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Introduction

In the original version [4] of the real periodicity theorem Bott
introduces an operator into the structure of the homotopy groups of
certain Lie groups. Following Harris [6] we refer to the operator
as the Bott suspension.” In §1 below we give a definition of the
operator which is slightly different from Bott’s and clarifies its relation
with the Samelson product and other constructions. Our main purpose,
however, is to introduce a relative version of the Bott suspension and
to study its properties.

After some consideration of the general situation in which
operators of this type arise we go on to make a detailed investigation
of a particular example which operates on the homotopy groups of
the Stiefel manifolds

Veru=S0(2n) /SO (2n—2k) (B<n).
In this case the relative Bott suspension constitutes a homomorphism
F: n',( VZN,Zk)—) Tl'r+1( Vzn,u)-

We fibre Vi over V..o (I<<k) with fibre Vi, 552, in the usual
way, and show that F commutes® with the homomorphisms in the

1) The precise usage of Harris is somewhat different from mine. However, the
name seems to be an appropriate one for any operator of the type.
2) As usual, in this kind of situation, there will be sign changes in some cases.
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homotopy exact sequence of the fibration.
There is a strong link between the Bott suspension and the
homotopy theory of symmetric spaces. This enables us to calculate

F: 717,( V2u,2)_) 7Tr+1( V2n.2),

and hence obtain some information about F in the general case.
For example, we show that the iterated Bott suspension

Fr:n,(Vas)= wrie(Van o)
is trivial if ¢_>6k; in particular
F:#,(S02n))— =,.,(S0(2n))

is trivial for ¢_>6n. The actual results proved in §5 below are
rather stronger than this.

The Bott suspension acts as a derivation with respect to the
Samelson product, in a way we shall describe. Hence the calculations
mentioned above enable us, in §7, to compute a certain relative
Samelson product which is the obstruction to the existence of a
cross-section for a certain sphere-bundle (see [9] for details).

1. The ordinary Bott suspension

Let G be a Lie group. Let X be a 1-parameter subgroup of G
and let X,C X denote the cyclic subgroup given by integral values
of the parameter. We describe X as intercentral in G if X, is
contained in the centre of G. When this condition is satisfied the
Bott suspension

X, 1,(G)— m,u(G) (r>1)

can be defined as follows, beginning with a special case.
Given an element /= =,(G) we denote by

0, 2 1, (G)=m,11(G)

the homomorphism defined by taking the Samelson product with 6,
thus
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Oya={a, 6) (€, (G)).

When X is such that X, is trivial we take 6 to be the class of the
loop determined by X as the parameter runs from O to 1 and define
Xy=6,.

In the general case, where X is intercentral in G, we form the
factor group G’=G/X,. The homomorphism px : =, (G)— =, (G")
induced by the natural projection is an isomorphism for »_>2. Now
X; is trivial, where X’=X/X,, and so X; is defined as above. The
Bott suspension associated with X is defined by

1.1 Xe=px'XiDx,

as shown in the following diagram.

X
7.(G) —5 7,..(G)

b4 | 2

rG,—) r+1 /
m,( )X; 7,41(G")

The usual definition of the Bott suspension involves a map
f:G—9G, which we shall refer to as the Bott map associated with
X. This map is defined by

1.2) (fa) ) =ax.a x* (acsG, tel),

where x, denotes the element of X given by parameter f. It is
important to note that f can be factored through G/K, where K
denotes the centralizer of X in G. The Bott suspension is usually
defined to be the composition

7,(G)— 7, (2G) — =, ,,(G),
()f* (!3)575()

where & denotes the Hurewicz isomorphism. Then
1.3) Xy=¢fx

by definition of the Samelson product when X, is trivial, and by
naturality in the general case.
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Since f is constant on K, the centralizer of X in G, we obtain
from (1.3) that

(1.4) X;05x=0,

where oy :7,(K)—r,(G) denotes the injection. To see this from
our definition (1.1), consider the special case when G=K. Then X;
is trivial, since elements of the factor group K/X, commute with
elements of X’, and so X; is trivial in this case. By naturality,
therefore, X;ox=0x X;=0 in the general case, as asserted.

The standard example of the Bott suspension arises when
G=S0(2n), the group of rotations of euclidean 2#-space. Take
an orthonormal basis so that clements of SO(2x) are represented
by matrices. We denote by

F:7,(S02n))— n,.,(SO(2n))

the Bott suspension associated with the 1-parameter subgroup
exp(unt), where # denotes the matrix

(L9 @~ (05 o blocks).

Note that the centralizer of the subgroup is the unitary group U(n),
embedded in the standard way. The factor group of SO(2xn) by
the central subgroup {e, —e} is the projective group PSO(2xn). The
element 0€7,(PSO(2n)) determined by exp(urnt) is of order 2 or 4

according as # is even or odd. Hence it follows by linearity that

2F=0 (n even),
(1.5) {
4F=0 (n odd).
When # is odd 20 = pye, where ¢ generates 7,;(SO(2x)), and so
(1.6) 2F =g, (n odd).

After this example we return to the general situation where G
is a Lie group and X is an intercentral 1-parameter subgroup. I
assert that X, satisfies the derivation law

1.7 Xila, By ={Xsa, o+ (—Da, X; 8,
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where a=r,(G), BEr;(G). To see this, notice that

D+ mx(G)— nx(G")

respects the Samelson product, since p is a homomorphism of topolo-
gical groups. Now X; acts as a derivation on 74(G’), by the Jacobi
identity for Samelson products. Since py is an isomorphism of the
higher homotopy groups it follows at once from (1.1) that X, acts
as a derivation on 74(G), as asserted.

Next I assert that

1.8) XeoYVi=—Yo X,

where X, Y are intercentral 1-parameter subgroups of G. Notice
first that this relation holds when X, and Y, are trivial. For if
0, o€ m:(G) then <0, pd>Em:(G)=0, and so

Ka, 07, 9> +<La, 97,07 =0,

by the Jacobi identity, where aEnr«(G). By taking 0, ¢ to be the
elements determined by X, Y we obtain (1.8) in the special case.
To deal with the general case, consider the diagram of factor groups
and natural projections shown below, where G” denotes the factor
group of G by X,-Y,.

G

D)

b
G <
~

q
\
Xo /

=

p/ G// q/
Now X, is defined through X;, where X'=pX, and Y, is defined
through Y;, where Y'=qY. Write X"=p'X’, Y"=¢’Y’. Then X{
and Y, are trivial and so
Xy oV)=—Y{X{,

as shown above. We have p4X;= X;px, by definition of the Bott
suspension, and p5X;= X, p%, by naturality of the Samelson product.
Hence p} psX;=piXips= XDk px, and similarly ¢4 q.Y,= Yi'q4q..
Now p'p=¢q’q=r, say, the natural projection of G onto G”. The
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higher homotopy groups are mapped isomorphically by 7x«. Hence
the anticommutativity of the operators X,, Y, follows from the anti-

"

commutativity of the operators X;’, Y.

When X and Y commute, we can construct the 1-parameter sub-
group ZCG such that z,=x,-y,, where x,,3,, z, are the elements
of X, Y, Z given by parameter ¢. I assert that

(1.9) X+ Y, =27,

" when X, Y, Z are so related. When X, and Y, are trivial this
follows at once from the linearity of the Samelson product, since
the element of 7;(G) determined by Z is the sum of the elements
determined by X and Y. To establish (1.9) in the general case we
reduce it to the special case by an argument very similar to that
used for (1.8). The details are omitted.

Of course (1.8) is almost obvious, when X,=Y,. For example,
suppose that X and AX commule, where 1 is an automorphism of
G which leaves X, fixed. Suppose that X and 1X commute. As ¢
runs from 0 to 1 we obtain from X, AX two paths from e to a
central element of G. By composing the first with the reverse of the
second we obtain a loop in G, and it follows from (1-9) that

(1.10) Xi— GX)s=0s,

where ¢&r,(G) denotes the class of the loop. Now i determines
an automorphism 2’ of G'=G/X,, and we have a commutative dia-

gram as shown below, from the definition of the Samelson product.

X

7, (G") > 1,41 (G")
x'*l lx;
n,(G )—(X/X/) : 7Tr+1(G )

Hence it follows at once from (1.1) that 14X;= (1X);4«. Combining
this with (1.10) we obtain the relation

(1. 11) XQ—Z*X”X;IZq)# .
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As an example take G=S0O(4) with 1 the automorphism which
changes the sign of the first row and column. This leaves {e, —e}
fixed and so (1.11) shows that

1.12) F—Fix=0¢,,
where ¢ generates =, (SO(4)). We can use this relation to calculate
F: n,(S0(4))— n(S04)),

as follows. Choose generators o/, 8’ of the cycle infinite groups
:(SO(3)), n;(U(2)) and let «, E(SO(4)) denote their images
under the injections. Then A«f=a—p, by (22.7) of [16], assuming
that our choice of generators is as in [16]. Also 48 =pg oy, by®
Th. 1 of [5], where  generates m,(U(2)) and » generates =4(S®).
Hence ¢;8=[0oy, by naturality, and since F3=0, by (1.4), we obtain
from (1.12) that

(1.13) — Fa=24(Boy) =aoy—foy.

This can also be established by the methods of §3.

2. The relative Bott suspension

Before introducing the relative operator a further definition is
required. Let H be a closed subgroup of the Lie group G. We say
that a 1-parameter subgroup YC H is subordinate to a 1-parameter
subgroup XCG if

2.1 X hx'=y,hyt (heH),

where x,, ¥, denote the elements of X, Y given by the parameter ¢.
Let this condition be satisfied and let X be intercentral in G. Then
Y is intercentral in H. Write H-X=H. Then H is a subgroup
of G, and H is a normal subgroup of H. Also H/H is isomorphic
to a factor group of X and so its higher homotopy groups are trivial.

3) In the proof given in [5] there is a restriction imposed which appears to
exclude this particular case. However. the restriction is not essential.
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Since x,y;" lies in the centralizer of H, by (2.1), it follows from

(1.4) and (1.9) that

(2.2) X,;=Y, :n,(H)—>n,.(H).

After making this observation we define the relative Bott suspension
X, :n,(G H)—n,,..(G, H) (r>2)

as follows. Write H = H/X,, regarded as a subgroup of G’'=G/X,.
Then X, is trivial, where X’= X/X, and so determines an element

6= r,(H). Consider the homomorphism
0 : 7,(G', H)—> n,,,(G', H')
defined by taking the 7elative Samelson product with 6, thus
Ora={a, 0> (a=n (G, H)).
By the five lemma the induced homomorphism
Py i 1.(G, H)— n,(G', H)

is an isomorphism for »>2. We define the relative Bott suspension
X, to be the homomorphism which makes the following diagram

commutative.

X,
7.(G, H) =5 7,,.(G, H)

b 2
(G, B~ () )

It is often convenient to identify the relative homotopy groups
of the pair (G, H) with the ordinary homotopy groups of the factor
space G/H under the isomorphism induced by the natural projection.
Thus the (relative) Bott suspension can be regarded as a homomor-
phism of #,(G/H) into =,.(G/H).

We recall from §1 of [10] that #; can be made to operate on
every term of the homotopy exact sequence

'.'-—)ﬂr<-—H_/>__) ﬂ,-(G/)_> ”r(G,: F)'_)“',

raising dimension by 1. On z,(H’) we take the Samelson product
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with 0, on #.(G’) we take the Samelson product with the image of
6 in 7,(G"), and on n4(G’, H) we take the relative Samelson product,
as above. By means of p, we transfer this to an operation of X,
on every term of the homotopy exact sequence

o=, (H)— 7,(G)— n,(G, H)—--.

Here r4(G) is mapped by the ordinary Bott suspension and =4 (G, H)
by the relative. If we choose a subordinate subgroup YC H then
the action of X, on =.(H) agrees with that of the ordinary Bott
suspension Y,;. This follows at once from (2.2) since the injection
a,(H)—> a,(H)

is an isomorphism for 7>2.

Consider the Bott map f:G—2G associated with X as in (1.2).
By (2.1) f maps H into 2H. Moreover f|H agrees with the Bott
map associated with Y, where YC H is subordinate to X. By a
similar argument to the one used to prove (1.3) it can be shown
that the following diagram is commutative, where & denotes the

relative Hurewicz isomorphism.

ﬁ, 7, (2G, 2H)
= (G, H) e
> Tri1 (G’ H)
#

Suppose, however, that we carry out the identification of =4 (G, H)
with 7.(G/H). It might be conjectured that there exists a map of
G/H into 2(G/H) such that X, is the composite of the induced
homomorphism and the Hurewicz isomorphism. In general this con-
jecture is false, as we shall see in §4 below.

If K is the centralizer of X in G then H( K is the centralizer
of Y in H, where Y is subordinate to X, and it follows as in the
ordinary case that

(2. 3) X#"*_—_O)

as shown below, where ¢ denotes the natural embedding of K/(HNK)
in G/H.
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n, (K/(HNK))~— =.(G/H)

>,+1GH
” X,”(/)

Now suppose that H contains a closed subgroup J of G and that
J contains a 1-parameter subgroup subordinate to Y and hence to X.
Then the relative Bott suspension operates on the homotopy exact
sequence of the triple (G, H, J), mapping 74(G, H) and #.(G, J)
according to X; and =4«(H, J) according to Y,. This follows at once
from the characterization of the relative Bott suspension in terms of
the Bott map.

An important example of the relative Bott suspension is when
(G, H)=(S0(2n), SO(2n—2k)),

where k<n. Here we identify SO(2n—2k) with the stability sub-
group of the last 2% basis vectors and identify the factor space
SO(2n)/SO(2n—2k) with the (oriented) Stiefel manifold of ortho-
normal 2k-frames in 2#n-space. We take X to be the 1-parameter
subgroup exp(unt), as defined in §1, and Y to be the corresponding
1-parameter subgroup of SO(2n—2k), which satisfies the subordin-
ation condition (2.1). We denote by

F: n,(Vzn,u)“" ”:’+1(V2n,2k)
the Bott suspension thus defined. In this case (K, HNK)=U(n),

U(n—Fk)) and the factor space U(n)/U(n—k) can be identified with
the complex Stiefel manifold W.,,, regarded as a subspace of V., .
By (2.3), therefore, F annihilates the image of the injection

Ox . nr(Wn.k)——) ”r(VZ",2k)'

Consider the homotopy exact sequence of the fibration of SO(2x)
over V., ., with fibre SO(2rn—2k). We have defined F on each
term of the associated exact sequence so that F constitutes a map
of the exact sequence into itself. The same applies in the case of
the fibration of Vi, . over V.., (I<kE), with fibre Vi, o/ 22;.

Returning to the general situation we remark that the properties
of the ordinary Bott suspension established in §1 can be extended
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to the relative Bott suspension, with appropriate modifications, using
similar arguments. For example, consider the derivation law (1.7),
which depends on the Jacobi identity for the Samelson product.
The Jacobi identity for the relative Samelson product, as proved in

[14], gives rise to the derivation law

2.4 Xila, B =<Xsa, B+ (= D¥a, X; 8,

where a€r,(G, H), pEnr,(H). If YCH is subordinate to XCG
then X,B8 can be changed to Y,A.
We recall from [13] that the Whitehead product in =+(G/H)

can be expressed in terms of the relative Samelson product. Speci-
fically, if aen,(G/H), yEr;,,(G/H) then [a,1] ={a, 4r), where

4:n;0(G/H)— n;(H)

denotes the transgression operator in the homotopy sequence of the
fibration. Since X, commutes with 4 it follows from (2.4) that

(2.5) Xila, r] = [Xea, r] + (= D'[a, Xir].

One further derivation law is worth mentioning, although it is
not convenient to give the proof in the present paper, The intrinsic
join operation, as defined in [7], constitutes a pairing of 7 (Vem i)
with 74(Va0) t0 7% (Vamyzn o). It can be shown that F acts as a
derivation with respect to this pairing.

3. The Bott maps

Let G be a Lie group and let X be an intercentral 1-parameter
subgroup of G. Let i be an automorphism of G such that the
elements of X commute with the elements of Y=1"'X. Then Y
forms an intercentral 1-parameter subgroup of K, the centralizer of
X in G. Let L denote the centralizer of Y in K. Consider the
diagram shown below, where 1" is induced by i|K and x is given
by composition with 1| K.
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K/L-5 ok

o

G/K— 2G
/fﬂ

In the diagram f is given by the Bott map associated with X, as
defined in (1.2), and g by the Bott map associated with Y. I assert
that

(3.1) JA=png.

For let x, denote the element of X given by parameter £, and write
y.=1"x,. If a€ K then

ey, a7y = (da) x,(2a) ' x7,

since 1 is an automorphism. Hence our assertion follows at once.
It is important to notice that A’ is also induced by the map 6:K—G,

where
fa= (la)-a* (ae K).

Let M denote the subgroup of K whose elements are left fixed by A
Then

(3.2) Ng=7po,

as shown below, where ¢ is induced by 6 and p, ¢ denote the natural

projections.
KM kL
{/l l Y
G >G/K
4

For the background to these constructions see Harris [6].

For example, take G=S0(2n), and take X to be the 1-parameter
subgroup exp(#nt) with centralizer U(n). Choose 1 to be the in-
volution which changes the sign of the first row and column. Then
Y is the 1-parameter subgroup exp(wvzt), where v is the matrix
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G el(toe-~a( 1)

The centralizer of this subgroup of U(n) is U(1) x U(n—1), and
the factor space can be identified with CP(n—1), the complex pro-
jective (n—1)-space. Moreover M=0'(1) x U(n—1), where O'(1)
denotes the subgroup of real matrices in U(1), and so K/M can
be identified with RP(2n—1), the real projective (27— 1)-space.
Thus we have a commutative diagram as follows, where W(xn)

=S0(2n)/U(n).

RP@2n—1)-L CPi—1)-25s oUm)

l” I J

SO(2n) T W(n) ?QSO(Zn)

Here ¢’ is the usual embedding (see [17]) of real projective space
in the rotation group and g is the adjoint (in the function-space
sense) of the usual embedding (see [18]) of the suspension of com-
plex projective space in the unitary group. The algebraic topology
of W(n) plays a central role in the theory of almost-complex struc-
tures. I remark in passing that the use of A’ considerably facilitates
the study of this manifold.

It can easily be checked that the maps in the above diagram
are compatible, for various values of #, if the usual embeddings
are made. Thus the restriction of ¥ to CP(n—2) has values in
W(n—1) and agrees with the map obtained by our construction with
n—1 in place of n. To avoid trivialities, take #_>2, from now on.

Consider the commutative diagram shown below, where the
vertical maps are inclusions, ¢’ is determined by #, and p’ denotes

the natural projection.
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24 /

[/}
RP(2n—2)—> SO(Zn—l)L SO2n—1)/U(n—1)
I i [#

RP(Zn—l)a—,> SO(2n) T SO@2n)/U(n)
By (3.2) we have
(3.3) Nqi=p0'i=pjo”’ =kp'o".
Let #': W(n)— S*-* denote the usual fibration, with fibre W(n—1),
as in §41 of [16]. We recall that »’kp’=7, the standard fibration

of SO(2n—1) over S* %, and hence 7'A’qi=r¢", by (3.3). Now 79"
determines a relative homeomorphism

(RP(2n—2), RP(2n—3))—>(S*%,e),

where e denotes the basepoint, and ¢ determines a relative homeo-
morphism

(RP(2n—2), RP(2n—3))—(CP(n—1),CP(n—2)).
Hence we obtain

Lemma 3.4. The composition v'X determines a relative homeo-
movphism

(CP(n—1),CP(rn—2))—(S*2e).

In the present work the main purpose of (3.4) is to prove (3.5)
below. Choose generators a,, . of the infinite cyclic groups

a2 (SO(2n—1), SO2r—2)), ma(Un), Un—1)),
where 7#_>2. Consider the elements
a, € m2,-(SO(2n), SO2n—2)), R.En4(SO(2n), SO2r—2))

which correspond to «;, . under the injections. When these gene-
rators are suitably chosen I assert that

(3.5) Fa,= 1,8, (n>2),

where F' denotes the relative Bott suspension and A4 the automor-
phism of 74,(SO(2n), SO(2r—2)) induced by 4.
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By (3.2) we have a commutative diagram as shown below, where
we have identified =, (2X, 24) with =,.,(X, A) by the Hurewicz
isomorphism.

7, (CP(n—1), CP(n—Z))i’*—* m,(Wn), Wn—1))

g*l lf*
(U, Un—1)) — 7,..(S0(2n), SO(2n—2))

Mk
Take r=2n—2. Then g, is an isomorphism, as shown in [18], and
A, is an isomorphism, by (3.4). Write r,=g3'(5.). Then
f*l; (o) = 125 &5 () = 115 (B) = 25 (B).

However py(a,) = +2%(y.), since
P : . (SO@2n), SO2n—2))—n,(W(n), W(n—1))

is an isomorphism when »=2n-—2., We choose a, so as to make the
sign positive and then obtain

f*/z:k (2’») =f* Dx (a,.) =F(“~):
from the characterization of the Bott suspension in terms of the Bott
map. Putting these relations together we obtain (3.5).

So far we have been working in terms of relative groups, but
now we carry into effect our identification of =,(SO(2xr), SO(2n—2))
with #,(V...). We extend the meaning of 2 to include the induced
automorphism of V,,.. It is shown® in §6 of [9] that

X*B,,=d,.°77—ﬁ,, )
where » denotes the appropriate generator of the 1-stem. Therefore
(3.5) implies that
(3.6) Fa,=a,o9—3,.

In this way we have determined the value of F on the first non-
vanishing homotopy group of V,,.. By naturality we can deduce

4) Note that Ay, @n, Ba, in the present notation, correspond to pi, azs. Bz, in
the notation of [9].
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the value of F on the first non-vanishing homotopy group of V., u
for £>1. In all cases ms-2a( Von2e) is infinite cyclicc. When k=1
the image under F has infinite order. When £>2 the image under
F has order 2 or 4 according as #—£k is even or odd. This follows
easily from (3.6) and elementary results on the homotopy groups
of Stiefel manifolds (see [15], for example).

To conclude this section we consider the problem of whether
there exists a map

h . Vz,,_z_)-g Vz».z

such that the following diagram is commutative, where & denotes the
Hurewicz isomorphism.

T oV
Tcr<V2r1.Z) \[E
? nr—l—l( V2u.2)
By (1.9) F acts as a derivation on =4(V.,.), with respect to the
Whitehead product. Since FB,=0, by (1.3), we obtain

F[Cl(,,, Bu] = [Fa,,, Bu] = [A*Bu’ Bn] B}
by (3.5), and hence

7’*F[a{,,, Bn] = [7*1*3'” V*Bn] »

by naturality, where 7 : V,,,—S*~"' denotes the usual fibration. Now
74B., and 74A4B. are both generators of ms_(S*). Let n#2, 4.
By Adams’ theorem [1] the Whitehead product of these generators
is non-zero, in #,(S*'), and so Fla,, 8.] is non-zero, in mwy(Vs.2).
But if F=¢h,, for some map /4, then

F[[l{,,, ﬁnl :'—g[h*(lf,,, h*Bn] 20)

since 74 (2V:,..) has trivial Whitehead products, and so we have a
contradiction.

Since SO(2)=U() < U(2) there is a natural map of V,. into
W(2). Hence it follows easily that % exists when #=2. I do not
know what the situation is when n=4.
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4. The composition theorem

It follows at once from our definition that the composition laws
for the Bott suspension are the same as those for the corresponding
Samelson product. Thus if x&#,(S”) then the ordinary Bott suspen-
sion satisfies the relation

(4.1) F(0op)=FooEp,

where E denotes the Freudenthal suspension. This relation also
holds in the relative case, provided n is a suspension element.
These composition laws will be applied without further comment in
what follows. Our main purpose in this section is to obtain an ex-
pression for the composition law in the relative case which is valid

without restriction, and use this to compute
F . 7!?,( VZM,Z)'_) 71',4.1( V2n,2)

in all dimensions. Not enough is known of the structure of my( V. 2s)
with £2>1 for any systematic result to be obtained but to some
extent the same type of argument is applicable.

Let a,, B.Ensx(V...) mean the same as in §3. Since B, is the
class of a cross-section to the fibration of V,,. over S it follows
at once that every element of x,(V...) can be expressed uniquely
in the form

(4.2) a,co+ oy, (9Em (S, YrEm, (S* ).
Since F(B.oyr)=0, by (1.4), the problem is to compute F(a,op),

using the expression for Few, obtained in (3.6).
We begin with some observations on the Whitehead product
structure of w4(V...), where #>2. We have pua,=0, where
0% ¢ ie(Van2) = m, (S*1)
is induced by the fibration, and hence p4la., Fa,] =0 by naturality.

Therefore

(4. 3) [L‘l,., qu] =ﬂfu°$;
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by exactness, for some (unique) element £€m,,,(S*%). We shall
prove that

4. 4) la, [an, Fa,]]=0.

We recall from §3 of [10] that the composition law of Barcus and
Barratt [3], originally proved for the Whitehead product, can be
extended to the Samelson product as used in the definition of F.
Thus we obtain an expression for F(a,°¢) as a sum of terms beginn-
ing with Fa,cEp. Each of the subsequent terms is the composite
of a Whitehead product of the form

[ﬂl/u Ft‘l,,] . [‘Yn’ Ifln, Fd,,] ]) R

and some higher Hopf invariant of ¢. Assuming (4.4) all these
composite terms vanish, after the first, and so we obtain

Theorem 4.5. If ¢==,(S**) then
Fla,00) =(Fa,)o(Eg) +a,céEHp,

where Hpe n,(S*°) denotes the generalized Hopf invariant and &
is as in (4.3).

The proof of (4.4) depends on some information concerning &
which is also useful for the applications of (4.5) in §5 below.
In the homotopy sequence of the standard fibration of U(x) over
S*1 with fibre U(n—1), the transgression carries a generator of
72,-1(S*1) into an element ;/, say, of m,_.(U(n—1)). We denote by
#Em,2(SO(2n—2)) the image of ,/ under the injection. It is
proved in (24.3) of [16] that psu=% or 0 according as # is odd or

even, where now
Ok + T2n—2 (SO (2% — 2) ) — oy (SZH—B>

is induced by the standard fibration of SO(2#n—2) over S*° It is
proved in (3.7) of [11] that [a., B.] =a.oJy, where Ju denotes the
element of m,-(S?%) given by the Hopf construction. By (3.6),
therefore
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[an: qu] = [tl,,, a{,,°77] - [dn, Bn]
=“MO(P77—]/1)’

where Py denotes the Whitehead product of »Em,..—(S*?) with a
generator of m,,_,(S*%). Thus

(4.6) E=Py—Jp.
We recall that HP»=0 and HJp=E* *p,u. Hence it follows from
(4.6) that

4.1 {H$=O (n even),

=y (n odd).
By exactness 4’ lies in the kernel of the injection
mx(Un—1))— n(U(m)),
and so u lies in the kernel of the injection
7x(SO(n—2))— 7, (SO(2n).

Hence it follows that E2?Ju=0 and so, since EPy=0, we obtain the
relation

(4.8) E=0.
Hence, and from the composition law for the Whitehead product, we
obtain that P&=yoE**H¢, where yEms_s(S* %) denotes the triple
Whitehead product of the generator of m,,—,(S*7?) with itself. But
3r=0, 2He=0,
in all cases, and so P¢=0. Since
e, ., Fa] | = |, ,08] = @, 0 P&

this proves (4.4), and completes the proof of (4.5).

When #=2 we have £=0 and so (4.5) shows that (4.1) is
valid without restriction in the case of V,.. This also follows from
the existence of

h:Vie—> 82V,

as described at the end of the previous section.
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5. The iterated Bott suspension
We begin by considering the operator
F: ﬂr(Vzn,z)—’ n’r+q(.‘f2n,2),

for g=1, 2, ---. It follows easily from (3.6) and the composition
law that
(5.1) F'a,#0, Fa,=0,

for n>2. In the other direction we prove that

Fir, (Vi) =0 (n even),

(5.2) {Fen*( Viwe) =0 (n odd).

I do not know of any example where F°® is non-zero.

We deduce (5.2) from the composition theorem (4.5). Let #
be even. Then He=0, by (4.7), and so & is a suspension element.
Hence and from (4.1) we obtain

(5.3) F*(a,00) = F*a,0E*p+ Fa,c E€c E*Hyp,

by applying F to both sides of the relation in (4.5). Now E%*=0,
by (4.8), and so when we apply F again the second term on the
right drops out and we are left with

Fa,op) = F’a,0E%p.
Applying F* to both sides of this relation we obtain
F3(a,o0p) = Fia,oE% =0,

by (5.1). This proves (5.2) when » is even.
Now let # be odd. From (4.5) with ¢=¢& we obtain

F(w,o¢) = Fa,cEt+a,060 EHE.
Applying F again we obtain
F*(a,08) = F(a,o&) o E*HE,

since E%¢=0. However, H¢ belongs to the 1-stem and so by iteration
we deduce from the above relation that F®(a,06)=0. Consequently
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when we apply F°® to both sides of the relation in (4.5), with
arbitrary ¢, the second term drops out and we are left with

F'(a,09) = F'a,cE'¢=0,

by (5.1). This completes the proof of (5.2).
We return to the case when # is even, and consider the injection

i* H 71'*( V2n,2)__> ™ ( V2n+2lc—-2,2/e>)

where £>2. It is an elementary result (see [15]) in the homotopy
theory of Stiefel manifolds that

214 (B,) = (i4a) on=1x(as07).
Hence 7,(B,) =ixF(a,), by (3.6). Since FB,=0 this implies that
i+ F*(a,) = Fix F(a,) = Fiy(8,) =i« F(8.) =0.
Using this in (5.3) we obtain
15 F*(a,00) =iy Fa,0 E§oE*Hyp.
We apply F once more and obtain
1xF*(a0p) =14 Fa,0 E*¢o E*Hp=0.

We change % into n—k+1, for greater convenience at the next stage.
Then the conclusion of the above argument is that

(5.4) 14 F s (Vanoage,2) =0 (n—Fk odd),
where 7, now denotes the injection
s ( Vzn—zuz.z)"’ s ( Vzn,zk)-
With this in hand we are now ready to prove
Theorem 5.5. Let k>2. Then
Fo:m,(Vouo) = mrse(Von2s)
is trivial for q>9k/2+a,., where

a,,=0 (n odd, k even),
=1/2 (n even, k odd),
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=3/2 (n odd, k odd),
=2 (n even, k even).

We proceed by induction on k, beginning with the case k=2.
Consider the exact sequence

ree > 77*( V2n—2,2) - 77-'*( Vzn.4) - ﬂ*( Vzﬂ,z)‘“’"'
2% J*
associated with the standard fibration of V... over V.. with fibre

Veize. Let € 7w4(Va,s). Let n be even, first of all. By naturality
J«F%0=F’j.6=0,
by (5.2), and so F*9=i,p, by exactness, where ¢S4 (Vs .). By
naturality
Flip=ixF'9=0,

by (5.2), and so F'"9=0, as asserted. Now let # be odd. In this
case a similar argument shows that F®9={., where YEms (Vo).
By naturality

Fip=1, Fp=0,
by (5.4), and so F' =0, as asserted. This completes the proof of
(5.5) when k=2,
Now let £>2 and make the inductive hypothesis that (5.5) is

true with £—1 in place of k. Consider the exact sequence
T Ty ( V211—2k+2,2) T ( V2n,2b) > Ty ( V2n,2k—2) >

associated with the standard fibration of Vi, over Vi, .. with fibre
Viirsz:. We argue in the same way as in the special case, using
the inductive hypothesis on the right, and (5.2) or (5.4) on the
left. The reader will easily check that the result is (5.5) as
asserted.
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6. Stable and non-stable results

We begin with a result which is well-known, although there
does not appear to be any suitable reference. Consider the ordinary
Bott suspension

F:7(SO02n)— r,..(S0(2n)).
If 6 belongs to the domain then
(6.1) Fo=60y (r<2n—-2),

where » generates the 1-stem, as before. The basis for the proof is
a result of Bott [4] that the kernel of F, in the stable range, coin-
cides with the image of the injection

m,(Un))— =,(SO(2n)).

Standard results on the stable homotopy groups of the classical
groups show that this image coincides with the kernel of the homo-
morphism

77* : nr(so(2n))_—) 7r,+1(50(2n))

given by composition with %. Consequently F=»* in the stable
range. This proves (6.1) provided »<2n—3. When r=2n—2 we
consider the following naturality diagram, where 7, denotes the in-
jection.

02 (SO20)) 2> 70 2(SO(21+2))

F| |F

72, (SO (2n) ) —> 72,1 (SO(2n+2))

ix
On the right we are within the stable range and so F=y* as we
have seen. By naturality, therefore, F6—*¢0 lies in the kernel of
ix, on the bottom line of the diagram. However, the kernel is

infinite cyclic while 7,,-.(SO(2r)) is a finite group. Consequently
Fo=y*9, which completes the proof of (6.1).
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It is already clear from (1.13) that (6.1) breaks down outside
the stable range. Let us examine the situation in the next two
dimensions, using the results obtained by Kervaire [12].

Recall that a..:, B..1, in §3, are derived from generators
€1, (SO2n+2),S0(21n)), PFrn€rmu(Un+1), Un)).

Let 1,€7:,4(S0(2n)), pmEm,(U(n)) denote the images of as1, Bri1s
respectively, under the boundary operator in the homotopy exact
sequence of the pair. Then

(6. 2) Ad,,+1 = /1,, » Aﬁ:1+l =Hn s
by naturality, where u,=o4u,Em,,(SO(2n)) and where
A . th+]( 1/2111-2,2)—) T, (SO(Z”))

denotes the boundary operator in the homotopy sequence associated
with the standard fibration of SO(2#n+2) over V... with fibre
SO(2n). By (3.6) and naturality we have

FAtln+1 = AFan-{—l = Aanno") - Aﬁnn >
and so

(6. 3) FA,,=A,,°77'—,U,, .

It is noteworthy that s,, and hence FA,, has order 4 when # is odd.

Similarly, by using the composition law, we can calculate the
value of F' on any element in the image of 4. Since F is trivial
on the image of

ox 2 m,(Un))— =,(SO(2n))

by (1.4), it follows at once that F can be calculated on the sub-
group 7, (SO(2n)) which is generated by the images of 4 and ox.
When #%0 mod 4 we find that

. (SO(2n)) ==,(SO(2n))

for »=2n—1, 2n, and so these cases present no difficulty.
Let #=0 mod 4. Then the co-domain of



On the Bott Suspension 185

F:7,(S02n)— r,,.(SO2n))

is isomorphic to Z,+ Z,+ Z, for ¥r=2n—1, 2n. By combining the
arguments indicated above with (6.1) it can be shown that the
image of F is of order 4, for hoth these values of ». The details
of the calculation are omitted.

7. Sphere-bundles with A-structure

Let X be a (2n+1)-sphere bundle with group SO(2rn+2). By
an A-structure on X we mean a fibre-preserving map f: X—X such
that fx is orthogonal to x for all x€X. By an almost-complex
structure on X we mean a reduction of the group of the bundle
from SO(2n+2) to U(n+1). Then the centre of U(z+1) acts on
X and by defining fx=wux, where # is central and #*= —e, we obtain
an A-structure from the almost-complex structure. As we have shown
in [8], there exist bundles, even in the stable range, which admit
an A-structure but not an almost-complex structure. The purpose
of this section is to give an alternative proof of another result of [8]
concerning the case when X is stable and the base space is a sphere.

Theorem 7.1. Let X be a (2n+1)-sphere-bundle over S™
with group SO(2n+2). Suppose that r<2n—2. Then X admits
an almost-complex structure if X admits an A-structure.

We have shown in [9] how the condition for the existence of
an A-structure can be expressed in terms of the Samelson product.
In the following lemma we compute the relevant product, using the
Bott suspension. Then we shall complete the proof of the theorem
by appealing to the results of Adams [2] on the J-homomorphism.

The (relative) Samelson product determines a pairing of
7;(SO(2n)) with 7;(Vauie2) to 7:4;( Viuie2). Consider the homomor-
phism

px t x(Vanpa o) = my (841)

induced by the usual fibration. We recall (see [13]) that
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(7' 2) P*<0, Bn+l> = E]ﬁ,
where 6 #,(SO(2n)) and where

J: 1, (SO(2n))— m,42,(S™)

is given by the Hopf construction. Write

(7.3) 0, Br+1) = Ans1°0+ Busror

as in (4.2), where ¢E7,,2.4:1(S?), VE T, 12...(S¥). It follows at
once from (7.2) that {»=FEJf. I assert that

(7.4) =] (6°p) (r<2n-—2).

We have Fo#=@oy, by (6.1), and FB,,=0, by (1.4). Thus the
derivation law yields

FXO, Bur1p =007, Brsr) =<b, Brsrdows
by (4.1). Substituting from (7.3) at both ends of this relation we
obtain

F(at.1109) =a,110000+ Buzoifron.
By (38.6) and (4.1), however, we have

F(a,41°0) =an109°Ep+ B,110Eg.

Comparing coefficients of §,.; we obtain Ep=+Jroy, and hence ¢=Jfoy
= J(6oy), as asserted, since we are in the stable range. This proves
(7. 4).

In (7.1) let ==, (SO(2n+2)) be the element corresponding
to X in the standard classification. Since »<(2n—2 there exists a
unique element 0= x,(SO(2xr)) such that ¢ =i,0, where 7, denotes
the injection. Moreover X admits an almost-complex structure if
and only if # lies in the image of o4, as shown in the following
diagram.

r, (U(n))—2 7,(SO(21)) —2> 7,,,(SO(2n))
|7
Tri2nt1 (Sz»)
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By (4.4) and (5.1) of [9], the necessary and sufficient condition
for the existence of an A-structure on X is that

{0, Bus1) = Bn+1°E]0.

This relation holds, by (7.4), if and only if J4*¢=0. It is easy to
show, from the periodicity tables and the results of Adams [2], that
the image of s, coincides with the kernel of J»* (as well as the
kernel of »*) in the stable range. Hence (7.1) follows at once.

It is not difficult to extend (7.1) to include the case r=2n—1
but at present too little is known about the behaviour of Samelson
products for us to make a substantial penetration into the non-
stable range.
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