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§0. Introduction.
The aim of this paper is to obtain energy inequalities for hyperbolic
mixed problems in a quadrant:
Au=f in >0, x>0, y& R™1,
(Py)(Bju=g; (j=1,2,-., 1) on x=0, t>0, yeR",
Diu=0 (j=0,1,...,m—1) on t=0, x>0, yER",

where

A=A(t, x, y; Dy Dy D)= 3 ain(t, x, y) DfDiD;

i+j+lvi=m

(amOO:\FOs Qomo — 1)3

BJ'ZBJ’O’ Y D, D,, Dy)= Z {kv(ta y) DszD;

i+tk+lvi=r;
(bgrjozla 0<rj<m_1a T{#Tj if l#]%

10 p_ 10 5L 0 12 a1

Dt:TW’ TG 0x T 0 0y

Assumption (4) on {4, B;} is as follows:

i) The coefficients of {A, B;} are defined in R**'={t€R', x€R,

yE R*"1}, sufficiently smooth, and constant outside a compact set

K=K0X[—k> k]:{(t9 y)EKO, xE[—-k, k:l}
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ii) A is regularly hyperbolic with respect to t, that is,
Alt, %, v 1, 6,7)=0 (4, x, Y)ER", FER, 1ER", (§,7)%0
has real distinct roots with respect to 7. Hence
A(tyx, v, 5,)=0 (t,x, ER", Imc<0, 7€ R™!

A

has only non-real roots with respect to &. Let x# of them have positive

imaginary parts, which we denote {&;};-1,..,, and let

Ip

A"Z,ﬁl(g_ i)

iii) {4, B,} satisfies the uniform Lopatinski's condition on x =0, that is,

{B;(t, y;7,& 7}j-1..., are linearly independent modulo 4.,(¢,0, v; 7, &, 7)

with respect to &, for (¢, ¥) €ER", Im t<{0, 7€ R", (¢, 7) (0, 0).
Now we define functional spaces X, ,(R%:Y), X, ,(R") with posi-

tive parameter 7 as follows. &, ,(R%"1) is composed of the elements u

such that e "'u belongs to H”(R"!), with norms defined by

lul?,, :i+‘+kZ+|vI=1rx le "y D] D Dy u(t, x, y)|*dt dx dy.
/ x>0,(t,y)ER"

Similarly, &, ,(R") is composed of u such that e "*u belongs to

H™(R"), with norms defined by

<u>i,= = e DD;u, |2 dy.

i+ Tei=mJRY
Our main result is

Theorem. There exist positive numbers C and 7., such that it
holds for u€ X, ,(R**Y) and 7 2>7,

m=1 . . 1 Lot
Plulho B <Diu>ho o <O [duliot E<Bu>hoi,).
7= 7=
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§1. Preliminaries.

1.1 Definitions of singular integral operators.

We denote for u € Co(R"), t=06—ir (€ R, 1>0),

i(a, 77)=S > =y (e, y) dt dy,

e
R’ll
i(t, ) =S e (e, v) didy= (e "u) (0, 7).
R" .
We define for a real number s

Nult, y) = <2n)‘"SRg"'<"-"”””/\(r, 0, 1) 5(0—ir, ) do dy
. . S
= e”(Zﬂ)'"S erITN(y,0,7)° e u (0, v) do dy
Rn

(A 0, )=+ 719D,

then < A*u>,., is equivalent to <u>,, (k=0,1, 2, ...), therefore

we redefine in general
<u>s,=<AN°u>y, (s: real).

Let a(¢, y; 7, 0,7) be smooth for (¢, y)ER", v>0, (6, 7)€ R",

homogeneous of degree 0 with respect to (7,0, %) and

i i Dk .
sup | Di Dy Dy DiDjalt, y; 1,0, 7)| <+ oo,
(¢,y)ER"
(v,0,meRR!
vi+olen|2=1

then define

auza(t, y; 7 Dt; Dy) u
=(27r)‘”SRg“"“'”+"a(t, Y3 7,0, 1) (0 —ir, ) do dy

— 7t -n ito+iyy . {ryt\
e”(2m) X a(t, y;7,0,7) e "u(s, ) do dy.
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Then we have following properties from those of the well known
singular integral operators in H°(R") with positive parameter 7.

i) <au>;,<C;<u>;, Therefore a becomes a continuous linear
operator in &, .,(R"), which we say in this paper singular integral

operator with symbol a (¢, y; 71,0, 7).
“) <(ab_a°b)u>s+1,’y<cs<u>s.7-

i) <(a*—a"u>,.1,<C<u>,,, where a* is the adjoint of a in

the innerproduct of &, ,.
It follows that

[ <aAu, bv>o,,— <bAu, av> 0, [ KC<U> 0, <v>0,9
if the symbols of @ and b are real.

1.2 Quadratic forms with coeflicients of singular integral op-

erators.

Lemma 1.1. Let us assume that

m—1

m=1
(*) Zoaif(ta ARE a, 77)21‘51'>C.Zolzf|2 (zfecl)y
i=

ij=

where {a;;} are symbols and c¢ is a positive constant. Then it holds

for qugCO_.,(R")
m—1
() Re Zo<aij(t, Y3 7s Dy, Dy) ujy uj>o,y
ivj=
1 m—1 m—1
>—2—C Z<uf>%,7_cz<uj>2—1,7'
=0 i=0

This is Gérding’s inequality modified in &, ,(R").

Lemma 1.2. Let us assume that
m=1 o _
(4) "D ait, %, 53 7,0, 9| Dis(x) Dix) d
1, 7=

> 8 (10120 12 de A T s D20
ji=0J0 i=0
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for z(x)€ H" '(RY), where c is a positive constant and {c;} are real

constants. Then

m—1 . ) . .
(**)l Re Z (aif([$ X, ¥ 7 Dt’ Dy)/\m_l_,D;:u, /\m—l——J D; u)O,'r
2o

1,1 =
1 2 SN iNe “1 2
>~§~c lu| m—1,7+j§00f< Dxu>m—1—j-%,7_cl AN ulm—l,')’

for u€Hp_1 ..
Proof. Replacing z(x) by z(rx)(r>0) in (xx), we get

m—1

Z aif(ta Xy y’ 7,0, 77) rzm—2~i‘jS:D;Z(x) D{,z(x) dx
0

i,j=

m=—1 (> :
> 8 o7 Dla(0) |2 da
ji=0

m—2 . .
5 e DIz(0)|?
i=o
for r>0, z(x)€ H™ '(RY). The rest of proof is similar to that of
Gérding’s inequality.

Lemma 1.3. Let us assume that
m—1 L.
Coex) 2 aii(t, 2, y57,0,7) FYU>c(E+D" for é€ RN (c>0).
1.7=
Then

m=1 P . .
(kx%)"  Re 2] 0(a,-,-(t, % ¥ 75 Doy DY A" 1 Diu, A" Dlu)o,,

1,J=

1 m—2 . _
>—2— |u|rzn—l.'r_COj§0<D;u>rzn-1—j—%,7_C|/\ "wlZ o,

for u€Hp 1.
Proof. It reduces to lemma 1.2, since there exists C, such that

m—1 oo —_—
% ailt, % 33 7,0, )| Diz(x) DIa(e) da

i,j=0
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m—1 (e . m—2 .
> | 1Dk Pdx— 8 | DLz(0) %
ji=0 i=0

Lemma 1.3.a. Let us assume that

(x%), X ay(t,x, v 7,0, E (@D for E€ERY (¢>0),

then
(6x); Re 5 (ay(ty % 35 7 Do DYA" " Diuy A" Diuo
0 o1
1 2 KSh j 2 -1 (2
= 2 C|u|m—1.7—CoZO<Diu>m—1—j—%.v—C|/\ u|m—1,~/
i=
for u€ Hp,,-

Proof. Using the integration by parts on terms with the differen-

tiation of order m with respect to x, this reduces to lemma 1.3.

Lemma 1.4. Let us assume (x)((xx),...) in 2, where 2 is an
open set in R"x S"(S"={(r,0,7); v € R, (0,7) € R", y*+ 0%+ |7|2=1}),
and let a(t, y;71,0,7) be a symbol whose support is contained in £.
Then (%) ((xx)', ...) holds only when u is replaced by ou in principal

terms, wheve we remark that only C depends on c.

Proof. We can construct symbols {a;} which are equal to {a;}
in £ and have the property (x)((*x), --.) in R*x S”. Then we have

(%) ((*%)', ...) on {a;;}. Here we remark that
<NA@ijau—aiau)>q, < C<u> g,
1.3 Green’s formula.

Let us consider two polynomials with respect to &
m . .
P(t, %, Yi7,0,7; g)zzoai(t’ X Y5 7,0, DA™ (1,0, 7)) ¢,
i=

m=-1 . :
Qs %, 7370, 13 )= L bt %, 3 1,0, A" (7, 0, ) &,
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where {a;, b;} are symbols, {a;(¢, x, y; 0, 0, ), b;(¢, x, y; 0,0, 7)} are
real valued, a,=1, and b,_, is real valued.

Denote

1
a_?(ta Xy Y3750, 77):7{(1,]'(5, X, ¥ 7 a, 77)+aj(t9 Xy ¥5 T g, 77)}5

1
a}(t) Xy, ¥3 7,0, W)ZTZL; {a’j(t’ X, ¥3 750, W)_a’j(ta X, ¥3 7,0, 77)}')
then

aity xy y5 150, ) =a%(ty x, ¥3 1,0, 1) — iral(t, x, y; 7,0, 7).
Moreover denote

P, x, ys 1,0, 75 =2 ai{t, x, ¥3 7,0, DA™ (7,0, 7) &,
Pty x, y; 1,0, 75 &)= ad(t, %, ¥; 1,0, ) A" (1,0, 7) &7,
Pty x, x5 7,0, 95 €)= al(t, x, y; 1, 6, DA™ (1,0, 1) &7,

then

Pty x, y; 1,0, 13 8) =Pt x, y; 7,0, 75 &) —ir P'(¢, x, y57,0,7;8)
Now we define

Gty x, y; 7,0, 73 & &)

:P(t’ Xy, Y510, 75 5)@(5, Xy ¥37,0,7; g)

—[_)(ta 2 }’, 750,75 E)Q(t, X, J’; 7,0, 75 6)
= 3 (@b—ab) N THIEE (by=0)
i,7=0

Mz

1 0

<

= 4 Cif/\zm_l—i_jeiéj (¢ij= —&;i: symbols),

G.(¢, x, Y107, &, é)
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1 ~
——__:E'{Po(ta X, y; 7 6) 75 6)(20(19 Xy }’, 7,0, 75 'E)

—Pt, %, ;5 7,0, 75 E)Q¢, X, v 7, 0,75 £)}

+ GT_-E {Pl(t’ x5 y; s 0.’ 7]; é‘)Ql(t) X, }’, 7 0-1 77; é)

=Pty %, y; 7, 0,7, E)Q'(t, %, v; 1,0, 735 )}

= _é’g{( 0b0_a0b0)+r2(albl lbl)}/\mt Livi g g

- S
= MZ diN\NPmoEoii gt g (dij=d;;: real symbols),

1,/=0

Gt(t’ Xy y, 7 0-9 7/3 59 é)

——E{P (x5 7,0,7; 8)Q°t, x, y; 7,0, 73 &)

-]

—P°(ty %, y;7,0,7; ©)Q' (¢, x, y5 7,0, 7; )}
+{P'(t, %, y; 1,0, 75 E)Q°(t, x, y; 1,0,75 &)

—P%ty %, y;7,0,7; £)Q'(t, %, y5 7,0, 75 E)}]

L
2

"'[\’_]3

{(a¥ bo_a] b1)+(a1b0_a0b1)}/\2m 1-4 16151

=0

= 2 e N2 ETiT g R (e;j=eji: real symbols),
0<i,j<m
0+ j<2(m—1)

then we have
Gty x, y;57,0,7; &, &)
=@E—8G.(t, %, y;1,0,7; & E)—2irGy(t, x, y; 1,0,7; &, &).

Remark 1.

3

0 0 PO 0
6.6, 5)| = P& Q") = é(&)@(e)

5
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Gi(&,§)=P(H)QUO—P(H)Q'(H).
Especially when P, () are real analytic functions with respect to

t(=06—iy), then

_|oP _p@&) ¢ ‘
66, 0| ={2 @ow-P@-SL@}|.
=0 7=0
Remark 2. Let P be regularly hyperbolic with respect to ¢, and
let (_)=%—:_)—. Since

P$)QE®) —P@QE) _ P(r, HQE = PE 0,

T—7T T—7T

Gi(¢,¢)=

we have
G, O =clle|®+ &1+ )™ for teCl, (& 1) € R*(c>0).
Remark 3. In case when

P@=PERE), Q=0 RE),
then

GE9(8, B)=GE(¢, H)R(O) R(D),

GEoe, ©) =615 EH)RE) RO).

Corresponding singular integral operators to the above symbols, we
define for u € &,

Pu:ﬁaj(t’ Xy ya 7 Dt; l)y)/\m_jl)i~ u,

ji=0
m—1 . .
Qu=,Zobj(t, %, ¥5 7y Dyy DY) AN""1 7 Diu,
i=

G(ua u)O,'Y:Z(Cij(ta X, ya 7 Dta Dy)/\m—iD:’; u, /\m—l—ng; u)O,w

G. < Uy Uy = Z < dij(‘) 0, ¥y, 7 Dt, Dy)/\m_l_iD;icuw /\m—l_jD;c.u>O.7)



358 Reiko Sakamoto
Gt(“’y u)O,’Y: Z(eij(ts Xy ya 7 Dh Dy>/\m—1_iDa{- u, AM_l”iD{: U’)O,'y-
Then we have
i) (Pu, Qu)o,y— Qu, Pu)o,,=G(u, u)o,,+ Ri(u, u)o,,,
where
Ry, w)o.,= 3 (r}; A"V D, AT Diu)o,y,
i7=0
T}j =(b,~a;—bfoa,~)/\ - /\(ajb;—aijb;) —(/\a§501)i—a§065/\),
i) 6wy u)o,y=iG<uy u>q,—2i7 G(u, u)o,y+ Ro(u, u)o, .
where
Ry, w) =2, (¢ A" Diuy A" D),
i,7=0
ri;=—D.(di)+(Ndijor—di_a N).

Here we have
Lemma 1.5. (Green’s formula)
(Pu, Qu)o,, — (Qu, Pu)o,, =iGy < ity >, —2i7 G(uy t)g,y+ R(w, )0,
where

. R(u{).u)o,'/le(u',_ u)0,7.+ Rz(ua u)O,'y-

Finally in order to estimate lower order terms, we have

Lemma 1.6.
m—1 .
l/\'1uI?n,v+ZO<Diu>%z-1-,~—§,~/<C{I/\‘LPuIS,ﬁ- lwlf-1,}
i=
In fact, since

m—1 .
_ m—j n;j
Pu=D"u+ Zoaj/\ Diu,
=
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we have
IAID? |, <A "Pulo,+Clulm 1.4
and then
<DPtu>tty=—i{(A\ Dy, DY w)e,—(DFT u, ATID w0}

<IN 'DRuliatlulfog.
It follows from lemma 1.5 and lemma 1.6
Gty w30,y 27 Giluty oy | < Gy | Pulber [l
(¢>0: arbitrary).

§2. Energy Inequalities.

2.1 Lopatinski’s conditions on the real axis.

All the assumptions stated in the introduction are assumed here-

after. We denote 7=0—17,
L*=A(r,0,m € S"; 1 >0},
Lo=A{(r,0,7) € 8"; r=0},
and
X=(t, x,v;r,0,)EKXL".
Now we restrict ourselves to a point Xo=(to, 0, vo; 0, 0o, 70)

€ Ko Ly and its neighbourhood in R”"!'x S”. Let us assume that

1
Ao H=11(E—H™
j=1 i

TE-20)11(E-2)
=1 i=1
(my+ - 4+m+2s=m),

where {£J} are real and {£J,} are non-real. Then there exists a
neighbourhood U(X,) such that for X &€ U(X,)
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AX; §)=A:1(X; €) 42(X; 8) - A(X; 8) Ao(X, &)
=A1(X;$) Ax(X; 6)- A(X; §) Ay (X5 8) 4, (X 8),

where

Ai(X; 8)=(E—&(X)" +af(X)(E—&(X)" P +af(X)(E—&(X))m?

+otah (X)) (=12, -, D),

Aox(X;58)=¢"+at*(X) & '+ +al®(Y),
with following properties:
) A(Xo; )=(E—&D™ (e §(Xo)=§), aj(Xo) =" =a;,(Xo)=0)

Aos(Xo; H=T1(5 40,

i)  {&(X), al(X), a¥*(X)} are smooth in U(X,) and {&;(X), aj(X)}
are real valued in U(X,) (KX Ly),

ooy 0Cj oy
iii) “or (Xy) =0, where

7 a (X) if m;>2
ci(X)=
—&i(X) if mj=1.
In fact, i), ii) follow from the fact that the roots of A; and those
of A;(i=¢j) do not intersect each other in U(X,), because of the
continuity of roots of 4 with respect to X. iii) follows from the

hyperbolicity of A4, since

03 04 (xy5 20 = 247 (xy; 20 11 Ai(Xo; 8D, 1T 4:(X0; £9) 20,
ot ot i=xj i=j
0A; . dc;
O Xy 8= (Xo).

Let X,=(to, 0, yo; 7500, 70) (r>0), then the roots of A(X,; &) are
non-real, because of the hyperbolicity. Therefore the roots of A;(X,; &)
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are non-real, m; of which have positive imaginary parts and mj of

which have negative ones (m;=m;+mj, my—+ --+m{+s=u, m;+-
+mi+s=m—p).

Lemma 2.1. Let {fjk(Xr,)}k=1,g__,,,m

, be the roots of A;(X,; &),
then

k)= kenn(i 7Y 205 (i Yo 0
() =g ex (i 278 N 08 (Xo)ir Jos+ 0 (.

Proof. Let ¢ be a root of A;(X,; &), since

0=A,(X,; ) =(§ —&(X,))" +ad(X,) (G = §,(X))" "+

o + ar];l;(X‘)‘)
=(&—&(X,))™+0(7),
we have

&(X,)— &(X,) =0 (ymy),

then we have

; . 1
(=& (X)) +an (X,)=0@"m).
Since
0al,

@l () = "2 (Xo) (= i) +0(r),

§(X,)=¢&7+0(7),
we have the required results.
As a corollary of lemma 2.1, we have

m;=mj;—1

if m; is odd and waacft (Xo) >0,

if m, is odd and aacf, (X0) <0,

m;=mj+1

- . .
.mj; =m; if m; is even.
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Now we denote

e A(XO 5) ~ =0 \Mm ;i mA S g
Fi(e)= 13208/ (2= 20ym X —&y, -
8= = HE-emIE-gollE-&)
(i=1,2,...,mj;, j=1,2,..,1),
(A — ‘f 'A(\Oa 'S) __as—1i ! A AQ\My S __ 20
Ex(s) Ao (Xo, ) =S k[=]1(§' >k) Izl=11($ sk+v)

(1:17 29 ] 5)7

then {F;;(¢), Ei(£)} are linearly independent polynomials of order less
than m, and divisible by A4 (\y; &), where

l

A (No; S =11~ An)"" [] (C‘§,+)
On the other hand, {B;(X¢; &)};.1.2..., are linearly independent
modulo A4,.(Xy; &). Therefore we have

Lemma 2.2. [{Fji(é)}'!‘;i,?“,.,;;z;-y {E(®Yic12,0
i=1,2,..,
{B;j(Xo; &)}j=1.2,...] make a basc of polynomials of order less than m.

2.2 Construction of 4'(X; &) associated with 4(X; &) in local.

Let us denote
PX; &) =4;(X; ¢),
Ou(X; O=(E—&\))™ V2 k=1,2, .., mj,
Qo(X; &) =(r—00) (§— (X )",
then

Po(z\ro; :):(5'—5?)’”!3

¥

J B
PY(Xo; &)= —m; 5-— 5 (Xo) (&~ £)m 1t aa% (Xo)(& — g0y

aa,,,,

+ - +”— (XO)a
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Q¥ Xo; &)=(£—Nm*1=2 0 k=1, ..., mj

J
Qi(Xy; 8)=—(mj+1— Zk) 0;, (Yo)(t 50)7::,“;, =1, oy s
0% X3 &) =0,
Qi(Xo; &) =(6—8N"2,
therefore
2kl o »
Gfgk(XO; ;:, E):;l(é_{_‘?)mj ;(E__s'?.)mj_~ ”’

GFax(Xo3 &, 8)={— 2k — 1% ()6 — g

4928 () (e — s 2t 20 () e — g,

GfQo(XO; 53 é)—:O,
GPU(Xy; &, &)= —(£—¢&2)>m D,

Let 2=(z0, 21, -+, 3m, 1) EC™. Replacing (1, (6—£9),...,(e—¢enH™h)
by (20, 21, -5 Zm,~1) and (1, (5_59), s ('é—é?)”’f‘l) by (zo, 21, -+, Z’mj—1)
respectively in GL9¢(X,; &, &), we have quadratic forms GE9¢(X,; z, z).
From the representations of them, we can find positive constants
1<0:1<02---<dy; and € such that

ﬂl

26 GPQ,‘(XOs 2z, Z) |zmj——1|2+ |zmj—2|2+"'+ |zmj—m;|2
—C( zmomj-1 |2+ + [ 2124 | 20,

Let us introduce a parameter A(0<A<1), and let z,=(A""'z,,
A"z, Zm,-1), then

my my N
kglakcfa"(Xo; Zny E0) =k§16k A2EDGE( Xy 2, 2),

therefore
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my ) o
P G A R (C NI LR P
_Cizm;(lzm—m;—l | 2+ N IZO I 2)-

my
On the other hand, we consider k;dklz‘k‘”GfQ*(Xo;é‘, 2 as a

polynomial with respect to (£—¢Y), then its constant term may be

. Ocj . .
appear only when m; is odd and ~—(;zf~(Xo)<0, and it becomes negative.

Therefore we have
my
D0 A2EDGRU (X5 £, ) CAU D (g =292 D 128 | 2 —29))
k=1
LCQ w]g—gg D4 28m)
(a;=2{m;(2m;—3)—(m;—2)(m;—1)}).
Now we denote
my _ -
P'(X; &)= 20,277 PQu(X; §) — CA- 727D Qy(X; §),
Bl
then we have
GPP (Xo5 2,2) > (|zmpr |24 + L 2mymm; | D)
_Clz(lzmj—m;—1|2+"'+ |z0|2)>
GPP'(Xy; &,8) < CA%

We have associated P'(X;¢&)=A;(X; &) with P(X; &) =4,X; §)
for Xe U(Xy), j=1,2,...,1. Now since

4440 £, = Ga 63 £

=ea K 8, B (6 () (X D,

G4 (X; 6, =GN &, B4 (X () (X3 B,

we have, replacing {£7} by {z;}, {£’} by {z;} respectively,
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GA45h, (Xo; 2, > 5 | Fu(@) |~ CA¥|z|* (z€C™),
i=1
and
CAAT4 (Xo; 6, ) CRE+ D)™ (FERY.

Here we denote

(X By =S gy AKX 04
A(X,C)—jglAj(AX; >) A,’(X; 5) A ot (X, s),

then we have

, iomy )
G (X035, 0> T 1Ex()|*=Cals]*  (zeC™,

ji=
G4 (Xo; £, )< —cA@+1D" " ((E€R', 0<A< A0
From the uniform Lopatinski’s conditions on {4, B;}, taking 1 small

enough, we have

Lemma 2.3. Let Xo€ XyX Lo, then there exists A'(X; €), which
is a polynomial in & of order less than m with smooth coefficients
defined for X€ U(X,), where U(Xy) is a neighbourhood of X, in
R"'x S”, and satisfies

) 2|2 <C{GA (X 2, )+ 3 | Ex(X; 2) |2+ 3| By(X; 2)| %
j=1 i=1
for Xe U(Xy), z€C™,
ii) (E+D)" - CCH4(X; 6,8)  for XeU(X,), £ER!,
where

STA(X;
E(X; §)= éAo_(‘(X; ei) s

and C is a positive constant.

2.3 Constructions of 4'(X;§) in global and energy inequalities

in La.
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Let us denote X=(X', X") (X'=(, x, y), X"=(r, 7, 7)), a neigh-
bourhood of X’ in R**! by F(X’), and that of X" in S* by W(X’").
In lemma 2.3, we corresponded A% (X; &) to every point Xo€ KoX Ly
defined in U(Xy)=V(Xy) x F(X5). In addition to them, we remark

)
G473 (X &, H<—e(2+1D)" ! for £€ R (¢>0).
Now from the compactness of Kyx L, and 0Ky x Ly(0K,: boundary

of Ky in R") in R"''x S", we have

Ny
Kox LyC\JU(X))  (Xy, Xy, -, Xy, € Ko X Lo),
iZ1

N .
0Kox LoC\J UX)  (Xuyor, Xnyes, - Xo, €K, Lo),

i=No+1

therefore there exists 0 >0 such that

Kyx Ly C (le U(xy,
(9K )5 x Ly C\J UKD,
i=No+1
where
Ky={X'€R"™"; (1, )€Ko, | x| <5},
(0K)s={X'ER"; (1, v) €Ky, | x| <0},
Ls=4{X"€S8"; |r|<a}.
Let

U,:U(X,) (l:]-a 2) BT NO))
Ui={2;—Ks} x W(X7) (=No+1, No+2, -, N1),
Un= {R”“—?fg} xS" (N=N;+1),

where
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Q2;={X €R"; | x| <0},
then

N
R™'x Ly C\J U
i=1

Hence we can find non-negative smooth functions {a;(X)};-1,2,.. .5 with
N

supp[a;(X)JCU; and ) a4(X)=1 in R*"'X L;.
i=1

Now let us denote
, N-1 , . 04
A )= T ad(X0 Ay (X )+ k(D] - 24 (x; o},

E]’(X’ S)ZC(!(X)E]Xl(X; é) (]:1, 29 sy Siy 121,2, ;N_1)>

and
HOG &, H=624(X; 6,0+ 5, BEGHF X

+ 3 B ) B(X B,
then we have
|z|><CH(X;z,z) for XER"X L, z€C™,
E+1)" 1<~ CGA4(X; 8,8)  for XER" ' x Ls, EER.

Since a smooth function on R"*!'x S” multiplied by A (7, 7, 7)¥,
becomes a smooth function on R"*!'x (R"*'—{0}), we write homo-

geneous extensions with respect to (7,0, 7; & &) by the same notations:
A'(X; &): homogeneous of order m—1,
Ei(X;%): homogeneous of order m—j,
H(X; ¢, 8),G(X: & &: homogeneous of order 2(m—1).

Now, taking 8=/(y, 0, 7) such that supp [#]CL;s, we have from
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lemmas 1.1, 1.3.a, 1.4

Lemma 2.4.

m=1 , m—1 .
i) ZO<D:]:Bu>72n—l—j.7_CZO<Diu>72n—2—j.7
Jj= 7=
N s R
<CR€G,<BU, 8u>0,7+. ) .ZI<E;'3U«>§—1,7
i=1j=

"
+ Zl< BiBu >72n—1—rj.'7,
ji=

m=1 .
ii) [Buld-17— CO.ZO<D';Bu>72n—1—j—%,’Y—C| /\_lu|72n—l.')‘
i=

< —CRe Gt(Bu) Bu)o,'y'
It follows from lemma 2.4 that

CRe{G.<Bu, Bu>¢,—27G(Bu, Lu)o}

m—1 . m—1 .
>27|Bulf-1n+ Zo<Diﬂu>7Zn—1—j,7_200TZO<DiBu>7Zn—1—j—%,7
J= 7=

N s . Il
—{Z B<EBuST 1t 5 <BiBu>ho )
ji=

i=1j=1
m—1 .
—CL2r| A ull ot D <Diu>l o, 0}
i=0
Since we are allowed to consider ¢ small enough to satisfy
1-20Co>
>

we have

<DiBu>% 1 ;=27 Co<DiBu>% 1 ; 1,
>c<DjBu>% 1 ;y—C<Diu>% 5 iy (c>0,C>0).

Here we have from lemmas 1.5, 1.6
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Proposition 1.

m—1 .
T|Bu|3¢—1,7+20<Di3u>72n—1—i.7
=
1 2 2 - 2
<C ; | Au|f,+ ul ~1,7+,21<Bju>m—1—r,.~/
i=

N  si .
+y S <Ei u>,2_1,7}.

=171
2.4 Energy inequalities in elliptic zone L*’—Lg.
We have for XE R*"*'x L"
AX; ) =A4.(X; 6 A4(X; 8),

where
4.5 9=[1¢-8&)  (m &>0
=& +af(X) &+ Fap(X),
4 (X H=T[E-500)  m §<0)

=¢&"*+ar(X) "+ 1+ +a, (X)),
and aF(X) are symbols. Now we denote
E(X; &) =¢""74,(X; &),

then [{E;(X; &)}je1.2,m-p 1Bi(X;8)};-1,2,.,.] make a base of poly-

nomials of order less than m with respect to §. Let
CX()(X) =0¢o(7’, 6, 77)5 0 <a0(7', O-a 77) < 1)
ao(r, 0, 7)=1 on L™—L3, supp[ao(r, s, 7)) JCL"— L3,

and we denote

EY(X; &) =ao(X) E;(X; &).
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Then we have

Lemma 2.5.
= Y I . Y
i) ZI2<C{ZI|E?(X; Z)|“+‘21|Bj(3;2)1“}
i= ji=
for Xe R"x (L*—Lg), zeC™,

i) E+1D)"CIAX; 8|2 for Xe€ R"+1><(L+—Lg), EER.
Let

BO(X):BO(Ta 63 77)) SL‘DDEBO(T) 6) W)]C(L'—L%%

then we have in the same way as in 2.3, using lemmas 1.1, 1.3, 1.4,
X m—1 ; 9 m—1 ; 5
l) ZO<Dx50u>m—l~j+%,7_czo<0xu’>m—2—j+%,'¥
7= 7= “
m_H o 2 H 9
< C{ZI<EJ u>j—1+%,’7+‘21< Biu>m—1—rj+%-,‘/}>
7= 7=

m—1 .
ii) |Bou Igz,v_CO .ZO<D:{:BOU’>7?;I—].—%;7_C| /\_lui,zn,.,<C|Aul%,7.
i=

Here we have

Proposition 2.
2 m=—1 ; 5
| BOU' | myr T ZO< Dx Bow >m—j—%.7
i=
2 - 2 " o 2 2
< C{ | Au | 0,')‘+ Zl< Bf u >m—7];~—rj,'7+AZl<Ej u’>j—%.‘7+ | u I m—1,75 ¢
7= “ 7=

. 1, . ..
Taking A~ 2u instead of u in proposition 2, we have

Corollary.

m=1 )
T1Bow s 10+ ZO<D:]c60u>72n—1—j,‘Y
i=
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1 , & ,
< C<7~ |Au|t,+ 'Z1< Biu>% i,
=

m_p
+421<E9 u>f,1,y+ || 3:—1,“/) .
ji=

2.5 Estimation for {E%}.
Let
Uy=R""">(L" L),
then {U;};-0.1,. v becomes a covering of R""'x L*. Now let

7i{(X)=1 on supp[a;(X)], r'«(X)=1 on supp[7:(X)],

supp L7 :(X)JCU;,
and
AUX; &) =70(X)A4(X; §), so=m—n,
AL(X; &) =7(XNAFX; 8 (=1,2,.., N).
Since

[ 14206 D s P dx > 5 (1 Da) P (e>0)
for X€ supp[1:(X)], z(x) € H'(R}), we have from lemmas 1.2, 1.4
| Aipli > el ol —CIA 08, for ue e,
Replacing v=E? u, we have
|Auldy > |Eiul? ,—C I AN ull, for u€ &, ,-
Therefore we have

Proposition 3.

|Eful}, <C(Aulfy+lulfr)
j=0,1, s, i=0,1,..., N.
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Corollary.

| i
<Eju> e C( ) TAuldat lulho)

jzla ey sy £=0,1, aN

Here we have theorem stated in the introduction from propositions
1, 2, 3.

Finally we state some energy inequalities in variant forms as
corollaries of the theorem.

Corollary 1. Let s be a real number, then

m=1 .
s 2 D’ 2
?’I AN u|m—1,‘/ ZO< xu>m—l-jl—s,”/
i=

SO A gt BB u>h )
Jor NwE Wy v275-
Proof. We have
AN u=N"Au+ (AN = NAu,
{Bj/\su,z/\“Bju,+(B,~/\s——/\sB,-) i,
where
FI(A/\S—/\‘A)ulo’.,<CS|/\su,l,,,_,,,,

) ) ‘m—2 . s
l <(BJ/\S_ /\SBj)u>m—l--rj‘~/ <(4~Z£)<D<u >mf2-j+s,7<cs| /\ ulm—l,’y-
\ i=

Then the above theorem insists on corollary 1, replacing u by A‘u,
and taking 7, large enough.

Corollary 2. Let k=0,1,2, ..., then

m—1+k .
- 2 J 2
1 |u|m~1+k,7+.zo <D.1:u“>m—1':/e—j,7
i=
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1 L 9
< 1wt < B> hes
Jor ue ggnu-k,'ya T >Tee

Proof. Since

DPu=Au—(a, D" *u+a; D" 2u+-+ayu),
we have

l

m+h—

<Dzz+hu>s,7< CS,1(<D£AU>S,7+ Z
i=o0

therefore we have

(] N'u I mih,y < Csll(| /\SAU' I h,7+ I /\s+1u Im irll—].,'/))

1 .
< D;{: u >m+h+s—j,'y)3

,m—Z+

i=0

i( lulm—l zAk,7<Ck(| Aulle~~1,v+ | /\k uflm—l,'y),

k . m—1 .
<Di UW>m1ik fj.'y< Ck(<Au' >ra.t ZO< Diu>m—1—j{4k,7),
ji=

k=1,2, ....
Here we have corollary 2 from corollary 1.

Added to the proof

Author’s method in hyperbolic equations of higher order is similar

to Kreiss’ method in hyperbolic systems with constant coefficients.

NARA WoMEN’s COLLEGE
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