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Introduction.

In the following R will be an integral domain, and K will be
the field of quotients of R. By an ideal of R, we shall mean a non-
zero fractional ideal of K. If an ideal ACR, then we say that A is
an integral ideal of K. Let A and B be ideals of R, then we shall
define A: B={x|x€ K, Bxc A}. In the special case where A=R,
R : B is often denoted by B™', and we shall write (B™)" by B™,
for brevity. (A7 is often denoted by A,, and we shall define
A, =BLCJAB., where B is a finitely generated ideal. Then it is clear that

AcCA,cCA,.

Definition. Let A be an ideal of R. If A=A,, then we say
that A is a t-ideal of R. If A=A,, then we say that A is a V-ideal
of R. If A=A, and AA*=A, then we say that A is an F-ideal
of R.

If A,=B,, then we say that A is #-equal to B and write ALlB.
If A'=B"", that is, A,=B,, then we say that A is quasi-equal to
B and write A~B.

In (1], K. E. Aubert has introduced the following problem.

Problem. Is a Krull ring characterized by the fact that any



60 Toshio Nishimura

of its proper t-ideals can be written as a t-product of a prime i-
ideals ?

In this paper, we shall obtain the following theorem which shows
that this problem has a positive answer.

Theorem. The following three conditions are equivalent to
each other:
(1) Any integral ideal A of R which is not t-equal to R
satisfies a t-equality of the following type:
Aipilpgzp;- ,
where p; (1=1,2, ---,n) are prime t-ideals in R and r, (1=1,2, -, n)
are positive integers, and b;, v; (1=1,2, -, n) are uniquely deter-
mined up to the order.
(2), Any ideal A of R satisfies a t-equality of the following
type:
ALpDpgepie,
where p; (1=1,2, ---,n) are prime ideals in R and r; (1=1,2, .-, n)
are integers, and v;, r; (i=1,2, -, n) are uniquely determined up to
the order and factors which are t-equal to R.
3) R is a Krull ring.

§1. t-ideals
Lemma 1. Let A be an ideal of R. Then (A).=A..
Proof. Let a=(A,),. Then there exists a finitely generated
ideal B such that BCA, and B,=a. Put
B=Rb,+Rb,+---+Rb,, bcA (=1,2 - m),

then there exist finitely generated ideals B; (1=1,2, ---, m) such that
B,c A and (B;),2b;. Hence

BC (Bl)u+ (Bz)u+ '“+ (Bm)v ’
B,c {(By.+ (By),++ (Bw).},=(Bi+Bs+--+B,),.



On t-ideals of an integral domain 61
Since B;+ B,+ -+ B,, is a finitely generated ideal, a€ A4,.
Lemma 2. Let A, B be ideals of R, then A,B,C (AB),.

Proof. let acA,B,, and
a:(l1b1+azbz+"'+anbny a;EA;, bs‘EBl (z=1,2, R n)-

Then there exist finitely generated ideals X;, Y, (=1, 2, ---, n) such
that X;c A, Y.cB, (X)).2a:, (Y.),2b;. Put

X=X+ X+ -+X,, Y=Y, +Y,+--+Y,,
then
ae XY, c(XY),c(AB),.

Lemma 3. Let A B, C, D be ideals of R. If ALB, CLD,
then ACLBD.

Proof. A,=B,, C,=D, and A,C,=B,D,. Hence
(Ac)l:(AtCl)t:(BtDl)t:(BD)t-

Proposition 1. If A is a maximal integral t-ideal of R, then
A is a prime ideal.

Proof. We assume that BCCA, B&A. Then ASA+ B and
(A+B),=R. Put D=AC+BC=(A+B)CcA. Then D,5(A+B).C,
=(C,. Hence A=A,0D,0C,. Hence ADC.

§2. Ascending chain condition

Lemma 4. Let A, B be ideals of R. If ALB, then A~B.
Proof. ACA,CA,. Hence A,=(A).,=(B),=B,.

Lemma 5. If A is a V-ideal of R, then A is a t-ideal of R.
Proof. A=A,DADA.

Lemma 6. Let R satisfy the ascending chain condition for
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integral V-ideals. Let A be an ideal of R, then A,=A,. If A is
a t-ideal of R, then A is a V-ideal of R.

Proof. By Lemma 1 of [3], there exists a finitely generated
ideal B such that BC A, A,=B,. On the other hand, it is clear that
B,=B,. Hence B,=B,=A,0A,D0B,. Hence A, =A,. If A is a -
ideal of R, then A=A,.

Proposition 2. The following two conditions are equivalent
to each other:

(1) R satisfies the ascending chain condition for integral V-
ideals.

(2) R satisfies the ascending chain condition for integral t-
ideals.

Proof. 1t follows from Lemma 5 and Lemma 6.

Lemma 7. Let Ay, A, -, A., -+ be tideals of R and A,C A.C
+CA,C--. Then UA;=A is a tideal of R.

Proof. Let B be a finitely generated ideal such that BCA.
Then there exists A, such that BC A4,. Hence B,=B,CA,. Hence
B,cCA.

Proposition 3. We shall introduce the following two con-
ditions.

(1) Every integral tideal of R is a finite R-module.

(2) R satisfies the ascending chain condition for integral t-
ideals.
Then (1)=(2), but the inverse is false.

Proof. 1t is clear that (1)=>(2) by Lemma 7. If R satisfy the
condition (2), then every t-ideal of R is a V-ideal of R. In [3], we
have showed the example such that R satisfies the ascending chain
condition for integral V-ideals, but every integral V-ideal of R is not
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necessarily a finite R-module. Hence the condition (2) does not imply
the condition (1).

§3. Theorem

The following lemmas 8, 9 are known, but we shall recall them

for the reader’s convenience.

Lemma 8. Let R be completely integrally closed in K and p
be a prime ideal of R. If p is not quasi-equal to R, then v is a
V-ideal of R and the height of pis 1.

Proof. 1Itis clear that the height of p is 1 by Lemma 7 of [3].
Since p~p,, p,p* and pp! are integral ideals, and pp*~KR. Since
PP p=pp~'p, and pp'dh, p,Ch. Hence p=bp,.

Lemma 9. Let R be completely integrally closed in K and
Dy, Do, o0, Dy D5, D, oo, Y. be prime ideals in R which are not quasi-
equal to R. If pip.---p,~piby-b:, then pipo--p,=pipa---pe.”

Proof. By Lemma 8 of [3], there are integral ideals A;., B,
such that p;~Aiy Ai--Au, p;~BuByuB;, (1=1,2,:-,7; j=1,2, -,
s) and such that I1A,,=IIB,. By Lemma 6 of [3], p;~A:., Au
Ay 1A rAu~R. Let A..=B,, then p,=p; by Lemma 8. Hence
r=s and p;=p; (¢=1,2, -, 7) where ji,J., +*+,j, is a permutation of
1,2 7.

Theorem. The following three conditions are equivalent to

each other:
(1) Any integral ideal A of R which is not t-equal to R
satisfies a t-equality of the following type:

t
A,\,pix ;z...p;-’

where v, (1=1,2, -, n) are prime tideals in R and r; (i=1,2,---, n)

1) C:iC:+-Cy=D1D;:--Ds means that r=s and C;=Dy (i=1,2,:--,r) where ji,je,
.-+, jr is a permutation of 1,2, -, 7.
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are positive integers, and Y, r: (1=1,2, -, n) are uniquely deter-
mined up to the order.

(2) Any ideal A of R satisfies a t-equality of the following
type:

Atpppsepir,

where p; (i1=1,2, ---,n) are prime ideals in R and r, (=1,2, -, n)
are integers, and v;, v: (i=1,2,---,n) are uniquely determined up
to the ovder and factors which are t-equal to R.

(3) R is a Krull ring.

Remark. The following three conditions are equivalent to each
other: (cf. [3])

(3) R is a Krull ring.

(4) Any ideal A of R satisfies a quasi-equality of the following
type:

A‘\'DI‘DQZ"'DZ" ,

where v, (i=1,2, .-+, n) are prime ideals in R and r; (i=1,2, ---, n)
are integers, and p;, r; (1=1,2,---,n) are uniquely determined up
to the order and factors which are quasi-equal to R.

(5) R is completely integrally closed in K and satisfies the
ascending chain condition for integral V-ideals.

Proof of Theorem. We shall show that (3)=(2) and (3)=(1).
By the condition (5) and Lemma 6, A~B if and only if ALB.
Hence (3)=(2) by the condition (4). It is clear that (3)=>(1) by
Lemma 9 of [3]. Next, we shall show that (1)=>(3). We assume
that there exists an F-ideal N(xR) of R. Then there exists an
element @ of R such that aN'CR. Let

LI -
N~pirpp--p,

4 t N
aN-*Lpimpypin,
aR~Lpy s p s
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then
- t 7 r r s Sm
aN'N= aN~b1‘ g% " QS‘P; 2o,

m
t 7 7 7
ARN=aN~ppie--p,epy 29y

This is a contradiction. Since R has no F-ideal (*R), R is com-
pletely integrally closed (cf. [2]). Let A be an integral ideal of R
which is not f-equal to K. Then Al«pi* 2e--p,r where p; (7=1,2, -,
n) are prime f-ideals in R and 7; (=1, 2, --+, #) are positive integers,
and b, 7; (1=1,2, .-, ») are uniquely determined up to the order.
Hence A~pi'py---p;» by Lemma 4. We shall eliminate p; which is
quasi-equal to R, then A~pipyz---pi~ where p; (1=1,2, -+, m) are
prime ideals of height 1 in R by Lemma 8 and s; (:=1,2, ---, m) are
positive integers, and pi, s; (1=1,2, -+, m) are uniquely determined
up to the order by Lemma 9. Let B be an ideal of R. Then there
exists an element b of R such that bBCR. Let

bB~pyipy e p ",
bR~pipi--par.
By Lemma 10 of [3],
DI R~prpy
Hence
B~plrpyeee et prorpy e pat

Therefore R satisfies the condition (4) and the condition (3). In
the same way, it is clear that (2)=(3).
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