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1. We mean by Z ,p  (1<i<m , 1<p<n) independent complex
variables and denote by E  the exterior algebra generated by dZip,
c1-2 ,, (1 < i, j< m ; i< p , q < n ) .  For brevity we put

011, ==dZ 11,„ -61 =dZ 1 (1 < i,  j< m ; i< p , q<n).

Operators L,„ .4, ;  acting on E  are defined by

V —1 E e(0,1,)e ( -6
P=1

Au = - -  œ l E i ( 0 0 ) i ( i p )
P=1

where e(e)v--=EA v and i(E ) 77 is the inner product o f E with 72 with
respect to the metric

2 E  E (dZ,,,, dZ,p).
1=1 p=1

In the present note we shall show that there exists a represen-
tation p  of Lie algebra s i (2m) on  E  such that
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m +j
/0

• 0

0

0

=  (-1 )E  (p + q— n) e :1 (1 <i, j<m ),

where 7r1 is the projection of E  onto the vector subspace spaned by
monomials o f degree p  in  {e„} 1<1<n, of degree q  in  {(4,}1<1<n
and of arbitrary degree in other variables»

2. The outer and inner product e(0 1,), e(d i p), i(0 0 ) , i(e i p) are
anti-commutative except the following case:

(1) e(6s1p)i(O1p)+i(00)e(01„)—ide,

(2) e(-60)i(eip)+i(6,p)e(t4p)— ide.

Lemma 1.

(3) [Au, L i d = E e(#k„)i( -65 ) ( j *k ),

(4) [A51, L k i ] = Z e ( O k p ) i ( e . i p ) ( j # k ) ,

(
5

) [A U, L i i ]  =  E {e(oip)i(eip) — j( ip )e ( -6e)} .

1) For a lOhlerian structure co on a complex n-manifold there exists a representation
p  of L ie  algebra on the cohomology such that

p (00  01) = e ( o ) 0 ) _ i w ,
r g 0/

p ( 01 _01 ) =.

Our result is an analogy o f this representation.
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P ro o f. From the definitions it follows

[Au , L,,,,] = I] [ i  (04) i , e (Ohje (6/0P,q
— E f i ( o , p ) e ( o h p ) i  p )  e (6 0 ) — e ( o „ p ) i ( e u ) e (h p ) i ( ip )}  •

If i = h  and j#  k

[A u ,L ik ]= E { i(eip )e(o ip )+  e(eip )i(o ,p )} e(dhp )i  (ai,,)
= E e ( d k p ) i ( i p ) •

Similarly we have ( 4 ) .  If i = h  and j= k ,  then

[Ai1, L f 1 ]  =  — E { i ( o i p ) e ( o i p ) i ( i p ) e ( p ) — e ( o i p ) i ( O i p ) e ( i p ) i ( i p ) }

= — E f i(ou,)e(0,p)+e(ou,)i(0,p)li j  e ( e „ )

+ E e ( o i p ) i ( o i p ) { i ( i p ) e ( 0 1 p ) + e ( -6 i p ) i ( i p ) }

= E { e(o lp ) i(8 0 ) — e ( i p ) i ( i p ) } .

Lemma 1  shows that [A u , L ik ] and  [A ,,, L E ] are independent on
the choice of i. We use the following notations:

K 11
=

 [A i j ,  L i k ] M jk —  [A j i ,  L 1 1 ] ,

—  

111
21 , X 2  —  M 2 3 , •  •  •  ,  X 771-1

—
 M m ,M -1 ,

X m
=

 L m i ,  X m + 1 —  K 1 2 ,  X M - 1 - 2 —  K 2 3 ,  •  •  •  X 2 m - 1  K m - 1, m ,

Y1 —  31
12 Y 2  —  '1423, •  •  •  ,  Y m - 1  M m - 1 , m

— A m i ,+1 =  K 2 1 ,  •  •  •  ,  
17

2 ,3 -1  = m -1 ,

H i = IX 1 , Y i] , •  • = [X 2 ,4 ,  Y 2 . ,- 1 ].

We mean by g the Lie algebra generated by L i b  A,1 (1 < i, j < m ) .

Lemma 2. I f  j# k ,  then we have

(6) [K1k, La j  = L „

(7) [K 11, A hd = Ald

(8) [M 1 1 ,  L j d  L k h

(9) [111;k, AIM] —  A jh •
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Proof. From  ( 3 )  the condition j  # k  implies

[K „, L „] = V — 1 E [e (fikp)i 0 0 ) ,  e(ehQ)e(# i1)]

= e(d „) fiC61 )e( 1p) e  (  „)  ( -6 „)}  e(e„)

-  -  z e ( ) e ( o h p )  —Lnk ,

[K „, A .] —  V — 1 E d i  ( o „ ) i  ; , ) ]
P,

=  -  1 E + i(6k )e i(-0-0)i (0 hp)}

— V —i E i (o„) i (11; p) =A 1 .

Similarly we can prove ( 8 ) ,  ( 9 ) .

Lemma 3.

(10) adX ._i+ ;  adX ,„_1+1-1• • •adX „,,adX iadX ,- • L13,

(11) adY 1adY 1 ..-adY ._ 1adY -1 + 3 -1-•.adY . + 1Y .= A 1 3 .

Proof. These are immediate consequences of the definitions of
X „  Y , (1 .< i, j m )  and ( 6 ) ,  ( 7 ) ,  ( 8 ) ,  ( 9 ) .

Lemma 4.

(12) [ K 1 , 1 + 1 ,
 K 1 1 , 1 ]  = E  fe(0:+1,1)i0i+1,1) eC611)i (oip) ,

(13) []14.1+1,1, 1V11,1+1] =E,  {— e ,+1, p)i (0i+i,p) + e(01) i (0 11)1

Proof. From  ( 3 )  we have

[K1, = C e(e i g ) i ( -6 , , , ) ]
P,

= E e ( e i + i,p) { iC60)e0ip)+ e(eip)i( 6,p)} i0i+i,p)

— E {e(i+i,p)i(oi+i,p)+i(di+1,p)eCtji+1,0}  e (6ip)i(011)

=E e(eip)i(-6,,)}  .

Similarly we have (13).

Lemma 5.

(14) [11 ,  i ]  =0.
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P ro o f. From (12) the inequality i+ 1<j implies

K5+i,5]
= E eCo-ip)i Oip), e( 61+1,a)i(ei+1.0 — e (O ia) iR ia)]P,

—E [e(e1+1,a)i(61+1,p), e( -6 ) i ( e 1 ) ]  =0.

Similarly the inequality i+  1<j implies

[ [M , i , ] =0.

I f  i+ 2 j, then M , and K contain no common e ( 0 )  and  i(0 ) and
thus

[ [ M i 1- 1 , 14 + ] KJ, 1+1  K j +1, 1] -  0 .

From (5) and  (12) we see that

[ [ K „ ,  K 2 1 ], [L , n 1 ,

= E [ e ( -02a)i(112p)—e0ip)i ( 6 1 p )  ,  e(e,n ) i(o”,q ) — i0„)e( -610]P,

= (#  1 p )  e ( -dip)] =O.

Similarly we have

[ [L.1, —A.1_1] =0.

This completes the proof o f  [H„ HIJ =0.

Lemma 6.

(15) X 1] = 2X ,

(16) [Ho 17;] = — 2 171.

P ro o f. From (3) an d  (12) it follows that

[ Ki+i,i] ,

= Le( -61+1,p)i(e1+1,a) — e(tj1p)i(t -j1p), e(ili+i,p)i i p ) ]
A,

E e(k -Fi,p) {i (0 i+1,p) e(k+ ) —  e(61+1,p)i (#1+1, p)}

+ E {i(e,,,)e (Oip) — e(60)i()} i(-60)

-= 2E e i (oo) = 2K1,1 1 .

Similarly we have
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[  [ M i +1, , 114 —211441,1 •

From ( 5 )  we have

X„s] [ [L.1, — L 1]

=  — 1  E [ e (o .p ) i (0. ) — e(eip)i (0i,) , e(61. ) e(ou)]
P,9

= V —  1 E e(61 ) { i(61,,p)i(0,)—  e(0,,,,)i(o„)}  e ( d i p )

—  —  1 E e(o„„) {e(e i p)i(e i p) —i (B ip )e (d ip )}  e(61p)

= 2 .1/ —1 E e ( o ,„ ,) e ( e i p) =2L „, .

Similarly we can prove (16 ).

Lemma 7.

(17) [111, X i] = 0 ( j # i - 1 ,  j ,  i+ 1),

(18) [H , X1, ] = —

(19) X1+1] — Xi+i •

P ro o f. If i+  2 j, then H ,  X 5 contain no common e(0), i(e),

and's- thus [H , =0. From  ( 3 )  and  ( 1 2 )  it follows that

[  [

1
,, 1+1, K 1 +1 . i •i-1,

=E [e ( f i i+ i ,p ) i ( o i+)  e(e1p)i( -00,), eC6i0j ( 1-1,,)]

— E[e(p)i(dip), e(eip)i(ei-i,p)]

E e (di p) {i ( 6 i p )  e( -61,0 + e(dip)i(ip)} i0i-1,0

=  K i -1, i  •

Similarly we have

[[K1,1+1, K  i+1,i] K  1+1,1+2 ]K  i + 1 , i + 2  •

From ( 4 )  and  ( 1 3 )  we have

[ [Mi+isiy y

= E  — + e(0.0)i ( oo), e i g )  ]

= E  Ee CO Jp)i (O,,), e(oJ-1, p)i 0 ) ]
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= —  e (0 -1,p) f i (0) e(o p) —  e (ou )i p ) } (on , )

=

Similarly we have

• Mi. 5+1] • 
1 4 j+2, J+1] 114.3+2, i+1 •

From ( 5 )  and (1 2 ) it follows that

7 -4] [ [A.1, L.1], K12]

- E [e (0.,) i (o„,,) (Bi p ) e  ip )  e( -0„)i(B i g )]
P.0

- — E[i ( d i p )  e (0 i p) , e CO 2 p) i (01 p)]

= E f i(dip)e(f iip)i(eip)+i(eip)i(01p)e(eip)} e ( 0 2P)

= E i (#1 p )e  ( # 2 p )  =  E e( -62p)i(eip)

—  K 1 2  —  X . + 1  •

Similarly we have

[11„„ X,n_1 ] = [[A , L .1 ] = — — .

From (1 2 ) we have

[H + 1 , .K ]  = [ [K12, K11],

=  1/-1 E  [e( -6„)i (62p) — e C 1p) 010 , e(0„)e(01)]
q

—  —  E  [e C #1p)i Oip) e(0)e (B 1p)]

=  /  — 1 e(o1p) { i ( d i p )  e ( -61,5) e ( 6 1 p ) i  ( 611 P ) )  e  .P )

— 1Ee(O„,p)e(eip) = — L.1= —

Similarly we have

X ] = M._1,.], L.1] = —L.1= — X„,.

By virtue of (1 0 ) and (1 1 ) we can conclude that the Lie algebra
g  is  g en e ra ted  b y  X 1 , • • • ,  X 2 . - 1 ,  Y1, • • • • Y2.-1 . By virtue o f Lemma
5 , 6 , 7  we see that { H1, •••, H2-1 }  is  the Weyl base of the Cartan
subalgebra of g  and its Cartan matrix 2 ) is given by

2 )  See Ch. IV 5, 6 in [1].
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/ 2  — 1

—1 2 - 1

— 1  2

• 2 — 1

—12 / .

Therefore g  must be isomorphic to s l ( 2 m )  and the isomorphism

is given by

' 0

0

1

0 •

0

= 1

0

0 •

• • 0

=

/0 \ /0 \

0 1 0 0
(20) P 0 0

X2, P 1 0 . = Y 2

\ • 0 / \ •0 /

'O \

P • •0 1 P ••0 0 — Y2.-1 •

\ 0 0,' \ 1 0 /

Finally we have proved the following theorem:

Theorem 1 . L et Z , ,  ( 1 < i < m ;1 < p < n )  be independent com-
plex  variables and let E  be the exterior algebra generated by
d Z a ( 1 <i ,  j<m  ; i< p , q < n ) .  Let L, J , A ,, be the operators acting
on E  given by

L „=1 / — 1 E e (d Z 1p)e(dZ „),
P=1

- 1  E i( d Z i p ) i(d Z i p)
P=1

where i ( )  m eans the inner product w ith respect to the metric 2  E
E, (dZ ip, dZ ip). Denote b y  {hi., • • • , h2-1 , e1, •• • , • • • , f  2-1}  the
p=i
system  of  canonical generators of  L ie algebra s i  (2m ) such that
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[111 , h1] =0 , [111 , = — 2e 1 ,  [h i , f  i ] = —2f1,

[111 , e ] = —e1_1 , [h i , e1, 1 ] e14.1 ( 1 < i < 2 m

T hen there ex ists a  representation p  of  si (2m) o n  E  such that

(21) L 13 =p (ad e -1 + 3 ade._1+; --1•••ade,„+iacle1ade+1.••ade—ie„,),

(22) /111= P(ad f iad f i+1 •••ad f ,— iad f — i+Jad f — i-u _ i•••ad f .-Fif .) ,

g el) = [A 21, L11], • • • , p(e._0= [A .,i,

P(e.) =L 1 , p(e.+1) —  [Ail, Lid , • • • , p(e2 - 1 ) — Li,m]

p (f 1 )  = [A 2 1 , L 2 1 ], •  ••  P(f .-0  = L .,1]

p ( f ) A .1, =  [ A l 2 ,  L i ] ,  • • • , 19 0 ' 2 - 0  =  [A i.,

Theorem 2.

o
(25)

0
—1) 1 +2 a1 3 1,1 ;

  

p (  0  
(26)

(b1)
—1) 1 +1 b31 A31 ,

  

m+1

(23)

(24)

/0

1
0

(26)

• .o/
j (p + q -n ) e :1 j < m ) ,

where e f  i s  the projection of  E  onto the  vector subspace spaned

by monomials o f  degree p  in  { dZ i , }  1 < l < n ,  o f  degree q  in  { dZ 31 }
l < l < n  and o f  arbitrary  degree in  other variables.

P ro o f. We mean by e,, th e  2m x 2m-matrix whose non-zero
entries are  only the (i, j)-component 1. Then, if 1<i, j< m , we have
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where

[e f, e j, ', P k ] 16i'm+k
0

—

0

i + 1
/0  0

for i =j—  1,

otherwise,

for i =k +1 ,
otherwise,

e,=
0

0 /

By virtue of Theorem 1

p(e1) = (1<i<2m — 1) ,

hence conclude that

p(e i , + ; ) = (—  1) 5+1 p(adem_H 5 ade m _5 1 •••ade,„,,acle 1 ade, 1 •••adem _1 em )

Similarly we have

P 1)5+111i, •

For the proof o f ( 2 7 )  it is enough to prove for a monomial of the
following type

$ =  g i / I R ' • ' AOiW\ 8 i 1 iA • • •AOill, A (
0

 ir,A
-0

 ir )  • • • A (O ri,,A
0

j r , , )

rn + j

E=

/0

1
0

( —  1) j +
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=  E  (e(olp)e(t (0i0i ( j q) (6li,)
P. q

= 0/1 -  (n—s—t-- u)) = (s+t-F2u—n)E.

This completes the proof of Theorem 2.
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