only if C H (r) = 0.
Let Qi,  denotes the ring of rational numbers whose denominators

are prime to p ,  and we define a homomorphism ch„ o f k ( X ) 0  Q ,

into H 2 " ( X : Q )  by an evident manner, that is for any 72---Ea1E1 E k

(X )0 Q ,, a i Q p  e ,E k ( X ) ,  chd2=Ea,ch„E1. Then the next lemma is
a trivial restatement of the above fact.

Lemma 2.1 . L et X = 5 -y , 
e 2 N + 2 k ( p - 1 ) ,  r

7r2N-1-7,k(p-i)-1 ( 5 2 N )  k<P(.13
—1 ) , and E  is an  element o f  K ( X ) 0  Q , such  that chNE=a•S 2 ",

a E Z  a  0  (mod p ) ,  then r  is  triv ial if  and  only i f  vp(chN+ko_oe)
0. ( H e r e  w e  i d e n t i f y  A • e 2 " 2 k ( P -

H2N-1-2k(p-1) ( X  ;  Q )  w ith Q ;

such an  identif ication will be made frequently.)
Let - -i  be the dual bundle to the canonical line bundle over CP

(n )  and x E 1 -12 ( C P ( n ) ; Z )  be the Chern c lass o f'' th en  it is  w ell

known that k ( C P ( n ) )  (respectively 1 1 * (C P (n ) ; Z ) )  is  a  truncated

polynomial ring with the single generator E = T - 1 ( x )  and a single
relation $"+ ' =0' (x" +1 = 0 ).  T h e  next exact sequence shows that we

e 2N -1-2i( p - 1) ,
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can identify k(CP(n)/CP(m )), m <n, (C P (n )/ C P (m ))) with

an ideal in k (C P (n ))(H * (C P (n ))) generated by E"'' (x " 1 ).

0, k (C P (n )/ C P (m ))--4 -(CP(n))-->k(CP(m))--> O

(0—J-1*(CP(n)/CP(m))—>ff*(CP(n))-4-1*(CP(m))-÷0)

Obviously chE=ex — 1. The following proposition will be proved in

§

Proposition 2.2. There exists an element vEk(CP(00))0Q„
such that

chw'-==. (— 1)k  n (n + h p -1 ) !   ( m o d  x "" 2 - 1 ),k- o p k!(n+kp—k)!

that is, ch„e=xn and

ch„,t(p-1)72"'P - 1 )

1—s-1
(n+s(p — 1)) H (n + t (P -1 )+ i )

i=1
X

n+t(P=1)

fo r O S t— sp .
REM ARK. ( i )  Among the factors of the numerators of the last

formula, at most one factor is  a multiple of p ,  since n+s(p - 1)=n
+ t(p - 1 )+ (s —t )p + t —s .  ( i i )  In the future we consider 72 as an
element o f K(CP (m) / CP(n —1))®Q,„ m>n.

Now let us consider the attaching maps of cells of X ;`, for the
simplicity, we denote e, the (2n+2i(p - 1)) -cell of .70,' i .e .
So uei u•••ue, and X ,  0 . < i . < j t ,  is  the complex obtained from .70,"
smashing the subcomplex to a point. Le r,
be the attaching map of the cell e, of X2.' and r ( S• P - 2 1 1 +2 ,P - 1 ) - 1 ,—  t — / )

X L - 1 ' ‘ — 1 , the attaching map of e, of w e say r , is essen-
tia l (triv ial) to e,_, i f  r: * 0  ( r 0 ) .  Also we denote PL-I the stun-
ted complex projective space C P(n+ j(p - 1))/C P(n+i(p - 1) - 1)
then the map f  induces naturally a  map f  of X L " into 13 :;', OS i S
j.<t .

Proposition 2 .3 .  Let n + t(p -1 )= q — i, 0 (mod p ) , i s i < p ,

then in  th e  complex Xi„ - l'' =S,_,Yi ej ,  r ;= 0  i f  an d  only if

( - 1 ) - ( t - s ) !  p 1 - 5
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j = t— i+ 1 .

P ro o f . Let us consider the next commutative diagram and let

= (f01)7?"+( i-1 )( P- "  k( X 0Q, :

k(.13 - ")®Qp -r ® , 1  k(Xl, - ")0Qp
ch ch

Q )  Q),

then by construction of f  and by Proposition 2. 2

— f*ch „ + ( ; _i x ,_0 7/,+0 - 1 )(p- 1 )

a E Z ,  a:7=0 (mod p),
vp(Ch,i-f(P-1)) =  V p (  f * chn+icp-w2"+ ( l  1 ) ( 1 ' 1) )

vp(ch,,+J(p_072" + " - 1 ) ( " ) )

=  vp ((n +  (.i — 1 )(P  — 1))/ P)
= vp(n+ (i — 1)(P — 1)) — 1,

so by Lemma 2.1  r ;  =  0  if  and only if n + ( j — 1 )(p -1 )-.=.- 0 (mod p),
and n +  (j — 1 )(p  — 1)— q— (t — j + 1 )p + t +1 —  j therefore r;= 0 if
and only if  j = t — i + 1. e .  d .

(This proposition is also proved easily by using th e  reduced

power operation.)

Proposition 2.4. Under the  assumption of  Proposition 2. 3
let p- be the order of  7-,EPTc2„+2,cp_i)_1(X 1 - 1 )  then

max(t—vp(q), i - 1 ) t<p , i<t ,
i>t ,

max(p+i— vp(q), i - 1 ) t=p,
max(p+1—vp(q—p2),p — 1 )  t =p, i=p.

P ro o f .  Let X (€ =  O , 1 )  be the complex obtained from X . ,?' f - 1

attaching a  (2 n + 2 t (p -1 ) ) - c e l l  by th e  map p — E•r, and we natur-

ally define a  map g e o f  X 12 into .20` that is ge is  the iden-

tity map and g E l e211+2t(P - 1.) :  e 2 n + 2 t ( P - 1 ) _*e t is  a  map o f degree p- - e. Let
( j = 0, 1, 2, •, t - 1 )  b e  the complex obtained from r e by smash-

ing the subcomplex XV - 1  to  a point and the map g ,  o f X t  into

X =
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X '  is also defined naturally. Then
(i) for e =1, P' • r ,* 0 , so there exists j ( 0 .5 j< t  — 1) such that

the attaching map of the (2n + 2t ( p —1))-cell of X ì ) is reducible to
but not reducible to X ' 1 ; that is X I con tain s a  subcomplex

X 1 = S 2"+2j(P-1)U e 2 ' - 2 t ( p - 1 )  (for the simplicity we denote X ,= S  ; Li e ,)  and
the attaching map of e ,  is not trivial :

(ii) for e= 0, p-• r t = 0, so for any j ( 0 . < j< t  —1) th e  complex
XI; contains a  subcomplex X 0 = S i L e th e  attaching map of et
is  trivial.

W e shall restate ( i )  and ( i i )  using th e  next commutative dia-
gram and Lemma 2. 1, where i E is the natural inclusion X , c X .

it(pf,, , )®Qpfmi- K(X)®Q K (X )Ø Q p

ich ich ch !ch
17*(P;t;Q) 71*(X ;;`;Q) (2) FI*(XE: Q)

Let EE (i 0 1 ) ( g i0 1 ) ( f 101)72 ' ( P- 1 ) then by definitions of f ,
g  ,  and iE

hrt+i(P-1) E = PEI' • g  f * (ch„+.,( p_0 2 •,+i(p- i))

=a• S i , a E Z ,  a%0(mod p ) ,

vp(ch„+,0_,,ÇE) = vp(i: g: f* (ch„4-io-ov 5 fr- 1 ) ) ) ,
=  x  s+ vp(ch„-F,(p-i ) ' ),

so by Lemma 2. 1.

(i)' 0 9jKt — 1, x — 1+ p(Ch _1(p_ip2 " +  ( P - 1 ) ) < 0  ,

(ii)' O vj.St — 1, x + vp(ch„+ ,( p_i )
72«+'( P- 1 ) ) >0 .

Therefore x M ax ( — vp(ch.+tcp-irri" + .7 (P -1 ) ))•06.w-1
B y Proposition 2. 2

  

p ( q )  - p - 1 t=p , j=o ,
vp(q -  p 2 )  - p - 1 t = i - p ,  j= o ,
v p (q )- t+j o j s t - i - 1  and ( t , j ) (p ,o ),

vp(q — ip)— i j = t - i ,
j - t t - i + i < j < t - 1 ,

vp(c h „+ ,( p_i y e+, 0 - 1 )
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then the proposition is a direct consequence. q. e. d.

§3. Proof of (0. 2).

P roposition  3.1. Consider a C W -com plex  X = Sue 1 u e 2 u-••ue„,
where S  is  an N -sp h er e  (N  large) and e ; ( 1 S i K m ) are (N+2i
( p - 1 ) ) - c e lls .  Let us assum e that the attaching m ap o f  e ,  has
an order w hich is a power of  p  and is essential to e 1 f o r  any
i (1 i< m ) ,  then

(i) P N  + 2 t(P -)-1 ( X  Z p.* 1< V 1 < t

(ii) P  N +2P(P-1)-1( X  ) Z p . + 2 0 < M < P  - 2,

(iii) 157rN+2tcp-o-i(X) - - - - - Zpp m =p - 1 ,
(iv) in cases of ( i ) ,  ( ii)  a m ap is a generator if and only

i f  it is essential to the ( N + 2 m (p -1 ) ) - c e l l  o f X.
The proof will be given at the end of this section.

Lemma 3.2. Consider the nex t exact sequence where G is an
a b e lia n  g rou P :

Let r  be an element o f G  such  th at (9 (r) is  a generator of
Z . and the order of r  i s  p ' then G/ w here {r} is  the
subgroup G generated by  r.

P ro o f . I f  G has only one generator the lemma is trivial. I f
G  has generators a  and (3 then r  = xce+ 0 .  But p(r) = xy9(a) +yço(3)
is a generator o f  Z x ii so we can assume x  0 (m od  p ) ,  x a  and 3
generate G, and x =  — 0(.1  denotes the element of G/ {r} correspod-

ing to A E G ) . Therefore generates G/ {r} so considering orders of
G  and G/ {r} , we get the lemma. q. e. d.

Proo f  o f  (O. 2). Clearly Pi s  i s o m o r p h i c  w i t h7r2.4_2,cp-o(X V )

r2n-1-21(P-1)-1( X e.' t - 1 )  {rt} •
( i )  I f  i > t ,  by Proposition 2, 3, .X2' 1 satisfies the condition of

Proposition 3. 1 and n  is  a generator o f P ir2„+21o5-1)-1(X V - 1 ). There-
fore IrP  2 n -I-2 t(P -1 )-1 ( X ' )  -  0.
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(ii) If i = 1, satisfies the condition of Proposition  3.1 and
2„+2t(p-1)-1( X 0; '  — 1 )  =  Z p t hence P2r2,112tCP-1)-1( X ,? . ' ) =  Zpi— for

(iii) I f  1 < iS t ,  X ' -  a n d  Xt„- ' 4 - 1 ' ' '  satisfy the condition of
Proposition 3. 1. Consider the stable homotopy exact sequence of
the pair ( X ' 1 ,

-1)—)-' ( X̀ ,),'
y  t- - > P 7C2„+2,cp-o_i ( X ;.1' 

t _ 1 )
 j-2 ->P77.2,+21(p-i)-1. „- 

+ 1

By (1 . 5 ) the first group of this sequence is 0

- 1 ) •

and, by Proposi-

tion 2. 3 and Proposition 3. 1, ( iv ) , ../ *(rt) is a generator of P7r2„+2t(p_i)_i
(.7ff,— ÷ L ' ) .  Further P7r2 22(p-1)-1 ( X fo r t <p> Pr2+2XP-1)-1
( X V - i ) =- ZpP- , +2, and P 7 C 2n+2t(P-1)-1( X  ‘ + 1 ' 1 - 1 ) = - Z p , - 1 for There-
fore by Lemma 3. 2 P 7r2 ,1 + 2 t(P -1 )-1 (L V ) = Z p ' - .  f o r  t< P  a n d  i r

Let k < p 2 — 2. By Proposition 1. 2,

for t< p ,
P rzn +2k-1 (S  U (n )),"=- - - - P 772(-1)+22(p_o-i(X1)===

p P,1 - . for t =p,

where n + k = n + l+ t ( p - 1 ) ,  0.<1 p — 2  and x  is given by Proposi-
tion 2.4 for q—  i=  (n + l)+  t (p - 1 ) = n + k .  By definition of N(n, k),
we have N(n, k)= t — x o r  =p +1 —x  for t< p  or t= p  respectively.
Thus (O. 2 )  is proved for k < p 2 — 2.

When k = p 2 — 2 let us consider the complex ( X v ) ( 2 ,,P 2);-) e"+4 2 - 4 .
A s remarked in  § 1 we assume n sufficiently large, so P 7C2r1+21,2 -5( X  2' P V

X p%P; 1 2) '-'=---P7r2 2p2_ 5 ( X ?; ' )  + Pr 2„+2p2_5(X?»:;22 ) therefore we can consider
that r  is a sum of the attaching map rp of (2n +2p2- 4)-cell of .X -2
and an element of P7r2„+2p2-5(X P )•

Lemma 3.3.

( 0 n O ( m o d p )p 2,+2p2_5(X2 . P ) - -=-  1 z p  n ,_- (mod p)•

P ro o f .  Consider the exact sequence:
Pr 2 , + 2 p 2_4 X ; P ) P7r2„4,2p2_5( X ,° ;1 ) 2 2 2 _ 5 ( X ) Pir2„+2152-5 ( X  , 'P )

where PTC2n+2P2-4 ( X V )  --"--.P 7r2n+2.P2- 5 ( X V )  
= 0 by (1 . 5 ), therefore
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P.,. 9 ( y 9,. 9y  )
t( ):

) —
= - P ,7 2-1-2/7"-5 2'1/ P77.2,z+2/72 -5 (S  2 "  U e 2 " + 2 ( P - 1 ) ) ,

As the proof of Proposition 2. 3 shows, y,=0 if and only if n--=-- 0
(mod p ) and in th is case

P7C2,+2P2- 5 ( X ° )  "="- P7r2 „  2p2_5 (.5 z ' V S 2 n+ 2 ( P- 1 ) ) Z t  .

When 21 0(m od p )  we can assume y , = af i and we denote X2J—Sp, e.
Let E  be a (2n+ 2p —2)-cell, 8E its boundary and x: (E ,O E ) , (S u e ,

S )  the characteristic map of (2n+2p-2)-cell of Let us con-
sider the commutative diagramm:

2 ( S  e, s) (S )7 r +2p 2 -5  GS e)--.0

ls ( x a E ) . ,

P7t2.+2p2_4(E, a E)—.P7r2„+ 2p2_5(aE)

where the low is exact, (x18E)*—ce,* and P
. -
r  2 n -F 2 P

2
- 4 ( S a

U  S ) r 2714-2P2 -4

(S 2 " - F 2 P - 2 ):--- - Zp = t h e r e f o r e  a()=,..„9 and 8 is  an isomorphism.
This proves the lem m a, q. e. d.

Now let us turn to the proof o f (O. 2).
• — ,172(i) If nO (m od  p ) ,  by lem m a 2— 3 P n2r2+2P2- 5((X 2 . P V  X V 2 )

e 2 n + 2 P 2 - 4 ) 7r2n1-2P2- 5 ( X so the problem is reduced to the case k <

p2 — 2.
(ii) If n=-- 0(modp), n+P 2 -2.-- ----2(modP), so by Proposition

2. 3 X%P_;.2_, satisfies the condition of Proposition 3. 1, and the next
exact sequences show that P 7r2,11-2.02-5 ( X ; 1 . 0 Z p  (we denote n '

=n + p — 2 and e ,  the (2nf + 2i( p — 1))-cell of X?;,P- '.).

7 r2 ,'+ 2 p (p i)(S +2P(p-1)-1( X °,,iP —2)  —* °71.2,,' +2P(P-1)-3.( X ; ):1 -1 )

-F2p(P-1 )-1 (Sp-1 ),

P7 2, + '2p(p—l) p -2 V  S  p -1 ) - - " P7r2,/ +2p(P-1)-1( X  Ù
P _ 3 )

2 P ( P - 1 ) - 1 (  X  ) /P - 1 )

- - > P 7 r271'+2P(P-1)-1(SP-2 V S p-i) •

In fact left hand sides of these sequences are zero, 7rP-2,11+21(P-1)-1( X 7 Y  2 )

j * ( r p )  = 0  so j,, i s  surjective, and P 7r2 +20(P-1)(S p-2V S F-1)

Z p+ Z p.

Therefore =  Zp+ Z p P ±  Z p . Let 2, p, be ge-
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nerators, then r  2+PP — g + v  or y =2+pP - ',u and in any case:

P7r2,:+2P2-5 ( ( X  P V X  2'.4P.;_ 2
1 )

P772,2P2 ( X  P V  X {

Z  p .

Thus by Proposition 2. 4  and the definition o f N ( n , k ) ,  (O. 2 )  is
proved for k = p2- 2.

Pro o f  of  Proposition 3. 1.

Pro o f  o f  (iv). Let us consider the exact sequence :

i*
N+2,(t-1)(Sm) - ÷ P 7r,v+2:(ft-1)-1(Sue1u•-•ue- 1)- - >

P717N + 2 1 ( p - 1 ) - 1
(SU el U • • • u e)9 )

where P  T4 N-F2 P - 1 ) ( S  =0, so i f  ( i )  and ( i i )  hold an d  if  y  and y '  are
generators of P  N  4 2 ,( p _i ) _1 (SU e i u•••ue„,_,) and P rrN+2,cp-i)--i(S Uei U • • • u e„,)
respectively, then i * ( r )  = a p  • 7', a 0 (mod p ) ,  and j *  (r ') #  0  that is
y ' is essential to the ( N +2 m ( p - 1 ) ) - c e l l  of S u e, U • . • U e„,. And the
converse is trivial.

P ro o f  o f  ( i )  (special c as e ) . Let N  be a  suitably large inte-
ger such that N +  t ( p q — p ,  t < p ,  p ) ,  and consider

the complex .r i e .  B y  Proposition 2. 3, .7Ck' ( 0 < i< t )  satisfy the
condition of Proposition 3.1 an d  an  easy exact sequence argument
shows inductively that the order o f ' 5 7 r 2 N + 2 4 ( p - 1 ) - 1 ( . 7 C N ` )  equals to 1311
for 0 < i < t .  But by Proposition 2. 4  the order o f y t equals to p i ,
hence P 7r2„+21(p-i)-1. ( XV — 1 ) p ,.

When m <t — 1 le t u s consider the following exact sequence :

P TC2N-F2t(P-1)N y m+1,1 —1\ p
r 2N +20 -1 ) -1 ( X °/, ) ' " )  .

--->- 7r2N+20-1)-1.(
X n Att + 1 , t - 1 )

— 1)-1 - - )

where 7r r 0  i rP  —2n+21,p-1) , —2N -F2t(P-1)-1( X V  — 1 ) =  Z p '  p r 2 N + 2 t ( P - 1 ) - 1  (X V . '
— 1 ) = Z  p ,,  and b y  ( iv )  j * (2-i )  is  a  generator, so j *  i s  surjective.

Therefore P7r2m+2t(p-1.)_1( X °A)') --=-Zp.--1.

Pro o f  o f  ( i i )  (special c as e .)  Let N  b e  a  suitably large in-
teger such that N +p(p—  1) = q — 1, v i,(q )= 1  and consider the corn-
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lpex X ° .  B y  Proposition 2. 3, y'=0 so we can consider rp as an
element o f P7r2N+ 2 ( p_, ) , ( X V - 2 ) . By the same argument as ( i )  the
order of P 7r2N+2p(p-i)_1(X V - 2 )  is at most J. B u t  by Proposition 2. 4,

the order o f rp is  pP, so P  2 n + 2 1, ( P - 1 ) - 1  (  P  - 2 )  Z pP. When m<p —  2,

( i i )  holds by the same argument as the case ( i ) .

P roo f o f  ( i ) ,  ( i i )  (general c as e ) .  Let X = S U e ,• • •U e . be a
complex satisfying the condition of the proposition. By iterating
suspensions we can assume the dimension of S is equal to 2N where
N  is an integer considered above (note that we can take such an
integer N  arbitrarily large). The attaching map o f e„, generates

762N+2,n(p- i.)- 1 (X "  ')  , =  SU ei u•••ue„,,, provided P n, ( X '" - 1 ) = -4 7r,

( X ' ) .  Then it is easy to construct inductively a map f  of Xi'n

into X  which induces a  CAsomorphism

This shows that the general case is reduced to the special one.

Proof o f  (iii). L et X = S U e,• ••u ep, be a  complex satisfying
the condition of the proposition. To prove ( i i i )  it is sufficient to
prove that j .  is trivial in the exact sequence:

*
— 7E.N+2p(p_1)_1 (Su e1 U • • u en_ ) r2 r- * P - N + 2 P ( P - 1 ) - 1 ( X ) - - N +2p(p-1)-1(S p-1) •

I f  there exists an element r E  
N + 2 P ( P - 1 ) ( X )  such that j *  (r) 0 .  Then,

in the cohomology group H *  (X  eN + 2 P( P- 1 )  ; Z ) ,  2 ' (e p _ i ) #  0  but by
the condition of Proposition 3. 1 2P - 1 (S )  #0, therefore g ' g » - 1 (S )  * 0

which contradicts to Adem's relation.

§ 4 .  Proof o f (0.3).

Lemma 4 . 1 .  Fo r k < (n + 1 ) (p  —1) —1

( z+ z p  p (p -1 ) k <p 2 -2
and n + k %  —2 (mod p),P

7r2n1-2k-Fl(S U ( n + k +
1

) / S U ( n ) )
= - )

k<P2— 2  an d  except
above cases.

The proof will be given later in this section.
Let us consider the following commutative diagram:
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7r2,2k+i(SU(n+ k+1)) P *— . - 2 ,+ 2 k + 1 ( S U ( n + k + 1 ) / S U ( n ) )

P *

1r2.-F2k-Fl(S U ( n +  k +1)) 
p z *

• 
1
r2n + 2k+ 1(S  2 n + 2 k + 1 )

- - - ) ita„+ 2k CS U(n)) 77' 2k (SU(n+ k +1))
—

>n2n-1-2k (SU(n+ 11--2n +2k (S U(n+ k +1))

where lows are exact and by Bott periodicity theorem r2n+ 2k+ 1(SU (n+

k+1)):=-Z , 7r2n+2k (SU(n+ k +1)) =0, so, when rIP -2n+2k+1 (SU(n+ k+1)
/ SU(n)) --- Z, to prove (O. 3 ) it is sufficient to know the degree of
p,* . But by the theorem o f  Borel-Hirzebruch —2 n+2k (SU (n+  k ))=--

Z o ,+k ) !  (e. g. [8] ), the degree of P 2 *  is  (n+  k )! so it is sufficient to
know the degree of p , .  Now consider the following commutative
diagram :

P*7r2n+ 2k+ 7(SU (n+  k +1) / S U(n))---> 7T 2n+ 2k+ 1(S 2 " + 2 k + 1 )  - - > ir2k +2k (SU(n+ k)
/SU(n))

7r2„+zk(CP(n+ k)/CP(n-1 ) )  7 r_  —*-2,1+2k 
( 5

2 + 2 k )

 1 2n-1-2k-1 (CP(n + k -1 )

f *
c a

f * /CP(n—

it2„+zk 2n+2k) +2*-1 ( X 1)

where k<p2— 2, lows are exact and vertical arrows are Cp-isomorp-
hisms. Clearly a ( c) =2-, so the degree of p * is equal to a  product
of the order o f 2-, and an integers prime to p. (The case k= p2— 2
follows similarly.) Therefore

P 7r2n  +2k N ' = ((n+  k )!)—  x.

When P7r2n+2 k -i(S U (n +  k +1)/ SU(n))=-- Z + Zp, j .  e . when p p  —1)
-.<k<p2— 2 and n + —2(mod p), + zp or
corresponding to whether the image of p i *  is contained or not con-
tained in a complement of Zp in 77-P -2n+ 2k+ 1(SU (n+  k + 1) / SU(n)). But
as will be shown in the last of the next section, P ir2,,A 2k (S U (n )) has
a direct summand Z ,  or hence P7r2, +2k (S U (n ))=-Z, ,, + Z„. By
Proposition 2. 4 and the definition o f N' (n, k) this proves the for-
mula (0. 3).
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Proo f  o f  L em m a 4. 1. A s in  § 1 ,  b y  the theorem of James
(  [3 ]  ) , i f  k <(n +1 )(p  — 1 )-1  w e can  assume n  sufficiently large
and by the cellular decomposition of special unitary groups, 77-P -2,1-1-2k+1

(S U(n+ k  +1)/ S U(n))=- P7r2„+22(CP(n+ k) / CP(n —1)) so the case k <
p(p-1) — 1 the lemma follows easily from (1 . 4 ). When p (p -1 )
-1 .<k <p2- 2  we get, by use of the reduction in §1,

P 7c2n-F2k ( C P ( n  k ) /C P(n -1 )) -=-P7r2 „+ „(S 2 " U e 2 ' + 2
 U  •  •  •  U  e 2 n + 2 k )

p n2n'-F2P0-1)-2( X °,,,  1 ) ,

w here n+ k=n' + p(p - 1 ) - 1 .  To compute rcP -2,• i i-2X0-1)-2( r J P - 1)  we
consider the next exact sequence:

, X;,;P-1)--->P7r2„,+2p(p-o_2 (S 2 " )P71-2•gr+zp(p-i)-1.( X 2 1 - 1  ,1
- 4 P 7C2n' +zp(p - i ) - 1 (

- - " P 7r2.1' +2. ( 0- 1)- 2 (-11a • P  1 )  - 4 ' P 7r2 '+ 2 P (P -1 )-2  X l••/' 1 ) ,

where by (1 . 4 )  and (1 . 5 )  P 7r2n '+2P(P-1)-2 ( X  ./%.f'
= 0 and P n2n f -1-2P(P-1)-2(.5 2 4 ' )

5 0 P X2„'+2P(P-1)-2( X x%P--1 ) = -.•Zp or 0 ,  if j *  i s  surjective or not surjec-

t iv e  r e s p e v t iv e ly .  I f  r i =  0  then by Proposition 3 .  1  and 2 .  3 ,  for rp
E P 7r2„, +2p65-1)-1 i ( r )  i s  a  generator o f P n-2„, -F2pcp-i)_1(X V - 1 )

hence j *  i s  surjective. If .2.-; = 0  then the proof of Proposition 3. 1

( i i i )  shows that a generator of, P  2n f  +2XP-1)-1 ( X  1 )  i s  a  map which
is essential to the ( 2 n +  2 ( p  - 2) ( p - 1) ) - c e ll  of X I  th e r e fo r e  j *

is not surjective. When 7- 0 , 1 <  j < p ,  let us consider the following
commutative diagram :

b

7c2;, +2p(p—i)-1( X )  - -> P 7r2n+2P(P-1)-1( ) -*  '7 r2 n ' + 2 P (0 -1 )-1 ( i
n'/P - 1 )

P

11* I j *
1,

77 2 .'+ 2P (2 -1 )-1 (XV

where lows are exact. By Proposition 2 . 3  and 3 . 1 , (iv ) j , *  is  surjec-

t i v e  and j 2 *  is  a lso  surjective for j 2 * ( rp )  is a generator of P n2. , +2p(p--1)-2
therefore j *  i s  surjective. In the sequel P 7r2,/-1-2P(P- 1)-2 ( X nû'/P  1 )

or Zp corresponding to whether is  zero or not zero. B u t  by
Proposition 2 .3  7 ,-;,=  0  if and only i f  n' + p ( p - 1  (mod p) that
i s  if and only i f  n +k - =- 2 ( m o d p ) .  This proves the lemma for
k < p2-2.



X f  =[v  X ' 12;,̀ +2,,d  [ X ''2);!+-2';+11,
i =0

X V + 21+ 1 ,s 4 +jn+4 2 -Uf
 e
+ 41 ,1-4i+2+20-1)U U e4n+4i+2+2t(P - 1).

[P72 21
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In case of k =p 2 -  2 , it is easily seen that rP _2,,+2p2_4 ( C P ( n  p 2  2)

/C P(n -1 ) ) -Z +P7 r,„2 ,(X ,', 'P )  but the second term  van ishes. In
fact the proof of Lemma 3. 3 shows that in the exact sequence:

8
0-->P7r2.:+2p2-4(X,P,'°)-->P7r2„+2p2_4( P)-->P7r2n-F2P2-5(S. 2 ')

is  an isomorphism i f  n O (m o d  p )  and in th is case r

= 0 ,  i f  n=-- --=0 (mod p )  then n+p 2 -2----- - 2 (m o d  p )  so IT2,1+21,2-4 ( X  P )

= 0  and  - 2 n -1-2P" -4( X ? ; P )  = 0. q. e. d.

§ 5 .  Proof of Theorem 2.

As in § 1  w e shall reduce the problem to the computation of
hom otopy groups o f S tie fe l manifolds. B y  the theorem of James
( [3 ] Th. 3. 2) :

(Sp(n+ k )/S p (n )) --- -- - -- P7r,+4N „(SP(n+k+N ck)/SP(n+Nck))
for i<4p(n+ 1 ) -3 ,

we always assume, under the assumption of Theorem 2, n sufficiently
large.

By the cellular decomposition o f symplectic groups ( [10 ] ), the
(8n+ 9)-skeleton of sp (n +k +1)/S p (n ) has the cell structure S 4 .+3 u

e " " u • • •u e - k) "  and the map i*: H 4 41 +3 (S U (2n+2k  +2)/S U (2n+1))
- .H 4 F41 +3 ( S p ( n +k +1 ) / s p ( n ) )  induced from the natural injection i:
sp(n+k +1)Isp(n)--+S U(2n+2k  +2 )/S U (2 n + 1) has the degree ±1.
Let X = .54"+2 e 4„46 U e4(„+k)+2 be a  complex such that S X = (S p(n+
k +1 )/S p (n )) 8 ' 9 , where S  denotes the suspension and (K ) ' denotes
the i-skeleton of K , and (X ', f " )  be a  complex and a map o f X '
into X  constructed by Lemma 1.1. T h e n  if 2 k < ( p +1 ) ( p - 1 ) ,
has the following cell structure.

Let i': X -- .C P(2 n +2 k +1 )/C P(2 n ) be a  m ap such that S i '=
ilS  X  then clearly V p (x )  

=
l ip (  f '* • i '* (x ) )  for x  1 1 4 "+ 4 i+ 2 (C P  (2n ± 2k +
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1 ) / C P (2 n ): Q ) 0 5 i5 k , thus if  we replace, in the arguments of §2,
CP(n + k) / CP(n —1), X  and 72 by X , X 7 1 and i'(72) respectively
then we can easily see that the attaching maps o f X V + 1  are quite
similar to that of X T + 1 . So Theorem 2  is virtually a  corollary of
Theorem L

Consider the following exact sequence:

P 7t4„+, (Sp ( C X ) )  ) --- P 7r4n+1 
(S p

 (.0) / Sp (n ) ) — P 7r4.+,-1(Sp (n))
1*
—>P7r4„,1_1(SP(00)) ,

where by B o tt periodicity theorem 7r4„+ : (S P (0 0 ))  = 0  i * 4k + 3  and
i,, is  trivial for Therefore:

P7r4„4.,_1(Sp(n))=-'Pn4„+,(SP(°°) SP(n)) i * 4k + 3,

Case 1. i  =  4 k .  By (1. 5)

157r4n-F4k ( 51' (0.) / Sp (n )) ---= P 4,H-4k(S4"+3 U e4 "+ 7  U U e4( )+3 ) = 0.

Case 2. i = 4k+ 2.
P 7t'4n+4k+2(sp( œ ) / s p ( n ) ) 4n-F4k+2 (S +3 U e + 7  U U  e n + k ) + 3 )

=-47C2(2n-1-1+21)( X 1 + 1 + 2 / )  2k =21+t(p —1), t — L 
2 k   1

p —1 _1
Z p N ( 2 n + - 1 ,2 k ) .

Case 3. i= 4k +1

••-4n-F4k +1(SP (co )/ s p (n ) ) U e4 n + 7 U • • . U e4o,-Fo+3)

2k<p(p — 1),
n-2(2,1-1+20+2p(p-1)-2(X'2%P+21+1) 2k = 21+ p(p —1),

where P "'" Y( 9
'' 2,1
P
+2/ +1) — 0 if k —= —1 (mod p) and f i 71- 4n +4k( X  1 4 2 1  4 - 1 )

i f  n +  k —1 (mod  p )  by the same argument as the proof of Lem-

ma 4. 1.

Case 4. i =  4k  +3  Consider the commutative diagram:

P1*
r4n+ 41-F3(SP(n+ k+  1)) — >7r4,,+4k+3(SP(n+ k +1) / SP(n)) — >

P2* I 1 4

7 r 4 n + 4 k + 2 ( S P ( n ) ) — > 0

m4n+41+3(SP(n+k+
1 ) ), —>71-4-1-41+3(S4 n+ 4 k + 3 ) - - >n4n-F41-1-2(SP(n+

where 7r4n-F41+3(sp(n+ k + 1)) Z  and 7r4n-I-41+2 (Sp (n + k))—= Z(2.4-2k+1)!, n +
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k : even, 4 n i - 4 k - F 2 ( S p ( n + k ) ) - - --- Z 2 ( 2 „ + 2 ,+ , ) ! ,  n +k : odd (e . g. [5 ]  ) , so the
degree of p 2,, i s  (2n+  2k +  1) ! or 2 (2 n +  2 k  +  1 ) !. Moreover P7r4,,+4 3

(SP(n+  k+ 1)/SP(n))=- 'Z  b y  (1 .5 ) an d  the proof of ( 0 .3 )  shows
that the degree of p,,, is  the product of y ( 2 "+

1 2

*)  and an integer prime
to p .  Therefore

P 7r4+4k+2 (SP (n ))=Zp iv ,=  v p (  ( 2 n  +  2 k  +  1) !) — x(2n+  1, 2k).

By Proposition 2 . 4  and the definition of N ' (n, k ) this proves Theo-
rem 2.

Now let us show th at P r2n-F2k ( S U (n ) ) ,  p ( p - 1 ) S k < p 2 — 2  n+
— 2 (mod p ) , has the direct summand Z p  or Z pN '. B y  the theo-

rem of Harris (0 . 1 ), (S P (n ) )  is a direct summand of Pir,(SU(2n))
and P ,(S U (2 n + 1 ))  so by Case 3  27-  , -4n-F4k (S U (2n)) and P

 7T 2(2n+1)+2(2k -1)

(S U (2 n+1 )) have the direct summand Z p  in case of the question.
By Case 4 , P 7 r 2 ( 2 + 1 ) + 4 k  (S U (2n+1)) has the direct summand Z  p N/ (2n-1,2k)

+ 1 , 2 k )  and the exact sequence

P7t4 n + 2 ( 2 k + 1 ) ( S U ( 2 n ) ) - - - P -r2(2n-1-1)+4k(S U ( 2 n +  1 ) )  — + P  7r 4n +4k +2( S  4 ' + 1 )

shows that rif 7  r- -  P  —2.2n 4.1)+4k (S U (2 n +1 )) splits then P 7r4„+2(2k+i)(SU(2n))

splits in fact P 7r4n-E42+2(.3 4 "4.1 )  = 0 fo r 2k+ i<pz— 2  and the direct sum-
mand comes from P 7r2(2„+1)+44(Sp(n)). This completes the proof of
(0 . 3).

§ 6 .  Proof of Proposition 2.2.

To prove Proposition 2 . 2  it is sufficient to show the following
assertions.

Assertion 1. L et a, (i=1 ,2 ,•••) be  rational num bers such
that

a i  ( e r  1 ) , zee( ) k (kP)! ep— k +1
i =1 k = 0 \ p k!(kp— k +1)!

x l

then the denom inators of  a, are prim e to  p  f o r i< p 2 .

(R em ark . ap2-=--  1/p2(mod Qp),a, E Q p ,  p2<i<p2+p)
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Assertion 2.

y
(

( 1 (iP)! 
;t■ p ) 1!(ip— i+1)!  X ' )

( _  1   V' n (n+k P-1 )! 
kt IA  p  )  k !(n +k p — k )!

Lemma A .  Let y =e — 1 and f ( y )  be a f orm al power series
w ith coefficient Q,:

f ( Y ) =  E
11 0 ( P )
n>0

y".

T hen there ex ists a f o rm al power series a(Y )—bp+iyP+1 +b,,y P + 2

+ • • •  such  that bo+1EQp fo r  i< P 2 — P ,  m ore precisely  a ( Y ) = E i

(1)"'2
n p

2 3 1 "  mod Q p(v ), and satisf ies the relation:

1x = f +  ( f P + p a ) .

Proof.
f  p y y P - 1 y P + I .\P

2 p —1 p + 1 )

=  E  ( - 1 ) '   Y "
n P + 

p h (  y )  (m u lt in o m ia l expansion)
n o(p) 
n>0

yk
where h ( y ) = *yP+1 + *yP' 2 + • • • is a power series of y, ""2 ' k  '

•••(k ,0 (m od  p)) with integer coefficients. Let g ( y ) = 1 ) " 'l  y'Pnp
th a t is  x =lo g ( l+y )— f (y )+g (y ) , then fo r  n 0  (mod p )  there

exists integers c„ such that Je - l=pc„ + 1 and:

1 y " Py  "
P _ y "P

p  n P np

therefore if  we set a(y )—  g  —  f P(  1 )  "  + 1 c "  y " P +ip nP np,

y"P2 h ( y )  the lemma is proved.
1Lem m a B . B y  the substitution x = f +  ( f P + p a )  we get

1 V (kp)!
p j  k!(kp— k+1) 

xl kp-k+i_f ± a +  E f i p - ;
i>o

p y  •
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where ty,i Q„ f o r 1 j— i+1 <p , i<p +1 .

Proof .
k p — k +1  1  (k p— k +1) f k p —k+l—cc(  p B ( C En) fP(OE— '3)0)

a 0  
Œ a-0P

a

Œ - 0  13 = 0  pc' '3) ( R
+a-130+1-k-aa(3.( k p — k +1  a ) f ( kkp— k+1 cc 1

We put i = k + a — ,  j = k + a - 1  then a = j — k + 1 ,  =  — i+ 1  and

.1.kp-k+1_ 1   (k p— k +1( j— k +1
i=k -1  i— k  p 1 - 0 j — k + 1 ) 1 — i + 1) » •

f 'Now x  = f  ± +a,

1 =
fp pp--1

x P  f P- la—••• aP

 

1 (kP)! hence Ek-0( p  ) k !(k p— k +1)!x "-k +1= E  au f ` P - ' where
igo

= ao,o = 1 and for

( - 1 ) k ( k p )   (k p— k +1)(ce j -, 
k -1  p , k (k p — k +i) \ j  — k +1 ) \j— i +1 )

1 f ( -1 )k (k p -1 ) ! (k p — k +1 )! ( j— k +1 )!
p 1 - 1  -1 (k  — 1)!(k p— k +1)!(j — k +i)!(k p—  j)!(j — i+1)!(i— k )!

( -1 ) 0 (k p -1 )!  
1Y- 1 () — z + 1) ! k . 11 (k p—  j)!(k -1 )!(i— k )!

1 . E( —1)k (k p (k p — 2)•••(kp— ) + 1 )  k

Now let a,. be the coefficient of x ' in (x -1 )(x -2 )•••(x  — j +1 )  then:

E (  —1.)k (kp —1)(kp —2)••• (kp—  j +1)i )k=1
*-1

"= ( - 1 ) k
o c t ,k ' p r ( l i

e=  a r  Pr 1 ) k k r ( i e  1
1) .

By considering the r - t h  derivative o f (1 —et)" = E ( - 1 ) "  ( ) e 0 t at t=

0 ,  it is easily shown that ( —1) 0k r(7e)  = 0  fo r  r < n .  Therefore
k=0
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E( —1)k kr(
k - 1

)  vanishes for r < i - 1  and

1a, i —  E +' ( - 1) kIY" - `( j— i+ 1 )1 ( i - 1 ) ! r E k

hence a i j = 0  for j— i< 0  and the denominators of a  are prime to p
for j — i+i<p, i — 1<p.

P r o o f  of  A ssertion 1. By Lemma A the coefficient of y  in
ip— j> o, i s  zero for r< ip— j+  (j—  i+  1) ( p  + 1 )  ( j

+1)p+ (i —1)(p —1) +p, so by Lem m a B the denominators of the
coefficients of yr in « i l l . ' " is  prime to p  for r< P 2 +P and one
in a  is same for r< p 2 . Thus Assertion 1 is proved.

P r o o f  of  A ssertion 2. Let us define b„,,(n,k 0 )  as folldws

b 0 ,0 —  1
n(n+k P-1)! 
k !(n+ kp— k)!

then b„+1,k— bn,k= b n 4 - , k - 1 ( k 1 )  since

n+1,k n,k
(n+1)(n+k P)! n(n+k P-1)! b b — k !(n+ k p— k + 1)! k !(n+ k p— k )!

{ (n+1)(n+k P)— n(n+k P— k +1)} (n+k P-1)! 
k !(n+ kp— k+ 1)!

k (n+P)(n+k P-1)!  b

Next we will show that b„-Fi k b. •hi k -'•

We prove the formula by induction on n  and k. The cases k =0 or

n = 0  are trivial and

k - 1

E b  n 1 4 - 1 ,1
11

1, k-.1-1.
.= 0

k - 1

(n, k) ( 0 ,  0 )

k !(n+ k p— k + 1)! "

b n -1 ,0 1 11, k
i =1

k - 1

j

i-o
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Therefore E b„,,
.
xk= (E b

'

„,x .) (E b,, i  x i )  which implies the for-
k C) a 0 lao

m u la  (E bi,,,c)"=E b„,kx* inductively, and Assertion 2  follows im-
la0 k l )

mediately.
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