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By meane of the complex o f  -6  exterior derivatives J. J. Kohn
and H. Rossi introduced a complex of differential operators ab on the
smooth boundary o f  a  relatively compact open submanifold in a
complex manifold [3] . The subellipticity of complex on the part
of positive degrees implies the finite dimensionality of the positive
degree cohomology of 51,  complex over the closure of the open sub-
manifold. The purpose o f th e  present note is to generalize the
above to more general cases of complex o f differential operators of
degree one, say ( e ) .  Firstly we note that the construction of
complex is a special case of a construction valid for any (E ) pro-
vided the smooth boundary is non-characteristic (with respect to
(S)). Secondly we show that the subelliptic estimate o f  (e)b
complex on the part of positive degrees implies the finite dimen-
sionality of the positive degree cohomology o f (E) over the closure
of the interior o f the smooth compact boundary, provided (E) is
elliptic. Since it might be useful to generalize the finite dimen-
sionality theorem o f cohomology o f elliptic complex, we state the

exact conditions needed in the proof of the theorem.
It is noted that this generalization o f ab is also considered by

Sweeney in [5] .
1. Let Y  be a relatively compact open submanifold of a manifold
Y .  W e  assume that Y  has the smooth boundary M . Choose once
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for a ll a tubular neighborhood N  of M  in  Y$ together with a diffeo-

morphism

(1) h: N --M x  [— ei, (Ei> 0 )

such that Nn Y  is mapped onto Mx [ — ei, 0). We denote by t  the
composition of the projection to  [— ei , ei ]  with h. t  will be referred
as the distance function to M , d t  as the normal cotangent vector
field. L e t  E '( j =0 ,1 , •  , a)  b e  a sequence o f vector bundles over
Y . S e t  E - 1 =E" 1 = {O}, the zero vector bundle over Y ' .  Assume
that we are given differential operators of order one

(2) D:C- (Y ', Y$, E'+1 ) (j = —1, 2, ••., a)

so that they form a complex (e) of differential operators. When there
is  no possibility of confusion, we omit indexes j. For a cotangent
vector E to  17 $ we denote by d i ( )  the principal symbol of D . For a
point x  o f Y ', E., denotes the fiber over x  of E .  Thus, for E  at x,
d(E) is a linear map of E.-! to E.'„+1. When E is a cotangent vector field
over a  subset G  o f  17 $, w e m ay regard dW  as a  map o f E' I G
into EFHIG, as w ell as a linear map of C -  (G , E ') into C -  (G, E r")
in the case G  is  open.

L em m a 1. Doa(dt) + a(dt).D =O.

Proof. It is enough  to  prove the equality on a neighborhood
of each point in N .  P ick a pair of a chart (x1, •••, x „) of N  such
that x„= t and a local trivialization Ei over the domain of the chart. In

terms of these, write D' =a(x )(—  i) 4 ,+ • • • + c e ; ( x )  (— i)   a c , ! ( x )

Then c 4 (x )=a(d t) .  By writing down the equality Dl+ 1 0 D i= 0  and

noting that ci. 1 0 (x ) = 0 , we easily verify our equality,  q. e. d.

Assume that M  is non-characteristic with respect to ( e ) .  This
means by definition that for each x  in  N  the symbol sequence at
normal contangent

(3) 6(d t):E -->E 1 (j = — 1, 0, • •., a)

is  exact. Therefore, if we denote by If-! the image by a (dt) of
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K = f l { IC; xe N I  is  a  vector sub-bundle o f  E ' N  (provided we
schrink N  if necessary). The assumption o f M  being non-charac-
tristic and the notation K  will be kept throughout the remainder of
this paper.

Pick sEC -  (M , E ') .  Extend s  to  a section u  o f E ' over N
(schrinking N  if necessary). Since d(dt)od(dt) =0  we see immedia-
te ly  th a t (6 (d t)D u )1 M  is independent o f th e  w ay w e extend  s.
Thus, if u' is another extension of s, (Du — Du')1 M is in the kernel
of d (d t). Since M  is non-characteristic, this means (Du — Du')I M
is  a section of K'+ 1 1M .  Hence, i f  w e denote by 0  the projection

I M--)- (E' I M)/ (K)+ 1 1M ), Bo Dul M is independent of the way
we extend s. Therefore, s-->00Du I M  i s  a  differential operator of
order one C -  (M, ( M ,  E ' " /  K r " ) .  By Lemma 1 it follows
easily that for sEC - (M , K ') the image by the above m ap is zero.
Then it is easy to see that it induces a differential operator of order
one

(4) (M, E' / K') K r')
Since D0D=0, {DO is  a complex. The projection 0 induces a  linear
map

(5) 0: C -  ( Y, E0 —>C- (M, E-7 K-').
Pick a linear map

(6) ( M ,  / K ) —>C( - Y, E')

such that 00K is  the identity map. Then it follows that

(7) d(dt)(Icou — u) I M) =0 (u ( Y, E)) •
Denote by rm  the restriction m ap to  M . T hen  by the definition
of Db,

(8) =OD,
(9) (dt)r m (dt)rm

2. In order to find conditions to insure finite dimensionality of j-th
cohomology o v e r  Y of the complex (S ), w e assume the existence
of the following linear maps. Let
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(10) :C- (M, E' / K J)  C -  (M , E' - 1 / K ') ( j>1 )

be a  linear map such that

(11) D,N+D.Arb= I+ K i

where / is the identity map and K 1 i s  o f order — CX)  (w ith  respect
to Frechét space structures induced by Sobolev norms). Let

(12) W' : Cr ( E')--.Cr ET-') ( j>1 )
be a  linear map such that

(13) ryp W ± ry  W D=ry+ TYK2

where T y  i s  the restriction m ap  to  Y  an d  K , i s  o f  order - 0 0   .

Denote by 14( 17 4 ,̀ .EI) be a Sobolev s-norm completion of Cr( Y , .E 1 ).
We introduce the following:

Assumption 1. For each real number s  th e re  is  an  integer
r  such  th at W  is  a  continuous map o f C r( Y °, E 0  with Sobolev
s-norm into Cr( Y°, E' - 1 )  with Sobolev r-norm.

Thus W induces a map of H,( 1", E ')  into 11,(Y 4 , EJ- 1 ). Denote
by x  the characteristic function o f  Y .  For each uE C - ( Y ,  E '), x u
may be regarded as a L2-section of over Y . H ence w e m ay
apply W  to x u .  Denote by 8 the D irac measure supported by M.
Then, for any u C - (M , E'), 80u can  be regarded  a s  a n  element
of H_1 ( Y °, .E0, (for the detail c f . [4 ]  ) .  Therefore we may apply
W to it.

Assumption 2. Besides Assumption 1 we require further that
W (xu) an d  W (80u) a re  C -  o n  Y  a n d  th a t ry W (x u) and ryW
(80u) are extendable to C O  sections over Y . Thus w e m ay regard
them as elements of C- ( 17 , El - 1 ).

When the complex (C) is elliptic, a  pseudo-differential operator
W ' satisfying (13) exists. Therefore for such choice of W Assump-
tion 1  and 2 are satisfied.

For u c C - ( Y , Ei) we find by (11)
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(dOrmK(1),Neu + NDbou) = a (dt)rmic(eu + K 10%)
= (dt)rm u + (dt)rm if ieu.

Then by (9 ) and (8)

a (dt)r m DKNou + a (dt)r m tcNoDu = (dOrm u + a(dt)rmxifieu

Thus, by setting

(14) S '= Are, K 3 = r

we find that

(15) a(dt)rm(DS'u+ S ' Du) = a(dt)rmu+ a(dt)K 3 u
(uECoo(Y , E)).

Since a(dt)a(dt) =0, we find that

D(xu+ Mar (dt)rmS'u) m xDu + ia0a (dt)r mu + i8OrmDa(dt)S'u
= xDu+ i8O(a(dt)rmu — a(dOrmDS'u) (by Lemma 1)
= xDu + ia® (a (dt)r mS' Du — a (dt)K3u) (by 15)

Therefore by (13)

— ryD W(xu+ i806(dt)r ,S 'u) + Ir xu+ ry .K2(xu+i(50a(dt)rmS'u)
=r y W (xDu+ idOst(dt)r mrS' —  ide)a(dt)K 3u)

I f  v E C (Y , E i) is extendable to a  C -  section o ver Y*, we may
regard y as an element o f C - ( Y, E ) ) , which we denote by ay. Since
each term of the above equality is extendable to a  C -  section over
P ,  we may set

Su= aryW(xu + Mai (dOrmS/u)
Ku= ary lf2(xu+ ia0a(dt)rm S 'u)+ ary  W (i30a(dt)K 3 u).

Then
EJ)--->Co.(Y , EJ - 1 ), E')

and

(16) D S u+S D u=u+ Ku (ueC -(Y , E '))•

Assumption 3. The map u--->ary W (M a i (dt) K 3 u )  i s  o f order
— o .  I f  W  i s  a  pesudo-differential operator, Assumption 3  is
satisfied.

Theorem. Assume tha t M  i s  a non -chara cteristic submanifold
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o f  17 4  w ith respect to (C). Assume further that N  and W satisfy-
ing A ssumptions 1, 2, 3 exist fo r j > 1 .  Then j-th cohomology of
(C ) over Y is finite dimensional fo r j>1 .

Proo f. Denote by L  the kernel of D:C -  ( -17, E')-->C co(Y,
Then, for u E L, u+Ku— DSu E L .  Then I+ K  sends L  in to  L.
Since K  is of order — 0 0 , I+ K: L---).L has finite dimensional cokernel.
Since I+ K= DS  on L , it follows immediately then that the quotient
vector space o f L  b y  the image of D:C -  ( Y, ( Y, E l)  is
finite dimensional. q. e. d.

By means of hermitian metrices on fibers of El depending smooth-
ly  on base points we introduce the formal adjoint Db * o f Db .  Then
by the theorem of Kohn-Nirenberg [3] we obtain the following:

Corollary. Assume th a t  (e) i s  ellip tic and M  i s  a  non-
characteristic submanif old o f  17 4  w i t h  respect to  ( C ) .  Assume
further that for a constant a>0 we have a sub-elliptic estimate

11Dbuil 2 +11Db* u112 +11u1 (uGC- (M , E'/ K ))

for j > 1 .  Then j-th cohomology o f ( E )  over Y  is finite dimen-
sional for j>1.
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