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Faithfully flatness of extensions of a
commutative ring
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(Communicated by Prof. Nagata, Nov. 2, 1973)

A ll rings a re  assum ed  to  be  commutative and contain a n  identity
e lem ent. M oreover, w hen  w e w rite  " R S " ,  w e  m e a n  th a t  R  i s  a
subring o f  a  r in g  S  a n d  th a t  th e  identity o f  R  i s  th e  identity of S .
L e t  a 1 , . . . ,  a ,  be  e lem en ts o f  a  r i n g  R .  Then a s ) m eans the
ideal o f  R  generated by a 1 , . . . ,  as . The symbol c means proper inclusion.

L e t  R  a n d  S  b e  rings w ith  R g S .  I f  S  is generated  a s  a  r in g
b y  a  s e t  o f  elements in  S  over R , th en  S  m ay be best described by
an exact sequence o f  R-homomorphisms

(*)

where X  is  a  set of variables over R  a n d  R [X ] is  the polynomial ring
i n  X  o v e r R .  I f  w riX (1)+ r2X (2)+ ••• + r„X (" )  i s  a n  element of
R [X ] w here ro , r 1,..., r„ R  a n d  X ( 1 )  m onom ials w ith  degree1  su c h
tha t X(i ) X ( i )  i f  i O f ,  then we define c ( w )  (and c'(w)) to  b e  (r o , r 1 , . . . ,

r„ ) (and (r,,..., r u )).

W e say  tha t a n  R-module M is faithfully f la t  if  M  is  fla t over R
a n d  PM OEM  f o r  any  m axim al ideal P  o f  R .  L e t th e  n o ta tio n s  be
a s  a b o v e . I n  th is  n o te  w e seek som e conditions w hich a re  necessary
a n d  sufficient in  o rder tha t S is , a s  a n  R-module, faithfully flat. They
w ill be characterized i n  term s o f  th e  R-module I ,  w h ic h  is  a lso  the
ideal in  R [X ].

I n  o r d e r  to  p r o v e  t h e  Theorem 1 w e  n e e d  t h e  following two
Lemmas. Lemmas A  a n d  B  m a y  b e  f o u n d  in [1, Chapter 1, § 3 ,
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Prop. 9 ] and [2 , Prop. 2.1], respectively.

Lemma A .  L e t  R  an d  S  b e  rings w ith R S. T h e n  S  is f aith-
fully  f lat  over R  if  an d  only  if  S IR  is f lat  over R.

Lemma B .  L e t th e  n o tatio n s  b e  a s  i n  (*). T hen S  is f lat ov er
R  if  and  only  if  u e c(u)I f o r each elem ent u of  I.

Theorem I. L e t  th e  n o tat io n s  b e  a s  in  (*). T hen S  is faithfully
f lat ov er R  if  and  only  if  u e c'(u)I f o r each elem ent u of  I.

P ro o f. W e rem ark that R + I  is  the internal direct sum  of R  and
/ in R [X ] .  Since the following diagram,

/ S

is  commutative, w e first observe th a t S IR -R [X ]1 R + I as an  R-module.
Assume th a t S  is  faithfully flat over R .  By Lemma B  it is enough

to  p ro v e  th a t  c(u )=c '(u ) for each elem ent u  of I. W e consider the
exact sequence of R-modules,

Tensoring it w ith  RIc'(u) over R and since R[X]/R+1 is  R-flat by Lem-
ma A  we get an exact sequence of R-modules,

0.----4R+10RIc'(u) -4R[X]ORIc'(u).

I f  u =r o + r i X( 1 ) +•••+r„X ( " ) i s  an  element o f I  w e  have th a t  — 7.0 +
u e R+ I  an d  (— ro  + u)0(1 + c'(u)) = 0  in  R [X ]® R ic i(u ), which imply
(— ro +u)0(1 + c '(u ))= 0  i n  R+ I  R I  c'(u). B y  th e  rem ark above w e
must have — ro P(1 + c '(u ))=0  in RORIc'(u), because the tensor product
commutes w ith  the direct sum . T h u s  ro e c '(u ) and hence c(u)=c'(u).

For the converse, it suffices to prove that P S c S  i f  P  is  a  proper
ideal of R .  Since R [X ]/ I  is isom orphic to S  as an  R-module we may
use R [X ]/ I instead of S  and suppose th a t P (R [X ]11 )=R [X ]ll, th a t is,
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P[X ]+ I  =R [X ]. T hen  the re  ex is t P o ' P i '" ' P  s u c h  th a t  1 +Po+
p,X ( 1 )+••• +p m X ( m) b e lo n g s  to  I. Since P  i s  p ro p e r , 1 + P , does not
b e lo n g  to  P .  I t  g iv e s  a  contradiction t o  the prim itive converse hy-
pothesis. q.e.d.

Corollary. L e t th e  n o tatio n s  b e  a s  i n  ( * ) .  I f  I g_ )CR[X ] where
X R [X ] is  th e  id e al o f  R [X ] generated  by  X ,  th en  S  is  f aith f u lly
f lat  ov er R  if  and  only  i f  S  is f lat  over R.

R em ark. L e t th e  n o ta tio n s  b e  a s  in  ( * ) .  I f  S  is  a  faithfully flat
ring  ex tension  of R ,  th e n  c '(u)=c(u) f o r  a n y  u  o f  I  by Theorem 1.
Therefore i f  th e re  is  a n  element u  o f  I  su c h  th a t c '(u )  c (u ) , th en  S
i s  n o t  faithfully f la t  o v e r R .  L e t  S  b e  a  r in g  su c h  th a t  R g S K ,
where K  is  the total quotient ring of R .  Then it follow s by the  above
that S  is faithfully fla t over R  only when S = R .  B ut it is not conven-
ie n t to  p ro v e  th a t S  is faithfully f la t over R .  L ater w e  h a v e  a  com-
plete result (Theorem 2) in  c a se  th a t  I  i s  a  p rinc ipa l idea l o f  R [X ].

I n  order to prove Theorem  2, w e need th e  following ring-theoretic
proposition.

Proposition. L et u  = r o  + r i x + r 2 x 2  ±  •  •  •  +  rn x " b e  a n  elem ent of
R [x ], the  poly nom ial ring in  one v ariable ov er a  rin g  R . W e assum e
that c '(u)=(r i ,..., r„) is  a d irec t sum m and o f  R . T hen c'(uw )= c'(u)c(w )
+ c(u)c'(w) f o r any  elem ent w  of  R [x].

P r o o f . L e t w = a 0  + a i x + a 2 x 2 + ••• +a„,x 'n a n d  w e  p ro v e  th is  b y
induction o n  m .  In  c a s e  m  = 0  i t s  p r o o f  is  trivial. L e t  m  1  a n d
n (if n = 0 , o b v io u s) . W e  f irs t sh o w  th e  following assertions P(i),

P(i): c '( u w ) 2 ( r _  r „ ) a , n  .

P(0 )  is  c le a r ly  tru e . S u p p o se  t h a t  i < n  a n d  P ( i )  i s  t r u e .  T hen  it
fo llo w s  th a t c'(uW ) r i c'(uw)=c'(u(r i w ))  a n d  c'(uw ) c '(u(r i w — ri a„,xm))
for j=n— i, n— i+1,...,n .

O n  t h e  o t h e r  h a n d ,  ri w — ri a,„xm =ri a0 + ri a l x+...  +ria,n_1x7n-1,
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therefore by induction o n  m , we obtain that c'(uw)Qcr(u(r i w—ri a„,xm)).Q
c'(u)c(r i w —ri a,„xn)= r i (a 0 , a 1 ,..., a„, _ I ), f o r ,  c '(u )  i s  a  d ir e c t  summand
o f  R  and j1 .  C o n s e q u e n t ly  w e  have  th a t  c'(uw ) includes ri ak f o r

and O k r n .  Investigating  the coefficient of degree n+ m —
i —1 o f the  po lynom ia l uw , w e im m edia te ly  can  see  tha t r„_ e
c '(u w ). T hus P ( i+ 1 )  is  t r u e  a n d  hence P (n ) is  t r u e  b y  induction on
i. T h e  above argum ent gives c'(uw)= c'(u)c(w)+ c(u)c'(w).  q. e. d.

Corollary. T h e  abov e  Proposition is a l s o  v a l i d  f o r  R [X ] ,  the
poly nom ial ring in  a set o f  variables X  over a rin g  R.

P ro o f. A s t o  th e  p ro o f w e  m ay  assume th a t  X  i s  a  finite set.
L e t  X ={X,,..., X s } a n d  l e t  u = r o + r i X (' ) +•••+r„X(" ) a n d  w =a o +
a i X(l)+•••+a„,X(m ) w h e re  X ( i )  monomials in  X 1 ,..., X s w ith  d e g re e  1
such  tha t X ( i)  X ( J) i f  i Oj. Of course we are  moreover assuming that
c '(u ) i s  a  d ire c t  sum m and o f  R .  I f  M (X )= 7 4 ,X f( 1) th en  le t us call
the  integer E7 1 e(i)d(i) th e  weight o f  th e  monomial M (X ) w ith  respect
t o  d(1),..., d(s). O bviously  by  a  suitable choice o f  d(1),..., d(s)( 1)
w e  c a n  s e e  t o  i t  t h a t  n o  tw o  o f  t h e  monomials X( 1 ) ,..., X(P) (p=

Max (m, n )) have the same weight.
P u t  X i = X d ( i ) , i = l ,  s .  T h e n  u  a n d  w  b e c o m e  to  U = ro +

r 1 xt(')+ ••• +r n xt(" ) a n d  W=a 0 + a 1x0 1 > +  +  a„,xt ( m) , where t(i) =
weight X(i ) 1  and  t (i )0  t (j )  if  i 0 j .  Then it easily follows that c'(uw)Q.

c '(U W ).  By the previous Proposition we have tha t c '(U W )=c '(U )c (W )+

c(U )c'(W )=c'(u )(w )+ c(u )c '(w ). Thus c'(uw)=c'(u)c(w)+ c(u)c'(w). q. e. d.

Remark 1. By th e  Corollary to Proposition it follows that c'(uw)=

c(uw) f o r  every  e lem ent w  o f  R [ X ]  i f  c '(u )= c (u ) a n d  c '(u )  i s  a
direct summand of R.

Remark 2. I f  c (u ) is  a  d irec t summand o f  R  then  c(uw)=c(u)c(w)

f o r  any  e lem ent w  o f  R [X ]  (u se  induc tion  on  deg. w, w e R [x ]  and
g en e ra lize  it to  R [ X ] ) .  I n  general D edekind [4, Satz 7 ]  proved that
c(u)m+lc(w)=c(u)mc(uw) a n d  c(u)c(w)'  = c (u w )c (w )" f o r  arbitrary ele-
m en ts  u, w  o f  R [x ] ,  w here  n =deg. u  and in  = deg . w .  Remark 2  is
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easily follows from Satz 7 o f D edek ind . T he  technique o f  th e  proof in

Satz 7 also gives the proof o f  Remark 1 above.
Professor N agata proved t h e  fo llo w in g  re su lt . W e  g iv e  h e re  a

simple proof.

Application. Let the notations be as in (4). If I= (u ) is a  princi-

p a l id e a l of R [X ], then S  is flat over R  if and o n ly  if c(u) is  a direct

summand of R.

P ro o f. T he only if  p a r t  is well known and  its proof is easy being
c(u) finitely generated. F o r  th e  if  p a r t ,  it suffices to prove that uw  e
c(uw )/ f o r  each  e lem en t w  o f  R [ X ]  by Lemma B .  B y Rem ark 2 it
fo llow s that c(u w)/ = c(u)c(w)/ = c(w)/ 3 u w. q.e.d.

By virtue of Theorem I, Remark 1 and Application we have

Theorem 2 .  Let the notations be as in (*). If I= (u ) is  a princi-

p a l id e a l o f R [X ] ,  th e n  S  is  fa ith fu lly  f la t  o v e r  R  i f  a n d  o n ly  if

c'(u)=c(u) and c'(u) is  a direct summand of R.

T he  author is indebted to Professor Y . Kawahara fo r  many helpful
suggestions.
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