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Let V and V ' be complete algebraic varieties cf dimension n
defined over K  and k  respectively. TLen V ' is  a specialization of
V i f  there exists a  discrete valuation ring o with quotient field K
and residue field k and a variety W proper and flat over o such that

over K  and V '=W  x „k over k .  The above notations

will be fixed throughout this paper. U and U* are called deforma-

tions of each other if there exist U„•••,U„, with U:7"-= U 1 ,
and or U , a specialization of or the converse. The
question considered here is, what are the possible deformations of
P " ?  I f  V P "  over K, then we will show that over k.
Conversely, if over k and if V admits a K-rational divisor
with self-intersection number 1, then V --=---P " over K .  I wish here

to thank Professor Matsusaka fo r  h is advice, suggestions, and
encouragement in this work.

1 )  The proofs of the above results are based on the following

characterization o f P":

Let V be a complete variety o f dimension n  defined over K.
Then 17:- _—_P " over K  if and only i f  there exists a  non-degenerate
positive Cartier divisor X  on V rational over K  such that X ( ") , the
self-intersection number of X  on V, equals 1 and /(X )>n+1 .

X  non-degenerate means that a  high multiple of X  is  ample,
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i.e., H°(V , ....C®'") defines a  pro jective embedding o f  V  f o r  m
sufficiently large where is the invertible sheaf associated to X.

is defined ( [5] , p . 296) t o  b e  the coefficient of
the leading term in the Hilbert polynomial x( £ ® )  E 7 = 0 ( - 1)'

x dim 1-1 1 ( V , I ® ) .  The above characterization of projective space
is proved using the following sequence o f lemmas:

Lemma 1. Suppose X  i s  a positive non-degenerate Cartier
div isor on V  and X ( ') = 1 .  T hen X  is irreducible.

P ro o f .  L e t  Y 1, •-• , Y , be the irreducible components o f X  and

let 1 ' be the sheaf associated to X .  Then

1= X ( ") — x (1 ') v = x ( ± - 1 •0 x )  ( [5], prop. 4, p.297)

= E x (X - 1 •0xØ0y,) ( [5], cor. 1 of prop. 5, p. 298)

> r  since _L. is non-degenerate ( [5] , thm. 1, p. 317).

Lemma 2. Under the hypotheses o f  lem m a 1 , (X, 0 x )  is  a
reduced subschem e o f ( V, Os,) and x(...rx- - - )x =1  where -C x = X 00x .

P ro o f .  L e t x  be a  generic po in t o f X  and let f :
where X '= Then deg( f )  = 1 / s  where s=length01,.0x,. ( [5] ,
p. 299, ex. 1 ) .  Let .Xx , =1 ' 0 0 x , . Then _Ex , =  x 0 0x 0x , —  f*X x.
Therefore, x(X5c7 1 )x , = deg( f) • x (X V -) x  (  [5], prop. 6, p. 299). But

x (X 1- 1 ) x =x ( L '•  X ) ,=x ( L " ) v =1  ( [ 5 ] ,  Props. 4  and 5 , p . 298).
Therefore x(±17 1 )x , = 1 / s .  But £ x '  i s  a  non-degenerate invertible

sheaf on X ' so x(X"x7 1)x , i s  an  integer. T h e re fo re  s = 1  and Ox,x
is a field so ( X, O x ) is reduced.

Lemma 3. If  'in  lem m a 2 w e assum e d im H ° ( V , £ ) >n +1 ,
then d im H ° ( X , x ) >n .

P ro o f .  0—.0v(— X)—.-Ov—>Ox-->0 is exact, so, since £ = O ( X )
is locally free, 0—.0v—)-S---Xx--->0 is exact and hence 0 -1H°(  V , Ov)
— H° (V , .1")--.11°(V , _Ex ) i s  exact. Therefore, dim  H° (X, x)
=dim H °(V , S x ) dim H°(V , d i m H ° ( V ,  O v ) n .
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Theorem 1. L e t  V  b e  a  com plete v ariety  def ined ov er a
f ie ld  K  an d  X  a  non-degenerate positiv e Cartier div isor o n  V
rational ov er K  such that X ( ")=1  and 1 ( X ) > n + 1 .  T h e n  V =P'
ov er K  and the isom orphism  is determ ined by  X .

P ro o f .  Let .1" be as above. By lemmas 1, 2, and 3  X  is a
complete variety defined over K  w ith  the non-degenerate positive
Cartier divisor S x  on  X  rational over K  and with x (J -' - ')x =1 and
dim H ° (X , .1',)> n. Therefore, by induction o n  n ,  since the
theorem  is true fo r  n = 1 ,  (X , S x )--=--  (P " ,  0 (1 ) )  o ve r  K  and

dimH°(X, 1 ' ) =n . T h e r e f o r e  / (X ) = n + 1  and 0—> H° (V , 0,,)
H°(V , ±)— ..H°(X , 1 'x )-- .0  is exact.

Now let x be any point o f V  and Y  a positive Cartier divisor

o n  V  such that 0 ,( Y ) -- - = 0 , ( X )  and x E Supp Y. There exists

such Y  since 1 ( X ) >- 2 .  Then, since Y  is  a Cartier divisor, there

exists t E 0 ,,, such that But, as above, Y.= p" - '
s o  the maximal idea l o f  0 ,  is  generated  by n - 1  elements.

Therefore, by Nakayama, the maximal ideal of 0,,, is generated by

n  elements and hence x  is a simple point of V. Thus V  is non-

singular.

Since 1 (X )=n +1 , to  show over K  w ith  the isomor-

phism determined by X  it will suffice to show that X  is ample on

V .  By Weil's criterion for ampleness ( [61, ch. IX, §5, thm. 12, p.
288) it will suffice, given xE V, to find n  divisors Y 1, ••• , Y„ on V
in  A (X ), the complete linear system associated to X , intersecting

properly such that Y ,• Y 2  •  •  •  Y ,, = 1 . x .  L e t  Y  E  A (X ) such that

xE 17 . As above, Y = P - 1 . Then choose n - 1  hyperplanes o f Y
whose intersection is just x  and pull them  back to V .  This is
possible since H°(V , _f)— >11°(Y , _fy) is  onto. Their intersection
w ith  Y  is now 1 - x .  Q.E.D.

Professor Mumford pointed out that for the above characteriza-

tion of I "  it was unnecessary to assume V  nonsingular.

2 )  Theorem 2. L et W  be a  v arie ty  f lat an d  proper ov er
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0  and let V r W x 0K, V '  W x o k . If over K  th e n  V ' P " -

over k and over o. Furtherm ore, if the div isor X  on V
corresponds t o  a  hyperplane o f  P " ,  th e n  X '= X - . . V ' and X -

respectively  determ ine these last tw o isom orphism s w here X  is
the closure of X  on W.

Assuming V ' nonsingular a  proof o f  this result was given in

[3 1, lemma 1. 7, while for a n d  V ' a compact KJIaler manifold

this result was proved in  [41. The proof of the general result will

use the following proposition and lemma.

Proposition. Let W be f lat and proper over 0 , V =- Wx o K,.
V '= W x o k. Assume W  is  n o n s in g u lar i n  codimension 1,
Pie( V ) =0, and the ran k  of G ( V ) /G ( V )  i s  on e . T hen W is
projective over o and, i f  X  is  a  non-degenerate Weil div isor on
V, the X  is  a non-degenerate W ell divisor on W.

Pro o f . We may write W= Li U„ Ui open affines over o such-1
that Ui x o k  is non-empty. Assume a ll U,cA N  as closed subsets

and let h, be the composition of the inclusions Ui c A N c PN . Let

T,,. b e  the graph o f  h i ,  r ; b e  the closure of P ,,.  W x PN , and

X 1 =prw (r i • Wx H )  where H  is a  generic hyperplane o f  P " .  Let

Y i p r u ,(r,„ • Ui x H )  an d  Y , b e  the closure o f  Y i i n  W .  Then

X i >- Y, so

Claim : I f  Z 1 = X 1 —Y 1 , 1 Z11 does not meet Ui .
Proof o f c la im . Let x  be a  generic p o in t o f a  component of

II1 f l  Z ,  . Since U; i s  op en  in  W , x  is  a  generic poin t o f a

component o f  1 ZJ and hence is s im p le on  W . r - - - r i n ( u i xPN)
so r,,•(U,x H)----r i •(U i x H ). Therefore, r , regular a t  r
implies r ,  regular at x  so the urique component T  o f  I X i  contain-

ing x  appears with multiplicity 1 in  X i and 7' n U, appeals with

multiplicity 1 in  17
1 . Hence T  does not appear in  1Z 1

Proof  of  proposition. Since A( Y i )  is ample on U 1 , A (X i )  is.
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ample on U, because A (X,) f l  U, =A( Y , ) .  Now let r  be the order
of th e  to rs io n  p a r t  o f G (V ) /G „(V ) . T h e n  r•G (V )/G ,(V )
=r•G (V )/G ,(V ) --- -_ Z  by hypothesis. Since A(X,) C - 1 U, i s  ample

-on U 1 , A (rX ,) fl U, is  ample on U, and hence A (r X, x ,,K)(1U,x „,K
is am ple on U, x ,,K. Therefore r X , x  Jf  corresponds to a positive

, element r, in  Z  under the above isomorphism. I f  X  i s  a  non-

degenerate divisor on V , let rX  correspond to  r o >  0  in  Z .  Let s
b e  a  common m ultiple of the r ,  and  let a , = rs / r , .  Then all

,a,X ,x o K  correspond t o  th e  sam e elem ent o f  Z  so  a,X, x 0 K —
x o K(— a0 X ). L e t  f , b e  a  function o n  V  such  that

f ,) aiX ,x  „K—  a i X, x „K .  Modifying J ., by a constant if necessary

•w e can  assume f extends to  a  function 7; su ch  th a t (7;)=a1X1
— a,X ,. This is  possible since the only subvariety of W of codim 1

- wholly contained in V ' i s  V ' itself. S im ila r ly , aoX — a,X , Thus

A (a,X ,)=A (a,X ,)(=A (a o X ) )  i s  ample on U, for a l l  i  and hence
,on U1= W.

Lemma 4 .  L et the hypotheses be as  in  theorem 2. T hen X
i s  a positiv e  C artier div isor o n  W  not containing V ' i n  its
support.

P ro o f  (suggested by Dr. W. Fulton of Brandeis University).
Let ( U1)  be an open affine cover o f W  such  that a ll U, m eet V'.
Suppose U, =Spec B , .  Let ( f , )  b e  a collection of non-units of B,
generating B , over o. Then the Uo = (Spec B,) f ,, which intersect
V ' form a collection of open affine subsets o f W  covering V ' and
hence all o f  W .  T h e  Uo x  Jf  form an open affine cover o f  V.

can be v iew ed as a  function on  U, X o l f  and, b y  tak in g  the
closure in  V of the divisor of zeroes of f i n  w e  g e t  a hypersurface
141 o f V not containing any point of Uo x „K . If we can show that
i n  U ,,x ,,K  X  i s  g iv e n  as  th e  d iv iso r o f  a  s in g le  function
,g,, E (B , x„K),,, then, m odifying g o  b y  an  elem ent o f  K  and
extending g o  t o  U,,, w e can  assume that g o (B 1) 111 a n d  U,, xok
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is not a  component o f (g d ). Thus, X = ( U 1 , g d )  will be a positive'

Cartier divisor on W  not con ta ing  V ' in its support. Therefore, to-

complete the proof, it w ill suffice to show that B = (B 4OK ) f „  is.
a unique factorization domain. f  (Ud  x 0 K ) c P" — f (11d ) A "  so

Spec B  m ay be view ed a s  an  open affine  subset of A .  T h e n

K [X i , • , X „] c B  c K(X „ • • • , X „) and B  is  a  noe therian  integral

domain.

Let Q be a minimal prime of B .  Then Q induces an irreducible

subvariety of cod im  1  o f  Spec B  and hence o f A". But K[XI, • • ,
X „]=K [X ] i s  a  U F D  so  th ere  ex is ts  h E K [X ] such that
Q n K [X ]=h • K [X ].  Thus it remains only to show that Q=h•B .
L e t  r(X ) /s (X )  E Q  i n  lowest term s, r( X ) =1 - 1 r,( X ) ,  s ( X )
= s  ,( X  )  .  Then r = s(r / s) E Q nK  [X  ] so r / s = hr* / s . Suppose
1 / s ,  B .  Then { x : s,(x )= 0} n Spec B  is an open non-empty subset

o f  { x: s,(x) = 0 } . Since no r 1 =.55 ,  r( x )  can not vanish on this set

so r / s E B .  Contradiction. Thus  1 / s B so  r/s= hr*/sEh•B.

Pro o f  o f theorem  2. Let d : V'---)• W  be the closed immersion.

Then X i — d * (X ) is  a  positive non-degenerate Cartier divisor on

V ' by the proposition and lemma. Therefore, to show X ' induces

an  isomorphism o f  V ' w ith  P "  over k ,  it suffices to show that

l ( X ') > n + 1  and X ' ( ") = 1 .  But these are immediate consequences

o f upper sem icontinuity and invariance o f Euler-Poincaré character-

istic ( [1] , III. 7. 7. 5 and III. 7 . 9 . 4 ). Thus P" over k  and the

map is just the isomorphism on V  extended. Q.E.D.

3 ) Theorem 3. Let W  be proper and f lat over o,
V ' -=-_- W x 0 k -- -=--, P "  o v e r k . T h e n  V  is  Projective nonsingular and

a ) th e re  ex is ts  a  f inite  separable f ield  extension K ,  o f  K
su c h  th at V --=-__- P" ov er K ,. (S uch  v arie ties are classif ied by  the
set of isom orphism  classes of central simple algebras o f  dimen-
sion (n+1) 2 ov er K .  T hey  are isom orphic to P" ov er K  if and
only  i f  they  carry a K -rational point (F . C hâte le t, [7 ] ) .)  I f  o is
com plete w e can take Ifo=K .



Projectiv e space 47

b )  i f  V  carries a  div isor rational over K  of self-intersection
number 1, then V ---=-P" ov er K.

P ro o f .  V ' nonsingular implies V  nonsingular. L e t  Y  be any

positive divisor on V  and let Y. V ' .  Then Y '  is  a positive

divisor on V ' and so is non-degenerate. Hence Y  and Y are non-
degenerate ( [1] , III. 4. 7. 1.). (a ) is proved in ch. 0  in  [4 ]  and
in general in [2] exposé III, pp. 19-20 . (b ) : Let X = 17

1 — Y„ Y>-0

be a K-ratior al divisor on V such that X (")=1. Suppose Y =  Y, • V',
X '= Then X ' ( ") = 1  so / (X ')= n + 1  and T P(V ', X ')=0
i f  i > 0 .  Therefore H '(V , X )=0  for i > 0  and /(X) =x( V, X )
=x (V ', X ')=l(X ')=n + 1. Therefore there exists X*—X, positive
and rational over K ,  hence non-degenerate. Also, X* ( ") = 1  and
/(X*) =  n + 1  so V -=-- -- P "  over K .  An alternate proof of (b )  is given
in  [3] , lemma 1. 6.
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