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1. We mean by Z, (1<<i<<m, 1<<p<n) independent complex
variables and denote by E the exterior algebra generated by dZ,,
dZ;,, (1<<i,j<m; 1<<p, q<n). For brevity we put

0:p= dZip ’ Eja = dzjq (1£i> jém H 1£p’ qgﬂ) .
Operators L;;, 4;; acting on E are defined by
L=V —13Xe0.)e(@,),
=1
Aij=— V_—TE 1(0:5)7(6;,)

where e(£)y=¢€Ay and (&) is the inner product of & with » with
respect to the metric

22 ; dz.,, dZ,).

In the present note we shall show that there exists a represen-
tation p of Lie algebra s1(2m) on E such that
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) m+j

= (DS (p+a-miA<i, j<m),

where z!{ is the projection of E onto the vector subspace spaned by
monomials of degree p in {6,}1<<I<<n, of degree q in {6,}1<I<n
and of arbitrary degree in other variables.”

2. The outer and inner product e(d;,), e(@:,), :(6:;), ¢(F;,) are
anti-commutative except the following case:

@ e(0:,)i(0:,) +1(6:,)e(6:,) =ids,
@) €(0:,)1(0:,) +1i(0:,)e(0:,) =ids.

Lemma 1.
(3 [, La] =25e0)1(0)  (F#5),
€Y (4, L] = ZP €(0:0)2(0;) (J#k),
5) [, Lij] = 2310 (0,)i(0) —(010)e00)}

1) For a kihlerian structure o on a complex n-manifold there exists a representation
p of Lie algebra on the cohomology such that

P(g (l))ze(“’)v ’7((1) 8>=i(a))'
F((l) —?)ZPZ,L(P"'Q—n)zM,

QOur result is an analogy of this representation.
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Proof. From the definitions it follows
(4, L] = % [£(6:)i(0,5), e(Or)e(Bsy) ]
=— ? {i (0x'p> e(6:,):(8;,)e (0s) —e (015)2(0:) e (01,) 2 (6 :‘p> 3.

«

If i=h and j £k
sy Ll =S 6 0,)e 0) +e(0)i (0,0} Bu)i B)
= e ()i 0.
Similarly we have (4). If i=h and j=£&, then
[, L) = = S 0,)€ 0:)i @) @) —e 1)1 00 0, (3,))
— — 306 0) +e ()i (0,)}i@,)e @)
+52e0.)i0) GO)e @) +e @i}
=S e 0)i(0) —e @i}

Lemma 1 shows that [4;, L.] and [4,;, L,;] are independent on
the choice of 7. We use the following notations:

K= (44, Li], M= [4;, L],

Xi=M,, Xo=My, -, Xos=Mnm1,

Xn=Lmi, Xmu=Ki, Xniz=Ks, -, Xon1=Kn_1m,
Yi=M,, Y.=My, -, Yoi=Mu_n,

Y,=—4ni, Yuu=Ku, -, YVou1=K, .1,

Hi=[Xy, V1], Hpps= [Xono1, Youuul.

We mean by g the Lie algebra generated by L.;, 4; (1<i, j<<m).

Lemma 2. If j+#k, then we have

(6) [Kirn Lhi] =L ’
(7) [Kiln A,,,,] =45,
(8) [Mh L,-,,] =L,,;. )

(9) [Mh Alm] =Ajh .
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Proof. From (3) the condition j+##% implies

(K, L) =V —130e@)i@0), e(Or)e(@:0)]
=—v —13e@uw) G @)e@) +(0:)i 01 (0rn)
— ijpe(ﬁk,)e(ﬂ,,,) =L,

(K, du] =—V — 13 [e@mi0y),i(6:)i 0]
=v —13He@u)i ) +iu)e@n) i @:)i (01)}
=—v -1 > CAUCEY R

Similarly we can prove (8), (9).

Lemma 3.

(10) aanz_1+jade_1+j_1"'ade+1 adX;adX,'.H“‘ade_] Xm:L;,’ y
(11) ddY;adY;“'- 'ade_l ade_;H.j_l" 'ad Ym+1 Ym = A,'j .

Proof. These are immediate consequences of the definitions of
X, Y, (A<i, j<<m) and (6), (7), (8), (9).

Lemma 4.
A2)  [Keva, Kiai] =341, Oisn.p) —€(0) 10},
A3)  [Miisy Missa] =235{=€(0:41,2) 7 (0111.0) +(8,)i(0),
Proof. From (3) we have
(K2, Kiai] =25[€(0:1,0)1(0:0), €(0:0)E(B11.0) ]
=236(0:41.0) 180 ¢(Bip) +€(0:)7(0:1) 38 (Birn.)
= 3He1.)E Orrn, ) +1(0r01,0) €(Bi11,) } € (B:p) (031
=2{e(0:42)1(0i1,0) —€(0:)7(6:,) -
Similarly we have (13).

Lemma 5.
(14) [H:, H;]=0.
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Proof. From (12) the inequality i+ 1<j implies
[[Koi, Kivaii], [Kpgin, Kyl
=2[e1,2)1Ois1.0) — €08 (0:), €011, )T (Bs1.0) —€(0;0)E (0]
== 231000011,0)i(Br11.0), €11 E(0,0) ] =O0.
Similarly the inequality ¢+ 1<Cj implies
([(Missi, Miiaa], My, M. 50411 =0.

If {4+2<j, then M, and K; contain no common e(§) and 7(6) and
thus

[(IMessi, Miiia], 1K 10, Kjia, ;11 =0.
From (5) and (12) we see that
[[Ks2y K], [Loy, — Am]]
=23 [(02)(02y) —€(01)7(0:5), € (0na) T (On) —i(B1) €(F0) ]
= —ZP [e(01,)7(6s,), 7 (61,)e(01,) ] =O0.
Similarly we have
([(M,ns, My _s,0], [ Loy, — Aw]] =0.
This completes the proof of [H;, H;] =0.

Lemma 6.
(15) [Hy X,] :2Xx ’

Proof. From (3) and (12) it follows that
(Koo Kivn), Koo

=S )iBorn) —B)i@), € ViG]

=526 @in) (Crrs)e@rrs) —€Grrs )i Bun, )i
TS0 (G0 — @G}

=2§e(5;+1_,)i(5,-,) =2K; 4.

Similarly we have
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[[Mis1e, Miiial, Migai] =2Misa,:
From (5) we have
[H,, X,]=[[Ln, — Am], Lm]
=v ij};_‘, (€(Onp) i (Bmp) — € (015)5(01,) , €(Oms) €(610) ]
=V =13 e(0ns) (i (0u)i (Ony) —€(0.)E (Bup)} €(0r)
- 1/_—_1_%] €(Ony) {€(01)1 (81) — i (815) €(81) } € (1)
=21/?1—Epe(0,,,,,)e(51,,) =2L,. .

Similarly we can prove (16).

Lemma 7.
an (H, X;]=0  (G#i—1, i,i+1),
(18) (H, Xi] =— X4,
19) (H:, Xipa] = — Xina®

Proof. If {+2<j, then H;, X; contain no common e(0), i(6),
andithus [H;, X;]=0. From (3) and (12) it follows that

[ K, Kiai], Kicai]

=336 @i1.)1(0:sn0) —€ (DUCHRACACEDY
—3[e@)i (@), e(@:)1 (0i-1.0)]
=—33e() (i (0:)e(0,) +e (0:)70:5) } ¢ (Bir,)
=—Ki ;.

Il

Similarly we have
[[Kiivnr Kivnid, Kivvive] = = Kiaiie
From (4) and (13) we have
([ M1,y Mj01] M504
=2 [, )i O11,9) +€(0:)(03), €(0,-1,)1(05,0) ]
=3[e(@)1 (03), €(0;-1.)2(0;1) ]
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=—230(0;-1.0) {1 (05)€(0,) —€(0:)10;)}(0,0)
=— ;e((i,_l,,)i(ﬁj,) =—M; ;..
Similarly we have
(M1, Mj1), Mise, i) = — Mijso joa -
From (5) and (12) it follows that
(Hoty Xosa] = [[4ms, L], Kio]
= 23[e(0n) i (Onp) —1(8:)€(011), €(02) (010)]
=21 (0:)e ), €(0:)i(0:)) ]
=230 (0:0)€(0:)i (0:5) +1(01,)8 (6:) €(B10)} € (2)
=S @)e@) =~ e @i
=—Kp=—Xoi1.
Similarly we have
(Hay Xooa] = [[Am1, Loa] , Myl = =My woy=— X, .
From (12) we have
(Hos1, Xo] = [[ K1z, Ki], Loa]
= 1/——1%‘: (€(02)7(025) — (01,7 (635, €(0me) €(6s) ]
= VIS )i B, €Gup)e i)
= V_——lzp e(0y,) i (0:,) e(01,) +-(0:,)7 (615) } €(Ormp)
=— Vij]e((i,,,,)e(El,) =—Lu=—X.,.
Similarly we have
(Hoo1, Xl = [ [Mo,n-1, Mu1,m], Lua] = — Loy=— X,

By virtue of (10) and (11) we can conclude that the Lie algebra
g is generated by Xi, -+, Xon_s, Y3, **, Yoma. By virtue of Lemma
5, 6, 7 we see that {H, :--, Hy;n_.y is the Weyl base of the Cartan
subalgebra of g and its Cartan matrix® is given by

2) See Ch. IV 5, 6 in [1].
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2 —1
-1 2 -1
-1 2
"2 -1
-1 2
Therefore g must be isomorphic to s1(2m) and the isomorphism p
is given by
01 0 0
[4 00 —Xl’ [4 10 :Yl
0 0
0 0
0 1 00
(20) 0 00 :Xz, [4 1 0 :Yz
0 0
/0. ) 0.
o 0 1/1=Xes, 0 0 0= Yema-
\ 0 0 1 0

Finally we have proved the following theorem:

Theorem 1. Let Z, 1<i<m; 1<p<n) be independent com-
plex variables and let E be the exterior algebra generated by dZ.,,
dZ, (1<i, j<m; 1<p, q<n). Let L, 4; be the operalors acting
on E given by

L,= Visz::e(dZ..,)e(dZ,,),
ty=—V =1 2i(dZ)i(dZ,)

where i( ) means the inner product with respect to the metric 2 5‘2

n _ i=1
> dZ,, dZ,). Denote by {hy, -, Roms, €1, €2m1, [ 1 oo, fomo) the
=1

system of canonical generators of Lie algebra s1(2m) such that
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(i, B,1=0, [k, e]=—2e;, [hi, fi] =—2f,,
(B eid) = —ei_q, [ €1 =—e€pn (1<i<2m—1).
Then there exists a representation p of s1(2m) on E such that
(21) L.=p(ade,1,;ade, 1,; 1 -ade,, ade.ade;., +-ade,_e,),
(22)  Ai;=p(adf adf 1+ adf n10df 11;08f nosvjort QA ws [ ),
o(er) = [, Lys], -+, 0(en-v) = [Am,i Lusi],

23
2% o0(ew) = Lo, p(€mi1) = [411, L], -, 0(e2n-1) = [€i,m1, L:,w]
(24) 0(f1) = [/11;, in] y p(fm—l) = [Am—l,z‘) me]
P(fm) =— A, 0(fm+1) = [/1;2, Lu] y "t 0(f2m-1> = [Aim, L:‘,m-l] .
Theorem 2.
0 ij Ll R

I
3

Hy

0 0 +1
(26) 0<(b_1)_0—> ._1(_1)] bjidji s

) m+1

(26) 0

— (DS (prg-maty A<, j<m),

where =l'! is the projection of E onto the vector subspace spaned
by monomials of degree p in {dZ.,, 1<<I<n, of degree q in {dZ,}
1<I<n and of arbitrary degvee in other variables.

Proof. We mean by e; the 2m X2m-matrix whose non-zero
entries are only the (7, 7)-component 1. Then, if 1<¢, j<{m, we have
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le 1 {Ei,mwz for i=j—1,
iy €i,m = .
2o otherwise,
[ ] {—Sj,,,,.H for Z.:k_l‘].,
e:u iy Ej,m - .
S T otherwise,
where
i+1
00, |
é; = *. .
.0
0

By virtue of Theorem 1
ole)=X; (A<i<2m—1),
hence conclude that
0(erms) = (— 1) p(ade, 14;0dC, ;41001 ade;adC; 41 Al )
=(—1)"L;.
Similarly we have
p(€j+m,.~> =(— D45

For the proof of (27) it is enough to prove for a monomial of the

following type
E=0u,p TSI RN (0;rl/\f7jr,> A1 (Orir 050,

) m+J

(_1>j+10 E= [Lij, Aij]f
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= qu {€(0:5)€(0:)1(0:)i(0;0) —1(0:)7(6;)e(0:)e (@)} &
=(wu—m—s—t—u))é=(s+t+2u—n)e.
This completes the proof of Theorem 2.
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