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L et Z  denote a  r in g  o f  rational integers, and  F  denote th e  elliptic
m odular group SL 2 (Z )/ + 1 . L e t T  (resp. S) denote the  im age  in  F  of

—0 1
1)'th e  matrix [ 1 1  l(resp. a n d  th e  m atrix a n d  its  image in0 1 1 0 

F  w ill be identified in  t h e  following, thus

T--
1 1 -

and
0 —1 -

0 1 1 0

Then a s  is w ell know n r is generated by T and S.
L e t Fo (N ) denote the congruence subgroup o f  level N , i.e.

I -  a  b

1 c  d

I f  N  i s  a  p rim e  p, it  is  e a sy  to  se e  th a t  R={1, S T  i=0, p-11
i s  a  system o f  representatives o f  th e  coset Fo (N )\ F . Furthermore R
satisfies th e  following condition (F ) introduced by Schreier [3] p.177.

(F )  L e t  R  b e  i n  R  a n d  R ' b e  th e  element o f  F  obtained by
dropping th e  la s t  te rm  o f  R  (e.g. i f  R = S T i, th e n  R '=ST ' - ' ) ,  then
R ' is  aga in  in  R .  Hence one  can  apply  Reidemeister-Schreier method,
a n d  write down a  system o f  generators a n d  their fundamental relations
o f  Fo (p). It w as  ac tu a lly  ca rr ied  o u t  by Radem acher i n  [2].

In  th is  note, w e shall d o  a  sim ilar thing fo r  general N.

Fo (N )=
}

EFIc-----.0modN .

1. Representatives o f  F o (N )\ T . O u r  f irs t ta sk  is  to  c o n stru c t a
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system of coset representatives of F o (N ) \F  satisfying the condition (F).

Lemma 1. L e t  F., denote th e  subgroup o f  F  generated by T.
Every double coset F o (N )y r.(y E T ) contains a n  element o f  th e  form
S T S  (ace Z).

P roo f. Let y =[ 
ac
S i n c e  (a, c )=1 , w e can find x, y Z  such

th a t a x +c y = 1 .  Let t  b e  the product of prime divisors of N  co-prime
t o  x , and put x' =x — tc , y' = y — ta. T hen ax ' +cy ' =1 and (x', N) = 1,

x '  y 'hence there exist z ', w ' E Z  such  tha t g
N z '  w '

1 1- 0(N). N ow  gy =

alby  som e b ',  c ',  d 'E Z , and gyT-b [ 0 1=' = STIS by some[cl  '
a e Z  (Q. E. D.).

L em m a 2. STŒS and S T S  a re  in  t h e  same double coset if  and
only i f  th e  following two conditions (1 )  an d  (2) a re  satisfied

(1) (a, N)=-(6, N).

Putting (a, N )=t, a =a't, 13 =fl't,

(2) a' fl' mod (t, Nit).

In  paticular every SP'S with a co-prim e to N  lie s  in  th e  same double
coset F 0(N )T S T F0 (N )=F 0 (N)SF0,.

P roo f. Fo (N )S T 4 S F.B S T f iS  <=> 3 X Z , S T IS T x S T - P S  T o (N)
3  x [ 01 al 11 xl 01 [ 01 — 13

1 l e ST 0(N)S <=>

(3) x e Z ,  a—fl-Fa/3x 0 modN.

T he la s t  condition (3 )  obviously implies (a, N )=(f J, N ) . Putting
(a, N )=t, a=a't, $=/3't; (3) 4=  3 x e Z , a' —  + ta'13' x  0 mod Nlt <=> a' —13'

0 mod (t, N It) a s  wanted.
The last statment follows from the equation

01S TS =[ ---= T- 1 ST - 1  T o (N )S F,„ (Q. E. D.).
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F o r  each proper divisor t  o f  N ,  le t  {x(t, 011 w(t, N/t)} be a
complete system o f  representatives o f  irreducible residue class (Z/Q, M t)
Z)x mod (t, M t) , chosen in  such a  way that any x (t , i)< N  and  (x(t, i),
N )= 1 .  Such a  system o f  representatives certainly exists, because the
natural map (Z I NZ)x -4 (Z I (t, N  t)Z )x  i s  surjective.

W e fix  th e  representatives x (t, i) o n c e  f o r  a l l ,  a n d  le t  M  b e  a
subset o f  Z  defined by {tx(t, 011 (t, N/ t)}  where t  is  extended over
all proper divisors o f  N .  Put S = {1, S, STxSlx e M}. Then by lemma
1, 2 S  i s  a  complete system o f  representatives of F o (N)\F/Fœ, a n d
its cardinality is equal to E w(t, M t).

rIN

Proposition 1. Put

R= { I, STk, STxSTi(x ) IOS x e M , j(x)S_ n(x)—

w here n (x ) denotes th e  sm allest positiv e in te g e r su c h  th at n(x)x 2 .--0
mod N . T h e n  R  i s  a  com plete system  o f  representatives o f  F o (N)\F.
Furtherm ore R  satisf ies th e  S chreier condition (F).

P ro o f . A s we remarked, F  is  a  d is jo in t u n io n  o f  Fo (N)gF o,  with
g e S .  L et y  run through a  complete system o f  representatives of
To (N)g n rco\Foo, th en  F0 (N )g f c0 = U r 0 (N )gy  (disjoint). I f  g =STxS,

Tn-_=_. 0 mod g -  ' Fo (N)g n F .  i f  a n d  only i f  x 2 n  0  mod N .  Hence a s  a
system o f  representatives o f  g - 1 F0 (N)g n F o e \r o , ,  we can take { I, T,
Tn(x) -  1 } . I f  g =S, it is easy to see that {Tkl 0  k  N  — 1 } is  a  system
o f  representatives. Now our last statment is obvious, because we have
STk(05k N— 1 )  in  R.

2 . Generators and relations of 0 (N ) .  N ow , we can apply Reide-
meister-Schreier method. F o r  an y  X e r ,  l e t  X  denote t h e  element
R  o f  R  such that X e F o (N )X .  Then Fo (N )  is generated by

(G) {RTRT-1, RSRS - 1 1ReR}

with th e  se t o f  defining relations

(R) {RS2R-1=1, R(ST) 3 R ' =1 IR E R }.
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In the following, we shall explicitly write them out, and  as Rade-
macher did in prime level case, simplify them until only a  few  (or none)
of relations left.

( 1 )  G enerators. For each  R  in  R ,  w e can  easily  check th a t RT
and  R S  a re  g iven  by  the following :

IT  =I , STkT =STk(k =0, I, 2, ..., N —2), STN- ' T =S,

STxSTJ coT = ST'ST./())+ 1 ( j(x) =0, 1, 2, ..., n(x)— 2),

ST x ST n ( x ) —  I T = STxS

and

IS =  S, SS =  T , STkS= STk* ((k , N )= 1, kk* —  1 mod N),

STkS=STkS((k , N )*1, k M),

STkS=STx(k)ST-i ((k, N)#1, k  M , x (jk k mod N),

STxSS=STx, STxSTJS =STko ) ((jx — 1, N)=1, k(jx-1)=- — x mod N),

ST'SPS = S T " ((ix  — 1, N)*1, (jx — 1)(j'x' — xx' mod N).

Hence we can explicitly write (G ) out as the  following:

{ I, T, U, V(k), V(x,j)11_5k5N —1, 1< j n (x ) -1 ,  x eM I;

U =STNS,

V(k)=STkST - k* S ((k, N )=1)

V(k)=STkST - i(k ) ST - x(k ) S ((k , N )*1 , k O M )

=STkSTn(k ) S T - kS ((k , N )*1 , k e M ),

V (x , j)= STxST iST - k(x, i ) S( ( I x — 1 ,  N ) = 1 , —x mod N,

k  M )

= S T x S P S T - i"ST - x 'S  ((jx  — 1)(j'x ' — xx'modN).

Proposition 2. Put
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G ={T, U, V(k), V(x, N -1 ,  1 n(x)— 1, x E

F0(N ) is  generated  by  the  se t G.

( 2 )  R elations. F o r  R = I  a n d  R = S , it  is  e a sy  to  s e e  th a t  n e w
relations don 't tu rn  up  from  the  first relation of (R).

F o r  R=STk(15kN — 1),

RS 2 R - 1 =STkS 2 T - kS

= V (k )V (k ) ((k, N)=1)

=V(k)V(x(k), j(k)) ( (k ,  N )* 1 ,  k M)

=V(x, j)V (k(x, j)) ((k , N )*1 , k=x M, (kj —1, N)=1)

=V(x, j)V (x', j') ((k, N)*1, k = x M, (kj — 1, N )*  1).

F o r  R ,---STxST 1 ( 0  j n ( x ) - 1 ) ,

RS 2 R- 1 =STxSTiS 2 T - iST - xS

=V(x, DV(k(x, j)) ((x j —1, N)=1)

=V(x, j)V (x', j') ((x j —1, N)* 1).

Hence we obtain th e  following relations:

(R.1) V (k )V (k )=1 ((k, N)=1),

(R.2) V(k)V(x(k), j(k))=1 ((k, N)*1, k

(R.3) V(x, j)V(x', j')=1 ((x j —1, N)*1).

O n the second relation of (R ), w e obtain first relations V(1)UT
a n d  TV(1)U =1 for R = I   a n d  R =S(R =S T )  respectively, i.e.

(R.4) V(1)UT =1.

F o r  R =STk (2 N— 1), i f  (k , N )=1  w ith  k1 =k,+1 ,

R(ST) 3 R - 1 =STkSTSTST 1 - kS

=V(k)V(k 1 )V(k 2 ) ((k, N)=1, k 2 = k l , +1)
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=V(k)V(k i , 1) (k ,E M , k -1 (4M )

= V(k)V(k —1) (kaM , k— lEM )

=V(k)V(k i )V(x(k i ), ((k1, N)*1, k 1 M ,  k - 1  M )

=V(k)V(k,)V(k— 1) ((k 1, N)=1, k 1 M , k— leM );

if  (k , N )* 1 and k(=x) E M,

R(ST) 3 R - 1 =STxSTSTST' - xS

=V(x, 1)V(k(x)+1) ((x — 1, N)=1, x* k(x))

= V(x)V(x + 1) ((x — 1, N)=1, x*k(x))

=V(x, 1)V(x -1 ) ( ( x  —  1 , N )* 1 , x ' = k —  1 )

=V(x, 1)V(x', f +1) ((x  — 1 , N )*1 , x ' k - 1);

if  (k , N )* 1 and k  M ,

R(ST) 3 R - 1  = V(k)V(x(k), j(k)+1)V(k(x, j + 1)+1)

((x(j +1)-1, N)=1, k(x, j +1) « M)

=V(k)V(x(k))V(x(k)+1)

((x(j +1)-1, N )=1, k(x, j+ 1)e M)

=V(k)V(x(k), j(k)+1)V(x', (j +1))

((x(j+1)-1, IV)*1, k —1 (4M)

V(k)V(x(k), j(k)+1)V(k —1)

((x (j +1 )-1 , N )*1 , k—  E M).

For R =ST 'ST i(O S  j5n (x )-1 ),

R(ST) 3 R - 1 =STx+ 1 STSTST - xS (j =0)

= V(x +1)V(x) ((x+ 1, N)=1, n(x)=1)

=V(x+1)V((x+1),+1)V(x) ((x + 1, N)=1, n(x)r/=1)
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=V(x+1, 1)V(x) (x + le M )

=V(k)V(x(k), j(k)+1)V(x) (k=x +1, (k, N)* 1, k $M),

R(ST) 3 R - ' =STxSTSTSTST 1 - xS (./ = 1 )

=V(x, 1)V(k(x)+1)( ( x - 1 ,  N )=1 )

=V(x, 1)V(x', j' +1) ((x -1 , N )*1 , x *x '+ 1 )

=V(x, 1)V(x -1) ((x - 1, N)=1, x=x' +1),

R(ST) 3 R ' =STxST iSTSTST ' - iST - xS (2 n (x )- 1)

=V(x, j)V(k(x, j)+ 1, 1) ( (x j-1 , N)=1, k(x, 1

= V(x, DV(k)V(k, +1, j -1) ((x j -1, N )=1, k=k(x, j)+1,

(k, N)=1)

= V(x, j)V(k)V(x(k), j(k)+ 1) ((xj -1, N)=1, k=k(x, j)

+1, (k , N ) 1 )

=V(x, DV(x', j' +1)V(x, j -1) - ( ( x j  - 1 ,  N ) * 1 ,  n ( x ')

* j' + 1 )

=V(x, j)V(x')V(x +1) ((x j -1, N)=1, n(x')=j' +1).

Proposition 3. T h e  following nine rebations (R.5-13) together

w ith  th e  dbove four relations (R .1 -4 )  m ak e  u p  a  system o f  funda-
mental re lations o f  T o (N ) f o r t h e  sy stem  o f  generators G.

(R.5)

(R.6)

V(k)V(k1)V(k2)=1

V(k)V(k -1)=1

((k, N)=1, (k 1 , N)=1,

k1 = 4 -I-1, k 2 =k 1 ,+1 ),

((k, N)=1, k - l e  M, k,K + 1eM ),

(R.7) V(k)V(k*+ 1, 1)=1 ((k, N)=1, k -1 M , k*+1eM ),
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(R.8) V (k )V (k ,+1)V (x (k ,+1), j(k ,+1))=1 ((k , N )=1,(k ,+ 1, N )

* 1 ,k * +1 4 , k - 1 1),

(R.9) V(k)V(k,+ 1)V(k — 1)=1 ((k , N )=1, (k * + 1, N )*1,

k ,+1,EtM , k — lEM ),

(R.10) V (x, I) V(x — 1) =1 ((x — 1, N)* 1 , x — 1 e M),

(R.11) V (  I)V(x', j' + 1) =1 ((x — 1, N )*  I, x - 1  M ) ,

(R.12) V (k)V (x(k), j(k))V (x(k)', (j(k)+1)')=1

((k, N)*1, k  E k — 114 M ),

(R.13) V(k)V(x(k), j(k))V(k — 1)=1 ((k , N )*1, k M , k -1  EM ).

3. Eliminations. I n  t h i s  section, we shall eliminate unnecessary
generators and relations.

Firstly, no te  th a t  th e  number o f  th e  generators in  G  is given by
the  following:

IGI=IRI-Im
Because th e  elements o f  G  a r e  T , U , V (x ) (1 5k <N  — 1) a n d  V(x, j)
(1 j n(x )—  1 ) ,  a n d  t h e  num ber o f  V (x , j) is E  (n(x)— 1) N

xeM
— 1 — MI.

Secondly, n o te  th a t  k 2 — 1  m o d  N  h a s  so lu tions if  and  on ly  if
the  following condition is satisfied :

( 3 .1 )  N =2v ( 2 )N', 0 _< v(2) 1 ,  ( N ',  2) = 1 a n d  p=- 1 mod 4  fo r  any  prime

divisor p  o f  N '.

H ence i f  N  d o es n o t sa tisfy  (3 .1 ), w e can  e lim ina te  1/21R HMI — 1
generators from  G  b y  relations (R .1 -3 ) . Because th e  num ber o f  dis-
tinct generators appearing in  (R .1-3) is E  (n(x )-1)+N  — 1 HMI =1111

x c

 j t , 
—21.1111-2N — 2. I f  N  satisfies (3 .1 ), th e re  a r e  tw o  k 's  satisfying k 2

—1 mod N  a n d  f o r  th e se  tw o  k 's , (R .1 )  h a s  th e  fo rm  V(k) 2  =1.
H ence i n  th is  case , the  num ber o f  generators elim inated by (R.1-3)
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i s  1/2iRl—iMI —2.
Furtherm ore, n o te  th a t  k(k — —1 mod N  h a s  solutions if and

only  i f  th e  following condition is satisfied :

(3 .2 ) N = 3" 3 )N', v (3) 1 ,  (N ', 3)=1 a n d  p l mod 3  f o r  any prime

divisor p  o f  N'.

Hence i f  N  does not satisfy (3.2), w e can elim inate 1/31R1 ( =1/3 (the
number of the second relations in (R))) generators from G  b y  relations
(R.4-13). I f  N  satisfies (3.2), (R.5) i s  V(k) 3 = 1  f o r  tw o  k 's  satisfying
k(k —1 mod N ', hence in  this case, the number eliminated by (R.4-
13) i s  1/3(1R —2).

N ow , w e obtain  th e  following proposition.

Proposition 4. L e t  N  b e  N > 3  a n d  N = 2 v ( 2 ) 3 v ( 3 ) N ,  w ith  (N ', 6)
= 1 .  W e shall distinguish the  follow ing f our cases: (1) v(2) = v(3) = 0,
a n d  p l  m od 12 f o r  an y  prim e  div isor p  o f  N '; (2) 0 < v(2) _< 1, v(3)
=0, p l  mod 4  f o r  a n y  p rim e  d iv iso r p  o f  N '  a n d  q  1 mod 3

f o r  som e p rim e  d iv iso r q  o f  N '; (3)v(2) =0, 0 v(3). 1, p l  mod 3
f o r  any  d iv isor p  o f  N '  an d  q% 1 mod 4  f o r  som e p rim e  div isor q
of N '; ( 4 )  th e  c ase  o th e r th an  (1 ), (2 ) an d  (3).

Put

116(16+IR ) (case (I))

1/6(12 +1R 1) (case (2))
m(N )=

1/6(10+1R 1) (case (3))

1/6(6+ (case (4)),

then  1 0 (N )  is  g en erated  b y  a  subset Go o f  c a r d in a l i t y  m (N )  o f  G.
I n  case  (1 )  an d  (2 ) , th e re  a re  tw o def ining re lat io n s  o f  th e  form

V(k 1)2 -= 1 a n d  V(k2 ) 2 =1

w ith  ki z-7. —1 mod N  (i = 1 , 2 ) . In  case  (1 ) and  (3), there  a re  two defi-
n ing  relations of  the form

V(k 1 )3 = 1  a n d  V(k2 ) 3 =1
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w ith  (2k i —1) 2 — 3  mod N  ( i= 1 , 2 ) .  T here  a re  n o  o th er relations
am ong th e  generators G o . I n  p atic u lar Go i s  a m in im al system
of  generators o f  Fo (N).

UN IVERSITY O F O SAKA PREFECTURE

R eferences

[  ]  H. Frasch, Die Erzeugenden der Hauptkongruenzgruppen fiir primzahlstufen,
Math. Ann. (108) 1932, 229-252.

[ 2 ] H. Rademacher, Uber die Erzeugenden von Kongruenzuntergruppen der Modul-
gruppe, Ham. Abh. (7 ) 1929, 134-148.

3 1 0 . S ch re ie r , Die Untergruppen der freien Gruppen, Ham. Abh. (5 ) 1927, 161-
183.


