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Introduction.

In the following R  w ill be an integral domain, and K  will be
the field of quotients of R .  By an ideal of R , we shall mean a  non-
zero fractional ideal of R .  If an ideal A c R , then we say that A is
an integral ideal of R .  Let A and B  be ideals of R , then we shall
define A : B= {xIxe K, Bx c A } .  I n  t h e  special case where A =R,
R : B  is often denoted by B - 1 ,  and we shall write (B - 9 "  b y  B - ",
fo r b rev ity . (14- 9 - ' is often denoted by A „, and we shall define
A ,= U B  where B  is  a finitely generated ideal. Then it is clear that

B c A

A c A c i t .

Definition. L et A  be an ideal of R .  I f  A = A „ then we say
that A is  a  t-ideal of R .  If A =A „ then we say that A is  a  V-ideal
of R .  I f  A = A , and AA - 1 =A , then we say that A  i s  an  F-ideal
of R.

If A ,=B „ then we say that A  is  t-equal to B  and write ALB.
If that is, A =B ,,  then w e say that A  is  quasi-equal to
B  and write A —B.

In [1] , K. E. Aubert has introduced the following problem.

Problem. Is a K rull ring characterized by the fact that any
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of  its proper t-ideals can be written as  a t-product of  a prim e t-
ideals?

In this paper, we shall obtain the following theorem which shows
that this problem has a positive answer.

T heorem . The following three conditions are equivalent to
each other:

( 1 )  Any integral ideal A  o f  R  which is not t-equal to  R
satisfies a t-equality of  the following type:

A - 4 , 1.1;2•••V„.

where 4), (i=1, 2 ,  • • • ,  n) are prime t-ideals in  R  and r, (i=1, 2 ,  • - • ,  n)
are positive integers, and  p„ r, ( i=1 , 2 ,  • • • ,  n )  are uniquely deter-
mined up to the order.

( 2 ) ,  Any ideal A  o f  R  satisfies a t-e quality o f  th e  following
type:

A Lpr,i ,

where 1), (i= 1, 2, • • • ,  n ) are prim e ideals in  R  and 2, , (i=1,2,•••,n)
are integers, and p„ r ( i=1 ,2 , • - • ,  n) are uniquely determined up to
the order and factors which are t-equal to R.

( 3 )  R  is a  K rull ring.

t-ideals

Lemma 1. L et A  be an ideal of  R .  Then (A ,),=A t .

Proof. L e t  aG  (A,),. T h en  th ere  ex is ts  a  finitely generated
ideal B  such that B C A , and B, a. Put

B =R bi+R k + •••+ R b ., &GA, (i=1, 2 ,  • • • ,  m),

then there exist finitely generated ideals B. 2 ,  • • • ,  m ) such that
B ,c A  and (B ,) „D b, . Hence

B c (13,)„+(B 2)„+•••+ (B .), ,
B„c{(.134)„+(B2)„+•••+  ( B ) ,} =  (B ,+  B2+ • • • + B .)„ .
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Since B, + B 2 + •••+ B,„ is  a finitely generated ideal, aG A,.

Lemma 2. Let A, B  be ideals o f R , then A ,B ,C(A B ),.

Pro o f . Let aE  A, B,, and

a —ai lh+a,b 2 +•••+a,,b„, a, A „ b ,E B , (i=1 ,2 , ••., n).

Then there exist finitely generated ideals X „ Y , (i=1, 2, • • •, n )  such
that X ,cA , Y ,cB , (X ,),D a„ (Y ,) b,. Put

X= X, -I- X, + • • • + X„ , Y =  Y , +  Y 2 + •••+Y „,
then

aG X ,Y ,c  (X Y ),c  (A B), .

Lemma 3. Let A, B , C , D  be ideals of R .  I f
 A L B ,  C— D,

then A CLBD.

Pro o f . A ,— B ,, C,=D, and A ,C ,=B ,D ,. Hence

(A C ),=(A ,C ,),=(B ,D ,),=(B D ),.

Proposition 1. I f  A  is  a maximal integral t-ideal of R , then
A  is a prime ideal.

Proof. W e  assume that BC c A , B cr A .  Then A + B  and
(A + B),— R . Put D = A C+ BC= (A + B )C c A . Then D t D (A +B )tC,
= C , .  Hence A = A ,D D ,D C ,. Hence ADC.

§ 2 .  Ascending chain condition

Lemma 4. Let A, B  be ideals of R .  I f  A LB, then A — B.

Pro o f . A c A ,c A , .  Hence A = (A,) =

Lemma 5. I f  A  is  a V-ideal of R , then A  is a t-ideal of R.

Pro o f . A =A ,DA ,DA .

Lemma 6. Let R  satisf y  the ascending chain condition for
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integral V -ideals. Let A be an ideal o f  R , then A „= A , .  I f  A  is
a t-ideal of R , then A  is  a V -ideal of R.

Pro o f . By Lemma 1 of [3] , there exists a  finitely generated
ideal B  such that B c A , On the other hand, it is clear that
B ,  B  Hence B i =  B  A, D A ,D  B  . Hence A„— A, . If A  i s  a  t-
ideal of R , then A—A,.

Proposition 2. The follow ing tw o conditions are equivalent
to each other:

(1) R  satisfies the ascending chain condition for integral V -
ideals.

(2) R  satisfies the ascending chain condition for integral t-
ideals.

Pro o f . It follows from Lemma 5 and Lemma 6.

Lemma 7. Let A1, Az, •••, A„, ••• be t-ideals of R  and A i c A 2 c
••• c  A „c  ••• . T hen UA,— A  is a t-ideal of R.

Proof. L e t  B  b e  a  finitely generated ideal such that B c A.
Then there exists A,„ such that B  c A „,. Hence B  B  ,c  A „,.  Hence
B ,c  A.

Proposition 3. W e shall introduce the following two con-
ditions.

(1) Every  integral t-ideal of R  is a f inite R-module.
(2) R  satisfies the ascending chain condition for integral t-

ideals.
T hen (1) (2 ), but the inverse is false.

Pro o f . It is clear that (1) (2 ) by Lemma 7. I f  R  satisfy the
condition (2), then every t-ideal of R  is  a V-ideal of R .  In [3] , we
have showed the example such that R  satisfies the ascending chain
condition for integral V-ideals, but every integral V-ideal of R  is not
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necessarily a finite R -m o d u le . Hence the condition (2 )  does not imply
the condition (1).

§ 3 .  Theorem

The following lemmas 8 ,  9  are known, but we shall recall them
for the reader's convenience.

Lemma 8 .  L et R  be completely integrally closed in  K  and p
be a prim e ideal o f  R .  I f  p  is not quasi-equal to R , then i s  a
V-ideal of  R  and the height of  p is  1.

Pro o f . It is clear that the height of p  i s  1  by Lemma 7  of [3] .

Since p—p„ p, 1) -
1 and  p p - I  are  integral ideals, and pp- 1 —R .  Since

p„ 1)-
1 p = pp- l p  and pp--1 cr p, p, c p. Hence p= p .

Lemma 9. L et R  be completely  integrally  closed in  K  and
pi, pi,• • - , 1 ) :  be prim e ideals in  R  which are  not quasi-
equal to R .  I f  pi P2 —1); • • P: , then pi P2 • 'Pr P1 V2 • • • P: .

1 )

Pro o f . By Lemma 8  o f  [3] , there a re  integral ideals
such that p i A i l  A i2 .  • • A ik  V j ' " ' j l B  j2 .  • • 13 ( i  =  1, 2, • • •, r ; j = 1 , 2, • •

s ) and such that I l B p .  By Lemma 6  o f [3] ,

A ik s ' R .  L et 24,„,=B 5, ,  then 1); = Vi by Lemma 8. Hence
r =s  and pi = (i= 1, 2, • • r )  where j1, .j2, • • j r  i s  a permutation of
1, 2, • • r.

T h eorem . The follow ing three conditions are equivalent to
each other:

( 1 )  A ny  integral ideal A  o f  R  w hich is not t-equal to  R
satisfies a t-e quality of  the following type:

A 1 --1)1' 1Y22 • • .K",

where pi (i= 1, 2, ••., n) are prime t-ideals in R  and r ; ( i= 1, 2, • • n )

1) CiC2...C r -=DiD2. • .D8 m eans that r =  s  and Ci =D i, (i =1, 2, • • •, r) where J ',  J2 ,
• • •, jr  is  a permutation of
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are positive integers, and p „  r, (i= 1, 2, • • n )  are uniquely deter-
mined up to the order.

(2) Any ideal A  o f R  satisfies a t-equality  of the following
type:

ALP:1 P'22 • • .1);,"

where pi ( i= 1, 2, •••, n )  are Prime ideals in R  and I', (i= 1, 2, •••, n)
are integers, and p „  r; (i= 1, 2, •• n )  are uniquely determined up
to the order and factors which are t-equal to R.

(3) R  is a K rull ring.

Remark. The following three conditions are equivalent to each
other: (cf. [3] )

(3) R  is a K rull ring.
(4) Any ideal A of R satisfies a quasi-equality of the following

type:

A —4.41 V22 • • •K "

where 1.), (i= 1, 2, • • •, n )  are prime ideals in R  and r, (i= 1, 2, •••, n)
are integers, and p i, r i ( i= 1, 2, • • • , n )  are uniquely determined up
to the order and factors which are quasi-equal to R.

( 5 )  R  is completely integrally closed in  K  and satisfies the
ascending chain condition for integral V-ideals.

Proof o f  Theorem. We shall show that (3 )  ( 2 )  and (3 ) ( 1 ) .

B y the condition ( 5 )  and Lemma 6, if and only i f  ALB.
Hence (3 )  ( 2 )  by the condition ( 4 ) .  It is clear that (3 ) ( 1 )  by
Lemma 9  o f  [3] . Next, we shall show that (1 )  ( 3 ) .  We assume
that there exists an F-idea l N (  R )  o f R .  Then there exists an
element a of R  such that a N 'c R .  Let

NL.P ' ? .  •  • ,

aN - 1 LVisl134s2 ...V„:'
aRLV,'"i • • ,
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then

a1V-1N—aATI-41'4)?....V," P'is i4-4' 2 • • •

aR N =aN  •--t--plii.)?• • -4.4.11'i  Wz• • •p;'" , .

This i s  a contradiction. Since R  has no F - id e a l  ( t  R ), R  is com-
pletely integrally closed (cf. [2] ). Let A  be an integral ideal of R

which is not t-eq u a l to R .  Then A L .4 , 4 2 •• •4 . where pi ( i= 1 , 2 , • • • ,

n )  are prime t- id e a ls  in  R  and r ; ( i= 1 ,  2, •••, n )  are positive integers,
and p„ r ; ( i = 1 ,2 ,  •••, n )  a re  uniquely determined up to the order.
Hence A —pp 2••-pr„. by Lemma 4. W e shall elim inate 4.), which is
quasi-equal to R ,  then A —VI sip;s2•••1):,:- where id: ( i=1 , 2, •••, m )  are
prime ideals of height 1  in R  by Lemma 8  and s, (i= 1 , 2 , ••• , m) are
positive integers, and 1.):, s, (i= 1 , 2 , ••-, m )  are  uniquely determined
up to the order by Lemma 9. Let B  be an ideal of R .  Then there
exists an element b  of R  such that b B c R .  Let

bB V2r2 • • • 44r "

bR— pli42•••p;,- .

By Lemma 1 0  o f  [3] ,

b- 1 1?— pT".0"...)),-,,-,' . .  •

Hence
B—Vir , V2r2 •••4.)':"1),-.- "N s 2 •••Igs ." •

Therefore R  satisfies the condition ( 4 )  and the condition (3 ) .  In
the same way, it is c lear that (2 )  ( 3 ) .
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