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A s  th e  title  ind ica te s  ou r ob jec t o f  s tu d y  is  a n  a b e lia n  variety
B  ( in  th e  present paper, w e  a re  interested only in  th e  one-dimensional
case), w h ic h  w a s  in v e s tig a te d  b y  S h im u ra  [5 ], [6 ] . U sin g  su c h  an
abelian variety B , he  has show n som e im portant relation between the
arithemtic of real quadratic fie lds and the cusp form s of "Neben"-type
in  H ecke 's  sense . H ere w e repeat th e  result briefly . B  is defined over

a  rea l quadra tic  f ie ld  k =Q (.\  g ) ,  w hose transform  B E  b y  th e  non-
trivial autom orphism  E  o f  k  is is o g e n o u s  to  B .  S uch  a  B  can  be
obtained from the eigen-function f (z )=  a n e 2 n in z  fo r  all Hecke opera-

n=1
to rs  a c tin g  o n  th e  space S 2 (T 0 (q), z ) o f  cusp  fo rm s of "Neben"-type
o f  w e ig h t  2 . T he  e igen -va lues o f H ecke  operators f o r  S 2 (1 0 (q),
a r e  closely ocnnected w ith th e  reciprocity law  in  ce rta in  abe lian  ex-
tenions o f  k ,  moreover, such •extensions can be generated by th e  co-
ordinates o f  some specific section point (c-section point in [6, T h . 2.2.
p. 141]) of B .  It was observed that two rational integers c  and tr k i fi e q )
have non-trivial common factors where eq  i s  th e  fundamental un it o f
k  [6 , §3] and the Fourier coeffic ients a j,  o f  f ( z )  h a s  a  c e r ta in  con-
gruence property with respect t o  c. A s a  con tinua tion  o f this theory,
the sam e  investigation w a s  m a d e  fo r  th e  space  o f  c u sp  fo rm s  of
"Haupt"-type, b y  D o i a n d  th e  present author [2].

*  T h is work was partially supported by the Sakkokai Foundation.
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N ow  D oi [I] has found som e arithm etical congruence (w ith respect
t o  a  p r im e  fac to r  / o f  t h e  num erator o f  t h e  generalized Bernoulli
num ber B„, x )  for the Fourier coefficients  a , ,  o f  f ( z )  o f  SK(Fo (q), x)
f o r  arbitrary  w eight ic . 2  (see  text). T h u s , a s  a  n e x t  ta s k  o f  th e
investigations which we explained above, we are naturally led to consider
the  fie ld  K , generated over k  by  the  coordinates o f  /-section point of
B .  In  f a c t ,  in  th e  present no te , w e  sha ll trea t a s  a  typical examples
the case where q =29, 37 a n d  investigate the field  K,.

Theorem. T he  f o llow ing assertions (1 ) ,  ( 2 )  h o ld  ( a t  le as t )  for
q =29, 37, an d  (3 ) holds f o r q =29.

(1) L e t  I b e  a n  o d d  p rim e  f ac to r o f  B2, x , a n d  K ,  b e  the

f ie ld  g e n e rate d  o v e r k =Q ( ,/  q )  b y  the / - s e c t io n  po in t o f
t h e  e llip tic  c u rv e  B .  T h e n  th e re  is  a n  isomorphism
R I(a) o f  th e  G alo is  g ro u p  Gal(K i lk )  o n to  th e  group

i( 0
1
 d

b )EGL 2 (Z I1Z )1 beZ IIZ , de(Z I1Z )1.

(2) W e h av e  K , =kg, w here s ,  is th e  f undam ental unit
o f  k , an d  C i s  a  prim itiv e I-th  roo t o f  unity .

(3 )
 

K , is  unramified over kg).

F o r  th e  precise definition an d  n o ta tio n  w ill be explained in  th e
test.

F in a lly , w e  c o n sid e r  th is  investiga tion  as a  suggestive  example
for t h e  general treatm ent o f  su c h  ex tensions and  one  can expect
similar results fo r  K , in  th e  higher dimensional case.

1. Shim ura's elliptic curves.

W e recall here Shimura's theory f o r  th e  abelian variety associated
to  c u sp  fo rm s . F o r  a  p r im e  q ,  le t  Fo (q )  b e  a congruence subgroup
o f  SL 2 (Z),

a  b1"0(9)= d)ESL2(Z)I c  0  (m od q)} ,
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and S 2(T 0(q), x ) denote  the vector space o f  holomorphic cusp forms
f ( z )  o f  w e ig h t 2  o n  the com plex upper half plane, which satisfy

az  + b  )_ 
x ( d ) ( c z  +  d )

2 . f i z )' c z +d

fo r  a ll ( a  b )  e  r o (q ) . T h ro u g h o u t th is  p a p e r  w e  assume t h a t  q ----- 1c  d
m od  4  and the character x  o f  (Z IqZ )x  is o f  o rd e r  2 . W e  d e n o te
b y  k  the real quadratic field corresponding to the kernel o f x , namely

k=QC\I -q— ). L et f (z )= a ne2 7 inz , w ith  a  = 1 ,  b e  a n  e lem en t of
n= 1

S 2(T 0(q), x ), t h a t  i s  a  common eigen-function o f  H ecke opera to r T .
for a l l  m .  Let K  b e  the field generated by the num bers a„ over Q
for a ll  n. T hen w e know  K  is totally imaginary, and the eigen-value
o f T. satisfies

=x(n)a„,

i f  n  is  prime t o  q , where p  denotes the complex conjugation.
B y  v ir tu e  o f  [5, T h . 7 .14 ] w e  ob ta in  an  abelian  varie ty  A  and

an isomorphism 0  o f K  into End Q (A). A  and 0(a) for a ll  a  E K  are
ra tiona l ove r Q .  F u rth e r A  h a s  an  automorphism ji rational over
k , such that

p0(a)=0(aP)p ( a  e K),

where e  denotes the generator o f Gal (k /Q ). W e put

B +  p ) A

Then B  i s  an abelian subvariety o f A  rational over k ,  and

A =B + Be,B = (1 p)A.

Hereafter we restrict ourselves to the case dim B =1.
For a prime n u m b e r /  and a natural num ber n , put

B [1"]= f t E =0},
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00

B [1 1 = U  B [1 ].
n=

I t  is  w e ll k n o w n  th a t  B[1 ]  ( r e sp . B [/ ])  is isom orph ic  to  Z / / ' Z

Z //n Z  (resp. Q ,IZ I EDQ,IZ,) where Q , denotes th e  /-adic num ber field
a n d  Z ,  th e  r in g  o f  /-adic integers. L e t  K ,„ (resp. K , )  b e  the field
generated over k  by  the coordinates of the points in B[1 ]  (resp. B[/°°]).
It can  be  easily  seen  tha t K,  (resp. K , )  i s  a  finite (resp. an infinite)
G a lo is  e x te n s io n  o f  k. T ak ing  a  b a s is  o f  BU n] (resp. B [ 1 1 )  we
obtain a  representation R „ (resp. R,o )

R „: Gal(K,./k) GL 2 (Z //nZ )

R co : Gal(K,./k) GL,(Z1) .

W e m ay assume that

(1.1) R  „(a) R oe (a) (mod I"),

i f  ci' i s  the restriction of an element a  o f  Gal (K ,./k )  t o  K,.
L et p  be a  prim e ideal not dividing q , then  B  has good reduction

m o d u lo  p . W e deno te  by  B th e  e llip tic  curve obtained from  B  by
reduction m odu lo  p .  L e t  cp, d e n o te  t h e  Frobenius endomorphism
o f  B o f  degree N p , and  91, the  /-adic representation o f  End (B ) . Then
w e have (see [5, (7. 6. 15)])

(1.2) det (1 2  -  u 9i ,(y9 0) =1 — ap t/ + pu 2i f  ( p ) = p p ',

det(1 2 —u 2 9i,(9 p ))=(1 —ap u—pu 2 )

x (1 — ar,u— pu 2 ) if Np = p 2 ,

provided  that /  i s  p rim e t o  N p .  L e t  13 b e  a  p r im e  divisor o f  K
which divides p  a n d  a  a  Forbenius elem ent o f  Gal (K, œ / k )  f o r  43.
Then we obtain

(1.3) R .(6) = 9 1 1(49 p)

by choosing suitable basis o f  B [lœ ] a n d  R [ 1 ] ,  since w e see easily
tcmodl 3 =9 0(t mod 13). H ence com paring (1 .3 ) w ith  (1 .2 ), we know
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th e  characteristic polynom ial of 12(a.') co in c id es  w ith  th a t o f  % ,(q)
m odulo 1". F urther w e  can  p rove  tha t K i c o n ta in s  a primitive 1"-th

ro o t o f  unity  t n ,  and

(1.4)

fo r  every E Gal (K,„/k).

2 .  A congruence for a p (d u e  to  Doi).

W e  n o w  d e f in e  t h e  generalized B ernoulli n u m b e r  B„, x . Let

x  b e  the  character o f  order 2  w ith  a  p rim e conductor q  and let

x(a)t. eat F  (t )=  E
x a=1 q t _ j  .

Expanding this into power series w e have

F x ( t ) =  ° ± '  B , , , • —
t"

,.= K !  •

T he num ber B„, x defined  a s  above  is  ca lled  th e  generalized Bernoulli
n u m b e r . I t  h a s  b e e n  p ro v e d  in  [1 ],

(2.1) det (1 + x(p)pk -  — 0( m o d !)

w here I  i s  a n  o d d  p r im e  f a c to r  o f  th e  num era to r o f  (20 - "B„,,,
a n d  T  i s  th e  H eck e  operator a c t in g  o n  th e  sp a c e  S .(F 0 (q ), x ) of
w eight K . S in c e  w e  h a v e  assum ed  tha t th e  a b e lia n  varie ty  B  over
k  is  o f  one-dimensional, the Fourier coefficient ap o f  t h e  corresponding

cusp form f (z )=  a n e 2 ir in z  is contained in  Q  o r  a n  imaginary quad-
n= 1

ra tic  field according a s  x(p) = 1  o r  —  1 . Hence, in  o u r  ca se , th e  con-
gruence (2.1) becomes (setting k =2)

1 +p—a p a-.0 (I) if X(P)= 1

(2.2)
(1 — p) 2 — a ? ,  0 (1) if x(p) = — 1 ,

where 1  is  a n  o d d  prim e factor of the numerator of 4 -  "B2,..

c cdi etR ,Jr)t 
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3 .  Some Lemmas.

W e  g iv e  h e re  so m e  le m m a s  w h ic h  is  n e c e ssa ry  to  p ro v e  o u r
Theorem.

Lemma 1. Fo r an  odd prim e I, le t G  be  a  subgroup o f  GL2 (ZIIZ)
satis f y ing  th e  f o llow ing  conditions: (1) G  h as  e le m e n ts  o f  order
I  a n d  1 -1 . (2) A n y  e le m e n t o f  G  h as  a n  eigen-value 1. T hen  G

I bis isom orphic  to  th e  g ro u p  1(0  d )EGL 2 (Z11Z)lbeZlIZ, de(ZI1Z)x}
o f  order 1(1-1).

P ro o f. P u t  G' =G n PSL2 (Z I1Z ), t h e n  G IG ' is a  subgroup  of
GL2 (Z//Z)/PSL 2 (Z/1Z), h en ce  [G : G '] is p r im e  t o  I. Therefore G
contains a n  elem ent o f  o rd e r  I b y  th e  a ssu m p tio n  (1). By virtue

o f  th e  assumption (2), any elem ent g ' o f  G ' is  con juga te  to  ( 0
1 b

i ),
hence g" = 1 .  Therefore G ' is a n  /-group and  is a lso  a n  /-Sylow sub-
group o f  PSL 2 (Z//Z) by considering the  order o f PSL 2 (Z/1Z ). Hence

G ' is conjugate to th e  group i( 0
1 b

i )  bEZ//Z . S in c e  G  normalizes

th e  group G ',  G  is is o m o rp h ic  to  th e  g r o u p  i( 0
1 b

d )lbeZI1Z, deb}

where i s  a  subgroup o f  (Z//Z)'<. N o w  G  conta ins a n  element
o f  o rd e r  1 -1 , therefore b= (Z / / Z ) '.  This com pletes th e  p ro o f  of
our lemma 1.

W e quote here a  lemma given in  ([4, p. 213]).

Lemma 2. (Shimura). L e t  g  b e  a n  e l e m e n t  o f  GL2 (ZI1Z),
w hose characteristic poly nom ial i s  congruent t o  X 2 —ap X + p  modulo
1, where p  i s  a  p rim e  a n d  al ,  i s  a n  integer. I f  4 - 4p = ld  with
a n  integer d  w h ic h  is  n o t div isible b y  d ,  then  g  is  c o n ju g ate  to  a

bm atrix  o f  the  form ( 0
 b ) '

L e t  K  be a  finite Galois extension over a n  algebraic number field

k, whose Galois group Gal(K/k) is isomorphic to th e  g r o u p  i(10
beZI1Z,de(Z11Z)1, w h ere  1 is  a n  o d d  p r im e . F u r th e r  assume that

2n i 
K  contains a  p r im itiv e  /- th  r o o t  o f  u n ity  C=e . U nder these
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situations w e obtain  th e  following assertion.

Lemma 3. I f C s i = ap t', .= .c a f o r  ri db e Gal(K/k), T hen there

ex ists a n  elem ent a  o f  K x  su c h  th at K  =k ( , a )  w ith  a' e kx.

P r o o f . It is easy  to  see  that the Galois group Gal(K/k) is  generat-
1 1e d  b y  o 1 ) , and = ( where d  i s  a primitive root modulo

1. Since C "= . and =Cd, K  i s  a  K u m m e r  ex tension  over k ()  o f
degree  L  H ence  the re  ex is ts  a n  elem ent fi o f  I C ' s u c h  th a t  K =
k(C, )6) with 13' e k(C). N o w  (/3) 1 =-(fl')°=/3 1 , the re fo re  w e  m ay  assume
fi satisfies #6 =Cfl (Consider a  suitable p o w e r  o f  /3 instead  o f  /3, if
necessary). We see

so there exists

{xEK Iz i ek(C)} = I j  k (Cr fi r ,o 

a n  element y  o f  k( ) '  a n d  a n  integer y  (0 ...y .1 -1 )
s u c h  th a t  fir =yfi v . S in c e  tad =C7T, w e  o b t a i n  g d ` r  = fl,,d = fiat =
GMT =Cdy fiv , hence dr = d , th u s  v=1. N a m e ly , w e  o b ta in  fir =7/3
therefore  w e h a v e  Nk(c)/k(Y)=1. T h u s  th e re  e x is ts  a n  elem ent 6  of
k(C) s u c h  th a t  y  =6 1 6 . Define a = f l6 t h e n  w e  s e e  a r = a  a n d  a' e
k(O x therefore a '  e k. H ence w e have  K  = k (, a )  w ith  a ' e k. This
com pletes our proof o f  lemma 2.

4. A  Proof o f  th e  Theorem.

F o r  p r im e s  q =29, 37, w e  h a v e  dim S 2(r o(q) , x )  = 2 , nam ely  the
abelian variety B  over k =Q ( .,/q )  is  o f  one dimensional.
F u rthe r w e  observe th a t  B2 4 =12, 20 for q =29 a n d  3 7 , respectively.

F irst w e  sha ll d iscuss the case q = 2 9 .  W e consider the field  K 3

generated over k J )  b y  the coordinates o f po in ts  on  B  o f  order
1= 3 .  There is a n  isomorphism a—*12,(a) of the G alois group Gal(K 3 /k)
o n to  a  subgroup o f  GL 2 (ZI3Z). L e t  p  b e  a  p r im e  different from
3, 29 a n d  p  b e  a  p r im e  divisor o f  p  i n  K 3 .  Let crp b e  a Frobenius
automorphism f o r  p , th en  b y  (1.2) a n d  (1.3) w e have
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x 2 — ap x +p (mod 3) i f  X(P) = 1
det(x• 1 2  —

x2 —(a+ 2p)x + 2( m o d  3 )  i f  x(P) = —1.

By Virtue o f  (2 .2), Ri(ad  has a n  eigen value 1  fo r  any  p. We assert
th a t  R,(Gal (K 3 /k)) contains elements o f  o rd e r  3  a n d  2. T ak e  p=7,
f ro m  th e  ta b le  (1 )  w e  g e t  a7 = 2 . H e n c e  R,(Gal (K 3 /k)) contains an
element g  whose characteristic polynomial is

X 2  — 2X + 7 =-(X — 1)2( m o d  3),

and  since a; — 4.7 = — 24, we can verify by lemma 2  th a t g  is conjugate

t o  a  m atrix  o f  t h e  fo rm  
( 1  1 )

. H ence R,(Gal (K 3 /k)) contains an0  1
element o f  o rde r 3. Applying th e  s a m e  to  p = 5  w e  f in d  a n  element
o f  order 2  in  R i(Gal (K 3 /k).
Hence Gal (K 3 /k) satisfies th e  assumptions in  lemma 1. T hus wez have

1G a l ( K 3 1 k )
JE '̀ 1 2 (Z 13Z)IbeZI3Z, de(Z 13Z)x}d 

Next we shall determine the field K 3  explicitly.
2 n i  

A s  w e know  K 3  contains a  p rim itiv e  th ir d  r o o t  o f  unity =e 3

a n d  C° =Ve t °  (see (1.4)), the extension K 3  over k  satisfies th e  assump-
tions in  lemma 3. H ence there exists a n  element cc o f  K 3  such that
K 3 =k(C, a )  w ith  2 3 e k. N o w  w e  m u st p ro v e  th a t a 3 c a n  b e  ta k e n

5 + V29 a s  t h e  fundam ental u n it a — 2 o f  k. B y  the p ro p e r ty  of

the field  generated by 1-section point, w e  know  tha t any  prim e divisor

p  o f  k(C) i s  unramified i n  K 3 ,  if  p  d o e s  n o t  d iv id e  3 / So we

c a n  p u t  a 3 o f  k  s o  a s  2 3 =3°. ,./29b.ec where 0 b, (Note that

x(3) = —1). M ore  precisely, w e m ay p u t  a 3 =3, 3 ° J o r  3°. ,./29b.e
with b  2. Hence there a re  13  possibilities o f  th e  choice o f  2 3 .
W e shall show th a t a 3 =e by examining the  decompotion law  o f  several
prime divisors o f  k(C) in  K3.
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(I) th e  c as e  q =29*

P a 
P
a  2

 —  4 p rP Ind, 3 Ind„ 29 Ind, e
5 —3
7 2 —24 3 1 61 , 2

13 —1 —51 6 8 87 , 1 1
67 8 —204 2 39

547 38 —744 17 39 342

L e t  up b e  th e  F ro b e n iu s  automorphism f o r  p  o f  K 3  w here  p
is dividing o n e  o f  7, 13 a n d  5 4 7 . Then by lemma 2 ,  w e verify R i(cro )
i s  o f  o rde r 3 ,  hence any  prim e divisor o f  ic( )  w hich divides one of
7, 13 a n d  547 does not decompose in  K 3 . O n  th e  o ther hand, as the
table shows, w e have  fo r p =547

..\1216) P  3 I (mod p)

w here p  i s  a n y  p rim e  fac to r o f 5 4 7  i n  k( ' ). T h is  sh o w s  t h a t  the

Frobenius automorphism a l, f o r  p  o f  th e  e x te n s io n  k(C, 1
3/3a • \/29b)

over k ( ( )  is  trivial since

/ 3a . \I-Db / 3a .\12§bP (mod p)

,./29 b( m o d  p) .

Hence a  p r im e  fa c to r  p  o f  5 4 7  i n  k(C ) decomposes completely in
IC(C 3 / 3° 0 -0 ) .  T h u s  w e  c a n  n o t have Œ 3 = 3  

3a.\/ .
 N ex t w e  take

p=7  then

(32 Db .E ) P -
N/ 3- 1 (p) i f  p  divides 6+ \ 729 ,

(3 .,In b •e ) P  3  1 l (p) i f  p  divides 6— V-2-9 ,

*  T h e  meaning o f  this table is  as follows: r  denotes a prim itive root modulo p,
Ind, n  the index of n  with respect to  r. 5 5 + . , / b ,  where b2 .-29 mod p .
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f o r  a n y  b. T h u s  b y  th e  sam e reasoning as fo r  p = 5 4 7 , w e  can  n o t
have a 3 = 3 . \/29be, 32 .,/29be fo r any  b  ( 0  b  2). F u rth e r , tak e  p =13
we see

P - 1  
(N/29 2 . 6 ) 31  ( p ) — ,i f  p  divides 9 ./29

2

(N/2- 9 •s) P 3 1  I  ( p ) i f  p  divides 
9  +  N / 2 9

2

thus w e can  no t have a' =  2 9 e ,  N/f. -92 s. S um m ing  up  above  fac ts w e
m ust have GO = E .  T his completes the  proof o f (2 ) fo r the  case  q =29.
L astly , w e  m u s t sh o w  t h a t  K 3  is u n ra m if ie d  o v e r  k(C). Since we
proved K3 = k ( ,  V C ) ,  a  p rim e  d iv iso r p  o f  k ( )  is unramified in  K3

unless p  d iv ides 3 . N ow  assume p =(1 — 0, which divides 3, is ramified
in  K3, then the prim e ideal (3) o f  k  is also totally ramified in k( 3 ,/ s).
L e t w b e  the additive (3)-adic valuation of the (3)-adic field of k( 3 ,/  s).
normalized a s  w (3 )  = 1 . D efine th e  elem ent x o f  k ( 3 .,/ s ) a s  3 ,/  s  =
x + s 3 ,  then x satisfies

x 3 + 3s 3 x 2 +8 9 — = — 3e 6 x.

Because p =(3) is totally ramified in  k( 3 ,/  s ),

IH ( x ) = k(3,/E )1k( X ) )

=  1 w(s 9 — s) .3

Now since e 4 + 1 =E 2 -tr(s 2 ) = 62.tr
( 2 7  +  5  V 2 9 )

 _ 27 8 2, 84 —1 = a 4  1  —  2  02
(mod 3), we have w(s 9 — a) = 3. T h u s  w (x )  =  . H e n c e  w (x 3 3 6 3 X2  +6 9

— s).. 3, w hile  w(— 3e6 x ) = 2 .  T h is  i s  a  con trad ic tion . Thus the prime
divisor p =(1 — () of k(C) is unramified in  K3 =k g , 3

N/6). This completes
th e  proof o f  our Theorem  for the  case  q =29.

[R em ark] It w as proved by C asselm an (O n abelian varieties with
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m a n y  endomorphisms a n d  a  c o n je c t u r e  o f  Shimura's, Inventiones
math. 12 (1971), 225-236) t h a t  Shimura's e llip tic  cu rv e  fo r  th e  c a s e
q = 2 9  h a s  g o o d  re d u c tio n  a t  e v e ry  p r im e s  o f  k—Q( \ /29). S o  the
prime ( J )  i s  unramified in  K 3 . I f  w e use  this facts, there a re  only
4 possiblitities o f  oc3 ,  nam ely a 3 =3, 3e 3 2 s  a n d  s, w hich m akes the
proof o f  our Theorem  a  little simpler.

I n  [3, §3.10] Serre has given a n  elliptic curve B ' over k =Q( \./29)
defined by th e  equation

B': y 2 +xy+v 2 y=x 3

w here e—  2
5 +  V 2 9

. B  h a s  a l s o  g o o d  r e d u c t io n  a t  e v e r y  primes

o f  k. It is  co n jec tu red  th a t B ' is isomorphic to the Shimura's elliptic
cu rve  B  f o r  th e  c a s e  q = 2 9  ( s e e  [6 , §  10]). It w a s  a lso  re m a rk e d
th a t the G alois group of the field  K '3  generated  by the 3-section points
o f  B ' over k  is isom orphic to  th e  group

beZI3Z, dE(ZI3Z)x} ,

verifying th e  rational po in t (0, 0) o n  B ' i s  o f  order 3. W e  note  here
th a t the field K '3  coincides w ith K 3 ,  which can be verified by examin-
in g  th e  t r a c e  tr (g o ) o f  th e  F ro b e n iu s  automorphism o f  t h e  elliptic
curve ig  obta ined  by  th e  rdeuction m odulo  p , pu tting  Np =7, 13, 67,
(For these primes w e have tr (T ) =a p ).

Secondly, we treat the  case  q = 3 7 . I n  th is  case we have B2 ,x  =20.
So w e consider th e  f ie ld  K  generated over k=Q ( \/ ) b y  5-section
p o in t  o f  th e  ellip tic  curve B  a s s o c ia te d  to  th e  s p a c e  S 2 (F0 (37), x).
T h e re  is  a n  isomorphism a —> Ri (a )  o f  th e  G a lo is  g r o u p  Gal(K s /k)
o n to  a  subgroup o f  GL 2 (Z I 5 Z ) .  L e t  p  b e  a  p r im e  d iv isor o f  11
i n  K 5 . T h e n  b y  t h e  sam e reasoning a s  the  case  q = 29, th e  charac-
teristic polynomial of the image R,(o- ,,) o f  th e  F ro b e n iu s  automorphism
fo r  p  is

X 2  —a„X+11 =X 2 +3X+11 - (X -1 ) 2( m o d  5),
a n d  since a f  —411 = — 35, w e see  that th e  o rd e r  Ri(o),) is o f  order
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5. Applying t h e  s a m e  to  p = 3  w e  f in d  a n  elem ent o f  o rd e r  4  in
R,(Gal(K 5 /k)). T hus w e have

1 bGa1(K 5 /k)r- i( 0  d )eGL 2 (Z/5Z) I beZ 15Z, cle(Z15Z)x} ,

b y  v ir tu e  o f  lemma 1. T hus the re  ex ists  a n  elem ent a  o f  K ,  such
27ri

th a t  K 5 =k(C, a )  w i t h  a  e k =Q( N/37) a n d  C B y  t h e  same
argum ent as the  case  q =29, cc' o f  k  c a n  b e  ta k e n  a s  a' = 5 a N / 3 7 b r c

where b , c_ .4  (N o te  th a t x ( 5 ) = -1 ) .  M ore precisely we can put
a ' =  5 , 5°  5 °  \ 137 bE  w ith  0  a, 4, w h e re  E =6+ ,./37 is the
fundamental u n it  o f  k. Hence there a re  31 possibilities o f  th e  choice
o f  a '.  W e  s h a l l  show  a ' =E.

(II) the  case  q =37

P
3

al,
—1

4 , - 4 p r Ind, 5 Ind, 37 Ind, E

11 —3 —35 2 4 2 3,2
41 —3 —155 6 22 32 13,7

181 —3 —715 10 48 38 149,21
491 12 —1820 10 478 340 131, 114
601 —18 —2080 506 50 580

Let o the Frobenius automorphism f o r  p  o f  K 5  w here p  is
dividing o n e  o f  11, 41, 181, 491 a n d  601, t h e n  a s  t h e  t a b le  ( I I )
sh o w s  th e  order o f  n a p )  is  o f  order 5. H ence any prime divisor of
k(C) w h ich  d iv id es  o n e  o f  11, 41, 181, 491, a n d  601 d o e s  n o t
decompose in  K 5 .  O n  th e  other hand, w e  have for p =601

. 1376) 1'; 1 ==- 1 mod p,

where p is any prim e of k(C) dividing p =601. This shows we can not
have a ' =5, 5" 0-71- (0  a  4). N ext p =491, then

(5 2 v 7 b ) ° 5 1 1 (p) i f  p divides 48— 7\ 737 ,
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\M I9 E ) 5P I(53 = i f  p divides 48 + 7N/37 ,

f o r  a n y  b. T h u s  w e  c a n  n o t  h a v e  a ' =
5 2 N / 3 r ,  5 3 , / b  <  b  < 4 ) .

Further applying t h e  sam e to  p =11, 41 a n d  181, i t  t u r n s  o u t  that

w e  can  no t have a5 =5aV371's fo r  any  a ,  b  except a = b = 0 .  Summing

u p  a ll  th e s e  f a c ts  w e  o b ta in  ot5 = s .  T h u s  w e  have K 5 =k((, 5 V a).
This completes th e  proof fo r the  case  q =37.

[R em ark] W e  a d d  a  rem ark fo r  th e  c a s e  q = 3 7 . Consider the

extension k( 5 , / a )  over k =Q(V 37). T h en  k( 5 V E )  is  genera ted  by  x=
5 V a —8 5 ,  which satisfies

x 5 +5E 5 .x 4 + 108"•x 3 +10e15x2 + 56 20x  ± E25 _ 6 = 0.

W e  c a n  v e r ify  th a t e2 5  — E  i s  divisible b y  th e  p r im e  id ea l (5 ) o f  k
b u t  n o t  divisible b y  (5) 2 • H e n c e  th e  above equation  is th e  so-called
Eisenstein equa tion . T hus the prim e ideal (5 ) o f  k  is totally ramified

in  k( 5 , /  ). This m eans that the field  K5 is ram ified over k(C).

K Y O TO  U N IV ERSITY
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